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It has been found that bent-shaped achiral molecules can form a liquid crystal phase, called the Twist-Bend Nematic (NTB),
which is locally polar and spontaneously twisted having a tilted director, with a conglomerate of degenerate chiral domains with
opposite handedness and pitch of a few molecular lengths. Here, using a major extension of the Maier-Saupe-like molecular field
theory for V-shaped molecules, we can describe the transition from the nematic (N) to the NTB phase. We provide a consistent
picture of the structural and elastic properties in the two phases, as a function of the molecular bend angle, and show that on
approaching the transition there is a gradual softening of the bend mode in the N phase. This points to the crucial role of the
molecular shape for the formation of modulated nematic phases and their behaviour.

1 Introduction

Recently, a number of unusual features were identified in the
second nematic phase formed by certain achiral bent-shaped
liquid crystal dimers, which were interpreted as a signature of
the Twist-Bend Nematic (NTB) phase1, where a periodically
distorted director forms a conical helix with doubly degener-
ate domains having opposite handedness. The existence of
a phase of this kind had been predicted earlier2,3, and was
suggested by Monte Carlo simulations of a small system of
V-shaped particles formed from Gay-Berne units4. Such a
picture was confirmed by different experimental techniques
and valuable insights were reached by transmission electron
and optical microscopy5,6 as well as electro-optical measure-
ments7. From these and from the analysis of NMR experi-
ments8,9 a remarkably short periodicity, of the order of a few
molecular lengths, was identified. Although the structural fea-
tures of the NTB phase are becoming clear, there remain sev-
eral open questions, the first of which concerns the origin of
the director modulation. Either the flexoelectric coupling be-
tween bend deformation and electric polarization2 or a neg-
ative bend elastic constant3 have been invoked as a potential
causes of spontaneous bend distortions. Negative K33 values
for nematics of bent molecules have been predicted either for
purely steric reasons10 or as a result of flexoelectric renor-
malization11. Another aspect which needs clarification is the
sensitivity of the twist-bend phase formation to changes in the
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molecular structure1,12–15. The ability to address such a ques-
tion would be particularly important in view of possible appli-
cations of the twist-bend phase in fast electro-optical devices7.

Here we present a molecular field theory for the NTB phase.
Considering the case of rigid, V-shaped molecules, a mini-
malist model is used, which can be seen as a generalization of
the Maier-Saupe theory16–18, suitable to take account of both
the molecular architecture and the twist-bend spatial modu-
lation of the director. Thus we obtain an expression for the
free energy where the distinctive features of the system are
introduced from the molecular level, rather than as ad hoc pa-
rameters. This allows us to obtain a consistent picture of the
nematic (N) and NTB phases, of their transitional and elastic
behaviour, in relation to the molecular geometry.

In the next section we will give an overview of the model,
then we will present the theoretical predictions and we will
discuss them in the light of the available experimental data.
Finally, we summarise the significant conclusions of our study
and make comparisons with the other theories.

2 The molecular field model

The molecular model is sketched in Fig. 1: a molecule is
made of two mesogenic arms (A,B), each of length L, joined
at one end, with the bend angle c . The following unit vec-
tors are attached to the molecule: ŵ is parallel to the C2
(molecular) symmetry axis and ûA, ûB are along the arms.
The classic N phase is characterised by a uniform director n̂,
whereas, according to the customary description, each chiral
domain of the NTB phase features a director that undergoes
a heliconical precession around an axis (parallel to the unit
vector ĥ), with conical angle q0 and pitch p, or wavenum-
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ber q = 2p/p (see Fig. 1). In a LAB frame with the Z
axis parallel to the helix axis we can then write: n̂ = n̂(Z) =
(sinq0 cosf ,sinq0 sinf ,cosq0), where f = qZ. The uniaxial
nematic phase is recovered for pitch p ! • and/or conical an-
gle q0 = 0�, whereas the case with finite pitch and q0 = 90�
corresponds to the cholesteric ⇤ organization.

Fig. 1 On the left the molecular model, with c the bend angle and L
the length of one arm; ŵ, ûA,B are unit vectors parallel to the
two-fold symmetry axis and to the arms, respectively. On the right
the NTB phase organization (one of the two degenerate helicoidal
domains) with q0 the conical angle and p the helical pitch; n̂ and ĥ
are unit vectors parallel to the local director and to the helix axis,
respectively, and m̂ = ĥ⇥ n̂.

In the spirit of the Maier-Saupe theory, each arm is assumed
to align preferentially to the local director n̂ at the position of
the arm. Thus, the complete orientational potential experi-
enced by the molecule, U , is the sum of the contributions of
the two arms:

U =�ehP2i [P2(ûA · n̂(RA))+P2(ûB · n̂(RB))] , (1)

where e is a constant (with the dimension of energy) that quan-
tifies the orienting strength, P2 is the second Legendre poly-
nomial, n̂(RJ) is the director at the position of the midpoint
of the Jth arm (J = A,B), and hP2i is the orientational or-
der parameter of an arm. It is worth pointing out that the
orientational potential U = U(W) defined in Eq. 1 depends
on a microscopic order parameter (hP2i) and two macroscopic
order parameters (q0 and p) which characterize the position
dependence of the director field. For the special case of rod-
like molecules (c = 180�) and uniform n̂ (i.e. p ! •), the
Maier-Saupe expression is recovered16–18 (apart from a factor
of 2, which results from considering the molecule as made of
two mesogenic units). The molecular field potential defined in

⇤Unlike most literature, here ”chiral nematic” will not be used as a synonym
of cholesteric, since this could be ambiguous after the identification of other
chiral nematic phases. 19,20

Eq. 1 is a function of the molecular orientation: U = U(W),
where W = (a,b ,g) are Euler angles that define this orienta-
tion in a local frame with its Z0 axis parallel to n̂. Orientational
averages can then be defined as h. . .i =

R
dW f (W) . . ., where

f (W) is the single molecule orientational distribution function,
f (W) = (1/Q)exp[�U(W)/kBT ], with kB the Boltzmann con-
stant, T the temperature and Q the orientational partition func-
tion, Q =

R
dWexp[�U(W)/kBT ].

By construction the potential U(W) reflects the symmetry
of the molecule and that of its local environment. The NTB
structure has global D• symmetry, with the C• axis parallel to
the helix axis (ĥ in Fig. 1), and local C2 symmetry, with the
twofold axis perpendicular to the plane containing the helix
axis and the local n̂ director, i.e. along m̂ in Fig. 1. There-
fore the NTB phase is locally polar: it is compatible with the
existence of odd-rank order parameters, defined with respect
to the m̂ axis, which is the only principal direction common to
any locally averaged property.

According to the molecular field procedure the Helmholtz
free energy of the liquid crystal phase, taken as the differ-
ence with respect to that of the isotropic phase, is built as the
sum of an entropy and an internal energy contribution, both
expressed in terms of the molecular field orientational poten-
tial21 . The NTB phase, though non-uniform, is homogeneous;
thus for both the N and the NTB phases we can simply refer
to thermodynamic properties per unit volume. The change in
entropy density resulting from orientational order is given by:
Dsor = �rkB

R
dW f (W) ln[8p2 f (W)], where r is the number

density, r = N/V , with N the number of molecules and V
the volume. The change in internal energy density is simply
related to the average value of the molecular field potential:
Duor = (r/2)hUi, where again the angular brackets denote the
orientational averages defined previously. Then, we obtain for
the entropic term: Dsor = �2r(e/T )hP2i2 + rkB ln(Q/8p2)
and for the internal energy contribution: Duor = �rehP2i2.
We can then define the scaled Helmholtz free energy density
as:

Da⇤ =
Da

rkBT
=

⇢
hP2i2

T ⇤ � ln
Q

8p2

�
, (2)

with the scaled temperature T ⇤ = kBT/e . A key feature of the
free energy density in Eq. 2 is that it implicitly contains the
position dependence of the director, through the potential of
mean torque, Eq. 1. Thus, it represents the free energy density
of the nematic phase with the director field n̂(R), relative to
the isotropic phase. At a given scaled temperature, this dif-
ference is a function of the director deformation and of the
hP2i orientational order parameter. Conversely, if a parametric
form of the director field is used, the equilibrium state can be
obtained by minimization of the free energy density see Eq. 2,
with respect to hP2i and the director field parameters (q0 and
p, or q, for the NTB phase). We can define the deformation
free energy density at a given temperature as the difference
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between the free energy density of the deformed (Da⇤) and the
undeformed (Da⇤u) system: Da⇤de f = Da⇤ �Da⇤u. Calculation of
this difference as a function of the principal modes of defor-
mation, defined with respect to the equilibrium state, allows
us to determine the elastic constants, as will be shown later.

3 Results and discussion

We have investigated the phase behaviour of V-shaped
molecules with different values of the bend angle c . In our
calculations the arm length L is taken as the unit of length.
Fig. 2 shows a set of molecular orientational order parameters
and the conical angle and pitch in the NTB phase, calculated
for c = 140�, 135� and 130�. They are reported as a func-
tion of the reduced temperature Tred = T/TNI, where TNI is the
nematic-isotropic transition temperature. In the two former
cases we can see a first order transition from the isotropic to
the uniaxial nematic phase, marked by a jump to a finite value
of the hP2i order parameter, followed by a second order transi-
tion, from the N to the NTB phase, at a lower temperature. This
is evidenced by a discontinuous change in slope of hP2i, and a
simultaneous appearance of a conical angle and a finite pitch.
Correspondingly, the onset of polar order is evidenced by the
first rank order parameter hPwm

1 i, with Pwm
1 = ŵ ·m̂. Both con-

ical angle and pitch exhibit a steep change at the NTB-N tran-
sition, reaching values that then remain almost constant with
decreasing temperature: q0 around 30� and p ⇡ 4� 5L. In
the plots we also show the second rank order parameter hPh

2 i,
for the molecular arms with respect to the helix axis ĥ. In the
N phase, where there is no tilt, this is identical to hP2i, but at
the NTB-N transition a difference appears, since the former ex-
hibits a drop, which is a signature of the tilt of the n̂ director,
and then increases very slowly with decreasing temperature.
Surprisingly for c = 130� we can see a direct first order tran-
sition from the isotropic to the NTB phase, denoted by a jump
to finite values of the conical angle, the helical pitch and of all
the orientational order parameters.

These results point to a strong sensitivity of the phase be-
haviour to the bend angle: as c becomes smaller so the width
of the N phase decreases and the NTB phase is progressively
stabilized. For c larger than 150� the NTB–N transition is pre-
dicted at a very low temperature (TN�I/TNTB�N > 2), whereas
for c smaller than 130� the N phase disappears. Unlike the
stability range of the N phase, the structural properties of the
NTB phase exhibit a weak dependence upon the c value: in-
terestingly in all cases a tight pitch is predicted, of the order
of a few molecular lengths, which decreases only slightly with
narrowing of the bend angle, whereas the conical angle tends
to increase.

Fig. 3 shows the scaled deformation free energy density,
Da⇤de f , as a function of helical wavenumber and conical an-
gle, for c = 140� at three different reduced temperatures, on

Fig. 2 Molecular order parameters (see text), on the left, and helical
pitch p and conical angle q0, on the right, as a function of the
reduced temperature Tred , for V-shaped molecules with bend angle
c = 140� (top), c = 135� (middle) and c = 130� (bottom).

either side of the NTB–N phase transition. At the higher tem-
perature the free energy exhibits a single minimum, at q = 0,
sinq0 = 0, i.e. in the N phase, and increases as the deforma-
tion grows. On decreasing temperature the minimum becomes
shallower until a new minimum appears, at finite values of q
and sinq0. Then, on further decreasing temperature the mini-
mum becomes deeper and moves toward higher q0 and q val-
ues.

According to the continuum elastic theory, the free energy
density of the nematic phase in the presence of a twist-bend
deformation (q ! 0) can be expressed as22:

Dade f =
1
2

K22q2 sin4 q0 +
1
2

K33q2 sin2 q0 cos2 q0, (3)

where K22 and K33 are the twist and bend elastic constants,
respectively. For q0 = 90� the deformation is a pure twist,
whereas for q0 = 0� the energetic cost is essentially that for
bend. Therefore we can write: Dade f =

1
2 K22q2, for q0 = 90�,

and Dade f /sin2 q0 = 1
2 K33q2, for q0 ! 0�. Thus, from the
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Fig. 3 Contour plots showing the scaled deformation free energy density Da⇤de f as a function of the wavenumber q (L is taken as the unit of
length) and of sinq0, with q0 being the conical angle. Calculations are for molecules with bend angle c = 140�, at three different reduced
temperatures on either side of the NTB–N phase transition: Tred=0.83 (a), 0.80 (b) and 0.77 (c). The inset in the (a) graph shows a 3D
representation of the free energy surface.

initial slope (q = 0 ) of Dade f vs q2 we can obtain the twist
and bend elastic constants of the N phase. This is different
from the common methodology, in which explicit expressions
for the elastic constants are used23.

Fig. 4 Scaled deformation free energy density for pure bend as a
function of the square of the wavenumber q (L is taken as the unit of
length), for particles with bend angle c = 140� at different reduced
temperatures (Tred=0.90, 0.87, 0.83, 0.80, 0.77).

For pure twist, the deformation free energy is an increas-
ing function of q and its initial slope remains positive over the
whole temperature range. For bend deformations we find a
more complex behaviour, as illustrated in Fig. 4. This shows
the ratio Da⇤de f /sin2 q0 calculated for q0 ! 0� as a function of
q2 for the case c = 140�. Data for a set of temperatures are
reported, on either side of the NTB–N phase transition. Above
the transition the deformation free energy for pure bend is
positive and proportional to q2; however, unlike the usual be-
haviour for rod-like nematics, the initial slope, and hence K33,
decreases with decreasing temperature. On going through the
NTB–N transition, the slope reverses its sign, simultaneously
with the disappearance of the nematic minimum. Analogous
results were obtained using a different methodology and a
molecular field model with atomistic resolution10,24, for both
bent-core mesogens and odd liquid crystal dimers having an

average bent shape: the bend elastic constant K33 was found
to decrease with increasing order, and then to take negative
values. It is worth stressing that in this context K33 is meant
as a synonym of ’second derivative of the free energy with re-
spect to bend deformations’, and only if positive does it have
the meaning of a standard elastic modulus associated with a
restoring force.

Our results are in keeping with the main experimental find-
ings on the NTB phase. These include the key role of the
bend angle: the NTB phase has been detected in liquid crystal
dimers with an odd number of groups between the mesogenic
units and its appearance exhibits a strong sensitivity to molec-
ular modifications1,12,13,15. In these systems the bend angle,
taken as the angle between the mesogenic units, changes with
the molecular conformation. The bend angle distribution for
a given dimer has a subtle dependence on the nature of the
linking group between the mesogenic units and the spacer, be-
ing shifted to larger values on moving from methylene to ether
links1,10,14,25. Up to now there is no evidence of a direct NTB
-I transition; according to our predictions good candidates
would be systems with a small bend angle, for which however
there could be other competing phases. From FFTEM and
birefringence experiments5,6, analysis of NMR spectroscopy
data9 and measurements of an electroclinic effect7, conical
angles between 11� and 30�, together with pitches in the range
5-10 nm and weakly dependent on temperature, have been de-
termined for CB7CB and other odd liquid crystal dimers of
similar structure (average molecular lengths ⇠ 2.5� 3 nm).
A slightly longer pitch, of 14 nm, was reported for a bent-
core mesogen (average molecular length ⇠ 5 nm)26. Another
typical behaviour is exhibited by the birefringence, which in
the N phase is found to increase with lowering temperature,
but exhibits a decrease on entering the NTB phase, which was
interpreted as evidence for a tilt of the director. A strong de-
crease was observed at the NTB - N transition for CB7CB and
for a mixture of liquid crystal dimers5,27, but for another odd
mesogenic dimer a smoother decrease was found6. A qual-
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itative comparison can be made with the temperature depen-
dence of the hPh

2 i order parameter (Fig. 2). A great deal of
information on the NTB phase has been provided by NMR
spectroscopy, however the molecular representation used in
our present model is not sufficiently detailed to allow an accu-
rate comparison with NMR data. Finally, we have to mention
the anomalous behaviour of the bend elastic constant in the
N phase: for odd liquid crystal dimers K33 has been found
to be unusually small and to decrease on moving towards the
transition with the NTB phase, up to very small values in the
proximity of the transition6,14, although in one case a plateau
was observed28.

The ability to investigate on the same footing different
phases and properties allows us to clarify some controversial
issues. One is the relationship between the phase transition
and the elastic properties. We have found that for sufficiently
bent molecules, as the temperature decreases, the N free en-
ergy minimum broadens along the bend coordinate, until a
new minimum appears, which corresponds to the NTB phase.
This behaviour can be described in terms of elastic constants,
i.e. the principal curvatures of the free energy at its minimum:
K33 in the N phase decreases, until vanishing, as the temper-
ature is lowered. When K33=0 the director can bend without
cost and the twist-bend organization appears. With further de-
creasing of temperature the curvature of the free energy in the
undeformed (N) state with respect to bend deformations be-
comes increasingly negative and the NTB minimum becomes
deeper. A few points are worth stressing. The NTB phase
has its own elastic properties, different from those of the N
phase; thus, in principle the use of the classical Frank free
energy to analyse experiments in the NTB phase is not justi-
fied, and could lead to questionable conclusions29. Recently,
extensions of the Frank elastic theory to the NTB phase have
been proposed, one of which contains a quartic term3 whereas
the other retains the quadratic form30. Another issue that de-
serves attention is the concept of ’negative K33’, which should
be meant as negative curvature of the free energy in the un-
deformed N state with respect to bend deformations. As such
it indicates that the N phase is unstable with respect to bend
deformations10,14,23.

4 Conclusions

We have shown that a generalized Maier-Saupe theory, modi-
fied to take into account the coupling between director field
and molecular shape, predicts the existence of the NTB–N
transition. This means that, compared to the N phase, the
NTB organization allows a better interaction between the non-
collinear mesogenic groups, which compensates for the loss
of entropy due to the additional polar order. Differently
from previous theoretical approaches3,11, our model includes
molecules explicitly, though in a rather basic form, so that we

can assess the effect of changes in the molecular structure on
the phase behaviour. We show that this is especially sensi-
tive to the molecular bend angle, with the NTB–N transition
occurring for a limited range of values. We predict the orien-
tational and structural parameters of the NTB phase and their
temperature dependence; in particular, we obtain a pitch of the
order of a few molecular lengths, weakly dependent on tem-
perature or molecular details, in agreement with the available
experimental data. We can also provide a consistent descrip-
tion of the elastic properties of the system, which allows us
to discuss their relationship with the NTB transition. In this
regard, the scenario that we describe is in substantial agree-
ment with the Dozov picture, which is based on a Landau the-
ory. Elsewhere electrostatics, and in particular flexoelectric
couplings, have been proposed as the main feature responsi-
ble for the formation of modulated phases2,31. One cannot, of
course, exclude that such couplings are present and may also
be more significant than in conventional rod-like nematics, but
this does not necessarily mean that they are the driving force
for the phase transition. Interestingly, the NTB phase has been
observed experimentally even for mesogens that lack strong
electric dipoles6. Indeed, the results predicted by our model
point towards a primary role of the molecular shape, in line
with the suggestion of early Monte Carlo simulations4 and
also with more recent lattice simulations11. In the latter the
site interactions leading to the twist-bend modulation were de-
noted as ’dipolar’ or ’flexoelectric’ but, given the model used,
this has to be taken more as a general indication of their sym-
metry, rather than of their physical nature.

Our present study can be extended along various directions.
One is the introduction of a more detailed molecular repre-
sentation, along the lines shown in refs.10,24, which will allow
closer comparison of the predictions with experimental data,
in particular with those from NMR spectroscopy8,9. Another
is the extension to different phases, having not only 1D peri-
odicity, like the predicted splay-bend nematic3, but even 2D
and 3D modulations.32 This is especially important in view of
the well-known difficulties of molecular simulations of finite
samples in handling non-uniform systems. Also the use of free
energy calculations in the presence of director deformations,
as proposed here, to evaluate the elastic constants, is a general
methodology that clearly merits exploration.
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Just because of their geometry, bent mesogens can form the modulated twist-bend nematic phase, whose 
stability range is strongly sensitive to the bend angle.  
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