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The dynamic interaction between a local probe and a viscous liquid film, which provokes the deformation of the latter, hasbeen
studied. The pressure difference across the air-liquid interface is calculated with a modified Young-Laplace equation, which takes
into account the effects of gravity, surface tension, the liquid film-substrate and the probe-liquid attractive interaction potentials.
This pressure difference is injected into the lubrication approximation equation, in order to depict the evolution of aviscous
thin-film. Additionally, a simple periodic function is added to an average separation distance, in order to define the probe motion.
The aforementioned coupled equations, which describe the liquid film dynamics, were analysed and numerically solved. The
liquid surface undergoes a periodic motion: the approaching probe provides an input energy to the film, which the latter stocks by
increasing its surface deformation; afterwards, when the probe moves away, an energy dissipation process occurs as thesurfaces
attempts to recover its original flat shape. Asymptotic regimes of the film surface oscillation are discerned, for extreme probe
oscillation frequencies, and several length, wavenumber and time scales are yielded from our analysis, which is based on the
Hankel transform. For a given probe-liquid-substrate system, with well-known physical and geometric parameters, a periodic
stationary regime and instantaneous and delayed probe wetting events are discerned from the numerical results, depending on
the combination of oscillation parameters. Our results provide an interpretation of the probe-liquid film coupling phenomenon,
which occurs whenever an AFM test is performed over a liquid sample.

1 Introduction

Over the past two decades, the application of dynamic mode
atomic force microscope (AFM) techniques has become a cur-
rent practice for scanning soft matter samples1. Nevertheless,
the choice of AFM imaging mode should be done carefully
in order to prevent inconveniences and undesired phenomena.
Indeed, whenever a probe is brought into close proximity to
a surface, molecules jump from the surface to the probe2 due
to attractive van der Waals tip sample interaction. This state-
ment has been extensively discussed1,3,4 and observed experi-
mentally, when a probe is brought close to a high temperature
solid sample5,6 and to polymeric liquid films7,8. As a probe
is quasi-statically approached towards a liquid sample, ora
liquid layer deposited over a solid substrate, the liquid sur-
face performs a jump towards the probe at a minimum sepa-
ration distance9–11. The intermittent contact mode (IC-AFM)
reduces the probe-sample interaction time, by oscillatingthe
probe in the vicinity of the sample surface and provoking a
soft probe-sample contact. Images of liquid droplets using
IC-AFM had been obtained12,13, also registering a large phase
contrast when probe-liquid contact occurs, which indicates the
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presence of an energy dissipation phenomenon. Indeed, every
time the probe comes close to the liquid sample surface, a cap-
illary neck forms between probe and sample14,15. This may
cause as well the liquid volume to split into two parts, one
remaining as the sample and the other placed over the probe
surface.

Imaging of droplets profile using non-contact mode (NC-
AFM), which avoids the probe-liquid contact, has been shown
as possible solution1,16–22A recipe to obtain good resolution
topographies, consisting in the use of an oscillation frequency
about100 Hz higher than the cantilever resonance frequency,
a free oscillation amplitude of around10 nm and a probe-
sample distance between22 and50 nm, which is heuristically
determined, has been recently exposed and successfully em-
ployed20,21,23. If larger amplitudes or shorter probe-sample
distances are used, the “accidental” contact between the tip
and the sample is provoked and, as a consequence, distorted
droplet profiles are captured. Although the proposed method-
ology provides quality results, a formal justification of this
experimental combination of parameters is still waiting tobe
revealed.

Despite the non-intrusive nature of NC-AFM, the surface
of a soft sample undergoes the growth of a nano-protuberance
under the action of the oscillating probe24. Using a Kelvin-
Voigt viscoelactic material to model the soft sample, in
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Fig. 1 Scheme of the liquid film and the deformation of its surface
due to its interaction with a probe. An oscillating sphere has been
used as an AFM probe model. The geometric and physical
parameters are defined in the text.

which inertial effects are disregarded, and a forced non-linear
damped oscillator, including a sphere/flat surface interaction
force, to mimic the NC-AFM operation25, the sample defor-
mation is estimated after the model parameters are determined
by fitting experimental data. When NC-AFM experiments
are performed, it is advisable to use stiff cantilevers, which
provides cantilever deflection stability, and to minimize the
probe-liquid separation distance, which increases the probe
sensitivity, in order to accomplish true atomic resolution. In
this scenario, the proper scanning parameters must be defined
to prevent the probe-soft sample contact and the sample loss
of original shape and shrinking of volume. Therefore, the NC-
AFM jump-to-contact distance and the sample surface defor-
mation should to be deduced and compared to those for a static
probe-liquid interaction.

In this paper, we present a theoretical and numerical study
of the liquid film dynamics, generated by its interaction with
an oscillating nano-probe. First, in Sec. II, we present the
equations that describe the probe and film dynamics. In Sec.
III, we describe an implemented pseudo-spectral method to
solve the probe-film dynamics. Section IV is devoted to the
results of the numerical simulations, performed for different
probe oscillation conditions. In Sec. V, we submit a theoreti-
cal analysis in the wavenumber domain and a solution for the
film surface position. Section VI reports the critical oscilla-
tion parameters that lead to the probe wetting. Finally, in Sec.
VII we discuss the consequences of the probe-liquid dynamic
coupling on AFM experimental situations.

2 Problem formulation

Consider a liquid film of thicknessE, densityρ, dynamic vis-
cosityµ and air/liquid surface tensionγ deposited over a flat
horizontal substrate, as displayed in Fig.1. Within a cylindri-
cal axisymmetric coordinate system, the position of the film
free surfacez = η is a function of the radial positionr and
timet. When the film surface is perturbed from its original flat
shapeη = 0 due to its interaction with an oscillating probe, a
periodic response of the liquid is expected. Herein, the peri-
odic probe motion is described by the following expression:

D = D +A cos (ωt) , (1)

whereD is the time-average probe position,A is the oscilla-
tion amplitude andω is the angular frequency.

In addition, in a liquid film of thickness below the corre-
sponding capillary length, a viscous flow is also envisaged.
Let us defineυr andυz as the radial and axial components of
the velocity field, respectively. The corresponding film bound-
ary conditions, of no-slip at the substrate and shear-free at the
free surface26,27, are given by:

υr = 0 at z = −E,

∂υr
∂z

= 0 at z = η. (2)

As well, since the velocity field(υr, υz) and the film free sur-
face velocity in the direction normal to the surface should be
equal, in order to respect the mass conservation, the kinematic
condition at the liquid surface26,28 is written as:

∂η

∂t
= υz − υr

∂η

∂r
atz = η, (3)

and the pressure fieldP within the liquid film is identified as
the addition of the air atmospheric pressureP0, which is con-
sidered to be constant, and the pressure difference∆P across
the interface, located atz = η. Therefore, for a thin viscous
film, the momentum and continuity equations reduce to a typ-
ical Reynolds lubrication equation:

∂η

∂t
=

1

r

∂

∂r

[
r

{
[E + η]3

3µ

∂∆P

∂r

}]
. (4)

Solving eq.(4) for∆P shows that this pressure difference also
represents the effect of viscous drainage within the thin film,
due to the surface motion.

According to the Hamaker theory29, which takes into ac-
count the effect of van der Waals (vdW) forces to explain the
interaction between macroscopic objects, the liquid film in-
teracts with the surrounding bodies, including the substrate.
In the present work, a film disturbance is created by the ap-
proach of a local probe, which, for simplicity, is considered to
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be a rigid sphere of radiusR.10 Disregarding the air density,
the pressure difference across the interface is decomposedas:

∆P = ρgη + 2γκ+Πls +Πpl, (5)

whereg is the acceleration of gravity,κ is the local mean cur-
vature,Πls andΠpl are the liquid-substrate and the probe-
liquid interaction potentials. In the presented referencesys-
tem, the local mean curvature takes the form:

κ = −1

2





1

r

∂

∂r


r∂η

∂r

{[
∂η

∂r

]2
+ 1

}
−1/2





 . (6)

Each interaction potential that contributes to the interface dis-
placement corresponds to the potential energy difference be-
tween the perturbed state and the originally undisturbed state.
The potential field created by the interaction between the sub-
strate and the liquid film, atz = η, is described by:

Πls = −Hls

6π

{
1

[E + η]
3
− 1

[E]
3

}
, (7)

whereHls is the Hamaker constant of the liquid-substrate in-
teraction. In turn, a local probe placed at a distanceD from
the film surface, as shown in Fig.1, provokes the displacement
of the originally flat interface. Thus, atz = η, the interaction
potential mutually exerted between the spherical probe andthe
liquid film is given by:

Πpl = −4HplR
3

3π

1
{
[D − η]

2
+ r2 −R2

}3
, (8)

whereHpl is the Hamaker constant of the probe-liquid inter-
action. The procedure to obtain eqs.(7) and (8) has been previ-
ously detailed11. The combination of eqs.(4-8) describes the
behaviour of the film surface in terms of the radial position and
time, as well as the physical and geometric parameters. Note
that any driving functionD (t) can be embedded into eq.(8),
including the AFM-like periodic motion of a probe given in
eq.(1).

Let us nondimensionalize using the probe radiusR and the
average gapξ = D −R as the characteristic radial and defor-
mation length scales, respectively. Thus, we have:

E∗ = E/R, D∗ = D/R, r∗ = r/R,

z∗ = z/ξ, η∗ = η/ξ, κ∗ = Rκ. (9)

We also define the ratio of the two characteristic length scales,
the dimensionless average gap, as:

ξ∗ = ξ/R. (10)

As well, introducingτ , a characteristic time scale, the dimen-
sionless time variable is written ast∗ = t/τ . Employing these

length and time scales, the dimensionless thin-film equation
describing the dynamics of the perturbed liquid film is given
by:

∂η∗

∂t∗
=

1

r∗
∂

∂r∗

{
r∗

[
1 +

ξ∗η∗

E∗

]3
∂∆P ∗

∂r∗

}
, (11a)

∆P ∗ = Boη
∗ +

2

ξ∗
κ∗ +

ĤHa

8ξ∗ (E∗)3
Π∗

ls +
Ha

ξ∗
Π∗

pl. (11b)

where:

κ∗ = −ξ∗

2





1

r∗
∂

∂r∗


r∗ ∂η

∗

∂r∗

{[
ξ∗

∂η∗

∂r∗

]2
+ 1

}
−1/2





 ,

(12a)

Π∗

pl =
−1

{
[D∗ − ξ∗η∗]

2
+ [r∗]

2 − 1
}3

, (12b)

Π∗

ls = −
{[

1 +
ξ∗η∗

E∗

]
−3

− 1

}
. (12c)

Moreover, three dimensionless parameters, which characterize
the interface behavior, are yielded: the Bond numberBo =[
ρgR2

]
/γ, the Hamaker constant ratiôH = Hls/Hpl and a

modified Hamaker numberHa = 4Hpl/
[
3πγR2

]
. Finally,

for the consistency of the nondimensionalization process,the
characteristic time scale results:

τ =
3µR4

γE3
, (13)

which definition corresponds to the product of a classic cap-
illary/viscous time30–32 τc = µR/γ and the reciprocal of the
cube of the dimensionless film thicknessE∗. The value ofτ
indicates the time that the liquid film takes to move against the
action of viscosity, when its surface is to be deformed. There-
fore, depending on the liquid physical properties and the ratio
of the film thickness to the probe size, with the use of eq.(13),
one can infer the reaction time of the film. For a given liq-
uid with known physical properties and a well characterized
probe, one can conclude that a thick film, with a smallτ , dis-
plays a fast response, whereas a thin film, with a largeτ , pro-
vides a slow feedback.

Finally, the dimensionless probe periodic motion is given
by the expression:

D∗ = D∗ +A∗ cos (φ+ 2πp) , (14)

with:

D∗ = D/R, A∗ = A/R,

ω∗ = ωτ, φ = ω∗t∗ − 2πp, (15)

where the phase takes values within the rangeφ ∈ [0, 2π] and
the number of cycles isp ∈ Z

+.
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3 Resolution method

With the aim of performing a theoretical analysis, comple-
mented by a numerical solution, we seek to reduce eqs.(11).
Considering small interface deformationsξ∗η∗/E∗ ≪ 1 and
slopesξ∗ [∂η∗/∂r∗] ≪ 1, hypothesis which were verified
a posterior, one is able to simplify the mean curvature, the
liquid-substrate term and the cubic term in the lubrication
equation. The following quasi-linear partial differential equa-
tion, which depicts the evolution of the viscous thin-film in
interaction with a spherical probe, is deduced:

∂η∗

∂t∗
=

1

r∗
∂

∂r∗

[
r∗

∂∆P ∗

∂r∗

]
, (16a)

∆P ∗ = − 1

r∗
∂

∂r∗

[
r∗

∂η∗

∂r∗

]
+

η∗

[λ∗

CF ]
2
+

Ha

ξ∗
Π∗

pl, (16b)

where the modified capillary lengthλ∗

CF , defined as11

λ∗

CF =

{
Bo +

3ĤHa

8 [E∗]
4

}
−1/2

, (17)

appears. For a localized surface disturbance, which is ra-
dially transmitted due to surface tension effects,λ∗

CF is the
length scale at which the surface displacement is restrained by
hydrostatic and substrate interaction effects. The natureand
consequences ofλ∗

CF have been extensively discussed else-
where11,33.

3.1 Hankel transform

Despite the previous assumptions, eqs.(16) retain a nonlinear
term, i.e. the probe-liquid interaction potentialΠ∗

pl. As it is
crucial to understand the natural response of the thin-film to
any perturbation, a theoretical analysis is devised. For this
reason, we recall the Hankel transform of order zero (see Ap-
pendix A), which takes a variable defined in the spatialr∗ and
temporalt∗ domains, and redefines it in the angular wavenum-
berk∗ = Rk and timet∗ = t/τ domains. The application of
this transform turns the quasi-linear thin-film equation, given
by eqs.(16), into:

∂N ∗

∂t∗
= −ν∗N ∗ − Ha

ξ∗
[k∗]

2 Q∗, (18)

whereN ∗ andQ∗ are:

N ∗ (k∗, t∗) = H0 {η∗ (r∗, t∗)} ,
Q∗ (k∗, t∗) = H0

{
Π∗

pl (r
∗, t∗)

}
, (19)

the Hankel transforms of the surface position and the probe-
liquid interaction, respectively. In addition,ν∗ is defined as:

ν∗ = [k∗]
2
{
[k∗]

2
+ [λ∗

CF ]
−2

}
, (20)

which is also identified as a wavenumber dependent time de-
cay coefficient. This coefficient indicates that the relaxation
time of a particular wavenumberk∗ is proportional to[k∗]−4

for large wavenumbers (short wavelengths), whereas it scales
as [λ∗

CF /k
∗]2 for relatively small wavenumbers (long wave-

lengths). In eq.(20), it is clear that[λ∗

CF ]
−1 takes the role of a

threshold wavenumber between the two behaviours.

3.2 Numerical method

The combination of eqs.(12b) and (16) was solved with a
home-made Fortran code, which employs a pseudo-spectral
method. The implemented algorithm is based on the discrete
Hankel and inverse Hankel transforms of order zero, which are
computed in terms of Fourier-Bessel series, following a well-
known procedure34. For instance, the Fourier-Bessel series of
η∗ in terms of Bessel functions of the first kind and order zero
is defined as:

η∗ (r∗, t∗) =

∞∑

m=1

CmJ0

(
βm

r∗

αrλ∗

CF

)
, (21)

whereβm is themth root of J0 (x) = 0. Using the defini-
tion of the Hankel transform (see eq.(34)), the Fourier-Bessel
coefficientsCm can be approximated by:

Cm ≃
N ∗

(
βm

αrλ∗

CF

, t∗
)

π [αrλ∗

CFJ1 (βm)]
2
. (22)

The radial positionr∗ = αrλ
∗

CF , with αr ∈ R
+, is the extent

beyond which the film surface remains unperturbed.
Similarly, the Fourier-Bessel series ofN ∗ in terms of

Bessel functions of the first kind and order zero is:

N ∗ (k∗, t∗) =

∞∑

n=1

GnJ0

(
βn

k∗

αkk∗max

)
, (23)

where, once more,βn is thenth root ofJ0 (x) = 0. Using the
definition of the inverse Hankel transform (see eq.(35)), the
Fourier-Bessel coefficientsGn are estimated from:

Gn ≃
4πη∗

(
βn

αkk∗max

, t∗
)

[αkk∗maxJ1 (βn)]
2

. (24)

Herein, consideringαk ∈ R
+, the wavenumberαkk

∗

max des-
ignates a cutoff beyond which no other spatial frequencies are
excited. The angular wavenumberk∗max has been obtained
analytically from the coupling between the thin film equation
and the probe-liquid interaction, and will be formally intro-
duced in the following sections. Equivalent expressions where
developed to calculate the discrete Hankel and inverse Hankel
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transforms of the probe-liquid interaction potential in space
Π∗

pl and wavenumberQ∗ domains.
To briefly summarize, the implemented method starts with

discrete Hankel transforms of the surface position and the
probe-liquid interaction, which is obtained from the combi-
nation of discrete versions of eqs.(14) and (12b); a tempo-
ral resolution in the wavenumber domain, using a first order
semi-implicit Euler method to discretize eq.(18), followsin
sequence; and finally, a discrete inverse Hankel transform is
applied to obtain the surface evolution in the space domain.

3.3 Parameters range

Numerical solutions were obtained forHa = 5.5 × 10−3,
Bo = 3.1 × 10−11, Ĥ = 1, E∗ = 1 andτ = 1.35 × 10−7s.
These parameters correspond to typical silicon oil (PDMS)
physical propertiesγ = 3.1 × 10−2 N/m, µ = 1.4 × 10−1

Pa·s andρ = 9.7 × 102 kg/m3, with a film thickness of
E = 10−8 m, generic silicon probes withR = 10−8 m,
and silicon probe/PDMS/silicon substrate interaction param-
etersHpl = 4 × 10−20 N·m andHls = 4 × 10−20 N·m,
which are usually found in the literature or obtained from typ-
ical AFM experiments9. Nevertheless, the present analysis
can be extrapolated for other non-polar liquids (oils, liquid
hydrocarbons and liquids consisting of diatomic moleculesfor
instance) interacting with ordinary AFM probes.

Considering the fixed aforementioned parameters, sim-
ulations were performed for different oscillation parame-
ters. The angular frequency was varied withinω ∈[
2.2× 105, 2.2× 107

]
s−1. The time-average probe position

was swept in the rangeD ∈ ]R+A,∞[, in order to anal-
yse the impact of this parameter for a fixedA. The value
D = R + A indicates contact between the probe, at its
lower oscillation position, and the liquid surface, even with-
out the deformation of the liquid surface. In turn, the oscil-
lation amplitude was varied withinA ∈ ]0, 2R]. Therefore,
the dimensionless ranges becomeω∗ ∈

[
3× 10−2, 3× 100

]
,

D∗ ∈ ]1 +A∗,∞[ andA∗ ∈ ]0, 2].
As well, we recall the dimensionless static minimum sep-

aration distanceD∗

min = D∗/R, already introduced in the
literature11, which indicates the wetting threshold distance for
the interaction with a static probe. For the employed dimen-
sionless parameters, this threshold takes the valueD∗

min =
1.2017, which has been previously obtained11 with a pre-
cision of orderO

(
10−4

)
. Notice that the average position

D∗ = D∗

min + A∗ is contained within the proposed range,
which entails a probe lower positionD∗ −A∗ = D∗

min.
Since the problem has been solved using the aforemen-

tioned Hankel transform, discrete space (radial) and angular
wavenumber domains were defined. A radial extentαrλ

∗

CF ,
with αr = 17.4 andλ∗

CF = 22.1, and a cutoff wavenum-
berαkk

∗

max, with αk = 5.7 andk∗max = 4.4, were selected.

The values ofαr andαk were chosen by a heuristic approach,
verifying the convergence of the solution. The discretization
procedure is based on the roots of a Bessel function of or-
der zero, which are regularly spaced-out ofβn+1 − βn ≈ π
for n ≫ 1. Therefore, the discrete radial positions and an-
gular wavenumbers are defined asr∗n = βn/ [αkk

∗

max] and
k∗m = βm/ [αrλ

∗

CF ], respectively. In addition, the number of
meshpoints in both domains was fixed toN = 3071.

Numerical convergence of the solution for the liquid sur-
face position was tested, implying a relative error of order
O
(
10−3

)
. ForD∗ − A∗ ≥ D∗

min, a time-step∆t∗ = 10−2

was employed, whereas, forD∗ − A∗ < D∗

min, a time-step
∆t∗ = 2 × 10−3 was selected. Besides, we had arbitrarily
chosenp = 200 as the maximum number of cycles for the
simulations.

4 Results

4.1 Film surface dynamics

In Fig.2, a typical surface shape is shown at different instants
of different oscillation cycles, using a phase-locking method-
ology that provides a long view of the surface evolution. Dur-
ing the first quarter of the oscillation period, fromφ = 0 to 1©,
while the probe is relatively far from the surface, the liquid is
quiescent, showing the shape acquired at the end of the previ-
ous cycle. In the case of the first oscillation cyclep = 0, the
shape is a flat profile. When the probe moves below its aver-
age position, up to2©, the probe-liquid interaction increases,
provoking the formation of small bump atop the former sur-
face shape. When the probe reaches its lower position at3©,
the bump is fed on liquid that is drained from the immediate
surroundings. Therefore, the bump surpasses the magnitude
of the original surface profile, but presents a sharp contour.
Afterwards, from 4© to 5©, the probe retreat diminishes the
probe-liquid interaction, inducing a decrease in magnitude of
the surface bump, together with a profile widening due to the
liquid spreading. Note that, when comparing approach and re-
treat instants with the same probe distance (for instance,2©/ 4©
and 1©/ 5©), the surface shape does not follows the same defor-
mation path, and the downward motion of the surface during
the probe retreat is slower than its upward displacement dur-
ing the probe approach. Finally, at the end of the cycle6©, the
liquid bump exhibits a wide shape with a slightly increased
size, with respect to the one observed at the beginning of the
oscillation period. A progressive accumulation of an impor-
tant liquid amount below the probe position takes place, as it
can be observed from the comparison between surface profiles
of the same phaseφ at different oscillation cyclesp. Through-
out the first 200 oscillations, in the transient regime for the
case presented in Fig.2b, the bump rises vertically from 0 to
almost10−2 timesR, at the instant of maximum probe-liquid
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Fig. 2 (a) Probe center positionD∗ as a function of the phaseφ, (b) surface vertical positionη∗ as a function of the radial positionr∗ and (c)
Fourier-Bessel coefficientsCm as a function of the wavenumberk∗. The figures in (b) and (c) correspond to the different instants with phase
φ, indicated in (a), andp = 0, 1, 4, 9, 19, 49, 99, 199 oscillation cycles, growing in the sense of the arrows. Thissurface evolution has been
obtained for a probe time-average positionD∗ = 2.2121, a probe oscillation amplitudeA∗ = 1 and an angular frequencyω∗ = 3× 10−1.
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Fig. 3 Probe and apex surface positions for (a) the first 5 oscillation cycles and (b) the last computed periodp = 199, and (c) absolute value
of the capillary, probe-liquid interaction, viscous drainage and hydrostatic terms, given in eq.(16)b for the aforementioned last period. The
viscous drainage term changes its sign during each oscillation cycle, whereas the other terms keep their sense, becauseκ∗

0 > 0, Π∗

pl,0 < 0 and
η∗

0 > 0. The probe oscillation parameters correspond to the ones presented in Fig.2.

interaction, which is close to3©, and expands laterally up to
the capillary lengthλCF .

In Fig.2c, the surface shape evolution shown in Fig.2b is
portrayed in the wavenumber domain, using the same phase-
locking methodology. When the probe is far from the liq-
uid surface, fromφ = 0 to 1©, a bell-shaped distribution is
observed in a range of relatively small wavenumbersk∗ <
1, which represents the remnant surface bump, due to the
amassed liquid of the previous oscillation cycle. As the probe
approaches, from2© to 3©, a second bell-shaped distribution
appears and grows in magnitude, in a range of relatively large
wavenumbersk∗ > 0.2. This secondary protuberance corre-
sponds to the wavenumbers excited by the probe. At3©, the
probe excited wavenumbers in the distribution reach its zenith
shape, which is a direct consequence of the shortest probe-
liquid separation distance. Afterwards, from4© to 5©, as
the probe retreats and the probe-liquid interaction lessens, the
secondary bell decreases in size and moves towards smaller
wavenumbers, until it merges with the former small wavenum-
bers distribution. Finally at6©, the wavenumber distribution
regains its original single bell-shape, with a higher magnitude
than the one observed at the beginning of the cycle. Through-
out the entire phenomenon, the distribution grows slowly in
magnitude and shifts towards smaller wavenumbers, as the
number of oscillation cycles increases. This wavenumber

mutation indicates the diffusion of deformation energy along
gradually larger film regions, fromr∗ = 1 to λ∗

CF , which
is coupled to the moderated film relaxation (drainage). As
well, the part of the distribution, which corresponds to the
wavenumbers excited by the probe, attains quickly a station-
ary shape, overlaying almost exactly with one another at every
oscillation cycle and indicating that the probe-liquid interac-
tion reaches a nearly periodic steady-state.

The surface evolution atr∗ = 0, defined as the surface
apexη∗0 , for the same conditions of the results displayed in
Fig.2, is shown in Fig.3. This consists of a case for which
the lower probe positionD∗ − A∗ is larger than the thresh-
old distanceD∗

min, corresponding to the jump condition in a
static probe situation. The transitory regime ofη∗0 is displayed
in Fig.3a, for the first five oscillations withp = 0, 1, 2, 3, 4,
and in Fig.3b, for the last cycle, withp = 199. As the
probe approaches the film, an abrupt rising ofη∗0 happens af-
ter an important deferring. Afterwards, when the probe moves
away, a slow shrinkage ofη∗0 is observed as a consequence
of an unhurried/lethargic film drainage. The rising theη∗0
lower level, at the end of each oscillation, is also a conse-
quence of this fact. As well, even though the transitory regime
is not entirely shown, the surface oscillation amplitude, de-
fined asW ∗ = max (η∗0) − min (η∗0), quickly attains a con-
stant value, which occurs because the probe-liquid interaction
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reaches rapidly a steady-state.

The terms given in eq.(16)b, evaluated atr∗ = 0, are de-
picted and correlated with the evolution ofη∗0 for the last oscil-
lation cycle. The first quarter of the cycle is depicted by a film
relaxation stage, in which the curvature is opposed only by the
drainage effects. The remainder surface deformation from the
previous cycle lessens due to the restoring curvature action,
the term containingk∗0 in Fig.3c. But the downwards motion
(relaxation) of the surface apexη∗0 is significantly opposed by
the viscous drainage term∆P ∗

0 . Additionally, the probe starts
its motion far from the liquid surface, amplifying gradually its
influence over the apex evolution. The hydrostatic-substrate
interaction termη∗0 [λ

∗

CF ]
−2 remains negligible in compari-

son with the other terms along the entire period. During the
second quarter, the rising ofη∗0 occurs abruptly, which marks
the beginning of a strong probe-liquid interaction stage. In
fact, this interaction, which quickly attains a dominant role,
pulls up the surface, whereas the curvature term acts against
the surface deformation. The drainage effects, which had be-
come10 times shorter in magnitude than the curvature and in-
teraction terms, also resists faintly the upwards motion ofη∗0 .
The probe moves away from the film surface during the third
quarter of the cycle, provoking the shrinkage of theΠ∗

pl,0 in-
teraction term. The opposing curvature, which also decreases,
becomes the dominant term and acts as a restoring force that
pulls the surface towards its original non-deformed shape.At
this moment, the film drainage turn its action against the cur-
vature term, opposing the downward motion of the surface
apex. The drop ofη∗0 occurs rapidly at the beginning, un-
til the interaction term is overtaken by the viscous drainage
term, indicating the end of the probe-liquid interaction stage.
Therefore, during the final quarter of the oscillation period,
the film evolution becomes drainage-dominated and the apex
slows down its descent. As the probe gets away, theΠ∗

pl inter-
action term looses completely its strength, and the curvature
restoring action is only held by the film drainage term∆P ∗

0 .

One can discern from Fig.3b that the periodic motions of
the probe and the surface apex are globally in antiphase. The
maximum apex positionmax (η∗0) and the lowest probe po-
sition D∗ = D∗ − A∗ are almost synchronized (atφ = π),
which is consistent with a stage dominated by the balance be-
tween probe-liquid interaction and curvature. In contrast, the
minimum valuemin (η∗0) is not concurrent with the farthest
positionD∗ = D∗ + A∗ (at φ = 0), showing a phase shift
of nearly∆φ ≈ π/2. This phase delay∆φ is a character-
istic fingerprint of a drainage effect, which provokes a time
delay on the film reaction to the approaching probe.∆φ is
thus defined as the phase difference between the moment at
which the probe starts its downward motion and that at which
the liquid film begins its upward displacement. Moreover, the
phase fraction during which the probe liquid interaction issig-
nificant and mainly opposed by the surface curvature is ap-

proximately9∆φ/4. Therefore, a wide∆φ indicates shorter
periods of probe-liquid interaction and larger drainage stages,
and vice-versa. It is important to note that the alternatingbe-
tween interaction and drainage dominated stages, only occurs
in the vicinity below the probe positionr∗ ∈ [0, 1[. For ra-
dial positions in the ranger∗ ∈ ]1, λ∗

CF [, only the balance
between drainage and curvature effects is observed along the
oscillation cycle, whereas for more distant positions beyond
r∗ = λ∗

CF , the hydrostatic effects take the place of drainage
to resist the action of curvature.

In addition, based on the shape of theη∗0 curve in Fig.3b,
we introduce the full-width half-maximumδφ, which points
out the sharpness of the surface oscillation response.δφ gives
rise to the classic finesseF definition:

F =
2π

δφ
, (25)

which has been taken from the optical interference theory.
This quantity provides information about the way the defor-
mation energy is distributed along the film surface. A large
F indicates an important transmission of deformation energy
over a large area of the liquid surface throughout each oscil-
lation cycle, whereas a shortF is found when the energy re-
mains concentrated below the probe position.

4.2 Probe oscillation amplitude and frequency effects

In Fig.4, the effect of the oscillation amplitudeA∗ is studied,
for fixed angular frequencyω∗. The probe time-average po-
sition D∗ and the oscillation amplitudeA∗ were chosen so
that the probe lower position is the same for all the cases
D∗ − A∗ = 1.2121. The qualitative description of the apex
position as a function of the phase during a period, for any
considered case, corresponds to the same evolution as the one
described in Fig.3. Despite the qualitative similarity, impor-
tant quantitative differences are discerned when comparing
the evolution curves for different oscillation amplitudes. As
A∗ decreases, and so doesD∗ to keepD∗ − A∗ constant, the
probe-liquid interaction strengthens and, as a consequence,η∗0
keeps a higher level along the entire oscillation cycle. For
smaller values ofA∗, the curvature/interaction stage arrives
earlier in a cycle, marked by a shorter∆φ, which indicates
that the probe-liquid interaction is faintly deferred by the film
drainage. As well, a long duration and strong interaction stage,
together with a late beginning of the drainage stage, is ob-
served for a small amplitudeA∗, which is in accordance with
a higher finesseF .

In Fig.5, different angular frequenciesω∗ are compared,
whereas the time-average positionD∗ and the oscillation am-
plitudeA∗ are fixed. As the probe trajectory is the same, what-
ever the frequency, so does the probe-liquid interaction term.
Different values ofp are considered in Fig.5, according to the
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Fig. 4 (a) Probe positionD∗, and (b) apex positionη∗

0 , as functions
of phaseφ. All the curves were obtained for the same angular
frequencyω∗ = 3× 10−1 and probe lower position
D∗ − A∗ = 1.2121, but for different values of the probe oscillation
amplitudeA∗.
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Fig. 5 (a) Probe positionD∗, and (b) apex positionη∗

0 , as functions
of phaseφ. All the curves were obtained for the same time-average
probe positionD∗ = 2.2121 and probe oscillation amplitude
A∗ = 1, but for different values of the angular frequencyω∗.

angular frequencyω∗, in order to compare oscillation cycles
that start at the same time (except the quasi-static case), which
in the presented case ist∗ = 2πp/ω∗ = 421.8. The sur-
face apex evolution is symmetric with respect toφ = π for
very low angular frequencies (typicallyω∗ ≤ 10−6), corre-
sponding to a quasi-static situation. For larger values ofω∗,
a symmetry breaking is induced by the gradually increasing
role of the film relaxation (drainage). As well, the maxi-
mum deformationmax (η∗0) and the surface amplitudeW ∗

decrease, whereas the lower film positionmin (η∗0) grows, for
higher angular frequenciesω∗ (short oscillation periods). A
more symmetric apex evolution provokes a shorter phase de-
lay ∆φ and a higher finesseF , which indicates that the cur-
vature/interaction stage begins earlier and lasts longer during
an oscillation cycle, and that the film relaxation occurs faster
in relation to the probe motion (low oscillation frequencyω∗).
An asymmetric case denotes the opposite behaviour, as it can
be clearly observed in Fig.5.

5 Wavenumber analysis

5.1 Cutoff wavenumbers

In order to understand the behaviour of the liquid film, one
seeks the range of wavenumbers which are involved in this
phenomenon. The reciprocal of the modified capillary length
[λ∗

CF ]
−1 works as the lower cutoff wavenumber of an innate

band-pass filter, since any distortion of the surface nearr∗ = 0
tends naturally to propagate towards the modified capillary
length. The upper cutoff, which is close to the wavenumber
k∗max, wherein the initial growth rate is maximum, is thus ap-
proximately:

k∗max ≃ 2π

[
1 +

2− e0
e1eD

]
, (26)

where:

eD =2π

√
[D∗]

2 − 1, e0 = eD

[
K1 (eD)

K2 (eD)

]
,

e1 =eD

{[
K1 (eD)

K2 (eD)

]2
− K0 (eD)

K2 (eD)

}
+ 2

[
K1 (eD)

K2 (eD)

]
.

(27)

K0, K1 and K2 are zero, first and second order modified
Bessel function of the second kind. The maximization pro-
cedure of the wavenumber distribution att∗ = 0, which
leads to findk∗max, is detailed in Appendix B. It is impor-
tant to note that there is no relationship betweenk∗max and
the other parameters appearing in eq.(18), i.e. the modified
capillary lengthλ∗

CF and the Hamaker numberHa. The
wavenumberk∗max that corresponds to the lower probe po-
sition D∗ = D∗ − A∗, operates as the upper cutoff of the
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Fig. 6 (a) Coefficients and (b) phase of the solution given by
eq.(29), forD∗ = 2.2121, A∗ = 1 andω∗ = 3× 10−1. The arrows
indicate the terms corresponding to an increasing value ofj.

innate film band-pass filter. Furthermore, this particular value
of k∗max has been employed as the cutoff wavenumber in the
numerical method.

The cutoff wavenumbers[λ∗

CF ]
−1 andk∗max have been pre-

sented in Fig.2, proving the existence of a natural band-pass
filter, which arises spontaneously from the physical and geo-
metrical properties of the probe-film system. In other words,
the structures that are observed at the film surface are always
larger than[k∗max]

−1 but shorter thanλ∗

CF .

5.2 Wavenumber dynamics

Further understanding of the probe-film coupling can be
achieved by assuming thatD∗ ≫ ξ∗η∗, a small surface defor-
mation compared to the separation distance, in eq.(12b). After
applying the Hankel transform to the interaction potential, one
findsQ∗ = − [k∗]

2 Q∗

s, with Q∗

s given by:

Q∗

s (k
∗, D∗) =

K2

(
k∗

√
[D∗]2 − 1

)

[D∗]
2 − 1

. (28)

The use of eq.(28) and a subsequent Fourier decomposition
turns eq.(18) into a linear non-homogeneous ODE with ana-
lytic solution. This procedure, which is explained in-depth in

Appendix C, yields to the solution in the wavenumber domain:

N ∗ =
πHa

4ξ∗



a0

[
1− exp (−ν∗t∗)

]

+

∞∑

j=1

[
aj cos (jω

∗t∗ − ϕj)− ãj exp (−ν∗t∗)

]
 ,

(29)

where:

ãj (k
∗) =

ajν
∗

σj
, σj (k

∗) =

√
[jω∗]

2
+ [ν∗]

2
,

ϕj (k
∗) = arctan

(
jω∗

ν∗

)
. (30)

Eq.(29) provides an entire portray of the wavenumber distribu-
tion dynamics and, as a consequence, the film surface evolu-
tion, although its Hankel transform must be obtained numeri-
cally. Additionally, a matching wavenumberk∗ω emerges from
the comparison betweenν∗ andω∗. Using the definition given
in eq.(20),k∗ω is given by:

k∗ω =
1√
2

{
− [λ∗

CF ]
−2

+

√
[λ∗

CF ]
−4

+ 4ω∗

}1/2

. (31)

The wavenumber-dependent coefficientsa0 andaj , which
are defined in Appendix C and can only be computed numer-
ically, together with the coefficients̃aj and the phaseϕj are
shown in Fig.6 as a function of the wavenumberk∗, whereon
two different behaviours are discerned in respect ofk∗ω. For
small wavenumbers[λ∗

CF ]
−1 < k∗ < k∗ω , thea0 coefficient

dominates over the others and a constant phaseϕj = π/2 is
found for any value ofj. In other words, as it can be dis-
cerned from eq.(29), the surface shape contribution, givenby
wavenumbersk∗ < k∗ω, is not modified by the probe oscil-
lation. Therefore, this wavenumber range portrays the tran-
sitory behaviour of the film surface, in the large time scale
t∗ ∼ [λ∗

CF ]
4. Ask∗ takes values near the matching wavenum-

berk∗ω, the first coefficientsaj andãj , obtained with smallj
values, gain importance with respect toa0. The phaseϕj dis-
plays the same trend for anyj, diminishing its value towards a
zero phase ask∗ increases, and prematurely triggered for the
large j terms. For large wavenumbers,k∗ω < k∗ < k∗max,
all the coefficients become as weighty asa0, and a constant
phaseϕj = 0 is recovered for anyj. Therefore, as de-
duced from eq.(29), the surface shape contribution displayed
by wavenumbersk∗ > k∗ω is completely driven by the probe
oscillation. Thence, this range of large wavenumbers de-
scribes the periodic response of the film surface, in the short
time scalet∗ ∼ [ω∗]−1.

Briefly, the film surface shape is partially described by
a profile that saturates exponentially (given fork∗ ∈
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Fig. 7 Stationary state apex surface positionη∗

0 as a function of
phaseφ, in the stationary regime. Inlets display the surface position
η∗ as a function of the radial positionr∗ for φ = 0 andφ = π. All
the curves were obtained withD∗ = 2.2121 andA∗ = 1. The
Quasi-static behaviour corresponds to eq.(32), in which
ω∗

≪ [λ∗

CF ]
−4, whereas the frozen-like behaviour is given by

eq.(33), in whichω∗

≫ [k∗

max]
4, and the intermediate steady-state

case,ω∗ = 3× 10−1, is yielded by eq.(29) withj = 10 coefficients.

]
(λ∗

CF )
−1

, k∗ω

[
), due to the gradual amassing of liquid below

the probe. This description is in agreement with the behaviour
depicted in Fig.2. In turn, along an oscillation cycle, the probe
motion excites wavenumbers in the rangek∗ ∈ ]k∗ω, k

∗

max[,
which provokes the surface oscillation around the saturation
profile, spanning in the radial direction from the position be-
neath the probe to15 times the probe radius. Since the time
decay coefficientν∗ is a function of the wavenumberk∗, this
probe excited wavenumber range,k∗ω < k∗ < k∗max, arrives
to a steady-state earlier than the left-hand side wavenumber
distribution,k∗ < k∗ω.

It is important to note that for thin films (smallE∗ and,
consequently, shorterλ∗

CF ) and higher frequenciesω∗, the
matching wavenumberk∗ω takes larger values. In this situa-
tion, the range of wavenumbers excited by the probe is nar-
rowed, which also provokes a reduction in the radial extent of
the film surface oscillation. The inverse effect should be pro-
duced for thick films (largeE∗ andλ∗

CF ) or lower frequencies
ω∗.

Since the evolution ofN ∗ lies on the wavenumber-
dependent coefficientν∗, a complete steady-state surface os-
cillation is reached only when time is comparable with the
reciprocal of the lower cutoff wavenumber, i.e.t∗ ≫ [λ∗

CF ]
4.

Thenceforth, the stationary periodic regime is obtained when
the exponential functions in eq.(29) are dismissed. For the
case of a “slow” probe motion, which corresponds to a low fre-
quencyω∗ ≪ [λ∗

CF ]
−4, the matching wavenumber becomes

k∗ω ≈ 0, and the coefficientsσj and the phasesϕj reduce to
σj = ν∗ andϕj = 0. This leads to the “slow” wavenumber
distribution, which in stationary state reduces to:

N ∗ =
πHa [k

∗]4

4ξ∗ν∗
Q∗

s (k
∗, D∗) . (32)

The liquid film has enough time to recover its nearly flat shape
at the end of each oscillation cycle, which corresponds approx-
imately to the static deformation obtained with a the farther
probe positionD∗ = D∗ + A∗. The film drainage occurs
faster than the probe action, which inhibits the amassing of
liquid and the increase of the film surface deformation. There-
fore, the film oscillation process develops as a quasi-static
phenomenon, revealing a surface shape that is equal to the
static probe case for the sameD∗, at any instant of the oscil-
lation cycle. A prove of this fact is the behaviour of the apex
deformationη∗0 during an oscillation, which is symmetric with
respect toφ = π, as shown in Fig.7.

In contrast, the probe motion is said to be “fast” when
ω∗ ≫ [k∗max]

4, which yieldsσj = jω∗ andϕj = π/2.

Sincek∗max > λ∗

CF , thereforek∗ω ∼ [ω∗]
1/4, which implies

thata0 is dominant over anyaj. As a consequence, the “fast”
wavenumber distribution for the stationary state is given by:

N ∗ =
πHaa0
4ξ∗

. (33)

In this situation, the liquid film does not have sufficient time
to react to the probe oscillation. During the transitory regime,
the film was not able to dissipate the energy injected at each
cycle, which has been rather stored as an excess surface en-
ergy. Its amount is equivalent to the potential energy due to
the liquid volume gathered near the probe position. There-
fore, at the stationary state, the liquid surface remains with a
“frozen-like” deformed shape, which is described by eq.(33).
Since this expression only contains the constant term of the
Fourier series ofQ∗

s, the surface shape does not correspond to
a deformation profile generated by a static probe. Owing to the
“fast” probe motion, the liquid film does not have enough time
to spread the excess liquid volume, from the surroundings of
r∗ = 0 towards the outer zone, to recover its flat profile, as it
does for the quasi-static case. As it is shown in Fig.7, the film
surface keeps a same sharp shape (aroundr∗ = 0) along the
entire oscillation cycle, as well as constant apex positionη∗0
and a deformation extent that is shorter thanλ∗

CF .
Also in Fig.7, the surface apex position is shown for an os-

cillating probe with a frequency ofω∗ = 3 × 10−1, corre-
sponding to the intermediate frequency case shown in Fig.5,
which also occurs between the quasi-static and frozen-likebe-
haviours. As it has already been mentioned, the apex evolution
is not symmetric respect toφ = π because of the alternating
dominant role between film drainage and probe-liquid inter-
action. As well, as it can be discerned from a comparison
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between eqs.(29) and (33), a film surface, in the intermediate
regime and the steady-state, oscillates around the frozen-like
shape.

6 Critical oscillation parameters and wetting
transition

Fig.8 shows the surface vertical position and the Fourier-
Bessel coefficientsCm for different probe lower positions,
above and below the valueD∗ − A∗ = D∗

min, at the in-
stant of maximum probe-liquid interactionφ = π. For rel-
atively large distancesD∗ − A∗ ≥ D∗

min, the film surface
shows a narrow profile, below the probe positionr∗ ∈ [0, 2[,
surrounded by a not deep annular crater. Even though, the
vertical position of the liquid surface increases at each cycle,
it remains far away from the probe lower surface. As well,
the direct effect of the probe-liquid interaction, represented
by the large wavenumbers sidek∗ > k∗ω of theCm distribu-
tion, quickly arrives to a steady-state, opposite to the small
wavenumbers sidek∗ < k∗ω, which indicates the slow dif-
fusion of deformation energy towards larger radial positions,
before attaining the stationary regime. On the other hand,
for shorter separation distancesD∗ − A∗ < D∗

min, the sur-
face profile can never reach a steady-state, because the liquid
jumps-to-contact the probe. The probe-liquid interactionin-
creases at each oscillation, provoking the amassing of liquid
below the probe position. Thus, the film surface exhibits pro-
gressively a more stretched profile, which becomes a vertical
column of liquid at the last observable oscillation. At thislast
p cycle, which valuep decreases along with the lower probe
positionD∗−A∗, the liquid touches the probe surface. Under
these circumstances, theCm distribution of the last periodp
presents a large wavenumbers sidek∗ > k∗ω, that is consider-
ably magnified with respect to the previous cycles, highlight-
ing a significant augmentation of the probe-liquid interaction,
which can not attain a stationary regime. As observed when
comparing Figs.8e and 8f, the probe wetting is characterized
by aCm distribution of the same shape and magnitude in the
wavenumbers rangek∗ > k∗ω . As a consequence, the same
deformation below the probe and a threshold intensity of the
interaction are found, regardless of the number of cyclesp be-
fore the jump-to-contact occurs. Nevertheless, the value of p
indicates the periods that the system takes to attain this interac-
tion frontier, due to the alternating attraction-relaxation stages.
Therefore, a sequential transition from a stable surface oscil-
lation regime withp → ∞, observed for distant lower probe
positionsD∗−A∗ > D∗

min, to a delayed wetting phenomenon
with p > 0, forD∗−A∗ < D∗

min, and an instantaneous probe
wetting event forp = 0, for closer valuesD∗ −A∗ ≪ D∗

min,
is discerned.

In Fig.9, the surface oscillation amplitudeW ∗, the phase
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Fig. 9 (a) Surface oscillation amplitudeW ∗, (b) phase delay∆φ

and (c) finesseF as functions of the number of cyclesp. All the
curves were obtained for the same angular frequency
ω∗ = 3× 10−1 and probe oscillation amplitudeA∗ = 1, but for
different time-average probe positions in the range
D∗ ∈ [2.1383, 2.2121]. D∗ decreases in the sense of black arrows.
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Fig. 8 (a-c) Surface vertical positionη∗ as a function of the radial positionr∗ and (d-f) Fourier-Bessel coefficientsCm as a function of the
wavenumberk∗, for (a,d)D∗ − A∗ = 1.009D∗

min , a non-wetting regime, (b,e)D∗ − A∗ = 0.948D∗

min , a delayed wetting, and (c,f)
D∗ − A∗ = 0.945D∗

min , an instantaneous wetting phenomenon. All the curves were obtained forA∗ = 1 andω∗ = 3× 10−1, and they
correspond to the phaseφ = π.

delay ∆φ and the finesseF , already defined in Fig.3 and
eq.(25), are shown as functions of the number of oscillation
cyclesp and for a probe oscillation amplitudeA∗ = 1. For
relatively large lower distancesD∗ − A∗ ≥ D∗

min, a station-
ary state is pursued, and thusW ∗ and∆φ reach a saturation
value after the transient regime, consisting of several oscilla-
tion cyclesp ≈ 25, whereasF slowly converges towards a
constant level. The final stage ofW ∗, ∆φ andF becomes
higher asD∗ − A∗ diminishes and approachesD∗

min. For
slightly shorter distances0.95D∗

min < D∗ − A∗ < D∗

min,
after the initial stage of the transient regime, the growingrates
of W ∗,∆φ andF tend to stabilize, although, they slowly con-
tinue to increase with faint slopes. ForD∗−A∗ < 0.95D∗

min,
the surface amplitudeW ∗ and the finesseF curves look like
inverse hyperbolic tangents. These quantities always increase,
suffering an important decrease in the growth rate during the
first cycles and reaching a minimum slope, and then, as the
growth rate becomes unbounded again,W ∗ andF are am-
plified until they diverges near a vertical asymptote. In turn,
for these relatively small probe lower distancesD∗ − A∗, the
phase delay∆φ increases strongly during the first oscillations,
which corresponds to an enhancement of the film drainage ef-
fects and an important surface deformation along each oscil-
lation cycle. Afterwards, as the cycles go by,∆φ calms down
and its growth rate shows more gentle slopes, until it reaches
a critical value∆φ ∼ 0.58π, wherein it completely halts.

The divergence ofW ∗ andF , together with the halt of∆φ,

indicates the wetting of the probe by the liquid film depend-
ing on the lower probe positionD∗ − A∗. In Fig.10, typical
phase spaces, of the apex positionη∗0 and the separation dis-
tanceD∗, are shown for different values ofD∗ − A∗. For
D∗ − A∗ = 1.01D∗

min, the liquid film reaches the oscilla-
tory steady-state, a non-wetting behaviour, and thus a limit
cycle attractor is observed in the phase space. This limit pe-
riodic trajectory, ofη∗0 as a function ofD∗, exhibits a “chis-
tera” shape, following a clockwise motion with smooth slopes
aroundD∗ = D∗+A∗ and a stepper path nearD∗ = D∗−A∗.
This particular pattern is shown in Fig.10a, up top = 199 os-
cillation cycles. ForD∗ − A∗ = 0.95D∗

min, a delayed probe
wetting ofp = 17 cycles is observed. In this case, although
the apex displacement seems to reach a periodic orbit, its tra-
jectory shifts constantly towards greater values ofη∗0 . As a
consequence of this gradual augmentation, the probe-liquid
interaction becomes unbounded and the liquid rises to touch
the probe, at the half-period of thep = 17 cycle in Fig.10b.
Finally forD∗ −A∗ = 0.94D∗

min, the liquid film touches the
probe at the first oscillation cycle, as it is shown in Fig.10c.
Therefore, at the half-period of the first cyclep = 0, the in-
stant of maximum probe-liquid interaction, an instantaneous
wetting process occurs after a single barely curved trajectory
of the liquid film apexη∗0 . In brief, the liquid film wets the
probe forD∗ − A∗ < D∗

min at a limit number of cyclesp,
which lessens as the probe lower positionD∗ − A∗ is short-
ened.
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Fig. 11AFM modes and liquid film behaviour depending on the Deborah numberDe. The boundaries for the quasi-static and frozen-like
behaviour were placed according to their values for a film thickness of10 nm and a lower probe position1 < D∗ −A∗ < 3.5. Arrows (red)
indicate the impact of decreasing the parameters: film thicknessE∗ and the lower probe positionD∗ − A∗.

7 AFM experimental consequences

The results presented in this theoretical study correspondto a
typical AFM-film system, consisting of a silicon probe oscil-
lating near a liquid PDMS film placed over a silicon wafer
(substrate), with specific physical and geometrical proper-
ties and a single combination of dimensionless parameters(
Ha, Bo, Ĥ, E∗

)
, which were already given in Section 3.3.

Notwithstanding, the effect of these dimensionless numbers
can be observed and analysed through their relationship with
the merging length, time and wavenumber scales (see eqs.(13)
and (17) and Fig.2): modified capillary lengthλCF = 2.2 ×
10−7 m, film time scaleτ = 1.35× 10−7 s, transitory regime
durationt ∼ τ [λCF /R]

4
= 3.2 × 10−2 s and lower cutoff

wavenumberk = [λCF ]
−1

= 4.5× 106 m−1. In addition, we
recall the static thresholdDmin, the separation distance below
which the liquid jumps-to-contact a static probe, which forthe
aforementioned parameters isDmin = 1.2017× 10−8 m.

In contrast, different combinations of the probe oscillation
parameters have been presented. The time-average probe po-
sition D and oscillation amplitudeA influence directly the
film surface oscillation amplitudeW , the probe wetting con-
ditions and the corresponding limit of oscillation cyclesp
(see Figs.4, 9 and 10). As well, the impact of the probe
oscillation frequencyω lies on the wavenumber scales: up-
per cutoff wavenumberkmax and matching wavenumberkω
(see eqs.(38) and (31)). It is important to remember that this
two quantities delimit the range of wavenumbers excited by
the approach of the probe. Considering the aforementioned
probe/film/substrate system and common dynamic NC-AFM
tests, with frequencies in the range101 − 103 kHz, oscil-

lation amplitudes and probe-liquid separation distances re-
stricted to the range1−25 nm, the probe activates a wavenum-
ber range with lowerkω ∈

[
107, 108

]
m−1 and upperkmax ∈[

108, 109
]

m−1 boundaries.

This phenomenon can be analysed from an analogous view-
point, performing a comparison between the two main time
scales: the reciprocal of the angular frequencyω−1, corre-
sponding to the experimental AFM time scale, and the char-
acteristic film time scaleτ , which also refers to the film re-
laxation time30. Therefore, the dimensionless angular fre-
quencyω∗ = ωτ is also identified as the Deborah number
De = ωγE3/3µR4, which herein characterizes the liquid
film response to a periodic AFM nano-probe periodic exci-
tation. Large Deborah numbersDe are obtained for liquids
of high viscosityµ or relatively thin filmsE, which corre-
sponds to large relaxation timesτ . This situation is also dis-
cerned when the film is perturbed by a probe oscillating with
a high frequencyω ≫ [Rkmax]

4
/τ , wherekmax depends on

the lower probe positionD − A. This high frequency case
also yields a relatively large matching wavenumber, approx-
imately kω ≃ R [ωτ ]1/4. In this largeDe regime, the film
time scaleτ governs the dynamics of the liquid surface. Since
the surfaceη (r, t) evolves during the transient regime, finally
reaching a steady-stateη (r) independent of timet (see Fig.7),
a frozen-like behaviour of the film is observed. Therefore, all
the terms in eq.(11) become constant over time. The viscous
drainage restrains and slows down the film dynamics, which
coherently provokes a phase delay∆φ → π. As indicated by
the observed finesseF → 2, the surface deformation is re-
strained to a span shorter than the modified capillary length
λCF , and to relatively small vertical displacements. The de-
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Fig. 10Phase diagram of the apex positionη∗

0 and the separation
distanceD∗ of the three different behaviours: (a) Non-wetting for
D∗ −A∗ = 1.01D∗

min , showing a transient regime and approaching
a limit periodic orbit in the permanent state, (b) delayed wetting for
D∗ − A∗ = 0.95D∗

min , showing a similar transient regime but
diverging from a possible limit orbit at the half-period of thep = 17
cycle, and (c) instantaneous wetting forD∗ − A∗ = 0.94D∗

min ,
showing a monotonic trajectory that diverges immediately at p = 0.
Curves obtained withA∗ = 1 andω∗ = 3× 10−1.

formation energy is gathered below the probe position, gener-
ating a very narrow surface profile, due to the slow film relax-
ation (drainage). Considering the probe-film-substrate system
analysed in this work, this frozen-like state should be observed
for a probe oscillating around an average positionD ≤ 35 nm
with an amplitude ofA = 10 nm, only at frequencies above10
MHz, which is only achieved with ultra-high frequency probes
for high-speed AFM.

Small Deborah numbersDe are found for liquids of low vis-
cosityµ or relatively thick filmsE, which yields short relax-
ation timesτ . Equivalent similarity conditions are also gener-
ated by low probe oscillation frequenciesω ≪ 1/τ [λCF /R]

4,
which for our specific thin film corresponds toω ≪ 3.1 ×
101s−1, leading to a matching wavenumberkω = 0. In this
small De regime, the AFM experimental time scale[ω]−1

determines the film evolution, displaying a quasi-static be-
haviour. The viscous drainage happens quickly and a full-
period probe-liquid interaction is observed, leading to a fast
and full film reaction, which corresponds to a phase delay
∆φ → 0. At each instant, the surface attains the equilibrium
shape of a static probe-liquid interaction phenomenon, with a
maximum vertical displacement and a deformation extent that
coversλCF . Therefore, the drainage term in eq.(11) becomes
negligible, and the probe-liquid interaction is only opposed by
the curvature term throughout an oscillation cycle. This be-
haviour is validated with a large valued finesseF , pointing
out that the deformation energy is spread over a large radial
span, owing to a relatively rapid film relaxation (drainage).
For the parameters of the proposed probe-film-substrate sys-
tem, this regime is perceived for a probe oscillating with a
frequency lower than5 Hz, which is hardly considered as a
dynamic AFM mode. Note that this frequency increases as
the thickness of the film is reduced. For instance, for a film
of 1 nm, the quasi-static threshold frequency is5 × 105 Hz,
which means that almost the entire NC-AFM operation range
presents a quasi-static behaviour. This last case must be con-
sidered for example when a thin layer of water is adsorbed
over a silicon wafer1,15.

A comparison between the differentDe regimes, corre-
sponding to a thin film of10 nm, and several AFM modes,
showing their frequencyω range, is depicted in Fig.11. The
upper limit of the quasi-static behaviour, which is fixed for
a given film thickness, also defines the limit of force spec-
troscopy tests, whereas the lower boundary of the frozen-like
behaviour moves according to the probe lower position. In the
presented diagram, normal NC-AFM experiments occur in the
transition zone, above the quasi-static boundary, which indi-
cates that the probe oscillation provokes a significant surface
oscillation amplitude and a transmission of surface energyto a
large radial extent, but not as important as for the quasi-static
case. The frozen-like boundary is located within the higher
frequency range of high-speed NC-AFM experiments, imply-
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Fig. 12Number of oscillation cyclesp before wetting as a function
of the difference between the lower probe positionD∗ − A∗ and the
static minimum separation distanceD∗

min, obtained withA∗ = 1
andω∗ = 3× 10−1, within an intermediate Deborah regime
[λ∗

CF ]
−4

< De < [k∗

max]
4. The quasi-static and frozen-like trends,

including their wetting thresholds, are also depicted.

ing surface profiles with small surface oscillation amplitudes
and restrained radial spans, under these conditions. Although
an equivalent diagram can be obtained for a film of differ-
ent thickness, a particular interpretation of the AFM modes
should be done due to the thickness-dependence ofDe, τ and
λCF . For instance, considering a film with a thickness of1
nm, a large range of normal NC-AFM experiments may be
comprised in the quasi-static regime. On the other hand, the
quasi-static state is never observed for NC-AFM tests over a
film of 100 nm, because frequency needed to reach this situ-
ation becomes five orders of magnitude smaller than that for
the10 nm film case.

In Fig.12, for a fixed oscillation amplitudeA∗ = 1, the limit
number of oscillations before wettingp is shown as a func-
tion of D∗ − A∗ − D∗

min the difference between the lower
probe position and the static minimum separation distance,
also corresponding to the threshold jump-to-contact distance
of a quasi-static situation. The trend for an intermediate angu-
lar frequencyω∗ = 3× 10−1, which is located in the interme-
diate Deborah regime[λ∗

CF ]
−4 < De < [k∗max]

4, is shown in
Fig.12. The instantaneous probe wetting occurs forD∗−A∗ <
D∗

min − 0.066, whereas a delayed wetting behaviour is ob-
served within the zone−0.066 < D∗−A∗−D∗

min < −0.057,
and the oscillating steady-state without wetting takes place for
D∗ − A∗ < D∗

min − 0.057. These three situations, which
correspond to previously mentioned behaviours (see Fig.10),
are connected by a monotonically increasing dependency of

p on D∗ − A∗ − D∗

min. Interestingly, the non-wetting tran-
sition does not take place atD∗ − A∗ = D∗

min, the jump-
to-contact threshold distance for a static probe. In addition,
the wetting transition for the two asymptotic frequency cases
are also depicted in Fig.12, forA∗ = 1. The right-hand
side inlet in Fig.12 corresponds to a small Deborah regime
De ≪ [λ∗

CF ]
−4 (quasi-static film behaviour), in which wet-

ting may occur instantaneously forD∗ − A∗ < D∗

min, fol-
lowing the same trend as the phase diagram in Fig.10c with
p = 0. Under this conditions, an oscillating steady-state
should always be observed forD∗ − A∗ ≥ D∗

min, equiva-
lent to the periodic trajectory shown in Fig.10a. A delayed
wetting event can never occur for the quasi-static situation,
and a straightforward transition from wetting to non-wetting
is observed, displayed as a vertical asymptote overlapping
the abscissaD∗ − A∗ − D∗

min = 0 in the right side inlet
in Fig.12. Dynamic NC-AFM experiments executed in this
small De regime are restricted to large separation distances
D − A > Dmin, which reduces significantly the probe sensi-
tivity, in order to inhibit the probe wetting. On the other hand,
the large Deborah regimeDe ≫ [k∗max]

4 (frozen-like film be-
haviour) is displayed in the left-hand side inlet of Fig.12.In
this case, wetting is reprieved to shorter separation distances
and a vertical asymptote placed atD∗−A∗−D∗

min = −0.153
indicates the wetting transition. This threshold distancehas
been obtained by solvingD∗ − A∗ = ξ∗η∗0 + 1, with the
use of Eq.(33). Therefore, when dynamic NC-AFM experi-
ments are performed in this largeDe regime, the liquid film
surface can be scanned at shorter probe-liquid separation dis-
tancesD − A < Dmin, which increases the apparatus reso-
lution without the risk of wetting the probe or engendering a
significant surface deformation.

When performing NC-AFM experiments over liquids, one
must prevent the sample damage and the probe wetting. The
employment of a high oscillation frequency (largeDe regime)
allows to “freeze” the dynamic response of the liquid film,
which generates the following advantages:

1. The probe-liquid separation distance can be shortened,
increasing the AFM sensitivity and preserving the sample
physical integrity. In the presented case, this distance,
which corresponds to the probe lower positionD∗ −A∗,
can be shortened of around1.5 nm (see Fig.12), around
13% of the static threshold separation distance11 Dmin.

2. The amplitude of the liquid surface oscillation is small,
thus the effect of its displacement over the measured to-
pography is reduced. The maximum deformation of the
surface is reduced up to86%, from the quasi-static to the
frozen-like regime (see Fig.7).

3. The surface oscillation is restrained and, as a conse-
quence, the noise in the AFM signal is also diminished.
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Since the probe-liquid separation distance is sometimes hard
to control precisely in experiments, high oscillation frequen-
cies contribute to perform successful measurements by creat-
ing a margin of the probe lower position. As well, more ac-
curate NC-AFM data can be retrieved by increasing the probe
frequency, even if the largeDe regime is not always attainable.

8 Conclusions

The dynamic response of a liquid film due to its interaction
with an oscillating nano-probe was studied by means of nu-
merical simulations. Our analysis yielded the wavenumbers
scales, that limit the range excited by the probe at each oscilla-
tion cycle and that corresponding to the natural film relaxation.
The time scales which describe the transitory regime duration
and the film relaxation were determined, as well as the phase
duration along an oscillation cycle for the governing defor-
mation mechanisms. The effects of the time-average probe
position, the probe oscillation amplitude and frequency were
analysed. For large separation distances, a theoretical solution
in the wavenumber domain was obtained, which completely
describes the dynamics of the film surface. Moreover, asymp-
totic behaviours for the probe oscillation frequency were de-
rived from the solution. A quasi-static deformation regime
is observed for low oscillation frequencies, whereas a frozen-
like behaviour is found for high frequencies. For short sep-
aration distances, the solution provided evidence of critical
combinations of oscillation parameters (time-average posi-
tion, amplitude and frequency) that lead to prove wetting.
Therefore, an educated selection of the oscillation parameters
can be made based on our results, depending on the experi-
mental objectives, instead of finding them heuristically.

It is important to notice that the present analysis does not in-
clude the effect of thermal agitation. Under this premise, our
work should be considered as a first order approach, which
yields the average behaviour of a liquid film interacting with
an oscillating probe. A posterior and extensive analysis, in-
cluding higher order corrections (which should certainly scale
with kBT ), as it has been recently done for a static probe-bulk
liquid interaction35, must be taken into account in order to ob-
tain a more precise picture of the film interface.

The surface film dynamics, exposed in this paper, may be
useful to understand liquid properties and their behaviourat
the micro- and nanoscopic scales. Furthermore, it has been
proven that the dynamic NC-AFM mode provides a non-
intrusive tool to scan liquid samples, when a good choice of
experimental parameters (frequency, free and set-point ampli-
tude) is made. We expect that this work will lead to a quan-
titative understanding of the AFM imaging of soft samples,
mainly in the recovery of unspoilt sample topographies. Addi-
tionally, the introduced ideas should also be applied to analyse
AFM experimental results when a thin film of water covers the

sample, as it is usually observed under uncontrolled humidity
conditions. The importance of quantifying the effect of the
adsorbed thin layer has been emphasised15, because surface
deformation and capillary effects may lead to false interpreta-
tions and to obtain inaccurate topographies.
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A Hankel transform and inverse transform
definitions

The Hankel transform of order zero of a functionf , defined in the spatialr∗

and temporalt∗ domains, is defined by:

g (k∗, t∗) = H0 {f (r∗, t∗)}

= 2π

∫

∞

0

f (r∗, t∗) J0 (k
∗r∗) r∗dr∗, (34)

whereas the inverse transform of a functiong, defined in the angular
wavenumberk∗ = Rk and timet∗ = t/τ domains, is given by:

f (r∗, t∗) = H
−1

0
{g (k∗, t∗)}

=
1

2π

∫

∞

0

g (k∗, t∗) J0 (k
∗r∗) k∗dk∗, (35)

whereJ0 is the zero-order Bessel function of the first kind.

B Upper wavenumber cutoff

At the first stages of the phenomenon, the upper cutoffk∗max corresponds to
the wavenumber at which the growth rate is maximum. Att∗ = 0, the film
free surface is flatη∗ = 0 and, as a consequence, its related wavenumber
distribution isN ∗ = 0. Nevertheless, the growth rate∂N ∗/∂t∗ is not null
at this stage. If one applies:

∂

∂k∗

[

∂N ∗

∂t∗

]

= 0 with N ∗ =
∂N ∗

∂k∗
= 0 (36)

to eq.(18), and solves fork∗ at t∗ = 0, one finds the prime wavenumber
k∗ = k∗max that is instantaneously excited for a given separation distance
D∗. This procedure leads, as a first step, to the expression:

2Q∗ + k∗
∂Q∗

∂k∗
= 0. (37)

Making η∗ = 0 in eq.(12b) and applying the Hankel transform, the interac-
tion potentialQ∗ can be simplified in the same way as for eq.(28). Taking
into account this complexity reduction, and makingk∗ = k∗max, the follow-
ing non-linear implicit equation is obtained:

k∗max

√

[D∗]2 − 1















K1

(

k∗max

√

[D∗]2 − 1

)

K2

(

k∗max

√

[D∗]2 − 1

)















= 2, (38)
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Fig. 14Surface apex positionη∗

0 as a function of phaseφ, obtained
from the numerical solution of eq.(18) and the analytical
approximation given by eq.(29) withj = 10 coefficients, and for
D∗ = 2.2121, A∗ = 1, ω∗ = 3× 10−1 andp = 199. Inlets display
the Fourier-Bessel coefficientsCm as a function of the wavenumber
k∗ and the surface positionη∗ as a function of the radial positionr∗,
for φ = 0 andφ = π.

which relates the wavenumberk∗max and the separation distanceD∗. K1 and
K2 are first and second order modified Bessel function of the second kind. An
expansion to the first order of the left hand-side term aroundk∗max = 2π, the
wavenumber naturally given by the probe radius, yields eq.(26). In Fig.13,
wherek∗max is displayed as a function ofD∗, a good agreement between the
exact solution of eq.(38) and the approximation given by eq.(26) is observed
over the entire domain ofD∗.

C Wavenumber analytical solution

Eq.(28) allows us to rewrite eq.(18), which becomes a linearnon-
homogeneous ODE with analytic solution. Considering a flat surface as the
problem initial condition, i.e.η∗ = N ∗ = 0 at t∗ = 0, the expression of
N ∗ (q∗, t∗) is thus provided by:

N ∗ =
πHa [k∗]4

4ξ∗

∫ t∗

0

Q∗

s (k
∗, D∗) exp (−ν∗ [t∗ −Υ∗]) dΥ∗, (39)

where the probe position is temporarily given byD∗ = D∗ (Υ∗), Υ∗ being
a time integration variable. Moreover, asQ∗

s is an even function, it can be
decomposed into a Fourier cosine series, which is represented for D∗ (t∗)
by:

Q∗

s (k
∗,D∗) =

ν∗a0

[k∗]4
+

∞
∑

j=1

ajσj

[k∗]4
cos (jω∗t∗) , (40)

a0 (k
∗) =

[k∗]4 ω∗

2πν∗

∫

2π/ω∗

0

Q∗

s (k
∗, D∗) dt∗,

aj (k
∗) =

[k∗]4 ω∗

πσj

∫

2π/ω∗

0

Q∗

s (k
∗, D∗) cos (jω∗t∗) dt∗,

whereσj is given in eq.(30). An in-depth analysis indicates thata0 depends
only on the time-average probe positionD∗ and oscillation amplitudeA∗,
rather than on the angular frequencyω∗. The Fourier decomposition allows
us to find eq.(29). A comparison between the numerical solution and the
approximation given by eq.(29), withj = 10 coefficients, is shown in Fig.14.
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An excellent agreement has been found, mainly in the qualitative behaviour
of the film surface, in both space and wavenumber domains. Themagnitude
difference, obviously due to the approximationD∗ ≫ ξ∗η∗, is 10% at the
most in space and less than5% in the wavenumber domain.
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