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Three-dimensional hybridized carbon networks for high performance
thermoelectric applications

Xiaojian Tan,a Hezhu Shao,a Yanwei Wen,b Huijun Liu,c and Guoqiang Liu∗a

Thermoelectric properties of three-dimensional covalently connected carbon networks are investigated by using first-principles
calculation, Boltzmann transport theory, and nonequilibrium molecular dynamics simulations. It is found that the electronic
transport of such networks exhibit “ballistic transport” behavior, similar to single carbon nanotubes. The thermoelectric perfor-
mance of network structures is significantly enhanced relative to one-dimensional carbon nanotubes, owing to the high power
factor and largely reduced thermal conductivity. The ZT value of carbon network (9, 0) at intermediate temperature can be in-
creased to 0.78 by n-type doping with a carrier concentration of 3.9×1019/cm3. Therefore carbon networks are expected to be
potential candidates for eco-friendly thermoelectric materials.

1 Introduction

Thermoelectric materials are being paid a lot of research atten-
tion in the past decades because of their direct conversion be-
tween heat and electricity. Due to the exhaustion of fossil fuels
and the related environmental problems, it is urgently needed
to develop eco-friendly and high performance thermoelectric
devices. The efficiency of a thermoelectric material is quanti-
fied by the dimensionless figure of merit ZT=S2σT/(κe+κph),
where S is the Seebeck coefficient, σ is the electrical conduc-
tivity, T is the absolute temperature, and κ is the thermal con-
ductivity that contains both the electronic (κe) and lattice com-
ponents (κph). An ideal thermoelectric material is described as
“phonon glass electron crystal (PGEC)”, i.e., a high ZT value
material should have high S, high σ , and low κ = κe + κph

1.
Such a task is usually difficult to achieve since there is a strong
correlation of S, σ , and κe according to the Wiedemann-Franz
law2. Considering the relative weak correlation between κph
and the other coefficients, an effective way to improve the ZT
values of thermoelectric materials is reducing the thermal con-
ductivity while keeping the electronic transport less affected.

Carbon nanotubes (CNTs) have attracted much research in-
terest as an ideal candidate for building new types of electronic
devices because of their exceptional electronic transport prop-
erties. Compared with the conventional thermoelectric mate-
rials, carbon materials are environmentally friendly and easy
for mass produce. Unfortunately, the thermal conductivity of
CNTs is as high as thousands of W/mK3–6, owing to the long
phonon mean free path and large group velocity7. The theo-
retically predicated ZT value of tube (10,0) is only 0.2 at 300
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K8. Recently, CNT bulk samples9 and three-dimensional C-
NT structures10,11 have been prepared and their thermal con-
ductivities are found to be significantly reduced to 0.035 ∼
4.2 W/mK due to the strong tube-tube interaction. Howev-
er, the reported power factor S2σ of such CNT bulk materi-
als10–12 and nanocomposites13 vary in the range of 2.2 ∼ 25
µW/mK2, and the measured electrical conductivities are or-
ders of magnitude lower than those of individual CNTs, result-
ing in very lower ZT values of 0.002 ∼ 0.2. The poor power
factor and thermoelectric properties in CNT bulk materials are
due to the coiled and randomly oriented structures produced in
the fabrication process. It is conceivable that the periodically
assembled CNT bulk materials may exhibit significantly de-
creased thermal conductivity whereas the electronic properties
are less affected. Very recently, a new type of carbon bulk ma-
terials composed with three-dimensional covalently connected
carbon network have been reported to be more thermodynami-
cally stable structures with low kinetic barrier of formation14.
These networks are long range ordered CNTs connected by
strong covalent C-C bonds, which are very different from the
previously reported CNT bulk materials. To be distinguished
with the CNT bulk materials composed of coiled and random-
ly oriented CNTs, these ordered and covalently connected C-
NT bulk materials are called as sp2 − sp3 hybridized carbon
networks (HCNs)14. It is interesting to explore their possible
application as thermoelectric materials.

In this work, the electronic and phonon transport prop-
erties of HCNs are investigated by using the semiclassical
Boltzmann theory and nonequilibrium molecular dynamic-
s (NEMD) simulations respectively. We shall show that the
electronic properties of such three-dimensional ordered HC-
Ns are some lower or close to those of one-dimensional C-
NTs, but much higher than those of the coiled and randomly
oriented CNT bulk materials. Considering the significantly
reduced thermal conductivity, these HCNs could exhibit rela-
tively large power factor and high thermoelectric performance
by appropriate p-type and n-type doping.
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2 Computational details

The structure optimization and energy band-structure calcu-
lations of HCNs are performed using a plane-wave pseudopo-
tential formulation15–17 within the framework of density func-
tional theory (DFT). The exchange-correlation energy is in
the form of Perdew-Burke-Ernzerhof (PBE)18 using gener-
alized gradient approximation (GGA). Projector-augmented
wave (PAW) potentials are used for the carbon atoms and the
cutoff energy is set as 400 eV. During the geometry optimiza-
tions, both the atoms positions and lattice constants are ful-
ly relaxed until the magnitude of the force acting the atoms
is less than 0.01 eV/Å, which also converge the total energy
within 1 meV. The Brillouin zone is sampled with 10×10×20
Monkhorst-Pack k-meshes.

The transport properties were calculated from the electronic
structure using a semiclassical approach by solving the Boltz-
mann’s equation as implemented in the BoltzTraP code19

within the constant relaxation time approximation, which has
been successfully applied to a wide range of thermoelectric
materials.20 The kernel is to find the so-called transport distri-
bution, which can be expressed as:

Ξ = ∑⃗
k

v⃗⃗k⃗v⃗k⃗τ⃗k, (1)

where v⃗⃗k and τ⃗⃗k is the group velocity and relaxation time at
state k⃗, respectively. The electrical conductivity σ , Seebeck
coefficients S, and electronic thermal conductance κe can be
calculated according to:

σ = e2
∫

dε
(
−∂ f0

∂ε

)
Ξ(ε), (2)

S =
ekB

σ

∫
dε

(
−∂ f0

∂ε

)
Ξ(ε)

ε −µ
kBT

, (3)

κe = k2
BT

∫
dε

(
−∂ f0

∂ε

)
Ξ(ε)

(
ε −µ
kBT

)2

, (4)

where f0 is the equilibrium Fermi function, kB is the Boltz-
mann’s constant, and µ is the chemical potential.

Other than above quantities, the lattice thermal conductivity
κph is predicted based on the Fourier’s law where the heat flow
and temperature profile are realized using the NEMD simula-
tions as implemented in the LAMMPS code21. The Tersoff22

potential is adopted to describe the inter-atomic interaction-
s and the time step is fixed as 0.5 fs. We carry out a 300 ps
constant temperature simulation and a 200 ps constant ener-
gy simulation to ensure the system reaches a steady state. The
HCNs are then divided into 40 equal segments along the direc-
tion of heat flow with periodic boundary conditions, where the
cold and hot regions are located at 1st and 21st segment, re-
spectively. The hottest atoms in the cold region and the coldest

Fig. 1 (Color online) Top view of four kinds of HCNs: (a) (5,0), (b)
(6,0), (c) (8,0), and (9,0). The primitive cells are shaded.

ones in the hot region swap their kinetic energies according to
the Müller-Plathe algorithm23, then the temperature gradient
responses and thermal flux maintains by atoms’ interactions in
neighboring segments.

3 Results and discussion

The structures of HCNs have already been reported in Ref.14,
and they can be visualized as self-assembled one-dimensional
CNTs of small diameter. In HCNs, the CNTs first rearrange
into triplet structures and then form a three-dimensional net-
work by joining the reactive tips. CNTs can be specified
by a pair of integers (n,m), corresponding to a chiral vector
Ch = na1 +ma2, where a1 and a2 are the graphene lattice vec-
tors. In this work, we also use this nomenclature for HCNs.
Fig. 1 is the top view of four kinds of HCNs: (5,0), (6,0),
(8,0), and (9,0), which are made up of the (5,0), (6,0), (8,0)
and (9,0) tubes, respectively. All of these HCNs have a hexag-
onal lattice, and their lattice constants (a and c) are indicted in
Fig. 1(a). The primitive cell of each contains 60, 72, 96, and
108 carbon atoms, indicated by shadow in Fig. 1. As summa-
rized in Table 1, the lattice constant c is almost 4.24 Å for all
of four HCNs while a is almost linearly increased from 12.84
to 20.34 Å. This is easy to be understood because CNTs (5,0),
(6,0), (8,0), and (9,0) have the same cell length but different
tube diameters.

Fig. 2(a)-2(d) show the calculated band structures of four
kinds of HCNs. Our first principle calculations indicate that
these HCNs are all semiconductors and the band gaps are 0.14,
1.21, 0.50, and 1.01 eV as listed in Table 1. HCN (7,0) is
found to be metallic in our calculation, and then it is not suit-
able for thermoelectric application. We will not discuss the
transport properties of HCN (7,0) in this work. In the Bril-
louin zone, the bands obviously disperse along the directions
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Table 1 Lattice constant a and c, and band gap Eg for four kinds of
HCNs: (5,0), (6,0), (8,0) and (9,0).

Structure a (Å) c (Å) Eg (eV)
HCN (5,0) 12.84 4.22 0.14
HCN (6,0) 14.88 4.23 1.21
HCN (8,0) 18.81 4.24 0.50
HCN (9,0) 20.34 4.24 1.01

parallel to c axis such as “K −H, L−M, and Γ−A”, while
they are almost dispersionless along the directions vertical to c
axis such as “Γ−K, H −A−L, and M−Γ”. As may be seem
in Fig. 2, three-dimensional HCNs roughly keep the quasi-
one-dimensional electronic transport behavior of single CNTs.
As known, the electrons in CNTs exhibit “ballistic transport”
behavior, thus it is reasonable to expect the good electronic
transport properties of HCNs. The abrupt band structures par-
allel to c axis indicate high carrier mobility and high electrical
conductivity, and the flat bands vertical to c axis result in the
DOS peaks and high Seebeck coefficient at the edge of band
gap.1,24 As shown in Fig. 2(d), HCN (9,0) exhibits sharp DOS
peaks at the bottom of conduction bands, leading to a high ab-
solute value of the n-type Seebeck coefficient at the optimized
doping level (∼ 1020/cm3).

The electronic transport coefficients of HCNs can be eval-
uated by using the Boltzmann theory and relaxation time ap-
proximation, based on the calculated band structures. In this
approach, the Seebeck coefficient S is indenpent of the re-
laxation time τ , while the electrical conductivity, electronic
thermal conductivity and power factor can only be determined
with respect to the relaxation time. The coefficients we actu-
ally calculated are namely σ/τ , κe/τ , and S2σ/τ . To get reli-
able results, we use a very dense k mesh up to 1600 points in
the BoltzTraP calculations. By integrating the calculated band
structures in the irreducible BZ according to Eq. (1) ∼ (4), the
electronic transport coefficient σ/τ , κe/τ , S and S2σ/τ can
be obtained.

Fig. 3 shows the corresponding transport coefficients of
four kinds of HCNs at 300 K as a function of chemical poten-
tial µ , where the Fermi level is at µ = 0 eV. Within the rigid
band approximation,25 the chemical potential µ indicates the
doping level or carrier concentration of the system, and p-type
doping corresponds to µ < 0, while n-type doping correspond-
s to µ > 0. As can be seen in Fig. 3(a) and 3(b), electrical con-
ductivity σ/τ and electronic thermal conductivity κe/τ exhib-
it similar variation tendency with respect to chemical potential
µ according to Wiedemann-Franz law. Both of them vanish
around the Fermi level since this area corresponds to the band
gap of system. When the chemical potential moves to the edge
of the band gap, σ/τ and κe/τ exhibit an obvious increase as
the increasing DOS (see Fig. 2).

Fig. 3(c) shows the roughly antisymmetric structure of the
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Fig. 2 Calculated energy band structures and density of state (DOS)
for (a) (5,0), (b) (6,0), (c) (8,0), and (d) (9,0) HCNs, the dash line
indicates the Fermi level.
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Fig. 3 (Color online) Calculated transport coefficients at 300 K as
function of chemical potential µ for HCNs: (a) electrical
conductivity σ/τ , (b) electronic thermal conductivity κe/τ , (c)
Seebeck coefficient S, and (d) power factor S2σ/τ .

Seebeck coefficient S. As the doping level moves from 0 to
±1 eV, the absolute value of S increases sharply near the Fer-
mi level, reaches the maximum value at µ = ±kBT , and then
decreases to zero near the edge of the band gap. The max-
imum absolute value of S increases with the increasing band
gap. With wider band gaps, HCNs (6,0) and (9,0) exhibit high-
er Seebeck coefficient S than HCNs (5,0) and (8,0). We also
calculated the Seebeck coefficient using the nonequilibrium
Green’s function (NEGF) method as implemented in the ATK
code, which is widely used to study the quantum transport
properties of electrons.26,27 The NEGF results are very con-
sistent to the BoltzTraP results for all of these HCNs. As the
NEGF method is only focus on the “ballistic transport”, thus
the electron transport behavior in HCNs is very close to “bal-
listic transport”. It should be mentioned that the maximum
of Seebeck coefficient is at a very low carrier concentration,
and it is difficult to be achieved in experiment. A high See-
beck coefficient is not necessarily useful. For thermoelectric
materials, it is more important to maximize the thermoelectric
power factor.

As known, there is a tradeoff between the electrical conduc-
tivity σ and the Seebeck coefficient S, and one need to find
a proper doping level to maximize the value of power factor
S2σ/τ . When the doping level reaches the edge of the band
gap, both σ/τ and S are nonzero, thus the power factor S2σ/τ
exhibits some peaks at the edge of the band gap (see Fig. 3(d)).
Moreover, the corresponding electronic thermal conductance
κe/τ is relatively low, which is also beneficial to achieve high
thermoelectric performance.

In Ref.14, the thermo stability of HCNs has been discussed
by using molecular dynamics simulations and the results indi-
cate that formed HCNs remain stable under ambient temper-
atures and only transform back to regular CNT bundles at an
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Fig. 4 (Color online) Calculated power factor S2σ/τ map as a
function of temperature T and carrier concentration n for (a)
HCN(5,0), (b) HCN(6,0), HCN(8,0), and (d) HCN(9,0).

elevated temperature of about 1400 K. Therefore these ordered
network structures may be potential intermediate temperature
thermoelectric materials. At a given doping level, chemical
potential µ changes with the variation of temperature, we then
consider the thermoelectric properties as a function of carrier
concentration instead of chemical potential. The power factor
S2σ/τ map is plotted as a function of temperature T and car-
rier concentration n for these networks in Fig. 4, where n > 0
denotes n-type doping and n < 0 denotes p-type doping. As
indicate in the color scale, the bright red and deep blue stand
for large and small calculated values of S2σ/τ , respectively.
It can be seen that the calculated power factor of these HCNs
exhibit several highlight areas with obviously large values in a
wide temperature range. HCNs (5,0) favors n-type doping and
(6,0) favors p-type doping. In all these networks, n-type dope-
d HCN (9,0) exhibits the highest power factor S2σ/τ (1.94 ×
1012 W/mK2s) at 900 K with n = 8.2× 1020/cm3, which is
consistent with the above discussion about energy band struc-
ture and DOS.

Up to now, we have dealt with electronic transport prop-
erties of these HCNs. As discussed in the introduction part,
formation of networks or bulk material can significantly re-
duce the lattice thermal conductivity κph of CNTs to as low
as several W/mK.9–11 In this work, the phonon derived ther-
mal conductivity κph of ordered HCNs is calculated according
to the Fourier’s law by using NEMD method. NEMD sim-
ulation can also handle nonlinearity when dealing with heat
transport and has been shown to be an efficient way to cal-
culate thermal conductivity, including both ballistic and dif-
fusive transport, from room to intermediate temperature29. It
is well-known that thermal conductivity of nanostructures is
size-dependent30 and it can be empirically fitted as the pow-
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Fig. 5 (Color online) Calculated lattice thermal conductivity κph of
HCNs as a function of temperature T .

er law κph ∼ lα (0 < α <1), where exponent α depends on
the temperature and sample length l. We calculate the thermal
conductivity at different sample lengths and then extrapolate
to an infinite length according to the linear relationship be-
tween 1/κph and 1/l. Our calculated room temperature lattice
thermal conductivity κph of four kinds of networks are sum-
marized in Fig. 5. The lattice thermal conductivity of the
series decreases with the increasing temperature. A similar
observation was also found in one-dimensional CNTs and can
be attributed to the more frequent phonon umklapp scattering
in the systems at higher temperature.31 At a certain temper-
ature, we find that the lattice thermal conductivity decreases
as the lattice constant a is increased, which is similar to the
case of one-dimensional CNTs, i.e., CNTs with larger diam-
eter exhibit lower lattice thermal conductivity.28,31 Compared
with the previous reported results of single CNTs (usually t-
housands of W/mK), κph of these HCNs are almost one order
of magnitude lower, which may be caused by the strong tube-
tube interaction and increased phonon scattering modes.9,10

On the other hand, κph of these HCNs are much higher than
those of the previous reported results of CNT bulk materials
because of the much ordered structures. Anyhow, formation of
HCNs can significantly reduce κph of system as well as keep-
s the excellent electronic transport properties, and enhances
their thermoelectric performance.

As discussed above, the power factor S2σ/τ of n-type dope-
d HCN (9,0) is nearly 2.0 × 1012 W/mK2s at 900 K, and the
lattice thermal conductivity κph at 900 K is 60 W/mK. With
the highest power factor and the lowest thermal conductivity,
HCN (9,0) is the most favorable thermoelectric candidate a-
mong these networks. To evaluate the ZT value explicitly, one
need obtain the electron relaxation time τ . The accurate eval-
uation of τ depends on the detailed scattering mechanism and
is usually estimated by fitting experimentally measured elec-
trical conductivity or electron mean free path. Unfortunately,
such experimental date is not available for such ordered net-
work structures, and we use the electron mean free path le =
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Fig. 6 (Color online) Calculated ZT value map of HCN (9,0) as a
function of temperature T and carrier concentration n for relaxation
time τ = (a) 0.4, (b) 0.6, (c) 0.8, and (d) 1.0 × 10−12 s.

1.5 µm of semiconducting CNTs32–35 as an alternative. This
is a reliable approximation since the electronic transport char-
acter of HCNs is very similar to those of the single CNTs.
For shorter CNTs, the electron transport is in the region of
ballistic transport and the electrical conductance GE can be
obtained by using NEGF method; at longer length l, the elec-
trical conductance G is reduced by scattering according to G
= GEle/l,32 thus the electrical conductivity σ is converged to
GEle/A, where A is the cross area section. By using such a
approach, the fitted relaxation time τ is in the range of 0.4 ∼
1.0 × 10−12 s for these ordered HCNs.

Fig. 6(a)-6(d) show the two-dimensional maps of ZT (n, T )
when the relaxation time τ is 0.4, 0.6, 0.8, and 1.0 × 10−12

s. By appropriate n-type doping with n = 7.6×1019/cm3, the
optimized ZT value of HCN (9,0) is 0.43 at room temperature.
The optimized ZT value of HCN (9,0) can be further increased
with the increasing temperature. As τ in a range of 0.4 ∼ 1.0 ×
10−12 s, the maximum ZT value of ordered HCN (9,0) reaches
0.7 ∼ 0.8 at 900 K with n = 3.9×1019/cm3 by n-type doping.
The obtained maximum ZT of 0.8 is much higher than the
values of individual CNTs8 or previous CNT bulk material-
s.10–13 The lattice thermal conductivity κph of HCNs is as high
as 60 W/mK, and there is still a large space to further reduce
κph and improve the ZT value with different means, such as
isotope doping36 and surface decoration.37 Our calculations
indicate that when one-dimensional nanotubes form covalent-
ly connected three-dimensional ordered HCNs, the electronic
transport properties are less affected with the thermal conduc-
tivity significantly reduced, which leads to high thermoelectric
performance.
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4 Summary

In summary, we have studied the thermoelectric properties of
four kinds of ordered carbon networks by using multiscale ap-
proach. The first-principles calculated band structures of HC-
Ns indicate their electronic transport properties is similar to
those of individual CNTs, and the sharp increased DOS leads
to a high value of Seebeck coefficient. The followed Boltz-
mann transport calculation confirms that HCNs exhibit high
Seebeck coefficient and high power factor by appropriate dop-
ing. On the other hand, the NEMD simulations show that the
phonon induced thermal conductivities of HCNs are almost
one order of magnitude smaller than those of CNTs due to the
strong tube-tube interaction. Consequently, the thermoelectric
properties of HCNs are much higher than those of the corre-
sponding individual CNTs. Within the relaxation time approx-
imation, the maximum ZT value of HCN (9,0) may reach 0.8
at 900 K and can be further enhanced with a further reduced
lattice thermal conductivity. Our theoretical work suggests
that three-dimensional HCNs are more feasible to be applied
as thermoelectric devices than individual HCNs or disordered
CNT bulk materials.
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Foundation of China (11404350, 11404348 and 11204326),
China Postdoctoral Science Foundation (2014M551782),
Zhejiang Province Preferential Postdoctoral Funded Project
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ipal Natural Science Foundation (2014A610003 and
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the PC Cluster from Sugon Company of China.
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