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A geometric model for describing the kinetic growth of helical structures is derived 

and the correlation between helix length with parameters including height, pitch and 

radius is evaluated. 
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Abstract 

   Helical structures frequently exist in nature, and two commonly-seen examples are the curly hair of 

humans and the helical fujiko of luffa. Helical micro/nanoscale crystals have evolved to be an increasingly-

intriguing form of crystals since its first       cited observation more than half a century ago.
1
 In addition to 

carbon, a number of other materials have also been found to form helical structure spontaneously or in the 

presence of metallic catalysts.
 2-7

 The special shape with extensive lattice strain, typically triggering a 

variety of unusual properties, makes such crystals of particular interest to the materials field.
8-13

 Up to this 

point, the growth kinetics of such helical nanocrystals still remains elusive. To resolve the growth kinetics, 

one must comprehend the length evolution in the growth of helical structures. In this report, we derive the 

analytical expression of the length of helical structures. We then evaluate the correlation between the 

kinetic length of helical crystals and a number of important parameters including the height, diameter and 

helical pitch, which are all observable via common optical and electronic microscopic techniques. Our 

investigation is applicable to explain not only the helical growth kinetics at the micro/nano-scale in the 

materials field, but also the helical growth phenomena in nature in general. 
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Helical structures are commonly-seen in nature and the intriguing formation as well as the promising 

properties of such structures has recently triggered extensive research interest.
8-13

 In particular, various helical 

micro/nano-scale structures have been prepared and investigated in recent years.
2-7,11,12

 Despite the different 

growth mechanisms as proposed in the field, it has been unanimously accepted that the specific symmetry, the 

size and the crystallinity are closely correlated with the intrinsic characteristics of the catalysts employed in the 

helical growth.
13,14

 Such catalyst-growth correlation, yet inadequately addressed, has been elucidated and many 

insightful growth details have been observed and qualitatively rationalized.
15

 Despite such advances, detailed 

investigation into the kinetic models of helical growth still remains elusive. Such a lag is due to the lack of the 

analytical investigation into the specific length evolution over time, i.e. the expression of dL/dt, in which L 

represents the length of the spiral, and t is the growth time of the spiral. To better understand the growth 

mechanism and efficiently manipulate the growth of helical structures in experiments, the kinetics of helical 

growth must be revealed quantitatively. In this report, we first demonstrate the viability of our analytical work 

with actual experimental data of carbon helical nano-fibers grown under different conditions. We then derive the 

analytical correlation between the length of general helical structures and the parameters associated with these 

helical structures, all of which are readily obtainable via regular microscopic techniques including scanning 

electron microscopy (SEM) and transmission electron microscopy (TEM). The quantitative evaluation on the 

growth mechanism and kinetics of helical structures, enabled for the first time by our present study, opens up the 

opportunity of analytically understanding the growth of helical structures and exploring their application 

potentials. 

The key experimental growth parameters including temperature (T), reaction pressure (P) and reaction time (t), 

can affect the catalyst properties, which are then determined by the topography and exposed crystal facets of the 

catalyst particles in the helical growth. Amelinckx et al. proposed a formation mechanism for helical graphite 

nanotubes by introducing the concept of spatial-velocity hodograph.
16

 However, the length evolution of helical 

carbon fibers in the growth process was not investigated in detail. According to our investigation, the reaction 

temperature has substantial effect on the growth rate of helical carbon fibers.
17

 As the reaction temperature is set 

at 190 ℃, the spiral length reaches a value in the range of 1000 nm- 2800 nm after growing for 60 min at 1 atm, 

as shown in Figure 1, and the value of dL/dt is in the range of 20 nm/min-56 nm/min. It is also noted that the 

morphologies of fibers are different, which might be due to the anisotropic catalytic properties of Cu 

nanocrystals.
8
 As reported by Qin et al, the spiral length reaches 3000 nm-5000 nm at 195 ℃ for 10 min, and the 

growth rate of coils is in the range of 30 nm/min~50 nm/min.
18

 In addition, the spiral length can reach 6400 nm-

8000 nm at 250 ℃ for 3 min, and the growth rate of coils increases to 2133 nm/min~2666 nm/min.
19

 It has been 

revealed that the value of spiral length increases not only in proportion to the reaction temperature and time, but 

also inversely proportional to the reaction pressure. For instance, by fixing the partial pressure of acetylene at ~ 

0.1 atm, the length of the helical carbon fibers approaches the range of 500 nm~800 nm at 271 ℃ for 10 min.  
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Figure 1│The SEM image (a) and TEM image (b) of a twin helical structure grown on a single Cu nanocrystal at 190 ℃ for 60 min. 

 

Indeed, the spiral length of helical fibers increases with the temperature, reaction time and reaction pressure.
15

 

Meanwhile, the growth rate dL/dt is closely correlated with the specific Miller indices of the contacting crystal 

facets of the catalyst crystal; the higher the Miller-index of the contacted facet is the higher the growth rate for 

the helical fibers. The diameter of the fibers is determined by the size of the catalyst particles.
20

 The value of 

dL/dt decreases as the size of the catalyst particle increases. The growth rate is typically determined by the 

contact region between the catalyst particles and the already-formed fiber segment. The pitch of the helical fibers 

(d) is determined by the ratio of the curling rate to the extruding rate of the fiber. As a consequence, the pitch 

decreases with increasing ratio of the curling rate to extruding rate and vice versa.
17 

With all the aforementioned 

parameters, one can then evaluate the parameters associated with the growth kinetics of the helical fiber, as 

shown in Figure 2. In particular, a theoretical derivation and evaluation of L will facilitate such efforts.
15,17,20

 

 

 

 

 

 

 

 

 

Figure 2│Kinetic model analysis over the spiral length evolution with respect to temperature (T), pressure (P), time (t), Miller index 

(MMiller index) and the diameter of the catalyst particles (Dcatalyst).  

The importance for quantitatively evaluating the length evolution for studying the growth mechanism and 

kinetics of a helical structure can be readily elucidated in the above discussion. We next derive the analytical 

expressions of the lengths of helical structures. In general, there are two types of helical lines, as shown in Figure 

3, in which the one with a cylinder shape is noted as CLHL and the one with a cone shape is noted as COHL, 

respectively. 

(a) (b) 

Catalyst planes with 
different Miller indices 

dL/dt=f(T, P, t, MMiller index, Dcatalyst) 
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Figure 3│Helical lines in (a) a CLHL shape, and (b) a COHL shape. In the figure d indicates the pitch, R is the bottom radius, h is the 

height of the helical structure, and α is the corner angle of the cone. 

 

For the CLHL case, the parametric equations of a cylinder shaped helical line can be written as follows, 

� ���� � � cos ����� � � sin ����� � ��													,    0 � � � 2��,                                    (1) 

where x, y, z are the three axes in a classical Cartesian coordination, � is the rotation angle of the ��� away from 

the x axis, � � ��� is the growth rate of the CLHL-shaped helical line along the z axis, and � � ��. Then the helical 

length of a CLHL (LCLHL) structure can be obtained via Eq. 1, 

����� �  !!�"���#� $ !�"���#� $ !�"���#�#% �& '� � �∗�∗�)	*.*�,--*-∗�./0.��1�*                   (2) 

   Similarly, the helical length of a COHL (LCOHL) structure can also be obtained. The analytical equations for 

COHL can thus be written as in Eq. 3, 

����� � ���� cos ����� � ���� sin ����� � ��													 ,    0 � � � 2��,                                                                  (3) 

where ���� � � 2 �� cot 4,  � � ��� , and � � ��. Then the length of the spiral line is given by Eq. 4, 

��5�� � �  6��789	�4 2 � cot 4 �0: $ 7;% �& '��1�*                                                         (4) 

where 7 � 1 $ 789�4 $ =0:>�. The integration of Eq. 4 is employed to obtain the final integration form of LCOHL, 

as expressed in Eq. 5, where the parameters used are noted in Figure 3(b). 

��5�� �
?@�ABCDE0FπABCD G�F�.0E�:@HIJD�.�. $ 1 $ cot�4 $ KL%/ABC.DMF�ABCD arsinh���@�ABCDE��0�F�.√%/ABC.D �RS*

�1�
         (5) 

in which the parameters used are the same with those indicated in Figure 3(b). The detailed integration of Eq. 5 is

 provided in the Supporting Information. 

Since the shape of the helical fibers is determined by the index deviation in the crystalline facets of the catalyst 

crystal at the contact point where the helical fibers are grown, by employing the facets of certain Miller indices, 
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certain helical fibers can be obtained. For the case of CLHL, based on Eq. 1 the correlation of LCLHL with 

parameters of d, R and h are shown in Figure 4. From Figure 4(a), L first decreases rapidly and then the decrease 

becomes gradual with increasing d until approaching zero. There exists a critical point in the decreasing plots, 

and the critical point increases with increasing R. For a growing helical fiber with small d before the critical point, 

the growth rate of the helical fiber decrease abruptly with increasing d, which suggests there is a stress or tension 

dependent kinetics in the growth of a helical fiber with a small helical pitch. 
8  

  

In addition, the correlation between LCLHL and R/h is also investigated. As shown in Figure 4(b) and Figure S1, 

LCLHL is linearly dependent on the radius R as well as the height h. For a CLHL with a fixed h, LCLHL increases 

much faster with increasing R for the CLHL structure with a smaller d, as shown in Figure 4(b). Similarly, for a 

CLHL structure with a certain diameter R, LCLHL also increases with increasing h in a larger slope for the CLHL 

structure with a smaller d, as shown in Figure S1. The non-linear dependence of LCLHL on d can also be 

demonstrated from both Figure 4(b) and Figure S1. As noted in these figures, LCLHL increases slowly in the plots 

with d ≥ 0.2, and increases abruptly with d < 0.2 nm as shown in Figure 4(b). This trend is consistent with that 

shown in Figure 4(a). 

 

Figure 4│(a) Plots of LCLHL vs. d with fixed R and h, and (b) plots of LCLHL vs. R with fixed h and d. 

The shape of the helical fibers is highly dependent on the crystal facets on the growth point of the catalyst. It 

has been reported that catalyst particles appeared to undergo a further change in shape and rotate around an axis 

perpendicular to the direction of the filament growth, causing the filament to form a spiral structure.
21,22

  This 

leads to the change in the morphology of the helical fibers, due to the variation in the Miller indices of the crystal 

facets of the catalyst.  

For the case of COHL based on Eq. 3, the correlation of LCLHL with parameters of d, R and α are shown in 

Figure 5.  Clearly, these plots show different dependences of LCOHL on d and R, compared with that in the CLHL 

structure as shown in Figure 4. Though the dependence of LCOHL on d shown in Figure 5(a) is similar with the 

LCLHL-versus-d plots as shown in Figure 4(a), neither plots of LCOHL versus d nor plots of LCOHL versus R are 

linear, as shown in Figure 5(a) and (b). In addition, LCOHL increases non-linearly with α, as shown in Figure 5(c). 

With increasing α, LCOHL first increases slowly, and then the increasing slope becomes much steeper as α reaches 

a critical point. Interestingly, the position of the critical point appears to decrease with decreasing d. Thus, for the 

COHL case with a smaller d, the length growth of the fiber increases much faster on its axial direction. It also 

implies that a stress modulates the growth kinetics in the growth of COHL-type helical fibers. The plots of LCLHL 

vs. h in the COHL case are given in Figure S2, which indicates a linear dependence of L on h.  
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Figure 5│Length evolution as a function of helical structure parameters for COHL. (a) plots of LCOHL vs. d with fixed R and α, (b) 
plots of LCOHL vs. R with fixed α and d, and (c) plots of LCOHL vs. α with fixed R and d. 

   Our quantitative analysis shows that the correlation between the length evolution, i.e. the growth kinetics of 

helical micro/nano materials, and the known parameters associated with the helical growth can be quantitatively 

investigated. In addition, it is known that different stresses/tensions are present in spirals with different Rs, and 

thus with the length of the spiral, the stress/tension-dependent growth kinetics can be readily investigated.
15,20,21 

 

Future studies can focus systematically on correlation of stress/tension versus spiral length evolution.  

Nonetheless, present work inspires further analytical study over the growth mechanism of general helical 

structures with characterizable kinetics-related parameters. As a consequence, the design of synthetic conditions 

as well as the pre-evaluation of the helical structures is viable. 

 

Conclusion 

   In this report, we demonstrate that the kinetic models, despite complexity, can be elucidated with the 

assessment of length of the helical structure versus growth time. The derived length expressions associated with 

such growth parameters as the angle, the pitch and the height of the helical structures, facilitates the investigation 

into the kinetics of helical growth. Our study, combined with microscopy data, is expected to improve the 

fundamental understanding on the growth mechanism of helical materials, known for their intriguing physical 

properties and promising application potentials. 
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