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Self Consistent Field Theory of isotropic-nematic inter-
faces and disclinations in a semiflexible molecule nematic

Longyu Qing and Jorge Vifials

A Self Consistent Field Theory description of equilibrium, but non uniform, configurations adopted by
semi flexible liquid crystal molecules is presented. Two cases are considered, isotropic-nematic phase
boundaries, and topological defects in the nematic phase (disclinations). Nematogens are modeled
by worm-like chains, with microscopic interaction potential of the Maier-Saupe(MS) type, with an
added isotropic excluded volume contribution. The thermodynamic fields obtained by numerical
minimization of the free energy are the molecular density and the nematic tensor order parameter.
Interfaces with both homeotropic and planar alignment are studied, as well as biaxiality and anisotropy
around +1/2 disclinations. The effects induced by fluid compressibility, interaction strength, and
elastic anisotropy that follows from chain flexibility on both types of nonuniform configurations are
discussed. Defect core sizes decrease as the system becomes less compressible, eventually reaching
a constant value in the incompressible limit. The core size is influenced by the nematic interaction
strength u; and chain persistence length [,, decreasing as the order increases in the nematic region
through manipulation of /, and u,. In incompressible limit and for fixed far field nematic order, the
core size is seen to be on order of chain contour length for rigid chains, and it decreases as the chains

become more flexible.

1 Introduction

Self Consistent Field Theory (SCFT) is a well established tech-
nique for the study of the equilibrium properties of polymer and
block copolymer melts by computing energy and entropy contri-
butions to the partition function that arise from chain architec-
ture, flexibility, and intermolecular interactions™2, Of particular
interest here are studies involving semi flexible chains that as-
semble into nematic and smectic ordered phasesm@. Our anal-
ysis is motivated by growing interest in orientationally ordered
complex and often active fluids, including bio polymeric systems.
While extensive research has been conducted on low molecular
weight liquid crystals within both director and tensor order pa-
rameter representations, the suitability of phenomenological de-
scriptions such as the Oseen-Frank and Landau-de Gennes (LdG)
theories, generally used to describe more complex molecular sys-
tems, needs to be established, especially in the presence of topo-
logical defects. One possible avenue is the SCFT framework to
study not only nematic interactions, but also contributions from
chain flexibility, molecular scission and polydispersity, and elec-
trostatic interactions, important features in broad classes of sys-
tems of contemporary interest such as lyotropic chromonic liquid
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crystals, nematic micelles, and bio polymers.

Both Oseen-Frank and LdG models have proven successful in
describing small molecule nematics by constructing their free en-
ergy as a power series in gradients of the respective order param-
eters?. Expansion parameters are phenomenological, and while
well tested for the elasticity of weakly distorted configurations,
less is known about the properties near interfaces or topologi-
cal defects in complex molecular systems. Self Consistent Field
Theory offers a potential avenue for the exploration of elasticity
and the structure of topological defects in the types of molecu-
lar assemblies that are the focus of current active and biologi-
cal matter research. Existing studies applying SCFT to topolog-
ical defects have predominantly focused on systems of rod-like
molecules under conﬁnementB]E], while their fine structure and
their dependence on chain flexibility remain largely unexplored.
Our work presented below is our first step in the direction of mod-
eling defected structures in complex nematic phases, and focuses
on the equilibrium configuration of topological defects in a ne-
matic phase comprising semi flexible molecular units.

The free energy of elastic distortion from a uniform nematic
phase is given, to lowest order, by three modes of deformation:
splay, twist, and bend”. The starting point of many theoreti-
cal analyses of nematics, however, is the so called one constant
approximation according to which splay, twist, and bend elas-
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tic constants are assumed to be equal. This renders the ne-
matic elastically isotropic, a reasonably good approximation for
small molecule, thermotropic liquid crystals. On the other hand,
the response of the so called lyotropic liquid crystals (longer
molecule nematogens in solution, where the isotropic to nematic
transition is induced by concentration change) is quite different.
Broad classes that are being studied at present include lyotropic
chromonics191 and nematic micelles12. In both cases, the twist
elastic constant is as much as one order of magnitude smaller than
bend and twist. Such a large contrast gives rise to unexpected
phenomenology, including, for example, spontaneous chiral sym-
metry breaking under confinement#"17, Additional research on
nematic response in systems with complex molecular units in-
clude, for example, actin networks®, the role of nematic order
in cellular mechano adaptation?, or growth of gliomas in the
brain?. Theoretical tools are needed to describe potentially de-
fected nematics exhibiting large elastic anisotropy, and with com-
plex molecular architecture and rheology. Given the successes of
Self Consistent Field Theory in the polymer field, we begin here
by examining the effects of fluid compressibility and molecular
flexibility on complex configurations of a nematic phase that in-
volve phase boundaries and topological defects.

In the related case of worm like chains, it is known that both
persistence (/,) and chain contour lengths (L.) determine the
elastic anisotropy of the nematic phase’?l. Polymer field the-
ory work22 shows that the bend elastic constant (K3) is larger
than the splay constant (K;) for rigid chains(L. < /,), while the
splay constants is larger for flexible chains (L. > I,), indicating
a crossover between splay and bend contrast as chain flexibil-
ity changes. For a wide range of flexibility, the twist elastic con-
stant (K;) is smaller than both splay and bend#%23, In particular,
K> /K 3 becomes negligibly small when L. > [,. Hence, inclu-
sion of nematogen flexibility into the theory naturally leads to
elastic anisotropy. In addition to considering chain flexibility, we
introduce a molecular interaction potential of the Maier-Saupe
(MS) type, supplemented by an isotropic excluded volume term.
This allows a simultaneous study of an interaction inducing ne-
matic order, and of fluid compressibility. The MS-type interac-
tion is commonly employed to model orientational ordering in
thermotropic liquid crystals, while the Onsager interaction is pre-
ferred for lyotropic liquid crystals. In the case of the MS model,
the solvent can also be treated implicitly for lyotropic liquid crys-
tals, in which case the excluded volume parameter is interpreted
as a renormalized monomer-monomer interaction parameter that
accounts for the influence of the solvent molecules®. As expected,
we find that increasing density favors nematic order. The same
effect follows by increasing the persistence length. For the case
of an isotropic-nematic interface at coexistence, SCFT correctly
predicts biaxiality in the interfacial region when the alignment
is planar, and uniaxiality and a wider interface in the case of
homeotropic alignment. We also show that the interfacial width
increases with persistence length. Disclinations are also correctly
reproduced within the theory, including a region of biaxiality near
the core, crossing over to a uniaxial core. While the molecular
density around the defect core depends strongly on system com-
pressibility and the value of the MS interaction coefficient, the
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nematic order parameter is largely insensitive to the system com-
pressibility. Finally, the angular dependence of the eigenvalues
of the tensor order parameter found around +1/2 disclinations is
consistent with the elastic anisotropy induced by the semi flexible
chains, in agreement with experiments24, and with calculations
based on the singular potential method22.

2 Self Consistent Field Theory

In this section, and for completeness, we briefly summarize our
implementation of the self-consistent field theory (SCFT) for
semiflexible molecules with MS interaction. Similar derivations
can be found in Ref!®26. The molecules are approximated by
worm-like chains characterized by a contour length L., and a
persistence length /,. Each chain consists of Ny segments or
monomers. For a collection of n worm-like chains confined within
volume V at temperature T, the configuration of the i-th chain is
described by a space curve r;(s), where s (0 <s < 1) is a nor-
malized contour variable that denotes the location of a segment
along the chain. The unit tangent vector w;(s) = dr;/(L.ds) gives
the orientation of the segment s. By this definition, the contour
length L. serves as the scale to normalize lengths, making them
dimensionless. The microscopic density of segment position and
orientation is defined as

bruy=" an/lds S(r—ri(s))8(u—ui(s)) 1
miz1/0

which is dimensionless and satisfies the normalization condition
[dr [dud(r,u) = V. For a spatially homogeneous system, the av-
erage density ¢(r,u) = (¢(r,u)) is independent of r, where (.)
denotes a thermal average. Consequently, the normalization con-
dition then implies that the average density, when integrated over
all orientations, satisfies ¢(r) = [du¢(r,u) = 1. In contrast, for
inhomogeneous systems, the local average density at r may take
values that are greater or less than one.

The energy of the system consists of a bending energy
of individual nematoges, monomer-monomer interactions and
monomer-solvent interactions. The solvent is treated implicitly,
and the monomer-monomer interactions are assumed to follow
the MS model. The Hamiltonian of the system is given by
noorl
Z / ds

0

¢ i=1

2

dll,'(s) +

ds

Iy
BH = 5"

2

(2)
Ln* o C / INA L )
Eﬁ/dr/dr /du/du ¢ (r,u)Vi(r,r';uu’)g(r',u’)
where § = 1/kgT, and the kernel function V;(r,r'’;u,u’) = §(r —
t'){up — up[(u-w’)> — 1]} in the present study. The excluded vol-
ume parameter uy quantifies the strength of the isotropic in-
teraction, and u, quantifies the strength of the anisotropic MS
interaction. The resulting partition function, after a Hubbard-
Stratonovich transformation, is

Z [ D¢ [ Dwexp(~BFlg.w) 3)
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with a free energy functional given by,

BFE[p,w] = —g/dr/du w(r,u)¢(r,u) —nlnZ;[w] +nln(§)+nF0

+§W/dr/dr/du/du (r,u)V;(r,r’;u,u)¢(r',u)

4
where Fj is a constant that is independent of n and V, and Z; [w] is
the normalized single chain partition function that is a functional
of any specified external field w(r,u). Note that this functional, as
defined, is non local. Hence the free energy functional of Eq.([4)
cannot be written as an integral, over the entire system, of a free
energy density. Next, a saddle point approximation assumes that
the extremal configurations [¢*,w*] dominate the functional inte-
gral defining the partition function, and are defined by,

5(ﬁF)’ o, 5(BF)' —0. ©®)
LB PR W [5—pr mw
Thus the free energy is approximated by F[¢*,w*]. The saddle

point approximation yields the relations

u) = %/dr'/d“’V1(r7r’;u,u’)¢(r/7U')

= %/du' {uo—uz[(u-u')z— %] o(r',u) 6)

S1nZy[w]

¢(I’,ll) ==V Sw

for the two thermodynamically independent fields w(r,u) and
¢(r,u). Notably, the second equation involves solving for a sin-
gle chain in external field w(r,u)

ot = [ asotru.s
1 1 7
A /0 dsq(r,—u, 1 —s;[w])q(r,u,s: [w])

where the propagator ¢ is a functional of w(r,u), satisfying the
modified diffusion equation (MDE)

dq(r,u,s;[w])
: s - (21 Vi~

with initial condition ¢(r,u,s = 0;[w]) = 1. The normalized single
chain partition function is given by

vr—w(r,u)) o ®

Ziw] = ﬁ/dr/duq(r,u,s: 1;[w]) C))

The equilibrium solutions are determined self consistently accord-
ing to Egs. [f] It means that the interaction between molecules for
a configuration ¢(r,u) creates an effective field w(r,u). This gen-
erated field in turn self consistently determines the configuration
¢(r,u). The equilibrium states are obtained when both self con-
sistency conditions are simultaneously satisfied.

The nematic order parameter tensor is obtained from ¢(r,u)

Soft Matter

through

[du ¢(r,u) (uxu—1I)
Jdu ¢(r,u)

where I is the rank 3 identity tensor. The denominator is needed

for normalization in the case of inhomogeneous states where the

local density ¢ (r) is not uniform.

Q(r) = (10)

In order to reduce the computational complexity, we expand all
u dependent quantities in terms of real spherical harmonics®®27,
The real spherical harmonic expansion of an arbitrary function

f(r,u) is written as

Z )Y (u ¢h))

where f can be ¢(r,u,s), w(r,u) and ¢(r,u). The MDE can then
be written in terms of the spherical harmonic expansion as,
(9 m AT P 1y
e Dl L[S S G
(12)
where the real Gaunt coefficients are defined as G;’f}:;’;m =
Jdu¥" (w)¥;"(u)¥," (u)?%, the integral of products of three real
spherlcal harmonics over u. The resulting convection diffu-
sion equation for the coefficients is solved with a Lax-Wendroff
method® with a step size in contour length As. The coordinate
space is divided into evenly spaced lattice points, (x;,y;,z). A
field f(r,u) is represented by its expansion coefficients defined
on lattice points, f;"(x;,y;,z). In the computations below, we re-
strict the expansion to order / = 4. The first equation in the system
Eq.@ leads to linear equations following the expansion®

47171,{2 n

wi(r) = 4mug— ¢o() Wh () = === 95" (r) (13)

where all other components / # 0,2 are zero. Therefore, the ex-
pansion in real spherical harmonics greatly reduces the number
of degrees of freedom of the theory. The expansion also allows
us to write the order parameter tensor in terms of the coefficients
/", following the definition in Eq.

L (9 VEer VEe? V3
Q= 540 V30,2 =00 - V303 V3¢, (14)
0 V30! V35! 2¢9

where only / = 0,2 terms are nonzero due to the definition of
Q. The five degrees of freedom for [ = 2 are sufficient for Q to
describe general biaxial order. As is done often, we parametrize
the tensor order parameter as

Q:S(ﬁ®ﬁfél)+P(ﬁ1®ﬁ17i®i) (15)

m and 1 are an orthonormal triad of eigenvectors of
Q. The director i is the eigenvector with the largest eigenvalue.

where h

The constant S is the uniaxial order parameter, and P the biaxial
order parameter. Their relationship with the eigenvalues of Q is,
(s Ay ) = (38, — 1S+ P~ 45— P).

There are only a limited number of cases in which the propa-
gator ¢ can be obtained analytically, so a numerical solution to
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the MDE is usually necessary. In this work, in order to find ap-
proximate saddle point solutions (Eq.(5)), an iterative method is
used with the following steps. Step 1: Define an initial guess
for the input fields W?(lm) (xi,yj,2k). Step 2: Solve the MDE nu-
merically to find the propagator ¢}" (x;,y;,z,s; [w}"]), and compute
Zy[w], ¢/"(xi,yj,2), and other thermodynamic quantities accord-
ingly. Step 3: Compute the output fields w?’(‘om) (xi,yj,2x) accord-
ing to the first equation in (Eq[6). Step 4: Define the absolute
difference between the input and the output fields to be the er-
ror. When the maximum error among all the expansion com-
ponents and space points is smaller than a given tolerance, i.e.,
max([wi,, ) (Xi¥j>2k) = Wi, (%i:¥j,26)|) < €, the iteration is ended.
Otherwise, the input field is updated by using the Picard iteration
method#2 and going back to step 2. In this work, the contour
length L. is used to nondimensionalize spatial coordinates and
system volume, yielding £ =x/L., y=y/L¢, =z/Lc and V =V /L3.
Accordingly, the dimensionless interaction parameters are given
by iy = ug/L2, 1, = uy/L}. For notational convenience, the tildes
are omitted henceforth. The current work obtains numerical so-
lutions using Python, see?? for further details.

3 Uniform states and isotropic-nematic phase tran-
sition

We first briefly review the equilibrium phase behavior provided by
the SCFT. We have used As = 1/100 in all our calculations. Unless
otherwise specified, we set ug = 10, [, = L., and n/V =1 in this
section. The normalization condition requires ¢ (r) = 1 and hence
¢J(r) = 1/+/4m. Without loss of generality, we consider that the
phase transition is from the isotropic phase to a uniaxial nematic
phase along the 2 direction, so that ¢;* is non vanishing only for
m =0 in the nematic phase. Hence Eq.(14) gives the uniaxial
order parameter § = \/¥ 9.

As described in Sec. [2] an iterative method is generally neces-
sary to compute SCFT solutions from an appropriate initial guess.
For a uniform configuration, and to the order of approximation
in spherical harmonics that we are using, there is a more direct
method. There are only two variables that need to be determined,
wg and ¢g . The dimensionless free energy per chain as a function
of w9 and ¢ is then given by,

BF ¢07WO 1 ndnu,
BE[9),wy] _ Fo—InZ w9] —w9e) — = —

0\2
n 2V 5 (92) (16)

where all constants are absorbed into Fy. The resulting free
energy is shown in Fig[la] for u, = 9.882, the isotropic-nematic
phase transition point. The black solid line illustrates the station-
ary condition S(BF) _ 0, whereas the dashed line corresponds to

597
% = 0. The saddle points are at the intersections of the solid
2

and dashed lines. The equilibrium free energy per chain along the
solid line (w9 = 7472”2 $¢S) displays a characteristic double well
shape, and it is shown in Fig. [1b|for different values of u,, and as
a function of the uniaxial order parameter S. The saddle points
corresponds to the minima of this function. The minimum at S =0
corresponds to the isotropic phase, and the minimum at S # 0 cor-
responds to the nematic phase. The figure illustrates how, as u;

increases, the global minimum changes from the isotropic phase
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to the nematic phase, indicating a first order phase transition.
The equilibrium uniaxial order parameter S as a function of MS
interaction coefficient u, can be obtained from the minimum the
free energy. The value of u, at the phase transition depends on
combinations of parameters: Chain number density n/V and ratio
L¢/l,, while it is independent of u,. Figures show S as a
function of u, for different values of n/V and L./I,. As the chain
number density increases, the phase transition occurs at a lower
value of u,, while the transition value of the combination un/V
remains constant, as indicated by Eq.(6). As the chains become
stiffer, the phase transition occurs at a lower value of u, (Fig,
which is consistent with the result in Ref.©.

4 Isotropic-Nematic interface

We study next an inhomogeneous configuration with coexisting
isotropic and nematic regions, separated by a planar interface.
Unlike the case of Sec. in which the density ¢(r) is fixed
and uniform in space, the density here is a function of position,
and changes across the isotropic-nematic interface. At coexis-
tence, in addition to uniform temperature, the chemical poten-
tial u = (dF /dn) |v and pressure p = — (dF /dV) |, need to be the
same in both phases. In addition, there is an equilibrium con-
dition associated with free energy minimization with respect to
the nematic order parameter. Far from the interface, the nematic
phase is assumed uniaxial. Since the order parameter S is uncon-
strainable, at coexistence one simply has (dF /9S) |,y = 0 in both
bulk regions. The equilibrium configuration that contains an in-
terface is obtained as follows: An initial configuration is set up in
which Q and ¢ are fields varying only in the % direction. To model
an isotropic-nematic interface, a step function is introduced for S,
where S = 0 on the left side, representing the isotropic phase,
and S # 0 on the right side, representing the nematic phase. The
initial value of ¢3 = 1/v/4x and P = 0 are chosen for a uniform
density configuration with zero biaxiality. For an arbitrary di-
rector direction f in the nematic region, Eqs. are
used to compute the initial values of w{". Equations @ are iter-
ated over a system of length L, = 10L, with Neumann boundary
conditions applied on both ends. In this section we set uy = 10,
u; =9.88, I, = L., and n/V = 1 unless otherwise specified. The
domain [0, 10L,] is uniformly divided into 400 intervals. The iter-
ation process is terminated when the relative maximum errors in
wj fall below & = 104, The iteration converges slowly if the ini-
tial interface is positioned arbitrarily. To accelerate convergence,
the interface location is manually adjusted until the error rapidly
decreases to 10~*. Although the initial condition assumes a uni-
form density configuration, a density gap between the isotropic
and nematic regions naturally develops during the iteration pro-
cess for a finite value of uy. Furthermore, our results reveal the
emergence of nonzero biaxiality across the interface under planar
alignment, even though the initial condition assumes P = 0. The
nonzero biaxiality is not exclusive to planar alignment but is ob-
served for any alignments where the director is not perpendicular
to the interface.

First, we study the interface with homeotropic alignment,
where the director i = %. Density profiles are plotted in Fig[2a|for
uy = 9.88, 10 and 10.2. The local density of the isotropic region
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Fig. 1 (a), (b)Free energy per chain (BF/n) of bulk state, where the reference free energy Fy is chosen to make the free energy of isotropic phase
zero. (a) BF/n as a function of ¢9 and w9 at the phase transition (MS interaction strength u, =9.882). The black solid and dashed lines correspond

to the conditions %g) =0 and Mﬁ) =0, respectively. The three inset plots provide the enlarged views near the intersections of the solid and dashed

50! Sw!

2 2
lines. (b) BF/n along the black solid line in (a) for different values of u;. (c), (d) Equilibrium uniaxial order S (obtained by minimizing BF /n with
respect to S) as a function of MS interaction strength u, for various chain number densities and flexibilities.

¢y is lower than that of the nematic region, ¢y, leading to a den-
sity gap between the nematic and isotropic regions. This result is
consistent with previous studies®30B31 In the canonical ensem-
ble, with fixed average chain number density n/V, there exists a
range of u; values for which the isotropic and nematic phases co-
exist. The relative volume fraction of the nematic and isotropic
regions depends on the value of u,. For higher values of u,, the
nematic region becomes larger but exhibits a lower density. The
shift in the interface position is also reflected in the uniaxial or-
der profile, as depicted in Fig. In order to extract the width
(w;) and location of the interface from our SCFT solutions, we
approximate the interfacial uniaxial order profiles b

S(x) = S—N[tanh(X7x0

2 wi

)+1] a7

where xy denotes the center of the interface, and Sy represents
the uniaxial order in the nematic region. The interfacial widths
from the density profiles can be extracted in a similar way. Exam-
ples of the fits are shown as dashed lines in Fig[2a] [2band[3a] We
find that x( from the density profiles is larger than that from the S

profiles, indicating that the density jump is displaced towards the
nematic side?. Additionally, the interfacial width extracted from
the density profiles are smaller than that from the § profiles.

We next address how the fluid compressibility, determined by
the value of the excluded volume coefficient u, affects the inter-
face. By setting u; = 9.88, the interfaces for different values of
ug are shown in Fig[2d As u increases, the system becomes
more incompressible, leading to a reduction in the gaps of both
the uniaxial order and the density profiles. The reduction of Sy
widens the interface because segregation between nematic and
isotropic phases is smaller33. In the limit of infinite uy (a com-
pletely incompressible fluid), the density gaps vanishes, resulting
in a uniform density throughout the space, and the interface lo-
cation is arbitrary.

Interfacial profiles depend on the director angle in the nematic
region relative to the interface normal. The results for planar
alignment fi = 2 are shown in Fig Unlike the homeotropic
alignment case just described, planar alignment is accompanied
by nonzero biaxiality near the interface. Near the interface, but
on the isotropic side, the component of the tensor order parame-
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Fig. 2 Isotropic-Nematic interfaces in (a)(c) density profiles and (b)(d) uniaxial order parameter profiles. (a), (b) Interfacial profiles for various values
of MS interaction parameter u; (other parameters are set to their default values as described in the Sec. The dashed lines represent the fitted profiles
obtained using the hyperbolic tangent function (Eq.(17)). (c), (d) Interfaces for various values of excluded volume parameter u (other parameters

are set to their default values as described in the Sec.

ter Oy, is negative, and 0y, ~ Q,; > 0. This is in agreement with
predictions from the LdG free energy=2.

Interfacial widths depends on the values of the elastic con-
stants, which, in this model, depends on the flexibility of the
chain. To minimize the influence of compressibility on interfa-
cial widths, we consider systems approaching the incompressible
limit by imposing up > u,. Interfacial widths as a function of
chain flexibility L./I, are shown in Fig where the values of u;
are chosen to establish a stable interface near the center of the re-
gion. Both widths extracted from ¢ and S profiles decrease as the
chains become more flexible. In the rigid chain limit (/, > L.),
the interface widths are on order of L.. However, when the chains
become flexible, the widths scale with /, instead. In agreement
with existing phenomenology, the interfacial widths in the case
of homeotropic alignments are larger than that of planar align-
ments,

In the LdG framework, the elastic free energy density is ex-
pressed as a series expansion in gradients of the tensor order pa-
rameter

fe =L10¢Qij0kQij +L29;Q;0k Qi + L3019, Qi ;9 Qi; (18)

The ratio of interfacial widths for hemeotropic and planar align-
ments is given by wy/w, = 1/66";4,5 32 where x = L,/L;. Map-

6| Journal Name, [year], [vol.], 1

ping this to the Frank elastic constants for a uniaxial nematic
phase with constant scalar order parameter S yields x = L, /L| =
6(K, —K>)/(3K> + K3 — K )24, This relation indicates that the ra-
tio wy/w), increases with K;/K,. The SCFT solutions show that
wy/w)p increases as the chains become more flexible, as shown in
Fig@ Consequently, we expect K /K, to increase with increas-
ing L./l, as well. We verify this hypothesis by estimating the
corresponding Frank elastic constants in our model. The dimen-
sionless Frank elastic free energy is’Z

BF,— %ﬁ/dr{Kl(V~n)2+K2(n~V «n)2+Ksnx (Vxmn)2} (19)
The dimensionless elastic constants are defined as K; = BK;L.. For
convenience, the tildes will be omitted henceforth, as in previous
sections. To estimate the elastic constants, we construct configu-
rations with periodic boundary conditions that are predominantly
characterized by splay, twist, or bend deformations, respectively.
The corresponding elastic free energies are obtained by subtract-
ing the bulk free energy from the free energy of each deformed
configuration. We find that all elastic constants decrease as the
chains become more flexible, following a trend similar to that of
the interfacial widths, as shown in the inset of Figl4a] Over the
tested range of L./I,, the constants K; and K3 are of the same
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Fig. 3 Interfacial profiles for planar alignment. (a) Uniaxial order (S) and biaxial order (P) across the interface. The dashed line represent the fitted
S profile obtained using the hyperbolic tangent function (Eq.). (b) Three diagonal components of the tensor order parameter as functions of x.
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Fig. 4 Interfacial widths (nondimensionalized by L.) dependence on flexibility. For different values of ratio L/I,, the values of MS interaction
parameter uy are chosen to establish a stable interface near x =5. The values of excluded volume parameter are chosen such that up > us. (up =4.58
for L./l =0.01; up =7.02 for L./1, =0.5; up =9.88 for L. /I, = 1; up = 16.1 for L. /1, =2; up =24.7 for L. /1, =3.3; up =35.7 for L. /I, = 5; up = 68.4 for
Le/l, =10. ug =100 for L./I, = 10 and up = 50 for the rest values of L./I,). Other parameters are set to their default values as described in the Sec
(a) Interfacial widths extracted from both the ¢ and S profiles as functions of L. /I, for homeotropic and planar alignments. The inset shows the Frank
elastic constants as functions of L./l,. (b) Ratio of interfacial widths between homeotropic and planar alignments as a function L./I,. The red line
represents the ratio extracted from S profiles, and the black line represents the ratio computed from the elastic constants within the LdG framework.

The inset displays the ratios of the elastic constants as functions of L/1,.

order of magnitude, while K; is smaller than both and can be one
order of magnitude smaller when L./l, 2 2. In the rigid chain
limit (L./l, — 0), K; ~ 3K, which agrees with previous stud-
ies2223 The ratios among the three elastic constants also vary
with chain flexibility. In particular, K;/K; and K3/K, increase
with L./I,, as shown in the inset of Fig@} Additionally, we com-
puted wy,/w, from the elastic constants in the LdG framework,
as shown in Fig[db] The results exhibit good agreement with the
SCEFT solutions, further supporting the consistency between SCFT
and the LdG theories. To connect our findings with experimental
observations, we further estimate L./, for lyotropic chromonic
liquid crystals based on experimental data®®. In this system, the
interfacial ratio wy,/w), ~ 2.1 was observed, which corresponds to
L;/l, =5 in our calculations. The corresponding elastic constant
ratio from the inset of Fig is K1 3/K> ~ 10, consistent with the
experiments that K; and K3 are one order greater than K, for

lyotropic chromonic liquid crystals®Y,

5 Topological defects in two dimensions

We focus here on a different type of non uniform configuration,
a topological defect in a two-dimensional square region of lat-
eral dimensions L, = L, = 10L.. The region is discretized into
200 x 200 uniform square domains. Unless stated otherwise, we
set ug = 15, up =15, [, = L., and n/V =1 in this section. For the
analysis below, we also define polar coordinates (r, @) relative to
the center of the defect. The defect center is defined as the loca-
tion where S = P, and it is determined as part of the free energy
minimization. Initially, the disclination center is positioned at the
geometric center of the square region. The initial configuration
is specified as S(r) = Sy[1 —exp(—5r)], P(r) = 0, and the director
angle 6 = g, where g = +1/2 is considered in this work. To ob-
tain the SCFT solutions, the iteration process terminates once the
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Fig. 5 SCFT solutions of +1/2 defects (x and y are nondimensionalized by L.). Top: (a), (b), and (c) for -1/2 defect. Bottom: (d), (&), and (f) for
1/2 defect. Left: director fields obtained from the eigenvectors corresponding to the largest eigenvalues of Q. Middle: uniaxial (S) and biaxial (P)
order parameters as functions of position x along the line y =0. Right: density (¢) fields.

maximum error in the w}" field falls below £ = 0.01.

Figure 5] presents the SCFT solutions for g = +1/2 defects. The
director profiles are shown in Fig[5a] and [5d] for ¢ = —1/2 and
q=1/2, respectively. Figures[5b|and [5elillustrate the correspond-
ing uniaxial (S) and biaxial (P) order parameters along the line
y=0. For g = —1/2, the defect core remains at the geometric
center. In contrast, for ¢ = 1/2, the defect center shifts toward
the —& direction as the iterations progress. In both cases, the
configurations are uniaxial (P = 0) far from the defect core. How-
ever, as the defect core is approached, P increases, leading to a
locally biaxial configuration. At the exact center of the defect,
where S = P, the tensor Q has two degenerate positive eigenval-
ues, resulting in a uniaxial configuration once again. Fig-
ures show the anisotropic density distributions near the
defect cores. In both cases, the core regions exhibit lower den-
sities compared to the surrounding nematic regions. Figures[6a]
[6d] present the distributions of optical retardance, I = y(S — P)
(For simplicity, we set y = 1 in the computation), a quantity that
can be experimentally measured through polarization microscopy.
The T distributions reveal cores of smaller extent compared to
what would be inferred from the density distributions. Figures
[6D] and [6€] display the density and optical retardance along the
line y = 0. The density profiles are smooth across the cores, while
I" exhibits singular behavior at the cores. It is noteworthy that,
in the case of g = —1/2, the location of lowest density coincides
with the defect core center. However, for ¢ = 1/2, the location
of the lowest density does not align with the defect core center.
The I distributions are further analyzed by their angular Fourier

8| Journal Name, [year], [vol.], 1

modes I'(r,¢) = Y T'(r) cos(ng), as shown in Fig[6d and [6e] The
anisotropic terms, I'; in 1/2 defect and I'; in —1/2 defect, reflect
the anisotropy in the splay and bend elastic constants. The radial
dependence of these terms is consistent with previous experimen-
tal and theoretical studies2425

We finally examine the dependence of the core structure on the
interaction coefficients uy and u,, as well as on chain flexibility.
Figure[7] presents the density profiles (top) and optical retardance
(bottom) along y = 0 for a ¢ = —1/2 defect under varying param-
eters. For each plot, all parameters are held constant(uy = 15,
uy =15, 1, =L, and n/V = 1), except for the specific parameter
being examined. We observe that the compressibility parameter
up does not affect nematic order (Sy) in the nematic region. The
core radius decreases as the system become less compressible and
reaches a plateau in the incompressible limit. However, Sy shows
an increase with u, and /), as expected from the bulk state study.
The density difference between the defect core and the nematic
regions decreases as the system becomes less compressible (i.e.,
with increasing up). Increases in u or [, lead to greater order
(Sy) in the nematic region and an increased density difference
between the defect core and the nematic regions. However, while
an increase in u, expands the region of density variation, the size
of density variation region remains relatively unchanged when /,,
is increased. To quantitatively analyze the size of the core from
the I configurations, we replotted Fig[7¢|and [7f]in Fig[8a]and
by normalizing the data using the optical retardance in the ne-
matic region (I'y) and a characteristic length &, defined such that
I'(x=—-&,y=0)=TIy/2. It allows & to be displayed as a function

Page 8 of 13



Page 9 of 13 Soft Matter

1.00 0.03
0.6
0.95
0.90 0.5 0.02
- -
=Y ~
0.85 S0.4 ‘
0.01
0.80 03
0.75 05
02 07 06 0:80:00
T
(c)
1.00 0.04
0.6
0.95 .03
0.5
0.90 0.02 -
r:0 4 T
0.85 : b.01
0.3
0.80 500
02 07 06 03
x x T
(d) (e) (f)

Fig. 6 SCFT solutions for +1/2 defects (x, y and r are nondimensionalized by L.). Top: (a), (b), and (c) correspond to a -1/2 defect. Bottom: (d),
(e), and (f) to a 1/2 defect. Left: spatial distributions of optical retardance (I'). Middle: T" and the ¢ as functions of position x along the line y =0.
Right: Fourier components of I' as functions of the radial distance from the defect center.

(d) (e) Q)

Fig. 7 Density (¢) and optical retardance (T') along the line y =0 for —1/2 defect at varying values of (a)(d) excluded volume parameter (ug), (b)(e)
MS interation parameter (1) and (c)(f) persistence length (I,). For each plot, all parameters except the one being varied are set to their default
values as described in the main text. Coordinate x is nondimensionalized by L..

of uy and 1, as shown in Fig[8d|and [Be] The characteristic length  in Ty. The point for uy = 24,up = 15 appears anomalous due to
& decreases with increasing u, or [, accompanied by an increase its coupling to a wide density variation. To exclude the effect of
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Fig. 8 Normalized optical retardance I'/Ty as a function of position along the line y =0 for —1/2 defect at varying values of (a)up and (b)I,.
Characteristic length & as a function of (d)u and (e)l,. For (a), (b), (d) and (e), all parameters except the one being varied are set to their default
values as described in the main text. The characteristic length & for uy = 24,uy = 15 appears anomalous due to its coupling to a wide density variation,
thus points of uy =20 are added for comparison. (c), (f): Density (¢) and optical retardance (I') along the line y =0 for —1/2 defect at varying values
of I,, where up =50 to make the systems close to the incompressible limit, and u, are adjusted to make the I'y = 0.652(uy = 22 for [, =0.6; up =15

for 1, =1; up =9.8 for I, =2; up = 5.46 for I, = 50; ur = 5.4 for [, = 100).

I'y and compressibility on the core size, we chose uy = 50 and
set up in order to make I'y ~ 0.652 for various /,. The density
and optical retardance profiles along the line y = 0 are shown in
Fig[8c and The results for incompressible systems with fixed
I'y closely resemble those observed for the interfacial widths. For
rigid chains, both the interfacial widths and the core sizes are on
order of L.. As the chains become more flexible, these length
scales decrease and scale with the persistence length [, instead.
We now compare our results with experimental observations of
disclinations in polymer liquid crystals®Z and lyotropic chromonic
liquid crystals?#. Typically, both the contour and the persistence
lengths in these systems are on the order of tens of nanometers.
However, the observed core sizes in experiments are significantly
larger—approximately one micrometer for polymer liquid crystals
and ten micrometers for lyotropic chromonic liquid crystals. The
larger core sizes observed in experiments, compared to our model
predictions, may be attributed to polydispersity and self-assembly
effects, which will be the focus of future investigations.

6 Conclusions

In this article, we have studied the equilibrium isotropic-nematic
phase transition, isotropic-nematic interfaces, and topological de-
fects in the nematic phase of a worm like chain liquid crystal by
using Self-Consistent Field Theory. For homogeneous states, the
phase transition follows by numerical minimization of the free

10 | Journal Name, [year], [vol.], 1

energy functional, revealing the effects of chain number density
and flexibility on the transition. Larger density or stiffer chains
are associated with lower MS interaction strength at the transi-
tion point. In the case of an isotropic-nematic interface, we have
studied the effects of compressibility, interaction strength u;, and
chain flexibility on the interface. A larger value of u corresponds
to a smaller compressibility, leading to a smaller density gap be-
tween the two phases. In the canonical ensemble, the value of
uy determines the relative portion of the system occupied by the
isotropic and nematic phases. The interfacial width increases as
the chain become stiffer, as given by larger persistence length /,
and elastic constants. Both homeotropic and planar alignments
have been studied. In contrast to homeotropic alignment, planar
alignment displays nonzero biaxiality across the interface and a
smaller interfacial width. We have also studied the equilibrium
configurations associated with +1/2 disclinations in a thin film
geometry (two dimensional variations of the nematic order pa-
rameter, but allowing out of plane director orientation). Defects
display a region of biaxial order in the core region, and a uniaxial
center defined as the point in which § = P, the uniaxial and biaxial
order parameters coincide. Elastic anisotropy, which is naturally
incorporated in the flexible chain model, leads to an anisotropic
core in agreement with previous experiments and computation.
Finally, we have examined the dependence of the core structure
and extent on the interaction coefficients uy and u,, as well as

Page 10 of 13



Page 11 of 13

on chain flexibility. As the system becomes less compressible, the
core radius decreases and eventually plateaus in the incompress-
ible limit. The MS interaction parameter u, and ratio L./I, af-
fects the core sizes by controlling the order parameter difference
between the nematic region and the core center. In incompress-
ible limit and for fixed far field nematic order Sy, the core size
is seen to be on order of L. for rigid chains, and it decreases as
the chains become flexible. This model predicts a disclination
core size smaller than that observed cores in lyotropic chromonic
liquid crystals, which may be attributed to polydispersity and self-
assembly effects. There are existing studies on equilibrium poly-
mers based on the Gaussian chain model, where the chain length
distribution is determined by chemical equilibrium?. A similar
approach can be extended to the worm-like chain model, thereby
offering a potential method for investigating lyotropic chromonic
liquid crystals and other self-assembling systems. The model pre-
sented in this work can also be applied to rod-like molecular sys-
tems by taking the limit /, — . Additionally, by implementing
appropriate boundary conditions, the model is suitable for study-
ing systems under confinement®29,
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