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Chiral ground states in a nematic liquid crystal confined
to a cylinder with homeotropic anchoring

Lucas Myers∗a and Jorge Viñalsa

The singular potential method in the Q tensor order parameter representation is used to determine
the ground state configuration of an elastically anisotropic nematic liquid crystal when confined to a
cylindrical geometry with homeotropic anchoring. Ground states of broken chiral symmetry are found
for sufficiently small values of the twist elastic constant relative to bend and splay constants. For
small cylinder radius, twisted configurations, which feature two disclinations lines that wind around
the long axis of the cylinder, are generally found to minimize the free energy of the nematic. For larger
radii, ground state configurations are (non singular) escaped configuration. Twisted and untwisted
escaped configurations are almost degenerate in energy in this region. This near degeneracy is broken
when splay-bend contrast is allowed.

1 Introduction
The ground state of a nematic liquid crystal in a cylindrical geom-
etry, and subject to homeotropic boundary conditions, is investi-
gated numerically within the tensor order parameter representa-
tion. A singular potential method is used that allows consider-
ation of defected configurations in three dimensions (containing
disclination lines), as well as elastic anisotropy (unequal values
of splay, twist, and bend elastic constants). States of broken chi-
ral symmetry are found to be stable for sufficiently small values
of the twist elastic constant. For small radii, twisted configura-
tions, which include two disclinations lines that wind around the
long axis of the cylinder, are found to minimize the free energy of
the nematic. For large radii, non singular (“escaped”) configura-
tions are found to minimize the free energy instead. In this limit,
twisted and untwisted configurations are found to be almost de-
generate when bend and splay elastic constants are equal. This
degeneracy is lifted when bend-splay anisotropy is allowed, with
the twisted state becoming of lower free energy.

Chirality (the absence of mirror symmetry) is a common fea-
ture of many soft and living systems1, and it is a widely used
material property in fields such as catalysis2,3 and optical sens-
ing4. In many systems the molecular units are themselves chiral,
a fact that accounts for the appearance of macroscopic handed-
ness. However, the appearance of chirality from centrosymmetric
molecular units is a more complex phenomenon as it requires
the spontaneous breaking of mirror symmetry, and it is often tied
to confining effects5–7. Understanding the mechanisms behind
spontaneous chiral symmetry breaking is important in the de-
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velopment and application of related technologies in a number
of disciplines. Our focus here is on the nematic phase of liquid
crystals, systems that can be readily controlled and manipulated
experimentally, and are well understood theoretically. Therefore
they offer an excellent platform for the quantitative elucidation
of spontaneous chiral symmetry breaking.

Recent experiments involving lyotropic chromonic liquid crys-
tals in a cylindrical capillary have revealed unexpected ground
state configurations that break chiral symmetry even though the
nematogens themselves are achiral. A lyotropic chromonic liq-
uid crystal is comprised of stacks of disc shaped molecular units
that form cylindrical aggregates in solution due to hydrophobic
interactions. The stacks are themselves weakly charged. When
the concentration of discs is sufficiently large, and aggregates
grow longer, a conventional nematic phase emerges8–11. For even
larger concentrations, the system exhibits a columnar phase, a
two dimensional solid. A noteworthy feature of chromonics in
their nematic phase is that the twist elastic constant is about one
order of magnitude smaller than splay and bend elastic constants,
which themselves differ, albeit by a smaller amount11. The ex-
periments considered planar anchoring on the boundaries (ag-
gregates parallel to the boundary), and revealed an unexpected
twisted configuration of the nematic director instead of a ground
state configuration with a uniform nematic director field that is
everywhere parallel to the long axis of the capillary12. Simi-
lar phenomenology has been observed by others13, including in
rectangular capillaries14 and in cylindrical shells15. Closer to
our analysis below, chiral configurations have also been observed
in capillaries with homeotropic anchoring on boundaries (aggre-
gates perpendicular to the boundary)16, and in nematic micellar
systems17, also with homeotropic anchoring. Just like lyotropic
chromonics, micellar systems also feature a very small twist elas-
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tic constant relative to splay and bend18.
When the chromonic in the nematic phase is described by a

director field, with energies of distortion given by the classical
Frank free energy, the experimental observation of chiral phases
under planar anchoring led to the conclusion that chromonics vio-
late one classical Ericksen inequality19. This violation was associ-
ated with the anomalously small value of the twist elastic constant
determined12. Since then, however, it has been shown theoreti-
cally that twisted ground states may be thermodynamically stable
even for elastic constants which violate the weak form of the in-
equalities (for stability of a uniform, infinite, system), as long as
the system is confined to a particular geometry20. Corroborating
local stability results have also been given21.

The nematic ground state in a cylinder under homeotropic an-
choring has already been studied numerically in the isotropic (one
constant) limit22,23. For the narrowest capillaries, the so called
polar radial configuration (PR) (Figs. 1a, 1e) was observed with
a single +1 disclination line along the cylinder axis. This con-
figuration is not topologically stable, and hence it is expected to
decay (“escape through the third dimension”) into what is known
as an escaped radial (ER) configuration (Figs. 1g, 1c). Neverthe-
less, when the radius of the capillary is increased, a stable polar
planar (PP) configuration (Figs. 1b, 1f) with two +1/2 parallel
disclinations along the long direction of the cylinder were found
instead. With further radius increases, the ground state observed
in the computations is the ER configuration23.

For the escaped configurations, further numerical work has
been done in which the elastic constants are unequal. The result,
which is supported by experimental observations, is that for small
twist elastic constant the ER configuration may spontaneously
break chiral symmetry to become twisted – a twisted escaped
radial (TER) configuration (Figs. 1h, 1d) – which is sometimes
stable even for K1 ̸= K3

16.
We extend these calculations below by allowing elastic

anisotropy of the nematic, as well as configurations which are
non planar and contain disclinations. In particular, we address
the case of small twist elastic constant relative to bend and splay,
and the appearance of twisted configurations. In this case, the
experimental phenomenology regarding spontaneous chiral sym-
metry breaking is quite complex. The ER configuration which
spontaneously decays to the TER configuration is argued to decay
further into a configuration featuring two disclinations forming
a double-helix along the capillary16. It was speculated that this
configuration consists of two +1/2 disclinations in which the di-
rector remains in plane, and was dubbed a twisted polar planar
(TPP) configuration (Figs. 1f, 1i). Nevertheless, further experi-
ments in nematic micellar systems, while confirming the existence
of the double helix configuration, concluded that the director es-
capes out of the plane near the disclination centers, leading to the
so called twisted polar (TP) configuration (Fig. 1i)17.

We show below that all chiral configurations include director
twist near the defect cores or near the cylinder center in the es-
caped cases, and that this twist is necessary for symmetry break-
ing. Free energy that would be otherwise contained in splay or
bend modes is transferred to twist for sufficiently large elastic
constant contrast. Our numerical analysis is based on a tensor or-

der parameter representation of the nematic, which is free of the
limitations associated with the Frank free energy model at dealing
with disclinations in three dimensions. Typically, such numerical
simulations are done using the Landau-de Gennes theory24–27,
including one investigation which considers chiral nematic states
confined to capillaries28. We instead opt to use a singular poten-
tial theory29,30 to consistently accommodate elastic anisotropy.
This allows us to compare the free energies of the twisted and
corresponding untwisted states, and to obtain a stability diagram
of each of the nematic states which may exist in cylindrical capil-
laries with homeotropic anchoring.

2 Singular potential method calculation of the free
energy

In the director representation, the average local orientation of
nematic molecules is described by the director field, a unit vector
n̂(x). The Frank free energy penalizes distortions away from a
uniform ground state and consists of all scalar terms up to second
order which are composed of gradients of n̂, and which respect
nematic symmetry n̂ →−n̂. It reads:

Fn (n̂,∇n̂)=
∫

Ω

[
1
2

K1 (∇ · n̂)2 +
1
2

K2 [n̂ · (∇× n̂)]2

+
1
2

K3 |n̂× (∇× n̂)|2 + 1
2

K24∇ · [(n̂ ·∇) n̂− n̂(∇ · n̂)]
]

dV

(1)
with K1, K2, K3, and K24 elastic constants associated with splay,
twist, bend, and saddle splay distortion modes respectively31.
This energy diverges near the core of defects as the gradients of
the order parameter become arbitrarily large. Cut-off lengths can
be introduced to render the energy finite, but this is only well un-
derstood for straight disclination lines in an elastically isotropic
and uniaxial nematic. In practice, the region surrounding the
core is biaxial, and can display significant anisotropy11,32. An
alternative representation which circumvents the need to specifi-
cally treat director field singularities in the director is the Q tensor
model. Nematic order is described is by a 3× 3 tensor order pa-
rameter field Q giving the magnitude and direction of local orien-
tational order. The tensor Q is defined in terms of an equilibrium
probability distribution function ρ (p) of nematogen direction p,

Q =
∫
S 2

(
p⊗p− 1

3
I
)

ρ (p)dσ (2)

The domain of integration is the unit two-sphere S 2 with surface
measure dσ because molecular orientation is described by a unit
vector p. Note that ρ(p) = ρ(−p) due to nematic symmetry, so
that the Q-tensor is traceless and symmetric. Q may be diago-
nalized with real eigenvalues, λ1 ≥ λ2 ≥ λ3, and corresponding
orthonormal eigenvectors n̂, m̂, and l̂. The well known scalar
uniaxial order parameter may be defined from the eigenvalues
as S = 3

2 λ1. The biaxial order parameter is given by P = 1
2 λ1 +λ2.

Disclination lines are now on the line in which two positive eigen-
values become degenerate.

The free energy of the nematic can be written in terms of Q, and
it often comprises two terms: a bulk free energy of the Landau-
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i)

(j)

Fig. 1 Diagrams of several configurations which arise in capillaries with homeotropic boundary conditions. Represented are the defected achiral PR
(a, e) and PP (b, f), the escaped ER (c, g) and TER (d, h), a well as the defected chiral TPP (i) and TP (j) configurations. The cylindrical axis
points along the z-axis. Defect lines are represented in red with representative cross-sections in the x-y plane depicted with blue directors. In both the
TPP and TP configurations the disclinations form a double-helix structure, as in (i). Each cross-section of the TPP configuration is a cross-section of
a PP (f) configuration rotated about the cylindrical axis. In the TP configuration, the director is rotated near each disclination about the axis which
connects the two disclinations. This rotation depends on the chirality of the double-helix structure, and tends to align the director at the disclination
center to be tangent to the disclination line, as is explained in Section 3.
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de Gennes form31, and an elastic contribution that depends on
spatial gradients of Q (see also Eq. (7))30. To lowest (second)
order in a gradient expansion of the free energy as a function of
Q, the elastic energy may exhibit twist elastic anisotropy (L2 ̸= 0),
but no splay-bend anisotropy (Eqs. (9) with L3 = 0). Third order
terms in Q break this degeneracy, but the free energy at this order
becomes unbounded for all values of its parameters29,33. A stable
free energy implies consideration of terms at least of fourth order
in Q. However, there are 22 possible terms allowed by symme-
try up to fourth order34, thus making the theory intractable for
anisotropic systems. Such a lack of stability can be traced back
to the fact that the Landau-de Gennes theory, as formulated, does
not constrain the eigenvalues of Q to remain within their physi-
cally admissible range29. From the definition, Eq. (2), this range
is −S/3 ≤ λi ≤ 2S/3. The singular potential method is devised so
as to enforce this constraint on the eigenvalues of Q.

The singular potential method considers a bulk free energy
Fb[Q] = E[Q]−T ∆S[Q] where the internal energy is taken to be of

the Maier-Saupe form E[Q] = −κ
∫

Ω
tr
[
Q(x)2

]
dV , with κ a posi-

tive constant which characterizes alignment strength31. A micro-
scopic definition of the entropy difference between a nematic and
an isotropic configuration is introduced as

∆S=−nkB

∫
Ω

∫
S 2

ρ(p,x) ln [4πρ(p,x)]dσ dV (3)

with n the number density of nematogens, kB Boltzmann’s con-
stant, Ω the spatial domain, and T the uniform temperature.
The entropy is now maximized over all microscopic configura-
tions that yield a specified tensor Q according to Eq. (2). If ΛΛΛ is
a tensor of Lagrange multipliers (also traceless and symmetric),
the distribution that maximizes the entropy is

ρ(p) =
exp

(
pT ΛΛΛp

)
Z[ΛΛΛ]

, Z[ΛΛΛ] =
∫

S2
exp

(
pT

ΛΛΛp
)

dσ (4)

with partition function Z[ΛΛΛ]. By substituting Eq. (4) into (2) we
may relate ΛΛΛ to Q through the self consistency condition,

Q =
∂ lnZ
∂ΛΛΛ

− 1
3

I (5)

By substituting Eq. (4) into Eq. (3), the constrained entropy may
be written in terms of both Q and ΛΛΛ,

∆S=−nkB

∫
Ω

[
ln4π − lnZ[Q]+ΛΛΛ[Q] :

(
Q+

1
3

I
)]

dV (6)

with : denoting a double index contraction. Both tensors are not
independent, but related through Eq. (5). The partition function
Z[ΛΛΛ] needs to be evaluated numerically, adding to the complexity
of the method30.

For the elastic free energy, we consider here only one term of
third order in Q to allow for bend-splay anisotropy,

Fel =
∫

Ω

[
L1 |∇Q|2 +L2 |∇ ·Q|2 +L3 (∇Q)

... [(Q ·∇)Q]
]

dV (7)

with
... a triple index contraction from inner indices to outer in-

dices, and Li are the elastic constants. In index notation, the

energy reads,

Fel[Q,∇Q] =
∫

Ω

[
L1

(
∂kQi j

)2
+L2

(
∂ jQi j

)2
+L3Qlk

(
∂lQi j

)(
∂kQi j

)]
(8)

For a uniaxial, constant S configuration, a correspondence may be
drawn between the Frank energy and Landau-de Gennes elastic
energy coefficients as follows,

K1 = 4L1S2 +2L2S2 − 4
3

L3S3, K2 = 4L1S2 − 4
3

L3S3

K3 = 4L1S2 +2L2S2 +
8
3

L3S3

(9)

The K24 saddle splay term may be neglected because no bound-
aries, which are dicussed in later sections, are allowed to evolve
freely. Thus, the saddle splay term – a divergence of a vector
field – remains constant and has no effect on the evolution of
the system. The full free energy is then given by F [Q,∇Q] =

Fb[Q]+Fel[Q,∇Q].

In order to find minimizers of F [Q,∇Q], we will solve a rota-
tional diffusion equation in time t,

∂Q
∂ t

=−γ
δF
δQ

(10)

subject to homeotropic boundary conditions until a steady state
is reached. The constant γ is a rotational diffusion coefficient.
Dimensionless variables are introduced according to x = x/ξ , t =
t/τ, κ = 2κ

nkBT , L2 =
L2
L1
, L3 =

L3
L1

where length and time scales given

by, ξ =
√

2L1
nkBT , τ = 1

γnkBT . We drop the overlines for brevity, and
all quantities are given in these dimensionless length and time
scales.

For configurations which are uniform along the cylindrical axis
(PR, PP, ER, TER), Eq. (10) is solved on a two-dimensional disc
with the field fixed along the boundary to be uniaxial and con-
stant S = S0, with director perpendicular to the boundary. Here
S0 is the equilibrium value of S for a uniform configuration as
determined by κ. Note that solving Eq. (10) for a non planar
configuration on a two-dimensional disc is equivalent to solving
on an infinite cylinder under the condition that the configuration
be uniform along the cylindrical axis imposed. For the TP and TPP
configurations, Eq. (10) is solved on a three-dimensional cylinder
with field fixed along the curved boundary to be uniaxial and con-
stant S = S0, with director perpendicular to the curved boundary.
These configurations are initialized with some fixed wavenumber
ω which determines the pitch. For reasons discussed in Section 3,
the length of the cylinder is chosen to be half of the pitch of the
initialized configuration, and periodic boundary conditions are
imposed on the cylindrical caps.

In order to numerically solve Eq. (10) we discretize it in time
with a Crank-Nicolson method, and in space by using a finite
element method with a quadrilateral mesh, and first order La-
grangian elements. The resulting equation is nonlinear in Q, and
we use a Newton-Raphson method to solve for Q at each time
step. The singular potential ΛΛΛ is not analytically tractable, and
Eq. (5) is evaluated numerically at each point in space by using
a Newton-Raphson iteration. The integrals over the sphere S2 are
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evaluated with a Lebedev quadrature scheme. Configurations are
iterated in time until energy is approximately stationary. The nu-
merical method is implemented using the deal.II finite element
framework35,36. For more details on the numerical method and
the code used in this work, see37,38.

3 Thin capillaries: double coiled chiral configura-
tions

In a study of a lyotropic chromonic (Sunset Yellow) confined to a
capillary with homeotropic anchoring16, a defect free (escaped)
but twisted configuration (TER) has been reported to decay into
a configuration that features two line disclinations along the long
axis of the cylinder that coil around each other forming a double
helix structure. One possibility is that this configuration may be
the so called twisted planar polar (TPP) configuration in which
the disclination lines coil into a double helix, but the director re-
mains confined to the plane perpendicular to the cylindrical axis.
A similar double helix structure is found in nematic micelles17,
except that an analysis with crossed polarizers reveals that the
director does not remain planar near the disclination cores. This
configuration, with out of plane director, was named twisted po-
lar (TP). We wish to address two issues in this section: firstly,
whether the coiled disclination configurations are a true ground
state as compared to the straight, parallel disclination configura-
tions, and if so under what conditions. Secondly, if such coiled
configurations are a true ground state, whether this implies that
the emergence of chirality is accompanied by director twist near
the core. We find that for large L2, the free energy is minimized in
the coiled configuration with some nonzero wavenumber ω. Ad-
ditionally, we find that the ground state that minimizes the free
energy in the case of a double helix configuration shows, in fact,
director twist near the cores. The latter is the mechanism that
enables the macroscopic coiling displayed by the configuration in
the capillary.

That a double helix configuration must also exhibit director
twist can be argued directly in the director representation. Con-
sider the Frank elastic energy of a configuration in which the di-
rector remains in plane, and for which K1 = K3 = K ̸= K2. The
choice of the K24 saddle-splay elastic constant is arbitrary because
the saddle-splay elastic term is manifestly zero for in-plane direc-
tor configurations. Let θ be the angle that the director makes in
plane with respect to one of the planar axes, and define an elastic
twist anisotropy constant ζ = K−K2

K+K2
. Note that |ζ | ≤ 1. The Frank

elastic energy reduces to,

Fplanar =
∫

Ω

(
(1+ζ )

[
(∂xθ)2 +

(
∂yθ

)2
]
+(1−ζ )(∂zθ)

2
)

dV (11)

The term in square brackets is minimized by the solution to
Laplace’s equation in two dimensions, and the z-derivative term
is always non negative. Thus, the total minimizer is a solution
to Laplace’s equation in two dimensions, and uniform in the z-
direction. For a configuration with two +1/2 disclinations, this
indicates that the double-helix structure is energetically unfavor-
able as compared to the straight, parallel disclination structure,
especially considering the increased length of the disclination
lines in the former case, which would tend to increase overall

configuration energy. This argument indicates that any energet-
ically favorable coiled double helix configuration must be out of
plane in some region.

In order to elucidate the spatial structure of such a configu-
ration, fully three dimensional configurations in a cylinder with
uniaxial homeotropic boundary conditions are sought that mini-
mize the singular potential free energy in the Q tensor represen-
tation. Periodic boundary conditions are imposed on the cylinder
caps to minimize edge effects. The choice of initial condition in
the free energy minimization of Eq. (10) is of great importance
because there exist families of almost degenerate configurations
(as the pitch of the disclination coiling is continuously changed),
but also configurations of different symmetry that have almost the
same energy. In the study of this section, we initialize the configu-
ration of the system as a double helix with constant wavenumber
ω, and in plane director perpendicular to the cylindrical axis. Ex-
plicitly, a two dimensional Q tensor configuration is defined,

Q2D (x,y) = q1 (n̂⊗ n̂)+q2 (m̂⊗ m̂)− (q1 +q2)
(
l̂⊗ l̂

)
(12)

with the following quantities defining a two dimensional config-
uration including two disclinations on the cross sectional plane,

q1 (x,y) = (qmax −qmin)

(
−1+ tanh

r1

r0
+ tanh

r2

r0

)
+qmin (13)

q2 (x,y) = (qmax −qmin)

(
2− tanh

r1

r0
− tanh

r2

r0

)
+qmin (14)

θ (x,y) =
1
2
(ϕ1 +ϕ2) (15)

n̂(x,y) =
[
0 cosθ sinθ

]T
(16)

m̂(x,y) =
[
0 −sinθ cosθ

]T
(17)

Here qmax and qmin are the maximum and minimum values of the
largest eigenvalue λ1 =

2
3 S of Q, and are chosen to be qmax =

2
3 S0,

qmin = 1
4 qmax with S0 = 0.6751 the equilibrium value of S for a

uniform configuration, with κ = 8.0. The pairs (r1,ϕ1), (r2,ϕ2) are
polar coordinates centered on each of the disclinations located at
(x1,y1) and (x2,y2) respectively,

ri =

√
(x− xi)

2 +(y− yi)
2, ϕi = atan2(y− yi,x− xi) . (18)

The unit vector l̂ forms a right-handed orthonormal basis along
with n̂ and m̂. The specific forms of Eqs. (13) and (14) are cho-
sen so that Q is continuous through the defect points, and that
its eigenvalue profile around each disclination approximates that
of a relaxed, isolated, disclination39. The full three dimensional
initial condition is obtained by rotating the field about the cylin-
drical axis,

Q(x,y,z) = R(ωz)Q2D
(
x′,y′

)
RT (ωz) (19)
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with x′,y′ rotated Cartesian coordinates,x′

y′

z′

= RT (ωz)

x
y
z

 (20)

The rotation matrix that is used is,

R(ωz) =

cos(ωz) −sin(ωz) 0
sin(ωz) cos(ωz) 0

0 0 1

 (21)

We have found that, once the configuration is initialized with
a particular ω, and using a long cylinder which is commensurate
with π/ω, iteration of Eq. (10) does not result in any apprecia-
ble local change in coiling; rather the only disclination motion
observed is a change of distance between the lines and the cylin-
drical axis. Calculations have also been conducted with Dirichlet
boundary conditions on the cylinder caps, with the configuration
fixed according to Eqs. (12)-(21), yielding similar results. There-
fore, in the analysis below, we set the length of the cylindrical
cavity equal to half of the period corresponding to ω for ω ̸= 0,
and we use a flat 2D configuration when analyzing uncoiled con-
figurations. The resulting free energy landscape is then obtained
as a function of L2 and ω (Fig. 2), with L3 = 0 held fixed. Fig-
ure 2a shows representative curves of free energy per unit length
versus wavenumber for several values of twist anisotropy. Each
curve shows a distinct minimum away from ω = 0, which in-
creases with L2. Figure 2b shows the value of the minimum
wavenumber ω0 as a function of the twist anisotropy parame-
ter L2. Our results suggest a continuous bifurcation at L2 ≈ 1.5,
below which the uncoiled configuration is the ground state, and
above which the ground state coiling increases with increasing
L2 until a constant ω value is approached. We note that another
branch, mirrored along the L2 axis is implied, given that the free
energy is invariant upon reflection over any plane. Given that
S0 = 0.6751 and L3 = 0, the L2 transition point corresponds to
K2/K1 ≈ 0.57 with K1 = K3 from Eq. (9). For Sunset Yellow (SSY),
K2/K1 ≈ 0.1 with K1 on the order of K3 so that our computational
study would predict that a pair of disclination lines would take
on the coiled configuration, as observed in16 For N,N-dimethyl-
N-ethylhexadecylammonium bromide (CDEAB) K2/K1 ≈ 0.19 and
K3/K1 ≈ 13.518. Further work must be done to assess the effect
full of bend-splay anisotropy on the stability of the coiled config-
uration, but limited testing and the results for the escaped config-
urations in section 4 suggest an increased bend elastic constant
would increase the stability of the chiral configuration.

Further insight into the nature of the ground states can
be obtained by analyzing the director field in the vicinity of
the disclination lines. The disclination density tensor Di j =

εiµν ε jαβ ∂α Qµδ ∂β Qνδ is computed40,41, and its dyadic decompo-

sition near the line is used D =
S2

N
a Ω̂ΩΩ⊗ T̂. The unit vectors T̂ and Ω̂ΩΩ

are the local tangent to the disclination line, and the normal to the
director rotation plane respectively. In particular, T̂ ·Ω̂ΩΩ=±1 corre-
sponds to a ±1/2 wedge disclination, while T̂ · Ω̂ΩΩ = 0 corresponds
to a purely twist disclination. Therefore the twist character of the

(a)

(b)

Fig. 2 (a), Minimum free energy per unit length F plotted against ω for
three values of the anisotropic elastic constant L2. The curves shown are
parabolic fits to the data to estimate the location of the minimum, ω0,
marked with the symbol × in the figure. (b), ω0 shown as a function of
twist anisotropy L2. Dimensional units are used, with R = 100 being the
radius of the capillary.
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Fig. 3 β , the angle between Ω̂ΩΩ and T̂ plotted against twist anisotropy
L2.

disclination line is given by the angle β = arccos
(

Ω̂ΩΩ · T̂
)

, which for

a doubly coiled configuration is constant along the line. Figure 3
shows β as a function of L2. The angle β = 0 for 0 ≤ L2 ≲ 1.5,
and approaches π/2 as L2 increases, indicating that the director
remains in-plane (wedge disclinations) when the disclinations are
uncoiled, and the disclinations take on a twist character in coiled
configurations.

A possible explanation for the energetic cause of the discli-
nation coiling involves three competing factors: the geometry
of the disclination lines (i.e. twist vs. wedge); adherence to
homeotropic boundary conditions along the curved boundary of
the domain; and the length of the disclination lines. For small
twist elastic constant (L2 > 1.5) it is energetically favorable for
disclinations to take on a twist character, thereby lowering the
amount of bend and splay in the configuration. However, this
causes the director near the disclinations to point out of the
cylindrical plane (Fig. 1j). To maintain consistency with the
homeotropic boundary conditions, which remain within the cylin-
drical plane, additional distortions are introduced between the
disclinations and the boundary. If the disclinations coil, however,
the angle between the tangent vector of the disclination lines and
the cylindrical plane becomes smaller than perpendicular. As a re-
sult, the director near the core may maintain a smaller angle with
the cylindrical plane – thereby lowering necessary distortions to
remain consistent with the boundary conditions – while also de-
creasing its angle with the vector tangent to the disclination –
thereby relieving bend and splay in favor of twist distortions. The
coiling, however, increases the length of the disclinations which
is energetically expensive.

This argument is consistent with Figs. 2 and 3. For an elas-
tically isotropic system (L2 = 0) there is no energetic benefit to
relieving bend and splay in favor of twist distortion, so the discli-
nation maintains its wedge character with β = 0. Since the direc-
tor remains in the cylindrical plane, the disclinations do not need
to coil in order to maintain consistency with the boundary con-
ditions, so ω0 = 0. As L2 increases it becomes increasingly ener-

getically beneficial to adopt a twist-characteristic, and at L2 ≈ 1.5
the energetic penalties from the increased disclination length and
boundary conditions are overcome. β then increases until it ap-
proaches π/2, at which point twist is maximized, and the disclina-
tions coil to compensate for increased β until it saturates. At this
point, allowing the director to lie more in-plane would not com-
pensate for the energy from increased disclination length, and so
ω approaches a maximum.

4 Twisted and untwisted escaped configurations

When the radius of the capillary is sufficiently large, the ground
state is an escaped configuration (without any defects), although
it can also be chiral (Figs. 1h, 1d). The relative stability of both
untwisted (ER) and twisted (TER) escaped radial configurations
in a cylinder with homeotropic boundary conditions was already
given in Ref.16. Since these configurations do not contain defects,
their stability was analyzed by minimizing the Frank free energy.
It was found that the untwisted ER configuration has a smaller
energy unless the twist elastic constant is sufficiently small K2 ≲
0.27K, where K = K1 = K3, the splay and bend elastic constants
respectively. We reexamine this configuration here by using a Q-
tensor model instead, in order to determine the transition line
between escaped and polar configurations, as well as the effect
of bend and splay contrast on the relative stability of ER and TER
configurations.

A two dimensional circular domain with uniaxial homeotropic
boundary conditions is considered, although the tensor order pa-
rameter Q has five independent components to allow its eigen-
vectors to point in the third direction. This setup is equivalent
to a three dimensional system which is uniform in the third, z,
direction. The initial configuration for the iteration of Eq. (10)
is taken to be uniaxial with director n̂ parameterized by angles α

and β ,
n̂ = cosα sinβ r̂+ sinα sinβϕ̂ϕϕ + cosβ ẑ (22)

where α is the angle made between the x-y projection of n̂ and
the radial vector r̂, and β is the angle between n̂ and ẑ. For an ER
system, a minimizer for the Frank free energy under the condition
of K1 = K3 is given by β = 2arctan

( r
R
)

with R the radius of the
circular domain, and α = 042. The uniaxial order parameter is
initialized as S = S0 = 0.6751 the energy minimizer for a uniform
system with κ = 8.0, and this value is fixed on the boundaries. All
untwisted escaped configurations are initialized this way.

To initialize all twisted escaped systems, β is taken to be as
in the untwisted case and α = α0(1− r

R ) for some α0 ̸= 0 which
characterizes the radial angle at the core. We take α0 = 60◦ based
on the results of the director model analysis in Ref.16. This value
suffices to cause the system to decay to a twisted equilibrium con-
figuration. The uniaxial order parameter is as in the untwisted
case. To calculate minimum energy values, we iterate Eq. (10)
until the relative change in free energy stabilizes. For all config-
urations, |dF/dt|/ |F | < 5×10−8. Because of the metastability of
the ER state (discussed below), a particular value for the relative
change in free energy is not prescribed as criteria for stopping it-
eration in time. Indeed, during the metastable energy plateaus in
Fig. 4 the value of dF/dt/F becomes less than 2× 10−14 so that
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(a)

Fig. 4 Free energy vs. time for ER-initialized configurations with twist
elastic constant values L2 = 100,44,10, and L3 = 0 at R = 100.

in such cases configurations are allowed to continue to run until
a further decay is observed, or a simulation time of 10,000τ has
been reached.

To contextualize the discussion, it is helpful to consider the en-
ergy curves of three representative ER-initialized configurations
as they decay (Fig. 4). For all configurations, there is an immedi-
ate decay from the initialized configuration arising from the fact
that the Q-tensor model ER energy minimizer is slightly different
than the corresponding director configuration. The magnitude of
this decay evidently increases as L2 is increased. For L2 = 100 and
L2 = 44 there is an additional decay corresponding to the transi-
tion from ER to TER. The magnitude of this decay increases with
L2, while the time at which the decay takes place decreases. For
L2 = 10, it is possible that there is a mechanism by which the ER
configuration may dynamically decay to the TER configuration,
but the numerical tolerances used here are not sensitive enough
to allow such a decay. This results from the fact that a Newton-
Raphson method with a finite tolerance must be used to iterate
Eq. (10) in time. To get an idea of the precision involved, note
that the finite element representation of ∂Q/∂ t has L∞ norm less
than 10−10 before the algorithm is no longer able to iterate in
time. In the discussion that follows, ER-initialized configurations
which are still in the metastable state (i.e. after the immediate
decay, but before the decay into TER) are referred to as ER, and
ER-initialized configurations which have decayed into a twisted
state are referred to as ER → TER. TER-initialized configurations
are simply referred to as TER.

Free energy differences between twisted and untwisted config-
urations for L3 = 0 and R = 100 are shown in Fig. 5a. Both TER
and ER configurations have almost identical free energies for a
wide range of values of L2, with the transition from untwisted to
twisted ground state happening at L2 ≈ 6.25. For the given param-
eters, the correspondence to the Frank free energy Eq. (9) gives
the transition point at K2 ≈ 0.24K, in rough agreement with16.
To characterize the amount of twist in the system, we note that

(a)

(b)

Fig. 5 (a) Normalized energy differences between ER and TER configu-
rations as a function of twist elastic constant L2 evaluated for bend-splay
elastic anisotropy constant L3 = 0, and cylindrical radius R = 100. (b)
α(r = 0) vs. twist elastic constant L2 for relaxed ER and TER configu-
rations with L3 = 0 and R = 0. Here α is the angle made between the
projection of the director into the cylindrical plane and the radial vector
of the cylinder.
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Fig. 6 Normalized free energy differences in relaxed ER and TER configu-
rations vs. twist anisotropy parameter L2 for multiple values of bend-splay
anisotropy parameter L3.

α → 0 as r → R due to the strong homeotropic boundary con-
ditions, and will approach a maximum as r → 0 away from the
boundaries. However, because the director escapes at the cylin-
drical axis, n̂ = ẑ so that α(r = 0) is technically undefined. In
Fig. 5b, α(r = 0) has been interpolated based on a parabolic fit
of α(r) close to the cylindrical axis, and then plotted against L2.
For L3 = 0, when the configuration is initialized as ER, it remains
untwisted (α(r = 0) = 0) for subsequent iterations so long as it re-
mains in the metastable state. Therefore the ER configuration is
a local free energy minimum. Systems initialized in a TER config-
uration, α(r = 0) ̸= 0, remain twisted, with a twist angle that in-
creases with L2 (Fig. 5b). For L2 = 0, α(r = 0) is very small which
indicates that, in the isotropic limit, the TER initialized systems
simply become an untwisted ER configuration. This observation
explains the near free energy degeneracy of both configurations
in the range of small L2 (and no bend/splay contrast).

Figure 6 shows the normalized free energy differences between
twisted and untwisted configurations as a function of L2 for mul-
tiple values of L3. The free energy degeneracy is broken when
L3 > 0 which increases the bend elastic constant relative to both
splay and twist elastic constants (Eqs. (9)). When L3 < 0 the near
degeneracy between ER and TER configurations persists to the
largest values of L2 that we have analyzed. On the other hand,
when L3 > 0, the TER configuration has the lowest free energy.

Further analysis of the metastability of the two configurations
is presented in Fig. 7. We set L2 = 10 constant, vary L3, and
determine whether a configuration initialized as twisted or un-
twisted decays to the other after a long time of integration of
Eq. (10). The free energy at long times is also computed, and
compared between the two configurations (apparent hysteresis).
When L3 < 0, configurations initialized in the twisted TER config-
uration quickly decay to the untwisted ER configuration, whereas
configurations initialized untwisted remain untwisted. This is de-
spite the fact that their free energies are very similar (Fig. 5a). On
the other hand, for large and positive values of L3, the untwisted

ER is seen to decay after a period of metastability to the twisted
TER, which now becomes the lowest free energy state. There is
an intermediate range 0 < L3 ≲ 3 within which the ER remains
stable during the time of integration studied, yet has higher free
energy than the system initialized in a TER configuration. Our
results therefore suggest that the ER configuration is the ground
state for L3 < 0 (splay elastic constant larger than bend), and the
TER configuration for L3 > 0 (bend larger than splay), However,
the ER configuration appears to remains metastable for a range
of positive values of L3 to the extent that we have not been able
to observe its decay into a TER in the time span considered in our
numerical calculations.

5 Chiral state bifurcation diagram
Untwisted nematic liquid crystal configurations in a cylindrical
cavity subjected to homeotropic boundary conditions have been
compared to their twisted counterparts, in terms of relative en-
ergetic stability and configuration geometry. In this section, we
consider the relative stability of five such configurations studied
thus far – both twisted and untwisted – over a range of capil-
lary radii R and twist anisotropy L2 values. This extends previous
studies which have considered the relative stability of untwisted
configurations for various temperatures and capillary radii, either
under the assumption of elastic isotropy or for fixed L2 < 022,23.
In order to allow for elastic anisotropy of the nematic and config-
urations comprising disclinations, the singular potential method
has been used for the determination of the free energy of the
configurations. When the twist elastic constant K2 (L2) is suffi-
ciently small (large) as compared to bend or twist, ground states
of broken chiral symmetry are found, both in defected and es-
caped configurations.

Our results concerning the ground state are summarized in Fig.
8 in terms of the radius of the cavity R and the twist anisotropy
constant L2. Here, as above, we take κ = 8.0 corresponding to
S0 = 0.6751. To maintain bend-splay isotropy we take L3 = 0, and
boundary conditions as described above. The PR configuration
is initialized with θ = ϕ and S = 2S0

1+exp(−r/r0)
− 1 where (r,ϕ) are

polar coordinates of the circular domain, and r0 = 0.2. Five differ-
ent configurations are shown, three that are achiral: a polar radial
(PR) featuring a single disclination of charge +1 along the axis
of the cylinder with director in the cylinder plane (Fig. 1a, 1e);
a polar planar (PP) consisting of a pair of straight, parallel discli-
nations each of charge +1/2, also parallel to the cylinder axis
(Fig. 1b, 1f); and the escaped radial (ER) configuration, which
is defect free (Fig. 1g, 1c). The other two are the chiral coun-
terparts: the twisted polar (TP) configuration in which two +1/2
disclination lines coil around each other forming a double helix
configuration (Fig. 1i, 1j); and the twisted escaped radial config-
uration (TER) which remains defect free, but exhibits twist along
the center of the capillary (Fig. 1h, 1d). In the isotropic limit of
L2 = 0, the achiral PR, PP, and ER configurations are the ground
states, in order of increasing capillary radius R. Transitions hap-
pen at R = 1.75ξ and R = 20ξ which, for a lyotropic chromonic
such as DSCG corresponds to 2.4µm and 24µm respectively30.
For capillary radii on the order of the disclination size, the achiral
PR configuration continues to be the ground state. However, as L2
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(a)

(b)

Fig. 7 (a) Energy differences between ER and TER configurations as a
function of elastic constant L3 evaluated for twist elastic constant L2 = 10
and cylindrical radius R = 100. (b) α(r = 0) vs. elastic constant L3 for
ER and TER configurations with L2 = 10 and R = 0. For simulations in
which there is an ER → TER decay as in Fig. 4, both the metastable
(ER) and final ground (ER → TER) configurations are shown.

Fig. 8 Regions of stability of the various configurations studied. Transi-
tions based on energies of relaxed configurations are denoted with markers
which are distinct for each transition, and lines are interpolated.

is increased the range of R-values over which the single-defected
PR is the ground state increases slightly. This is consistent with
previous studies in which the PR-PP transition happens at a larger
R value when temperature is increased22,23. Because the PR and
PP configurations contain no twist distortion modes, the effect
of increasing L2 is purely to increase the strength of long-range
elastic alignment relative to short-range molecular alignment, the
latter mediated by the parameter κ. Since κ ∼ 1/

√
T , lowering

the effect of the short-range molecular alignment term has the
same effect as increasing the temperature, hence why the PR-PP
transition line curves to the right as in previous studies.

For capillary radius larger than the disclination size, but not
yet macroscopic, the two-defected PP and TP configurations dom-
inate. The former is the ground state closer to the isotropic limit,
while the latter (chiral) configuration becomes the ground state
as L2 (K2) is increased (decreased). The critical value of L2 at
which this happens decreases as the capillary radius is increased,
with the highest being L2 = 5.5 (K2/K1 = 0.27) and the lowest be-
ing L2 = 1.5 (K2/K1 = 0.57). This indicates that such chiral states
may be found in systems which exhibit much weaker anisotropy
than the experimental systems discussed thus far.

For very large capillary radii, escaped configurations have the
lowest free energy, with the achiral (ER) and chiral (TER) config-
urations having nearly degenerate energy in the region which was
studied, as discussed in section 4. As noted above, the ER con-
figuration becomes the ground state in the limit of L2 → 0, while
the TER configuration becomes the ground state as L2 becomes
very large. In this range, splay-bend anisotropy breaks the degen-
eracy when L3 > 0 (bend elastic constant larger than splay), but
not in the opposite case of L3 < 0. In the former case, splay-bend
anisotropy is found to favor twisted escaped configurations.

As discussed in section 3, the disclination coiling wavenumber
ω of two-defected configurations is never observed to dynami-
cally change, so that neither PP → TP nor TP → PP transitions
are observed. Both TER → ER and ER → TER are dynamically ob-
served, though the latter is only numerically resolvable for large
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L2, given the nearly degenerate energy otherwise. As described in
section 4, the TER → ER transition is a smooth untwisting, while
the ER → TER transition happens suddenly from the untwisted
metastable state, to the highly twisted ground state. No transition
is ever observed to or from the TP state, and when a PR config-
uration is initialized in the TP region of the phase diagram with
periodic boundary conditions and length commensurate with ω0

observed for the (R,L2) parameter set, the configuration decays
into a PP state. It is unclear why this PR configuration decays
into the metastable PP state instead of the TP true ground state,
and the question of how, dynamically, TP configurations arise in
experiments remains open.

6 Temperature range of mutual stability and cubic
energy term

One aspect in which the singular potential model diverges quanti-
tatively from typical nematic systems is its prediction of the tem-
perature range of mutual stability of the isotropic and nematic
phases. In the model one may compute (TI −T∗)/T∗ = 1/8 with TI

and T∗ the superheating and supercooling temperatures respec-
tively. For T∗ near room temperature, this corresponds to a region
of mutual stabilty of about 30◦ which is much larger than what
is expected for lyotropic chromonic (5◦C - 10◦C) or thermotropic
(∼ 1◦C) liquid crystals9. Since the bulk energy landscape of ex-
perimental systems is different from what is given by the singular
potential method with the Maier-Saupe energy, the relative mag-
nitudes of the energy of the region inside the disclination core
vs. outside could be different than what is predicted here. Given
that the argument for the existence of stable coiled configurations
in section 3 relies on this relative magnitude, this may affect the
stability of the coiled configurations.

One way to tune the mutual stability range is by introduc-
ing a term cubic in the Q tensor to the bulk free energy,
B
∫

Ω
tr
[
Q(x)3]dV . We consider three values of B which – by si-

multaneously modifying the value of κ – maintained S0 = 0.6751,
but which lead to a region of mutual stability to be 1

27 , 1
54 , and

1
270 as a ratio of T∗, roughly in line with the liquid crystal systems
mentioned above. An equilibrium PP configuration with R = 20
and L2 = L3 = 0 was obtained, and the configuration energy and
disclination profile analyzed (Fig. 9). The effect of the cubic term
on the disclination core (Fig. 9a) is to raise S and P at the core
center while narrowing the core region, though these effects are
small due to the fact that P is small at the disclination core. Once
the dependence of S far from the core due to a change in B is
scaled out by adjusting κ, the order parameter profile is largely
insensitive to B. In other words, the profile depends only on S
and ξ , and only weakly on the cubic term that allows for a more
realistic range of mutual stability of isotropic and nematic phases.
On the other hand, Fig. 9b shows that even for a uniform con-
figuration, an increase in B would have a non-negligible effect on
the configuration energy. Given that the elastic energy remains
relatively unchanged for the PP configuration, it is possible that
a change in the value of B would impact the relative magnitude
of defect energy to bulk energy. The dependence of the stability
diagram of Fig. 8 on the amplitude of the cubic term B will be the

subject of a future study.

Conclusions
We have presented an analysis of nematic configurations which
exhibit broken chiral symmetry under cylindrical capillary con-
finement with homeotropic anchoring. For configurations con-
sisting of a pair of coiled +1/2 disclinations forming a double-
helix, it is argued from the Frank free energy that ground state
configurations are disallowed from having the director confined
to the plane. Rather, the disclinations take on a twist character in
which the director near the disclination core approaches parallel
to the disclination tangent as the twist anisotropy parameter L2 is
increased. A critical value of this parameter is found at which the
ground state transitions from the straight, parallel disclination PP
configuration to the coiled disclination TP configuration, which
decreases as capillary radius R is increased.

The escaped ER and TER configurations are also studied, and a
transition is found at which the ground-state becomes twisted for
large L2, though their energies are nearly degenerate. Introduc-
ing bend-splay anisotropy by increasing the L3 parameter breaks
this degeneracy, and an abrupt transition from the metastable ER
to the ground state TER is observed during cases in which their
energy difference is sufficiently large. The geometric structure of
these configurations is also studied, with the ER configurations re-
maining untwisted while they are in the metastable state, and the
TER configurations taking on an increasingly twisted character as
L2 is increased.

A bifurcation diagram is presented at fixed κ = 8.0 (related
to temperature) in terms of L2 as a function of capillary radius
R. There are regions in which each of the PR, PP, TP, ER, and
TER configurations are ground states, and chiral configurations
become more stable as L2 is increased. We note, additionally, that
for large capillary radius, the PP and TP configurations remain
metastable, despite the fact that the escaped configurations are
the true ground state. We speculate that this is the reason why
the PP and TP configurations are experimentally observed over
long time-scales.

Finally, we briefly discuss the consequences of adding a cu-
bic term to the Maier-Saupe energy to allow a tunable temper-
ature range of simulatenous stability of the nematic and isotropic
phases. Such a range is relatively large in the Maier-Saupe model
compared to conventional thermotropic, or even chromonic, liq-
uid crystals. Preliminary calculations demonstrate that the effect
of this new term on disclination morphology is small in the pa-
rameter range that corresponds to physical systems. However, it
is possible that the resulting changes in the values of the bulk
energy of the configurations may alter the stability diagram pre-
sented. Further study of this issue is necessary.
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(a)

(b)

Fig. 9 (a) Uniaxial (biaxial) order parameter S (P) plotted along a line
of y = 0, shown in blue (red) for relaxed PP configurations with B values
2.002, 2.893, 4.204. The value of κ was modified to maintain S = 0.6751,
corresponding to κ = 9.352,9.351,10.838 respectively. (b) Equilibrium
configuration energies for several values of B. For the PP configurations,
total energy is shown as well as the individual contributions from the
elastic and bulk terms. The energy of a uniform configuration is shown
(see Appendix A), and all energies are scaled by the energies of the
corresponding B = 0 configuration.

https://doi.org/10.5281/zenodo.14872507. Figs. 4-10
were generated with scripts available at the aforemen-
tioned code repository in the app/analysis/figures
folder. Data for Fig. 5 was processed in Paraview using
a programmable filter available in the code repository as
app/analysis/paraview/programmable_filter_rotation_angle.py.
Data for Figs. 7b and 9b was processed in Paraview using a
programmable filter available in the code repository as
app/analysis/paraview/pf_director_radial_angle.py,
and then interpolated using the
app/analysis/plotting/plot_alpha_angle.py script.
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A Cubic energy term

To tune the region of mutual stability, a term of the form BTr
[
Q3]

may be added to the bulk free energy. In line with the nondimen-
sionalization in section 2, a nondimensional coefficient is defined
B = B

nkBT . The corresponding term in the equation of motion is
then given as −3BQ2 +Btr

[
Q2]I, while the Gateaux derivative of

this term is given as −6BQ ·δQ−2Btr [Q ·δQ]I with δQ the vari-
ation. The extra term may then be readily incorporated into the
numerical method.

To better understand the landscape of the bulk energy terms,
we consider a uniform, uniaxial configuration with scalar order
parameter S. Additionally, define Σ = 3

2 ζ where ζ is the eigen-
value of ΛΛΛ which corresponds to λ0, the largest eigenvalue of Q.
Then

Q = S

− 1
3 0 0

0 − 1
3 0

0 0 2
3

 (23)

in the diagonalized bases, and similarly for ΛΛΛ with Σ. The free
energy then becomes

F =−1
3

κS2 + ln4π − lnZ +
2
3

ΣS+
2
9

BS3 (24)

Now we must find self-consistency equations to determine values
in terms of S. Consider:

Z =
∫

S2
exp

(
pT

ΛΛΛp
)

dσ

=
∫ 2π

0
dϕ

∫
π

0
dθ sinθ exp

(
Σ

3

(
3cos2

θ −1
)) (25)
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Substituting µ = cosθ yields:

Z = 2πe−Σ/3
∫ 1

−1
dµeΣµ2

(26)

By using the self-consistency relation Q + 1
3 III =

1
Z
∫

S2 (p⊗p)exp
[
pT ΛΛΛp

]
dσ , one may find the following rela-

tion between S and Σ:

S+
1
2
=

3
2

1
Z

2πe−Σ/3
∫ 1

−1
dµµ

2eΣµ2
(27)

Explicitly

dZ
dΣ

=−2π

3
e−Σ/3

∫ 1

−1
dµeΣµ2

+2πe−Σ/3
∫ 1

−1
dµµ

2dΣµ2

=−1
3

Z +2πe−Σ/3
∫ 1

−1
dµµ

2dΣµ2

(28)

so that
S =

3
2

1
Z

dZ
dΣ

=
3
2

d lnZ
dΣ

(29)

Finally, we will need to calculate the derivative of S with respect
to Σ:

dS
dΣ

= − 3
2

1
Z2

dZ
dΣ

2πe−Σ/3
∫ 1

−1
dµµ

2eΣµ2

− 1
2

1
Z

2πe−Σ/3
∫ 1

−1
dµµ

2eΣµ2

+
3
2

1
Z

2πe−Σ/3
∫ 1

−1
dµµ

4eΣµ2

=−S
(

2
3

S+
1
3

)
− 1

3

(
S+

1
2

)
+

3
2

1
Z

2πe−Σ/3
∫ 1

−1
dµµ

4eΣµ2

=−2
3

(
S+

1
2

)2
+

3
2

1
Z

2πe−Σ/3
∫ 1

−1
dµµ

4eΣµ2

(30)

Then, define the following integrals

I1(Σ) =
∫ 1

−1
dµeΣµ2

=


√

π

Σ
Erfi

(√
Σ

)
Σ > 0√

π

−Σ
Erf

(√
−Σ

)
Σ < 0

2 Σ = 0

(31)

I2(Σ) =
∫ 1

−1
dµµ

2eΣµ2
=

{
1
Σ

(
eΣ − 1

2 I1(Σ)
)

Σ ̸= 0
2
3 Σ = 0

(32)

I3(Σ) =
∫ 1

−1
dµµ

4eΣµ2
=

{
1

2Σ2

(
eΣ (2Σ−3)+ 3

2 I1(Σ)
)

Σ ̸= 0
2
5 Σ = 0

(33)

We note the Taylor expansion of I1(Σ) about Σ = 0

I1(Σ) =
∞

∑
n=0

2zn

n!(2n+1)
(34)

which makes all the integrals continuous at Σ = 0. We may write

important relations in terms of these integrals

Z(Σ) = 2πe−Σ/3I1(Σ) (35)

S(Σ) =
3
2

1
Z

2πe−Σ/3I2(Σ)−
1
2

(36)

dS
dΣ

=−2
3

(
S+

1
2

)2
+

3
2

1
Z

2πe−Σ/3I3(Σ) (37)

The energy extrema may then be calculated as

dF
dΣ

=−2
3

κS
dS
dΣ

− d lnZ
dΣ

+
2
3

S+
2
3

Σ
dS
dΣ

+
2
3

BS2 dS
dΣ

=
2
3

dS
dΣ

(
−κS+Σ+BS2

) (38)

The condition of energy extrema is then

Σ = κS−BS2 (39)

Since we have an expression of S in terms of Σ we may numeri-
cally solve this for any value of κ and B.

To calculate which values of κ (as a function of B) cause su-
percooling or superheating, we must consider higher derivatives
of the energy. In the case of supercooling, the energy extremum
at S = Σ = 0 goes from positive curvature to negative curvature.
Hence, we seek the κ value for which d2F/dΣ2

∣∣
Σ=0 = 0

d2F
dΣ2

∣∣∣∣
Σ=0

=

[
2
3

d2S
dΣ2

(
−κS+Σ+BS2

)

+
2
3

dS
dΣ

(
−κ

dS
dΣ

+1+2BS
dS
dΣ

)]
Σ=0

= 0

(40)

This gives the condition,

κN =
dΣ

dS

∣∣∣∣
Σ=0

=
2

15
(41)

This is what is calculated in29, and is notably independent of B.
In the case of superheating, we must appeal to the double-well

character of the energy landscape. One well will be at S = Σ = 0,
then in the positive S-direction there will be a maximum, then
a minimum in that order. This corresponds to dF/dΣ crossing
the axis with a negative, and then a positive slope. The point at
which dF/dΣ touches the axis at exactly one point (which will
correspond to a negative) is the κ value of superheating. In this
case, there will be a point where d2F/dΣ2 = dF/dΣ = 0. Subsitut-
ing Eq. (39) into Eq. (40) yields:

κI =
dΣ

dS
+2BS (42)

Solving Eq. (39) for κ and substituting above yields:

Σ = S
dΣ

dS
+BS2 (43)

This equation must be solved numerically, and then κI may be
found. Based on our nondimensionalization, we have that T ∼
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Fig. 10 Ratio of the difference between the superheating temperature TI
and supercooling temperature T ∗ to T ∗ as a function of the cubic term
parameter B. Temperature ranges of aforementioned lyotropic chromonic
and thermotropic systems are plotted as points.

2/κ. The results are shown in Fig. 10, with values of 1/27, 1/54,
and 1/270 marked which correspond to the aforementioned ly-
otropic chromonic and thermotropic systems.
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