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Self-limiting states of polar mis�ts: Frustrated assembly

of warped-jigsaw particles

Michael Wang,a Gregory M. Grason,b

We study the ground state thermodynamics of a model class of geometrically frustrated assemblies,

known as warped-jigsaw particles. While it is known that frustration in soft matter assemblies has

the ability to propagate up to mesoscopic, multi-particle size scales, notably through the selection of

self-limiting domain, little is understood about how the symmetry of shape-mis�t at the particle scale

in�uences emergent morphologies at the mesoscale. Here we show that polarity in the shape-mis�t

of warped-jigsaw puzzles manifests at a larger scale in the morphology and thermodynamics of the

ground-state assembly of self-limiting domains. We use a combination of continuum theory and

discrete particle simulations to show that the polar mis�t gives rise to two mesoscopically distinct

polar, self-limiting ribbon domains. Thermodynamic selection between the two ribbon morphologies

is controlled by a combination of the binding anisotropy along distinct neighbor directions and the

orientation of polar shape-mis�t. These predictions are valuable as design features for ongoing

e�orts to program self-limiting assemblies through the synthesis of intentionally frustrated particles,

and further suggests a generic classi�cation of frustrated assembly behavior in terms of the relative

symmetries of shape-mis�t and the underlying long-range inter-particle order it frustrates.

1 Introduction

Geometrically frustrated assembly (GFA) has recently emerged as
an organizing principle for complex, self-organized structures in
soft matter. In geometrically frustrated systems, such as in the
frustrated ordering of magnetic spins1–3, a locally preferred ar-
rangement of constituents is not compatible with the constraints
on uniformly filling space. In soft matter assemblies, this takes the
form of molecular or particulate subunits whose shape and inter-
actions favor a local “misfit" with the longer-range inter-particle
order. This basic paradigm applies to a broad range of soft matter
systems, including chiral and polar phases of liquid crystals4–6,
chiral membranes7–12 and protein bundles13–18, colloidal crys-
tals on curved surfaces19–22, and ill-fitting colloidal and nanopar-
ticle assemblies23–31. The key effect of frustration is to introduce
intra-assembly gradients of misfit that extend to multi-subunit
scales, leading to elastic costs that accumulate with increasing do-
main sizes. This accumulation of elastic energy32 with domain
size notably results in self-limitation, in which the equilibrium
assembly states have well-defined, finite, multi-subunit sizes, a
behavior that is not possible for nearly all other classes of equilib-
rium assembly33,34.

These exotic and potentially useful behaviors of GFAs, in com-
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bination with an increasing array of synthetic techniques for fab-
ricating geometrically-programmable assembly units25,26,35–37,
have inspired theoretical efforts that attempt to connect micro-
scopic features of the subunits and their interactions to the emer-
gent larger-scale morphologies27,29,30,38,39. Such studies, which
range from continuum theories to numerical simulations of dis-
crete misfitting subunit models, address basic and still broadly
open questions: Given a “misfitting” subunit design, under what
conditions does self-limited assembly occur, and what morpholo-
gies emerge from it? From the point of view of engineering self-
limiting states, it is particularly important to understand what de-
sign features of “misfit”, such as particle shape and interactions,
control assembly thermodynamics at the largest possible scales
and ultimately, to translate those features to synthetically acces-
sible modifications of subunits.

It is in this context that we consider a basic classification of dis-
tinct GFA mechanisms in terms of their misfit symmetry, shown
schematically in Fig. 1 for the case of two-dimensional assemblies
*. This notion applies to the cases where the degree of frustra-
tion may be continuously increased, through some experimental
parameter, from the frustration-free cases where there is some
type of long-range order such as in 2D hexagonal or square crys-
talline packing. The introduction of frustration takes the form a

* This classification in terms of the shape-misfit symmetry may very well be extended
beyond 2D
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Fig. 1 Classi�cation of geometrically frustrated assemblies in terms the symmetry or directionality of the frustration due to shape distortion and its

mismatch with the underlying frustration free inter-particle order. Top row shows unfrustrated assemblies and their preferred arrangement while the

middle row shows corresponding frustrated assemblies and their distortions (position, orientation, and shape) from those preferred arrangements. The

bottom row shows example realizations of self-limiting assemblies. Scalar frustration (a) is represented by the crystallization on spherical surfaces as

in Ref. 19. Vectorial frustration (b) can be represented by assemblies of warped particles with a directed shape asymmetry 29. Quadrupolar frustration

(c) is represented by double wedge particles that prefer locally nonzero Guassian curvature from Ref. 30. Hexapolar frustration (d) is represented by

warped hexagonal particles with long and short edges from Ref. 24.
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local shape distortion incompatible with the (unfrustrated) back-
ground order. The symmetry of this local distortion, and in par-
ticular its mismatch with the underlying frustration-free order, is
what we refer to as the misfit symmetry. For example, for the
case of crystalline assemblies on spherical surfaces19–22 shown in
Fig. 1a, the underlying (frustration-free) order corresponds to a
hexagonal lattice which uniformly tiles the 2D plane. Imposing
positive Gaussian curvature on the assembly, say by forcing parti-
cles to assemble on a spherical drop, disrupts the uniform hexag-
onal lattice order, since equilateral triangles do not (in general)
tile spherical surfaces. Since there is no particular directionality
of this distortion of hexagonal order due the spherical curvature,
we may refer to this as scalar misfit. This is distinct from the
other examples of directional misfit shown in Fig. 1, in which the
misfit is characterized by distortions along one or more specific
axes in the 2D subspace of the assembly. For example, in the
model of trapezoidal-shaped particles shown in Fig. 1b, frustra-
tion arises from angling opposite edges of a square tile away from
each other, which generates a directionality or polarity between
the long and short edges. In the model of wedge-shape particles
studied in30 shown in Fig. 1c, frustration arises from angling op-
posite faces away from each other such that the shape and inter-
actions favor a 2D square lattice assembly that is frustrated by a
simultaneous preference for opposite curvatures in two orthogo-
nal directions. Hence, the preference for negatively-curved, min-
imal surface shapes of an otherwise crystalline membrane can be
characterized as a quadrupolar or tensorial misfit. Finally, in the
model of irregular hexagon assembly developed in23,24 shown in
Fig. 1d, frustration is introduced by shortening and lengthening
alternate edges of an otherwise hexagonal elastic tile. We can
characterize this deformation of an unfrustated 6-fold symmetric
particle into a lower 3-fold symmetry particle as hexapolar misfit.

A central question, which we address in this article for a specific
model of polar frustration in so-called warped-jigsaw particles29,
is how does the misfit symmetry of the building blocks impact
the morphologies of self-limiting states that are selected by their
assembly thermodynamics? Previous theoretical and computa-
tional studies of a diverse range of GFA models found that 2D
minimal energy morphologies of self-limiting states tend to break
the symmetry of the underlying background order18,23,24,29,30,40.
For example, while low energy shapes of hexagonal crystallites
favor generally compact and six-fold symmetric shapes that opti-
mize edge energies, the growth of elastic energy with domain size
of crystals on a sphere favors strip-like morphologies19,41 that
grow arbitrarily long in one direction but remain narrow in the
other (see example morphologies in Fig. 1). The basic mecha-
nism that promotes domain anisotropy, sometimes referred to as
“filamentation”, stems from the elasticity of frustrated domains,
which requires inter-domain gradients in the elastic stress. From
an energetic point of view, it is favorable to orient the strain gra-
dients along the narrow direction of domain, so that the range
of strains (i.e. difference between maximal and minimal strains)
remains small. Hence, such scalar mechanisms of GFA, like crys-
talline assemblies on spherical surfaces, favor strip-like morpholo-
gies that break the underlying six-fold symmetry of the unfrus-
trated assembly, leading to multiple degenerate states (e.g. de-

generate strip morphologies associated with the three low-energy
growth directions). A similar phenomenon occurs in spin lattice
models of frustrated assemblies with scalar frustration40 (which
also exhibit similar branching morphologies as crystalline assem-
bly on spherical surfaces), frustrated hyperbolic crystalline assem-
blies30, and irregular elastic hexagon assemblies23,24, in which
optimal self-limiting morphologies break symmetry by remaining
narrow in one direction of their 2D assembly and growing long in
the other. Notably, for these examples (e.g. scalar, quadrupolar,
hexapolar), the misfit symmetries are commensurate with bro-
ken symmetries of self-limiting morphologies. Hence, for these
symmetries the possible resulting “ribbon-like” morphologies re-
main degenerate, and the physical assembly processes must spon-
taneously break symmetry to form self-limiting states.

In this article, we investigate the geometrically-frustrated as-
sembly and self-limiting morphologies of a polar misfit model of
planar warped jigsaw (WJ) particles, and show that the polarity
or directionality of local misfit profoundly reshapes the energetic
landscape of optimal morphologies. Specifically, we show that,
unlike the scalar, quadrupolar, or hexapolar cases, the effect of
misfit polarity on the elastic energy landscapes generically lifts
the degeneracy between multiple competing strip-like morpholo-
gies. In general, we find that these non-degenerate morphologies
are distinguished by the type of mechanical strain-gradients they
develop along their narrow dimensions.

We first consider the case where polar misfit is aligned with
a lattice (binding) direction and find that the distinguishable
mesoscopic morphologies have distinct patterns of local gradi-
ents, reflected in the polarity of the large scale assembly of either
straight-polar or circular finite-thickness ribbons, as shown in Fig.
1b. We show that these deformation patterns are characterized
by distinct size dependencies of the elastic costs of frustration,
resulting in the morphologies undergoing “frustration escape” to
bulk, unlimited states via distinct thermodynamic pathways. We
predict a phase diagram of ground-state morphologies that deter-
mines the stable regions of both straight-polar and circular finite-
thickness ribbons, as well as a uniformly strained bulk (unlimited)
state.

We next consider the case when misfit polarity is misaligned
with the underlying two-dimensional lattice (binding) directions,
which we show leads to a complex evolution of finite-width strip
morphologies that mix features of the straight-polar and circular
ribbon states. Last, we show that while the elastic cost of frustra-
tion is generically smallest for ribbons growing along the misfit
polarity direction (i.e. straight-polar ribbons), ground-state rib-
bons generically still favor growth along the binding directions
due to the energy cost of having free boundaries.

The article is organized as follows. In Sec. 2, we introduce a
microscopic model of WJ particle assembly and the ingredients
of a discrete subunit computational model of the elastic ground-
states. We then describe the pairwise inter-particle deformation
modes and formulate a continuum elastic description of assem-
bled domains of WJ particles. Then in Sec. 3, we study the case of
misfit polarity aligned to one the 2D binding directions, showing
the emergence of two distinct, self-limiting morphologies, char-
acterized by distinct patterns of strain gradients. We construct
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a phase diagram of the ground-state morphologies in terms of
the cohesion between bound particles. In Sec. 4, we study when
the misfit polarity is not aligned to either lattice direction. We
first consider domains whose free edges are aligned along bind-
ing directions before generalizing to free edges that align with
off-lattice directions to determine the preferred growth direction
of long ribbons. We conclude with a discussion of the implica-
tions on the broader emergent effects of frustration on assembly,
as well as for the engineering of self-limiting assemblies through
design and fabrication of intentionally misfitting subunits.

2 Warped-jigsaw particle model

Here, we introduce the warped-jigsaw (WJ) particle model of Spi-
vack and coworkers29. The shape of WJ particles is described by
rigid quadrilaterals in the 2D plane, shown in Fig. 2. The ge-
ometry and interactions of the WJ particles simultaneously favor
binding along rows and columns in a 2D square lattice as well
as gradients in particle orientation along a certain in-plane direc-
tion, which frustrates the uniform lattice order. Each edge has a
pair of elastic binding sites with specific interactions that bind
together particles along two orthogonal directions: “left-right”
(dark red-dark orange and light red-light orange sites) and “top-
bottom” (dark blue-dark green and light blue-light green sites)
edges of neighboring particles. Such specific interactions, of the
type that can be generated e.g. via sequence-specific DNA linker
binding42,43, imply that the left (bottom) edges only bind favor-
ably to the right (top) ones and that bound neighbors favor a cer-
tain relative orientation. The relative orientations are described
in a local frame of orthonormal unit directors {ê1, ê2} aligned to
the respective horizontal and vertical directions of a particle, but
can rotate in the xy-plane within an assembly. In the unfrustrated
state, the particle is simply a square (Fig. 2a) and when bound to
neighbors, the ground state arrangement is that of a square lattice
(Fig. 2b), with the frames of all particles aligned uniformly.

Frustration is introduced by shape asymmetry, as shown in Fig.
2c, where opposite edges of the unfrustrated square shape are
skewed away from each other, forming taper angles α1 and α2

along the horizontal ê1 and vertical ê2 directions, respectively.
This shape asymmetry due to the taper angles results in a pre-
ferred relative rotation between neighboring particles and conse-
quently, nonzero preferred curvatures along columns and rows of
these particles (Fig. 2d), a local arrangement that is incompati-
ble with the positional order (square lattice) of the unfrustrated
state. As outlined in the introduction, this frustration is polar or
vectorial in nature in that it has a direction and magnitude. We
characterize the polarity of shape-misfit in terms of the preferred
curvature vector

κκκ0 = κ0N̂, (1)

where κ0 is magnitude of preferred curvature and N̂ character-
izes the preferred bending direction of rows or columns of par-
ticles. The resulting direction of rotation of the particle frames
along a row or column can be described by the unit vector
T̂ = −ẑ × N̂, where ẑ is normal to xy plane of assembly. The
preferred curvatures along rows and columns are given by κ1 ≡
κκκ0 · ê1 = (2tanα2)/a and κ2 ≡ κκκ0 · ê2 = (2tanα1)/a, which describe

the amount of preferred bending orthogonal to local ê1 and ê2 di-

rections, respectively. Hence, κ0 =
√

κ2
1 +κ2

2 quantifies the magni-

tude of the misfit while N̂ =−sinψ ê1−cosψ ê2 describes its orien-
tation, which we parameterize by the angle ψ in the local particle
frame with sinψ = κ1/κ0 and cosψ = κ2/κ0.

Shown in Fig. 2e is an example of an assembly formed by
trapezoidal WJ particles with ψ = 0, whose shapes are symmetric
along their ê1 (horizontal) directions and asymmetric along their
ê2 (vertical) directions, as characterized by the downward misfit
polarity N̂ =−ê2. This asymmetry favors curvature along only the
“horizontal” rows causing the assembly to deviate from a square
lattice reference (unfrustrated) state. To describe and model the
elastic energy WJ assemblies, we take two approaches. In the
first, we perform energy minimizations of domains of elastically
bound rigid WJ particles. As we show, emergent ground states
take the form of highly anisotropic rectangular domains with ei-
ther finite numbers of columns M or rows N. We first assume that
the domain boundaries align with binding directions so that do-
main edges are characterized by broken bonds along either the ê1

or ê2 directions, although we relax this assumption and consider
the possibility of domain edges aligning along different directions
in Sec. 4. Cohesive costs of an exposed (unbound) WJ particle
edge in direction êα is parameterized by the binding energy Σα

†.
Deformations of interactions between bound particles (i.e. 2 per
bound edge) are modeled by Hookean elastic springs with zero
rest-length between specific binding sites, with stiffnesses param-
eterized by kα for bonds in the êα direction. For a given M ×N
array of WJ particles with a specific frustration and cohesive stiff-
ness, the elastic ground state is simply computed by energy min-
imization of the coupled network of springs and rigid particles
(see Appendix A).

A second approach to model the elastic ground states is to study
the continuum elastic theory of arbitrary rectangular domains of
assembled WJ particles. Such a continuum theory should hold
in the limit of large assemblies (i.e. N and M ≫ 1) along with an
assumption that the deformations of the ground state from uni-
form 2D square lattice order, which we take to be the reference
state of our theory, are sufficiently small. In other words, we
describe the positions and orientations of WJ particles relative
to their corresponding configuration in an unfrustrated lattice as-
sembly, where they have positions r = xx̂+ yŷ and particle frames
ê1 = x̂, ê2 = ŷ. Upon introducing frustration, particles displace
and re-orient as they relax the elastic costs of frustration. As il-
lustrated in Fig. 2e, we describe the displacement of WJ centers
by the field u(r) and their rotations relative to the fixed 2D Carte-
sian coordinates by the angle θ(r), i.e. the particle frames can be
written as ê1 = cosθ(r)x̂− sinθ(r)ŷ. As we describe in the follow-
ing section, our continuum elastic model is based on a small-θ
expansion of the elastic energy of discrete WJ particle arrays (see
Appendix B).

It should be noted in this work that we neglect excluded vol-

† Greek indices α,β = 1,2 are used to denote vector components in the local parti-
cle frame, while Roman indices i, j = x,y refer to vector components in the fixed
Cartesian frame.
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Fig. 2 Discrete subunit model for warped-jigsaw particles. a) Unfrustrated square subunit. Colored circles indicate elastic binding sites with speci�c

binding between dark green and dark blue, light green and light blue, dark yellow and dark orange, and �nally light yellow and light orange. The

interaction between binding sites is described by ideal zero rest-length springs. The pairs of binding sites on each edge are separated by a distance v
while the overall subunit size is a. b) Unfrustrated square subunits bind to form a square lattice. c) and d) Frustrated quadrilateral subunit and the

preferred binding horizontal and vertical binding of neighbors. The unit vector N̂ (red arrows) characterizes the direction of preferred curvatures κκκ0
i.e. the rotation of ê1 and ê2 along directions perpendicular to N̂, described by the unit vector T̂. e) Deformation of an assembly (light red) away from

its uniform 2D square lattice reference state (light blue), resulting in a displacement �eld u(x,y) and rotation �eld θ(x,y).
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ume interactions in both the simulations and the continuum elas-
tic theory, the latter of which is of course a must in order to make
the theory analytically tractable. As can be seen in Figs. 2de,
there is some degree of overlap due primarily to the shape of the
corners of the WJ particles, a feature that will likely be present
in experimental realizations of the WJ particles. However, as ob-
served in the work of Spivack and coworkers29, which studied
a discrete WJ particle model with excluded volume interactions,
there is good agreement between the continuum elastic theory
and simulations despite the inclusion of excluded volume inter-
actions. In fact, in the limit of small frustration where the taper
angles α1,α2 tend to zero, the degree of potential overlaps can
be significantly reduced as the strains also tend to zero. It is also
worth noting that the “shape” of the WJ particles that is respon-
sible for generating polar frustration is more due to the positions
of the elastic attractive sites on the edges and less the full body of
the particles, meaning that one could redesign the particles (e.g.
by truncating the corners) to reduce overlaps and still retain the
same polar frustration. With this in mind, we neglect excluded
volume and focus on the elastic effects of polarized frustration in
a frustrated assembly.

2.1 Elasticity of intra-domain distortions

We briefly introduce the mechanical modes of intra-domain defor-
mation, relate the corresponding moduli to microscopic features
of the frustrated WJ particles, and finally formulate the contin-
uum elastic energy of finite WJ domains.

As shown schematically in Fig. 3, deformations of inter-particle
order relative to the preferred non-zero orientation of the WJ par-
ticles can be parameterized by three types of pure elastic modes:
inter-particle stretching, shearing, and bending. The elastic cost
of these modes is controlled by the geometry and stiffness of elas-
tic bonds between bound particles. At the pairwise level, we can
describe the elastic energy of a pair of bound edges along the êα

direction as

Eα =
Yα∥

2
δ

2
∥ +

Yα⊥
2

δ
2
⊥+

Bα

2
(δθ)2, (2)

where δ∥, δ⊥ and δθ parameterize the respective stretch, shear,
and bend displacements (labeled in Fig. 3, left). The elasticity of
these respective modes are determined by stiffnesses and place-
ment of the inter-WJ bonds (see Appendix B) and are given by

Yα∥ = Yα⊥ = 2kα ; Bα =
kα v2

2
, (3)

where v ≤ a is the distance between linkers along a particle edge
(see Fig. 2ac) and kα is the elastic bond stiffness along the êα

direction. Note that in all simulations from here on, we set the
distance between the linkers to its maximum value v = a. This
choice is not so important as it simply sets a scale for the bending
moduli Bα , but it does allow us to maximize the bending mod-
uli. As an example of the complex interplay between these defor-
mation modes in frustrated WJ domains, we show in Fig. 3 the
simulated elastic ground state of a M ×M square domain, illus-
trating the spatial distributions of the three elastic deformation
modes for a case ψ = 0 or polarity along the “vertical" ê2 direc-

Fig. 3 Three types of �pure� elastic deformations between pairs of WJ

particles illustrated relative to their preferred non-zero orientation of par-

allel edges where there is no extension of the ideal springs between bind-

ing sites. Extension or compression occurs when bound edges of subunits

are pulled apart or pushed together by a displacement δ∥ perpendicular

their edges. Shear occurs when the bound edges of subunits slide against

each other by a displacement δ⊥ parallel to their edges. (Un)Bending

occurs when bound subunits rotate away from their preferred orientation

of aligned edges by a total angle δθ . Corresponding examples of 10×10
structures colored by the amount of extension/compression, shear, and

bend are shown on the right for isotropic elastic constants k1 = k2.
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tion. We return to a detailed analysis of these patterns below,
but upon initial inspection it is clear that shearing is largest along
left-right free edges, compression/stretching is largest along the
bottom-top free edges, and (un)bending of rows away from their
preferred curvature is largest in the core of the domains.

To understand these emergent patterns of intra-domain distor-
tion, their dependence on domain shape, and their impact on as-
sembly thermodynamics, we study the ground states of a contin-
uum elastic energy of WJ particle assemblies. This continuum
theory was also derived in29, but only studied for a limited set
of “tall" finite-width ribbon domains with isotropic binding con-
stants. As shown in the Appendix B, the elasticity of WJ domains
in the continuum limit is described a combination of positional
and orientational strains. Positional strains, resulting from inter-
particle stretching and shearing, are measured by the 2D tensor

γi j(r) = ∂iu j −
[
Ri j(−θ)−δi j

]
, (4)

where the matrix Ri j(θ) describes 2D counterclockwise rotations
by an angle θ and δi j is the Kronecker delta. The form of the
strain is invariant under simultaneous rigid rotations of particle
centers and orientations, ensuring global rotational invariance of
the elastic energy. Orientational strains are measured by gradi-
ents of particle rotation relative to preferred row bending

βββ (r) = ∇θ −κ0T̂, (5)

where T̂ describes the preferred direction of 2D inter-particle ro-
tations in the local particle frame. Note that the three pure elastic
modes illustrated in Fig. 3 correspond to γ12 = β1 = 0 for exten-
sion and compression, γ11 = β1 = 0 for shear, and γ11 = γ12 = 0
for bend. In the analysis below, we linearize the theory for small
frame rotations away from the uniform reference lattice aligned
with x̂, ŷ, resulting in

γi j(r)≃ ∂iu j −θ(r)εi j; βββ (r)≃ ∇θ −κ0T̂0, (6)

where εi j is the 2D anti-symmetric Levi-Cevita tensor and T̂0 =

−cosψ x̂+ sinψ ŷ is the (uniform) approximation of the preferred
rotation rate in the small θ(r) limit.

The elastic energy is computed as an area integral over a rect-
angular domain D (the undistorted reference state)

Eelas =
1
2

∫
D

dA
[
Yxγ

2
xx(r)+Yyγ

2
yy(r)

+Yxγ
2
xy(r)+Yyγ

2
yx(r)+Bxβ

2
x (r)+Byβ

2
y (r)

]
, (7)

where in the small-θ approximation we neglect the difference be-
tween {ê1, ê2} and {x̂, ŷ}, thereby identifying the corresponding
coordinate indices as (α = 1)→ (i = x) and (α = 2)→ (i = y) and
use the fact that the shear and stretch moduli are equal for the
WJ model, that is, Yα∥ = Yα⊥. For a given domain, the elastic
energy ground state satisfies a set of Euler-Lagrange equations
corresponding to force balance

Yx∂
2
x ux +Yy∂

2
y ux =−Yy∂yθ ; Yx∂

2
x uy +Yy∂

2
y uy = Yx∂xθ , (8)

and torque balance

Bx∂
2
x θ +By∂

2
y θ =−Yx(∂xuy −θ)+Yy(∂yux +θ). (9)

Note that the coupling between displacements and rotations in
mechanical equilibrium reveals the mechanism of frustrated elas-
ticity. Preferred nonzero row curvature, which is favored by the
taper angles of the WJ particles, results in nonzero rotation gra-
dients ∇θ ̸= 0 and consequently generates a source field for po-
sitional strain gradients in Eq. (8). At the same time, rotations
of the local WJ lattice directions away from the particle frames
generates a source for orientational strain gradients in Eq. (9).
Boundary conditions at free edge of finite domain ∂D require
vanishing forces

[
Yx(∂xux)nx +Yy(∂yux +θ)ny

]
∂D =[

Yx(∂xuy +θ)nx +Yy(∂yuy)ny
]

∂D = 0, (10)

and torques[
Bx(∂xθ −κ0T0,x)nx +By(∂yθ −κ0T0,y)ny

]
∂D = 0, (11)

where n̂ describes the normal to domain boundary.

The equilibrium equations (Eqs. (8) and (9)) and boundary
conditions (Eqs. (10) and (11)) constitute to set of coupled, linear
PDEs that can be solved by a series expansion (see Appendix C).
Non-trivial and spatially-inhomogeneous solutions are required
by the torque free boundary conditions in Eq. (11) which pro-
duce nonzero θ gradients (i.e. row bending) at free edges where
n̂ · T̂ ̸= 0 and vanishing θ gradients where n̂ · T̂ = 0 (i.e. no column
bending).

2.2 Thermodynamics of finite-size domains

We consider a model of the assembly thermodynamics of WJ do-
mains that is determined by the interplay between the elastic
costs of frustration and the cohesive gains of binding new par-
ticles to the free boundaries of finite domains. Such an approxi-
mation obviously neglects effects of other possible low-symmetry
configurations (e.g. defective) as well as entropic effects that are
present at finite temperature. Nevertheless, the purpose is to cap-
ture the predominant morphologies that emerge in regimes where
nearly all subunits belong to assembled domains, i.e. super-
saturated conditions. In this case, assembly favors morphologies
that minimize the per-subunit free energy of assembly, which in-
cludes the (free-)energetic gains and costs of forming multiunit
structures33. In our discrete WJ assemblies, the assembly free
energy per subunit for a M×N domain takes the form

f (M,N) =−(Σx +Σy)+
Σx

M
+

Σy

N
+Eex(M,N). (12)

The first term is the constant cohesive gain for bound particles
within the bulk, parameterized by attractive binding per edge −Σx

and −Σy along respective horizontal rows and vertical columns.
The second and third terms together account for the per-subunit
cost of unbound free edges on the vertical and horizontal sides
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of the domain. The final term Eex(M,N) denotes the excess energy
and represents the elastic costs of frustration per subunit, com-
puted via the minimization of the spring network energy in our
discrete model. We can similarly use our continuum theory to
compute the elastic energy, in this case for a domain of horizon-
tal and vertical dimensions, W = Ma and H = Na respectively. In
this case, the excess energy cost is determined by the mechanical
equilibrium of Eq. (7) for W ×H domain,

Eex(W,H) =
a2

WH
E∗

elas(W,H), (13)

where the ∗ denotes the solution of the Euler-Lagrange equations.
Inspection of Eq. (12) reveals the basic physical mechanism of

the size-dependent thermodynamics of frustrated WJ domains.
On one hand, the cost of open boundaries thermodynamically fa-
vors growing all dimensions of an assembly to arbitrarily large
sizes, in order to minimize the fraction of unbound edges at free
edges of the domains. On the other hand, the elastic cost of a frus-
trated WJ domain grows superextensively with domain size34,
meaning that it grows faster than the increase in subunit number
in the domain. This implies that in certain regimes, the com-
petition between boundary and frustration costs selects at least
one of the two assembly dimensions to be finite. In the following
sections we first analyze the thermodynamic assembly landscape
resulting from this interplay for the particular case of ψ = 0 po-
larization before then considering a broader range of misfit polar-
ities.

3 Alignment of mis�t polarization and lattice

anisotropy: ψ = 0 case

Here, we analyze the case of ψ = 0 where misfit polarity is aligned
to a 2D assembly direction such that κκκ0 is parallel to ê2 and the
“horizontal” rows of the WJ domain favor curvature. We first
study the mechanics and elastic energy of inhomogeneous ground
states as function of domain shape and then describe the thermo-
dynamics optimal morphologies.

3.1 Elastic energy landscape: ψ = 0
The detailed solution of the continuum theory (Eqs. (8) and (9))
is presented in Appendix C. For this particular polarization, the
free boundary conditions (Eqs. (10) and (11)) are such that the
curvature of WJ rows achieves its preferred magnitude κ0 on the
vertically oriented sides of the domains, while its value in the
interior of the domain may deviate from κ0 depending on the do-
main size. The relaxation derives from a competition between
preferred row bending and accumulated costs of either intra-row
stretching or inter-row shears, and is thus characterized by “bend
penetration" length scales determined by the ratios between elas-
tic constants,

λx =
√

Bx/Yy; λy =
√

Bx/Yx. (14)

Note that for our particular model design and in terms of the
spring stiffnesses (Eq. (3)), these elastic length scales become
λx ∼ v

√
kx/ky and λy ∼ v. In Appendix C.2, we introduce an ap-

proximation based on observations made on the structures (e.g.

Fig. 4d) that allows us to determine the elastic ground state en-
ergy of W ×H domains, which is given in closed form by

Ẽex(ψ = 0;w,h) =
Eex

Eflat

= 1− 2
w2 ∑

m odd

1
m2π2

4w2 +1− 2w
mπh tanh mπh

2w

, (15)

where Eflat =
1
2 Bxκ2

0 a2 is the (per particle) flattening cost to com-
pletely unbend the rows from their preferred curvature, and the
rescaled width and height are

w =
W
2λx

=
W

2
√

Bx/Yy
, (16a)

h =
H

2λx
=

H

2
√

Bx/Yx
, (16b)

respectively. Notably, it can be easily verified that the second term
in Eq. (15) vanishes in the double limit of w→∞ and h→∞, which
shows that the bulk state is a uniformly flattened, except at the
free boundaries. In general the excess energy approaches this
upper limit Eflat with increasing size. It is interesting to note that
in the limit of asymptotically small assemblies w ≪ 1 and h ≪ 1,
the excess energy takes on the form (see Appendix C.2)

Ẽex(ψ = 0;w ≪ 1,h ≪ 1)≃ 1
3 ∑

m,n odd

1

m2n2
(

m2

w2 +
n2

h2

) , (17)

which is symmetric about h = w, indicating that elastic anisotropy
only enters beyond quadratic order in domain sizes.

Fig. 4 shows a comparison of excess energy from simulations of
M ×N assemblies of discrete subunits with continuum theory of
W ×H (or Ma×Na) domains, showing qualitative and quantita-
tive agreement notwithstanding the small-θ approximation made
in the continuum formulation. The excess energy landscapes
show two zero energy states corresponding to single rows (wide)
and columns (tall). As the width of the tall assemblies and the
height of the wide assemblies increases, there is an accumula-
tion of strain due to the frustration or shape misfits, leading to a
super-extensive growth in excess energy. The excess energy for
tall (fixed height and varying width) and wide (fixed width and
varying height) assemblies are shown in Fig. 4b, left and right,
respectively. In general, these show that the excess energies in-
crease monotonically with both the width and height of the do-
mains, albeit with obvious differences in their rate of increase. In
particular, the excess energy of tall assemblies accumulates more
gradually than that of the wide assemblies.

In Fig. 4cd, we show the mechanical equilibria of the two
classes of anisotropic morphologies, tall (H ≫W) and wide (W ≫
H) ribbon-like domains, from discrete particle simulations com-
paring their distinct intra-domain mechanics. First, we note that
away from the boundaries of either type of domain, elastic ground
states relax to a pattern that is effectively uniform along the
longer dimension. Next, we observe that tall and wide morpholo-
gies both continuously approach the flattened state (i.e. uniformly
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Fig. 4 Energetics and shape of WJ particle assemblies. a) Excess energy landscapes for M ×N assemblies from simulations and continuum theory.

Simulations have isotropic elastic constants with kx = ky. b) Excess energy of tall assemblies with �xed height N = 30 and varying width M (left) and

wide assemblies with �xed width M = 30 and varying height N (right). Inset compares the excess energy of tall and wide assemblies. c) Centerline

curvatures as a function of position s along an arc for tall M×30 (left) and wide 30×N (right) assemblies. Inset shows the height dependence of the

curvature. d) Example assemblies highlighting the degree of extension/compression, shear, and bend in tall and wide assemblies.
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unbent rows) as their narrow dimension grows, but they do so via
distinct patterns. Tall ribbons exhibit large shears between rows
at their free edges over a boundary zone of size ∼ λx, with rows
nearly fully unbending away from this boundary zone. In con-
trast, flattening in wide ribbons is mediated by a competition be-
tween bending and intra-row compression, with shears vanishing
along most of their long dimension. Unlike shears in tall ribbons,
the differential compression along rows in wide ribbons is not
confined to a finite boundary layer, and instead extends through
the thickness. Another key distinction is the fact that row bending
at the center of the wide ribbons remains non-zero and contin-
ues to decrease as the ribbons grow in their narrow dimension,
whereas row bending in tall ribbons falls to zero away from the
shear boundary layer. Fig. 4c shows this contrasting behavior for
row curvature behavior along the central horizontal row of tall
and wide ribbons, with the former relaxing to uniformly unbent
rows away from the boundary zone while the latter adopting a
non-zero value that continuously unbends with increasing thick-
ness.

These distinct mechanics are captured in the analytical forms
of the elastic energy in the infinite width or height limits of the
continuum solutions. The two morphologies of interest are those
that grow tall with H ≫ W or wide with W ≫ H. In the limit of
H/W → ∞, the excess energy of tall ribbons simplifies to

Ẽ
(tall)
ex (w)≡ Ẽex(w,h → ∞) = 1− tanhw

w
, (18)

which was derived previously in Ref.29. Notably, the exponential
form of the width dependence is a consequence of the finite shear
boundary at the sides of the ribbon. That is, the boundary condi-
tions required that the curvature at the free edges of the domain
achieve their preferred value, but as one moves away from the
free edges, the resistance to inter-row shear exponentially screens
the curvature beyond a distance comparable to λx. Hence, local
arrangements within the core of the domain become effectively
insensitive to size for tall ribbons with W ≫ λx. This is consistent
with the asymptotic form Ẽ

(tall)
ex (w ≫ 1)≃ 1−1/w, indicating that

the entire width of the ribbon is unbent, with the exception of a
finite boundary layer proportional to λx where the elastic penalty
of inter-row shearing is consequently lower.

In the limit of wide ribbons W/H → ∞, the excess energy takes
on the form

Ẽ
(wide)
ex (h) = Ẽex(w → ∞,h) =

h2

3+h2 , (19)

which corresponds to nearly uniformly-curved (i.e. circular) rib-
bons characterized by a mid-row curvature

κ
(wide)
c (h) =

κ0

1+h2/3
. (20)

A detailed calculation for this can be found in Appendix D. A key
distinguishing feature of the wide ribbons is their mesoscale cur-
vature which varies with the finite thickness of the domain it-
self. This mesoscale curvature results in a large size scale since
κc(h)−1 ≥ κ

−1
0 and we generally consider the limit of small cur-

vature frustration where κ0H ≪ 1. To clarify, due to the finite

curvature “wide” ribbons, it is not strictly possible to extend W
beyond 2πκ

(wide)
c (h)−1, as the free ends ribbons will meet. How-

ever, we expect that in the small frustration limit (i.e. κ0a ≪ 1)
the elastic energy of the small-θ expansion accurately describes
the circumferentially-uniform strain distributions in closed annu-
lar ribbons. Notably, the thickness dependence of row-curvature
at the core of domains is power-law as opposed exponential,
with κc(h) ∼ h−2 indicating that even for h ≫ 1, residual curva-
ture propagates to the center of the domain and is not screened
by a free boundary (Fig. 4c, inset). While for narrow assem-
blies (i.e. w ≪ 1 or h ≪ 1), both types of assemblies exhibit the
same quadratic growth of excess energy with narrow dimension
(Ẽ (tall)

ex (w ≪ 1) ≃ w2/3 and Ẽ
(wide)
ex (h ≪ 1) ≃ h2/3), the lack of

boundary screening in wide-ribbon assemblies leads to distinct
and more rapid power-law approach the asymptotically flattened
limit Ẽ

(wide)
ex (h ≫ 1)≃ 1−3/h2.

The analytic forms of excess energy for tall and wide limits are
shown as black lines in Fig. 4b and are compared in the inset,
highlighting the respective similarity and distinctions in the nar-
row and thick ribbon limits. We next consider the thermodynamic
consequences of those differences in the thickness dependence of
excess energy for self-limitation.

3.2 Self-limiting domain size selection: ψ = 0 case

We now consider the consequences of anisotropy in the excess
energy landscapes on the selection of self-limiting domain dimen-
sions arising from the competition between the cohesive costs
at the boundaries and the intra-domain elastic cost due to frus-
tration. These self-limiting domains are described by minima in
the per subunit assembly free energy, Eq. (12). We first consider
the case of isotropic binding strengths along orthogonal direc-
tions, Σx = Σy, and plot the per-subunit assembly free energies
for both the discrete and continuum models in Fig. 5a. As can
be seen, there are two low-energy channels through which the
assembly free energy can decrease: one for fixed W and H → ∞

corresponding to tall ribbons and another for fixed H and W → ∞

corresponding to wide (annular) ribbons. Broader considerations
of the ψ = 0 assembly free energy landscapes for arbitrary values
of Σx and Σy reveals that these two ribbons states, i.e. tall (extend-
ing along ê2) or wide/annular (extending along ê1), are the only
possible minima. In addition, these low energy states assemble
unlimited along their long dimensions while the narrow dimen-
sions may be finite depending on the value of the cohesive energy
of their free edges. The thermodynamics of the narrow dimen-
sions are determined by the (per subunit) assembly free energy,

f (tall)(w)
f (tall)(∞)

=
σx

w
+1− tanhw

w
, (21a)

f (wide)(h)
f (wide)(∞)

=
σy

h
+

h2

3+h2 , (21b)

where σx and σy are rescaled edge binding energies given by

σx =
Σx

Bxκ2
0 a
√

Bx/Yy
=

Σx

Bxκ2
0 aλx

, (22a)
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Fig. 5 Assembly free energy and self-limiting sizes of WJ particles assemblies. a) Free energy landscapes for Σx/Eflat = Σy/Eflat = 0.8 with isotropic

elasticity kx = ky for simulations and σx = σy = 0.8 for theory. b) Free energies for tall H/W → ∞ (left) and wide W/H → ∞ (right) assemblies for varying

cohesion 0 ≤ σx < 1.2 and 0 ≤ σy < 1.2. Solid dots are simulations of M×100 and 100×N assemblies with kx/ky = 10. Empty circles indicate positions

of the local minima with dashed lines showing the �attening energy. c) Dimensionless self-limiting sizes of tall (left) and wide (right) assemblies as

functions of cohesion. Inset shows the centerline curvature of wide assemblies.
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σy =
Σy

Bxκ2
0 a
√

Bx/Yx
=

Σx

Bxκ2
0 aλy

. (22b)

These rescaled binding energies can be interpreted as the ratio of
the cohesive cost of having free boundaries to cost of flattening
the boundary of a ribbon over the bend-penetration lengths λx or
λy for tall or wide ribbons, respectively. The free energies of tall
(blue) and wide (orange) assemblies are plotted in Fig. 5b along
with the local minima indicated by the empty circles. The self-
limiting sizes can be determined by locating the local minimum
w⋆ of f (tall)(w) and h⋆ of f (wide)(h) for given binding strengths
σx and σy, plotted in Fig. 5c. In general, the self-limiting sizes
increase with edge binding strength, which can be understood
by a simple consideration of the small cohesion and consequently
small self-limiting size limit of the continuum theory. In this limit,
the balance between the quadratic growth of excess energy with
size and the inverse dependence of edge cost with size leads to
the power laws w∗ ≃ (3σx/2)1/3 and h∗ ≃ (3σy/2)1/3, which also
shows that self-limiting domain sizes decrease with frustration as
∼ κ

−2/3
0 in this weak cohesion regime.

Beyond this weak cohesion and narrow thickness limit, tall and
wide ribbons exhibit distinct thermodynamic dependence of finite
domain thickness on cohesion, most notably at the self-limiting
to bulk transitions. As described previously33, the nature of the
self-limiting to bulk transition depends on the specific form of the
saturation of excess energy in the limit of large domain sizes. As
described in the previous section, the elastic energy of tall and
wide ribbons approach that of bulk state with leading corrections
−1/w and −1/h2 respectively, differences that characterize a rela-
tively more gradual vs. rapid expulsion of gradients in the ground
states for increasingly larger domain thicknesses.

Tall ribbons exhibit a second-order transition between finite-
width ribbons and bulk states in which w∗ increases continuously
with σx up to critical value σ

(tall)
c = 1 where it diverges continu-

ously. This is due to the fact that as the edge cohesive strength
is increased, the local minimum of the free energy for tall assem-
blies remains below the energy of the bulk flattened (w→∞) state
and approaches that state continuously as σx → σ

(tall)
c (Fig. 5b,

left). In Fig. 5c, we compare the analytical prediction of the self-
limiting sizes from continuum theory to those obtained from the
discrete WJ simulations for a range of values of elastic anisotropy
kx/ky. Notably, this ratio controls the size of the bend-penetration
λx relative to the discrete WJ particle size a. As kx/ky is increased,
row bending becomes increasingly stiffer than inter-row shearing,
leading to a much longer range of frustrated curvature propaga-
tion. The effect is that the size scale over which elastic energy
accumulates and consequently the self-limiting sizes proportion-
ately increase with the elastic anisotropy kx/ky or λx, as seen by
the collapse of the data in Figs. 4b and 5c. This increase in size
range results in the tall ribbons exhibiting more distinct, integer
values of finite width prior to the divergent region for σx ≲ σ

(tall)
c .

While in principle the equilibrium self-limiting width of tall rib-
bons is predicted to grow arbitrarily large, w⋆ →∞, as the strength
of cohesion approaches σ

(tall)
c , it is likely that the combined ef-

fects of width-fluctuations29 and the extreme sensitivity of size
near σ

(tall)
c allow any practical control of width in physical exper-

iments.

Fig. 5c shows the corresponding prediction for the growth of
the self-limiting thickness h∗ of wide assemblies with σy, which
exhibits a first-order transition between self-limiting and bulk
states. This means that above the transition value σy = σ

(wide)
c =√

3/2, the local minimum of f (wide)(h) exceeds the free energy of
the bulk state. We refer to this local minimum as being metastable,
that is, while the wide assemblies can be locally stable about the
energy minimum at a self-limiting thickness h∗, there is another
state that is more energetically favorable, in this case, the bulk
unlimited state. This metastable branch of self-limiting annular
ribbons eventually loses stability to the bulk uniform state above
an edge cohesion σ

(wide)
s = 9/8. This first-order transition im-

plies that there is an upper limit to the equilibrium self-limiting
thickness of annular ribbons given by h∗(σ

(wide)
c ) =

√
3. Notably,

within our discrete WJ particle model studied here, the elastic
length scale λy = v is independent of the elastic interaction stiff-
nesses and is therefore less than or equal to particle size a since
v ≤ a, which implies that the size of equilibrium self-limiting an-
nular assemblies is comparable to that of the particle dimension
a and is therefore comparatively more limited than tall ribbons,
whose size selection can vary with kx/ky. While not the goal of
this study, it is possible to access a broader range of bend to
stretch ratios through additional different microscopic features,
for example, by introducing specific repulsive binding sites on the
faces of WJ particles, as described previously29. Notwithstanding
the limited range of equilibrium self-limiting thicknesses of wide
ribbons in the present model, we compare the dependence of the
self-limiting thicknesses h⋆ with σy of discrete WJ simulations for
annular ribbons to the continuum theory predictions in Fig. 5c,
right.

Last we note that predicted increase in self-limiting thickness
h⋆ with cohesion is accompanied by corresponding decrease in the
mesoscopic curvature of the ribbon itself, due to the increasing
differential compression within the rows. The predicted variation
of ribbon curvature κc(h∗) with σy, as well as that obtained from
discrete WJ simulations, is plotted in the inset of Fig. 5c. This
shows that the mesoscopic radius of curvature varies from the
preferred value κ

−1
0 for σy → 0 up to twice that value at the tran-

sition point at σy = σ
(wide)
c . Hence, the mesoscopic dimensions

of annular ribbon morphologies exhibit distinct thermodynamic
sensitivity to inter-particle cohesion. In particular, changes in the
domain thickness at the particle scale manifest in large changes
in the gross morphology of wide ribbons at the size scale κ

−1
0 ≫ a.

3.3 Phase diagram: ψ = 0 case

As described above, among the rectangular domains for ψ = 0
misfit polarization, there exist two classes of minima describing
tall and wide ribbons. These states differ qualitatively in terms
of their gross morphology, internal strain distributions, and elas-
tic costs of frustration. As a consequence, even for the case of
equal scaled edge cohesions, σx = σy, their ground state free en-
ergies differ, with the free energy of tall ribbons generically lower
than that of wide ribbons, which are therefore metastable for this
isotropic binding case.
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Fig. 6 Phase diagram for tall (H > W) and wide (W > H) assemblies.

Tall assemblies are energetically stable in blue regions, wide assembles

are energetically stable in orange regions, and bulk assemblies are stable

in gray regions. The patterned regions indicate where at least one other

structure is metastable i.e. that structure, while having a local minimum

in free energy, is not the lowest energy state.

As shown in Fig. 5b, the ground state free energies f (tall)(w⋆)

and f (wide)(h⋆) are governed by binding strengths along distinct
edge directions σx and σy, respectively. Therefore, the thermody-
namic selection between these distinct states is influenced by the
ratio of binding along distinct directions, reflecting a preference
to extend a domain along a low-edge energy face. The phase di-
agram of ground state morphologies is shown in Fig. 6, showing
that WJ assembly exhibits polymorphism among three mesoscop-
ically distinct states: tall, wide, and bulk assemblies.

The phase diagram is divided into six main regions, determined
by the existence of a local minimum and whether that minimum is
the ground state. If it is not the ground state, then it is metastable,
meaning that while it is possible to stabilize that state, the assem-
blies generally prefer the lower energy ground state structures.
Recall that the critical binding strengths at which the local min-
ima of tall and wide assemblies disappear are σx = 1 and σy = 9/8,
respectively. Therefore, when binding is too strong (i.e. σx > 1
and σy > 9/8), bulk assembly of unlimited flattened 2D structures
occurs, as indicated by the solid gray region (vi). Decreasing the
horizontal (ê1) binding strength below its critical value (σx < 1),
results in tall straight ribbons extending unlimited along the ver-
tical (ê2) binding directions, as indicated by the solid blue region
(i). Lowering the vertical binding strength below its critical value
(σy < 9/8), a local minimum develops in the free energy of the

wide annular ribbons. For σ
(wide)
c < σy < 9/8, this minimum is

metastable since the lowest energy state is still that of tall straight
ribbons or bulk assembly, as indicated by the patterned blue (ii)
or gray (v) regions. When the vertical binding strength is suf-

Fig. 7 Assembly along o� lattice directions. a) De�nition of the angle

φ between the long-axis of a ribbon and the ê2 binding direction in the

reference state. b) Relaxed assembly for o�-lattice direction φ = π/8 and

shape asymmetry ψ = π/4, with curvatures κxa = κya = 0.405.

ficiently weak (iii), finite thickness annular ribbons become the
equilibrium state while the tall straight ones become metastable.
The equilibrium transition between the two morphologies occurs
when σy < σ

(wide)
c and σy ≃ σx − σ

5/3
x /(10 3

√
12), indicating that

for equal binding strengths σx = σy, tall ribbons are generally fa-
vored. That is, in the absence of cohesive anisotropy, the polar-
ization of misfit and its elastic effects bias the thermodynamics to-
wards mesoscopically tall straight ribbons, owing to the relatively
“softer” accumulation of elastic energy of tall ribbons with width.
Despite this, we note that only a relative small bias in binding en-
ergy along the horizontal and vertical directions is needed to sta-
bilize the otherwise metastable wide and mesoscopically curved
ribbons.

4 Mis�t polarity along o�-lattice directions: 0 <

ψ < π/4
In Sec. 3, we found that the emergent morphologies of frustrated
WJ assembly derive from two sources of anisotropy: i) the bind-
ing strengths along the two binding directions ê1 and ê2 and ii)
the polarization of the WJ shape misfit itself. In this section we
consider a more general class of ribbon morphologies where the
misfit polarization κκκ0 is not aligned to one of the two lattice di-
rections (ê1 or ê2), i.e. the cases where 0 < ψ < π/4. Note that
ψ = π/4 represents the largest possible deviation from a nearest-
neighbor binding direction since ψ < 0 or ψ > π/4 simply corre-
spond to mirror reflections of the WJ particles and hence do not
change any results. For the ψ = 0 case, we found that the elastic
cost of frustration is lowest for tall ribbons, that is, when assem-
bly grows arbitrary long along the misfit polarization direction. In
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that case, the bias of elastic energy towards forming tall ribbons
is compatible with the bias of low-edge energies towards forming
2D rectangular domains, which are lowest when the direction of
free edges is aligned with a nearest-neighbor binding direction.
More generally, assembly of finite-width ribbons could occur in
off-lattice directions, a possibility which we characterize by intro-
ducing the angle φ between the long-axis of the ribbon and the ê2

binding direction in the assembly, which we show schematically
in Fig. 7. Notably for φ ̸= nπ/2 (where n denotes an integer), free
edges are “terraced” leading to a greater cohesive cost per unit
length of the ribbon compared to the flat edges of rectangular do-
mains discussed in Sec. 3, a microscopic effect underlying facet
formation more generally found in crystal assembly44.

In this section we analyze the thermodynamic competition be-
tween assembly of finite domains along low-edge energy direc-
tions of the 2D WJ “lattice" (i.e. φ = nπ/2) versus assembly along
the direction favored by misfit polarization (i.e. φ = ψ). We
first consider assembly free energy landscapes for domain edges
are aligned to the lattice directions ê1 and ê2, but for misfit
polarities which are off those lattice directions (i.e. φ = 0 and
0 < ψ < π/4). We then consider possible ribbon ground states
whose free edges are oriented away from the low-edge energy di-
rections (i.e. φ ̸= nπ/2). For simplicity, we restrict our analysis in
this section to the case of isotropic elastic parameters, meaning
that kx = ky and correspondingly Bx = By, Yx = Yy and λx = λy.

4.1 Thermodynamic landscapes for φ = 0 and 0 < ψ < π/4
domains

In Fig. 8 we compare the per-subunit assembly free energy land-
scapes from discrete WJ simulations with isotropic binding Σx =

Σy for three cases of misfit polarization, ψ = 0,π/8 and π/4. Per
the design in Fig. 2, these changes in polarization are affected
by appropriate changes in the taper angles, αx and αy, leading
to kite-shaped quadrilaterals for ψ ̸= nπ/2. Upon inspection, it
is clear that the gross features of the landscape are preserved
with changes of polarization. Namely, the existence of two low-
energy basins, oriented vertically and horizontally, representing
two classes of finite-thickness ground states whose configurations
has one dimension that extends unlimited. More careful inspec-
tion shows that the asymmetry between the vertical and horizon-
tal basins is progressively reduced as the misfit polarization is
increased from ψ = 0. This change is also reflected in the ground
state shapes of the two ribbon classes. For ψ = 0, vertical ribbons
are mesoscopically straight, while horizontal ribbons are highly
curved. Upon increasing the misfit polarization to ψ = π/8, verti-
cal ribbons adopt a slight bend, while horizontal ribbon curvature
is slightly reduced. Finally, for maximal off-lattice polarization
of ψ = π/4, the two ribbon morphologies adopt the same meso-
scopic curvature. Indeed, in this case there is clear symmetry in
the assembly free energy landscape about the M = N line. This
emergent symmetry in the landscape implies that as ψ → π/4 the
two ribbon morphologies become degenerate.

This basic dependence of the ground state thermodynamics on
polarization direction can be understood simply in terms prop-
erties of the solutions of the continuum theory. From inspec-

tion of Eqs. (8) and (9), it is clear that positional and orienta-
tional strains, u and θ respectively, are linearly coupled to each
other as well as to the WJ particle frustration κκκ0 via the bound-
ary condition of Eq. 11, which for isotropic elasticity reduces to
(∇θ −κ0T̂) · n̂ = 0 at the free edges of the domain. Hence, for ψ =

0 this requires preferred row bending at the vertically oriented
free edges and vanishing column bending at the top and bottom
of the domains, leading to a solution in which u and θ are linear
functions of κ0 and a corresponding elastic cost that is quadratic
in preferred row curvature κ0. Likewise, the case of ψ = π/2 cor-
responds to the same set of solutions just rotated by π/2, i.e. using
the results of Eq. (15), Ẽex(ψ = π/2;w,h) = Ẽex(ψ = 0;h,w). For
the case of ψ ̸= nπ/2, misfit polarity N̂ (and T̂) have projections
along both row and column directions resulting in preferred cur-
vatures κ1 = κ0 sinψ and κ2 = κ0 cosψ, respectively. In this case
of off-lattice polarization, the solution for the positional strains
is simply a linear superposition of the two solutions for ψ = 0
(vertical polarization) and ψ = π/2 (horizontal polarization). A
more subtle, but valuable, feature of this superposition is that the
elastic energy for misfit polarization along orthogonal directions
in rectangular domains is uncoupled. That is, the excess energy
of for a general ψ value can be rewritten using the solution for
the ψ = 0 elastic energy Eq. (15) as

Ẽex(ψ;w,h) = sin2
ψ Ẽex(ψ = 0;h,w)

+ cos2
ψ Ẽex(ψ = 0;w,h). (23)

Formally, this result follows from the orthogonality of strain
modes in the series solutions detailed in Appendix C.1. Intuitively,
we can understand this as result of a simple symmetry argument
that elastic energy must be invariant under the reflection of the
misfit polarization or shape through either the horizontal or ver-
tical axis since mirroring the WJ particle shapes and domains will
not change the (ground state) energy of the assemblies. This ar-
gument implies that there can be no terms in the elastic energy
proportional to the product of column and row curvatures κ1κ2,
and that the only terms allowed at quadratic order are propor-
tional to κ2

1 and κ2
2 , resulting in the form of Eq. (23).

Taken together, these arguments imply that both the ground
state shapes and elastic energy behave as simple mixtures of the
“vertical” and “horizontal” solutions when misfit polarization is
not aligned to 2D lattice directions of the WJ reference domain.
Hence, this implies that the excess energy itself becomes symmet-
ric with respect to exchange of wide and tall directions (i.e.under
(w,h) → (h,w) for ψ → π/4 where κ1 = κ2). It is most useful to
consider the implications of this superposition in terms of the in-
finite ribbon domains given by

Ẽ
(tall)
ex (ψ,w) = sin2

ψ
w2

3+w2 + cos2
ψ

(
1− tanhw

w

)
(24)

Ẽ
(wide)
ex (ψ,h) = cos2

ψ
h2

3+h2 + sin2
ψ

(
1− tanhh

h

)
, (25)
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Fig. 8 Free energy landscapes for frustration directions ψ = 0,π/8,π/4 with �xed frustration κ0a = 0.1 and isotropic elastic constants kx = ky. Example

structures shown for the low energy channels in the energy landscapes and the saddle point.

with corresponding mesoscopic curvatures

κ
(tall)
c (ψ,w) =

κ0 sinψ

1+w2/3
(26)

κ
(wide)
c (ψ,h) =

κ0 cosψ

1+h2/3
. (27)

These results show that the off-lattice misfit polarization leads to
a mixing of the two distinct elastic modes for anisotropic ψ = 0
domains: the softer shear-bend mode in tall and mesoscopically-
straight domains and the relatively stiffer stretch-bend mode in
wide and mesoscopically-curved domains. As a consequence, for
a fixed domain size, the ground-state energy and mesoscopically-
curved shapes of tall and wide domains are most distinct when
the polarization is aligned to one of the two binding directions,
and are most similar and degenerate when the polarization is
equally vertical and horizontal at ψ = π/4.

4.2 Off-lattice ribbon domains (φ ̸= 0)

The prior sections show that two competing mechanisms of
anisotropy selection underlie self-limiting ribbons domains of the
WJ assembly model. On one hand, anisotropy of binding tends to
favor domains that grow longest along the relatively high binding
energy directions, a generic effect of anisotropic edge energies in
2D assembly. On the other hand, elastic costs of frustration are
generically lowest for domains that extend along the misfit po-
larization direction N̂. In Sec. 3, we showed that for ψ = 0 WJ
particles the elastic bias for “tall” ribbons stabilized these ribbons
over “wide” (annular) ribbons even for binding that is weakly fa-
vorable for the latter (i.e. σy ≲ σx). Here we consider and analyze
the broader possibility that polar frustration may select ground
state domains that extend along off-lattice directions, i.e. other
than the ê2 (φ = 0) or ê1 (φ = π/2) binding directions.

To address this we consider the per-subunit assembly free en-

ergy of a ribbon whose long axis extends along a direction that
makes angle φ relative to ŷ in the 2D reference lattice (see Fig.
7),

f (ψ,φ ;ℓ)
f∞

=
σx|cosφ |+σy|sinφ |

ℓ

+ cos2(ψ −φ)

(
1− tanhℓ

ℓ

)
+ sin2(ψ −φ)

ℓ2

3+ ℓ2 , (28)

where ℓ characterizes the thickness of the narrow dimension of
the ribbon (perpendicular to the long dimension). For off-lattice
directions 0 < φ < π/2, the edge energy per unit length of the
ribbon varies with φ according to the cohesive cost breaking ad-
ditional bonds when cutting a lattice along directions that are not
aligned to nearest-neighbor binding directions44. Based on this
generalized ribbon model, we plot in Fig. 9 the per-subunit free
energy landscape as a function of finite-width ℓ and orientation φ

for several cases of misfit polarization ψ and binding anisotropy
σx/σy.

First, consider Figs. 9a-c which which show a sequence of en-
ergy landscapes for ψ = 0,π/8, and π/4 for isotropic binding
σx = σy = 0.5. All three cases show the existence of two local min-
ima in the (ℓ,φ) plane, corresponding to tall, vertically-oriented
(φ = 0) and wide, horizontally-oriented (φ =±π/2) ribbons with
finite thickness. Notably, even for 0 < ψ < π/4 these local min-
ima do not shift away from the lattice directions, despite the
fact that the elastic costs of frustration are lower (for a given
thickness ℓ) for ribbons extending along the polarization direc-
tion φ = ψ. Hence, all three landscapes are characterize by an
intermediate unstable ribbon morphology at saddle points near
φ =±π/4, shown for each of the three cases.

In Figs. 9c-e, we consider the energy landscapes for fixed off-
lattice polarization ψ = π/4 with increasing binding anisotropy,
which show that the local minima corresponding to tall and wide
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Fig. 9 Energetics of o�-lattice growth for ribbons with edges at an angle φ with respect to the vertical binding direction and thickness ℓ. a,b,c)

Increasing mis�t polarization angle ψ = 0, π/8, and π/8. Example assemblies are for the local minima φ = 0 and ±π/2 and saddle point near φ =±π/4.

c,d,e) Increasing ratio of binding energies with
√

σ2
x +σ2

y =
√

2/2. f) Phase diagram of the transition between self-limiting and bulk growth for varying

frustration polarization direction ψ and edge cohesive strength σ⊥. The assembly free energies are plotted on a �xed range f/ f∞ ∈ [0.7,1.02] with
white regions outside that range.

ribbons can still exist, although for sufficient anisotropic binding
the otherwise metastable wide ribbon morphology ultimately dis-
appears, becoming thermodynamically unstable to bulk assembly
in that direction.

Taken together, these assembly free energy landscapes demon-
strate that changes in misfit polarization influence the ground
state thermodynamics and gross morphological features of the
self-limiting ribbon morphologies. While ribbon morphologies
that extend along the misfit polarization direction (φ = ψ) tend
to have lower elastic costs, these results show that the possible
orientations of equilibrium and metastable morphologies appear
to be strongly locked to the underlying 2D lattice directions due
the anisotropic biases of edge energy. Mathematically, the rela-
tively stronger effect of edge energy derives from its sharp and
non-analytic dependence near to local minima (i.e. |φ −nπ/2|) in
comparison to a much softer harmonic angular dependence (i.e.
(φ −ψ)2) from elastic effects. In Fig. 9, we plot the generalized
equation of state l⋆(σ⊥,ψ ), the self-limiting ribbon width, where
σ⊥ is defined as the scaled edge energy for the free edge perpen-
dicular to the ribbon’s growth direction. This shows that for any
ψ ̸= 0 or π/4 the transition between self-limiting and bulk states
becomes at least weakly first order at critical cohesive strength
that decreases continuously from σc = 1 at ψ = 0 to a lower value
at ψ = π/4.

5 Discussion and conclusions

In this article, we studied the ground-state thermodynamics of
the 2D planar frustrated self-assembly of polar misfitting warped-
jigsaw particles via simulations of discrete particle arrays and con-
tinuum elasticity theory. Our analysis reveals three key results
regarding how polar frustration effects the elasticity and mor-
phologies of frustrated (WJ) assemblies, which we summarize as
follows:

• Polar frustration set by the shape of WJ particles breaks the
symmetry of the underlying frustration-free binding order,
resulting in assemblies with distinct mesoscopic morpholo-
gies (in our case tall-straight and annular-like ribbons) and
elastic responses to frustration (different elastic length scales
and approach to bulk unlimited states) when grown parallel
or perpendicular to the frustration polarization direction.

• The possible directions of growth are strongly locked to the
underlying lattice binding directions due to the cost of free
boundaries, and the polar frustration in our case is not suffi-
cient to break away from those directions.

• For potential experimental realizations of WJ particles, par-
ticle designs that can control the ratios of bending to stretch-
ing, particularly

√
Bx/Yy and

√
Bx/Yx in our case, are key to

assembling self-limiting structures with well-controlled sizes
much larger than that of a single particle.
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To be more precise, our results illuminate how anisotropic meso-
scopic morphologies in the form of self-limiting multi-particle do-
mains are selected by the distinct anisotropic features of the WJ
particles themselves. We showed that polarity of the misfit direc-
tion is transmitted to the multi-particle scale such that the ground
state shapes and thermodynamics of ribbons that grow “tall" ver-
sus “wide” relative to the misfit direction are mesoscopically dis-
tinguishable, each characterized by distinct mechanical modes of
stress accumulation with the finite thickness of the domain. While
there are those distinct morphologies oriented relative to the mis-
fit direction, we find that much like with standard unfrustrated as-
sembly systems, such as the Wulff construction of 2D crystals44,
the anisotropic inter-particle binding biases assemblies to grow
relatively larger in directions corresponding to low edge energies
(in our case along the 2D binding lattice directions).

WJ assembly thermodynamics are distinct from other classes
misfit symmetry, such as scalar or nematic, in that the equilib-
rium self-limiting morphologies are imprinted with a distinctly
polar character of the particle shape at the local scale. For exam-
ple, tall ribbons of ψ = 0 WJ particles exhibit asymmetric shapes
at their top and bottom ends, while wide ribbons exhibit meso-
scopic “upwards" or “downwards" bending, which itself is sensi-
tive to the ribbon thickness. Mesoscopic polarity arises because
the microscopic asymmetry of WJ misfits breaks the otherwise
2-fold symmetry of the 2D domain anisotropy, unlike scalar or
nematic misfit symmetries which preserve the underlying 2-fold
symmetry. As a result of the incommensurate symmetries of po-
lar misfit and the background 2D order of assembly, ground state
thermodynamics of WJ assembly exhibits a rich polymorphism,
with multiple mesoscopically distinct self-limiting morphologies.
Shapes and thermodynamics of WJ assembly are controlled not
only by the ratios of cohesion to elastic cost, as in standard GFA
models, but also by the relative orientation of misfit polarity and
2D assembly order.

The WJ model and the dependence of the mesoscopic mor-
phologies on misfit polarity provide new design parameters for
experimental efforts to realize and control self-limiting assembly
via microscopic misfit particle features such as shape and inter-
actions. The necessary features to implement WJ assembly are
directly implementable, for example, using DNA origami based
particles25,45,46 or even so-called magnetic hand-shake parti-
cles47,48. Both programmable subunit platforms combine the
necessary ingredients to engineer and control the 2D misfitting
shapes (e.g. trapezoids) of nanoscale subunits as well as their
specific interactions needed to promote oriented edge bending,
whose relative strengths could be dynamically tuned to stimulate
transitions between the mesoscopically distinct self-limiting poly-
morphs.

Of course, the present theoretical study is limited in several
respects that may be key to connecting with specific experimen-
tal systems. Here we note two primary limitations which require
further study. Foremost, our study is restricted to ground states,
essentially T = 0 thermodynamics, whereas equilibrium assem-
bly necessarily requires finite-temperature effects as well as fi-
nite range interactions between subunits. Notably, the equilib-
rium self-limitation behavior is predicted to depend on the ratio of

Fig. 10 Three-dimensional version of WJ particles (top) with a thick-

ness t. Examples of out-of-plane deformations of tall and wide assem-

blies (bottom) when the out-of-plane bending modulus Bα⊥ ∼ kα t2 is

decreased.

inter-particle cohesion to inter-particle elastic stiffness, both fea-
tures of which are mediated by the interactions that bind neigh-
bor particles together. As argued previously for simple models
of inter-subunit binding29,30, equilibrium self-limitation places
restrictions on the possible range of interactions. For example,
the thermodynamics of tall ribbons with self-limiting widths that
are multiple WJ particles wide requires kx/ky > 1, which can be
achieved by introducing relatively short range binding in the ê1

direction to make rows stiffer to bend while introducing longer
range binding in the ê2 direction to allow for softer shearing
between rows. How much the equilibrium windows of tall rib-
bon assembly can be extended by controlling interactions with
anisotropic range, not to mention the potential kinetic limitations
of finite-range interactions on reaching those equilibrium states,
remains to be studied. In addition, we have neglected excluded
volume in our analysis of the ground states for our purposes of
studying the elastic effects of polar frustration, although again
such effects where included in the prior “discrete-particle” numer-
ical study of WJ particles29, and led to no clear discrepancies with
continuum theory. While at least for sufficiently low-frustration it
is clear that excluded volume could be neglected, in more general
contexts its effects may not be so fully eliminated in some real-
izations of WJ particles. For example, excluded volume effects
may result in elastic moduli that are stiffer or more non-linear
than in the present model as well as the presence of defects in the
assemblies when certain particle arrangements are inhibited, and
therefore deserves further study.

A second major open issue is the stability of the 2D planar do-
mains to out-of-plane deformations and what kinds of complex
3D morphologies emerge. As an example, we show in Fig. 10
a simple extension of our planar WJ model that allows out-of-
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plane bending at a finite bending stiffness. As an example, we
achieve out-of-plane stiffness by creating WJ particles with thick-
ness along their ê1 × ê2 axis and adding an addition “layer” of
springs to their top and bottom faces, resulting in an out-of-plane
bending modulus, as shown in Fig. 10. Notably, we observe that
both wide and tall ribbon domains exhibit complex 3D buckled
shapes when the out-of-plane bending stiffness falls below an ap-
parent threshold. What determines the threshold stiffness to sup-
press out-of-plane buckling in WJ domains, how the microscopic
features such as the shape and interactions of WJ particles affects
the out-of-plane morphologies, and in particular how misfit frus-
tration is relaxed by deforming into the third dimension remains
to be explored.

Notwithstanding these limitations on our current understand-
ing of WJ assembly, this study points to a more general classifi-
cation of GFAs in terms of the misfit symmetry of the subunits
and its resulting effects at the mesoscale. Such a framework
may be useful for analyzing the ingredients and outcomes of GFA
for a much broader class of misfitting particles. For example,
Refs.23,24, through a study of misfitting elastic polygons, have
noted that for multi-protein assembly some measure of shape
misfit is more likely the rule rather than the exception. It is
reasonable to expect that misfitting shape in such models could
be mapped onto a multi-pole expansion in the misfit symmetry,
and further that mesoscopic assembly outcomes (e.g. self-limiting
domain size and shape) may be systematically correlated to the
corresponding moments of misfit symmetry at the particle scale.
We should emphasize, however, that the resulting morphologies
and ground-state thermodynamics derive from the combination
of both the symmetry of the building blocks as well as the sym-
metries of the underlying assembly, which for small enough frus-
tration derive from the symmetries of the unfrustrated order. The
way in which (frustrated) particle symmetries can interact with
elastic and cohesive responses of an assembly may in fact result
in similar symmetry-breaking states for distinct classes of frus-
trations. Consider, for example, the cases of scalar and hexap-
olar frustration shown in Fig. 1ad, both of which are character-
ized by underlying hexagonal 2D crystal states of unfrustrated
order. The combination of the elastic response and orientational
dependence of domain energies on line-energies of a hexagonal
lattice already select three possible directions for narrow or wide
domain growth, even for the case of scalar frustration. Hence,
the 3-fold symmetry of a hexapolar misfit particle, such as in the
case of a flexible hexagon of alternating short-long edges23,24, is
not expected to lower the symmetry of self-limiting ground-state
thermodynamcs below that observed already for scalar misfit, al-
though it may lead to some addition polarity of ribbon morpholo-
gies themselves.

This basic notion of misfit symmetry, and the complexity of
potential outcomes, suggests the possibility of a generic, field-
theoretic (e.g. Landau theory) approach to classifying and study-
ing the interplay between inter-particle order and distinct sym-
metries of frustrated units. Notably, recent progress along these
lines has been made in the context of nematic liquid crystalline
phases, which can be frustrated by a combination of distinct
“modes”49: splay (polar), bend (polar), twist (pseudoscalar), and

bi-axial splay (tensorial). The general consequences for these dis-
tinct modes for finite-size domain selection in 3D nematically or-
dered assemblies remains to be understood50,51, notwithstanding
the much broader possibilities offered by distinct phases of long-
range order (e.g. nematic, columnar, crystalline) in the assembled
state.
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A Simulation details and energy relaxation

We model our discrete WJ particles as rigid bodies composed of
pairs of elastic bonding sites on each of their four edges. Let the
position and frame of the particle be described by R and {ê1, ê2},
respectively, as shown in Fig. 2c. The attractive sites of the top,
bottom, left, and right edges of the quadrilateral-shaped particle
are respectively located at

stop,± = R± v
2

ê1 +
(a

2
± v

2
tanα2

)
ê2 (29a)

sbottom,± = R± v
2

ê1 −
(a

2
± v

2
tanα2

)
ê2 (29b)

sleft,± = R−
(a

2
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2
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ê1 ±

v
2

ê2 (29c)

sright,± = R+
(a

2
± v

2
tanα1

)
ê1 ±

v
2

ê2 (29d)

where α1 and α2 are the taper angles of the left-right (ê1) and
top-bottom (ê2) edges, respectively. The ± represents the two
interaction sites on each edge. To simulate sheets of such parti-
cles, we arrange them on a reference square lattice at positions
R(m,n) = max̂+ naŷ with the particle frames aligned with the lat-
tice directions {ê1, ê2}= {x̂, ŷ}, and bind the specific binding sites
together (s(m,n+1)

bottom,± with s(m,n)
top,± and s(m+1,n)

left,± with s(m,n)
right,±) with zero

rest length Hookean springs with stiffnesses k1 and k2 between
the left-right and top-bottom edges of neighboring particles, re-
spectively.

Once a pre-assembled sheet of WJ particles with a given con-
nectivity is created, we can relax the structure by computing the
forces and torques acting on each particle and translating and ro-
tating them according to overdamped equations of motion. To be
more precise, the position R of a particle is updated via

R(t +δ t) = R(t)+δ tftotal (30)

where ftotal = ∑sites fsite is the sum of the forces acting of the elastic
binding sites of the particle and δ t is the step size. The orientation
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θ of the particle, defined by cosθ = ê2 · ŷ, is updated via

θ(t +δ t) = θ(t)+δ tτττ total · ẑzz (31)

where τττ total = ∑sites rsite × fsite is the sum of torques due to the
forces on the elastic binding sites and rsite is the position of an
elastic binding site relative to the center of the particle.

B Continuum elasticity of WJ particle sheets

We here derive the continuum theory for describing M×N sheets
of WJ particles. As described in Appendix A, we treat the WJ
particles as rigid subunit with a pair of elastic binding sites on
each edge. We start with an M ×N sheet arranged on a refer-
ence square lattice such that particle (m,n) is located at R(m,n) =

max̂+ naŷ+u(m,n), where u(m,n) is a displacement relative to the
reference configuration. Using the positions of the elastic bind-
ing sites (Eqs. (29a-d)), we can compute the separations between
the specific interaction sites between the top-bottom edges and
left-right edges of neighboring subunits, which are given by

∆s(m,n)
2,± = s(m,n+1)

bottom,±− s(m,n)
top,± = aŷ+∆nu(m,n)

± v
2

∆nê(m,n)
1 − (a± v tanα2)⟨ê

(m,n)
2 ⟩n (32a)

∆s(m,n)
1,± = s(m+1,n)

right,± − s(m,n)
left,± = ax̂+∆mu(m,n)

− (a± v tanα1)⟨ê
(m,n)
1 ⟩m ± v

2
∆mê(m,n)

2 (32b)

where we have defined ∆nu(m,n) = u(m,n+1) − u(m,n), ∆nê(m,n)
1 =

ê(m,n+1)
1 − ê(m,n)

1 , and ⟨ê(m,n)
2 ⟩n = (ê(m,n+1)

2 + ê(m,n)
2 )/2 (and similarly

for ∆m and ⟨⟩m for the (m+ 1,n) and (m,n) subunits). Assuming
the interaction sites interact via Hookean springs with stiffnesses
k1 and k2 for the left-right and top-bottom edges respectively, the
energy of a sheet is

E = ∑
m,n

1
2

k1

[(
∆s(m,n)

1,+

)2
+
(

∆s(m,n)
1,−

)2
]

+∑
m,n

1
2

k2

[(
∆s(m,n)

2,+

)2
+
(

∆s(m,n)
2,−

)2
]

= ∑
m,n

k1

[(
ax̂+∆mu(m,n)−a⟨ê(m,n)

1 ⟩m

)2

+
v2

4

(
∆mê(m,n)

2 −2tanα1⟨ê
(m,n)
1 ⟩m

)2
]

+∑
m,n

k2

[(
aŷ+∆nu(m,n)−a⟨ê(m,n)

2 ⟩n

)2

+
v2

4

(
∆nê(m,n)

1 −2tanα2⟨ê
(m,n)
2 ⟩n

)2
]

(33)

The continuum limit can be obtained by taking ∆m/a → ∂x,
∆n/a → ∂y, and ∑m,n a2 →

∫
dA, resulting in

E =
∫

dA
[

1
2

Y1 (∂xu+ x̂− ê1)
2 +

1
2

B1 (∂xê2 −κ2ê1)
2

+
1
2

Y2
(
∂yu+ ŷ− ê2

)2
+

1
2

B2
(
∂yê1 −κ1ê2

)2
]

(34)

where we identify the moduli and curvatures as

Yα = 2kα ,Bα =
1
2

kα v2 (35)

and κ1 = (2tanα2)/a and κ2 = (2tanα1)/a, which represent the
preferred bending orthogonal to the ê1 and ê2 directions, respec-
tively. Defining rotations θ relative to the reference state, we have
ê1 = cosθx+ sinθy and ê2 =−sinθx+ cosθy. In terms of the po-
sitional and orientational strains defined by

γi j = ∂iu j −
[
Ri j(−θ)−δi j

]
, (36a)

βββ = ∇θ +κ2x̂−κ1ŷ, (36b)

where Ri j is the 2D rotation matrix and δi j is the Kronecker delta,
the energy becomes

E =
1
2

∫
D

dA
[
Y1γ

2
11(r)+Y2γ

2
22(r)

+Y1γ
2
12(r)+Y2γ

2
21(r)+B1β

2
1 (r)+B2β

2
2 (r)

]
, (37)

For small rotations θ from the reference state of a square lattice
aligned with x̂, ŷ, we may write ê1 ≃ x̂+θ ŷ and ê2 ≃−θ x̂+ ŷ. The
linearized energy functional becomes

E =
∫

dA
[

1
2

Yx (∂xu−θ ŷ)2 +
1
2

Bx (∂xθ +κ2)
2

+
1
2

Yy
(
∂yu+θ x̂

)2
+

1
2

By
(
∂yθ −κ1

)2
]

(38)

Minimizing with respect to the displacement u and rotations θ ,
we obtain the Euler-Lagrange equations for force balance

Yx∂
2
x ux +Yy∂

2
y ux =−Yy∂yθ (39a)

Yx∂
2
x uy +Yy∂

2
y uy = Yx∂xθ (39b)

and torque balance

Bx∂
2
x θ +By∂

2
y θ =−Yx(∂xuy −θ)+Yy(∂yux +θ) (40)

The boundary conditions for the free edges along x =±W/2 are

∂xux|x=±W/2 = 0 (41a)

(∂xuy −θ)|x=±W/2 = 0 (41b)

(∂xθ +κ2)|x=±W/2 = 0 (41c)
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and along y =±H/2 are

(∂yux +θ)|y±H/2 = 0 (42a)

∂yuy|y=±H/2 = 0 (42b)

(∂yθ −κ1)|y±H/2 = 0 (42c)

C Analytical solution and approximation

Note that due to linearity, we can solve the continuum theory by
splitting it into two separate problems: one for κ2 ̸= 0,κ1 = 0 and
the other for κ2 = 0,κ1 ̸= 0. We focus on κ2 ̸= 0,κ1 = 0 since the
other case can simply be obtained by swapping indices x ↔ y and
curvatures κ2 ↔−κ1.

To start, it will be useful to briefly summarize the solution for
infinitely tall ribbons with κ2 ̸= 0,κ1 = 0 in29, as we will use it
to construct the general solution. Consider such a infinite ribbon
bound between −W/2 ≤ x ≤W/2. Since there will be no y depen-
dence due to symmetry, the Euler-Lagrange equations become

Yx∂
2
x ux = 0 (43a)

Yx∂
2
x uy = ∂xθ (43b)

Bx∂
2
x θ =−Yx∂xuy +(Yx +Yy)θ (43c)

The boundary conditions along x = ±W/2 are the same as Eqs.
(41a), (41b), and (41c). This system of equations can easily be
solved for the displacement and rotation fields, which are

u(∞)
x (x) = 0 (44a)

u(∞)
y (x) =−κ2Bx

Yy

cosh x√
Bx/Yy

cosh W
2
√

Bx/Yy

(44b)

θ
(∞)(x) =−κ2

√
Bx

Yy

sinh x√
Bx/Yy

cosh W
2
√

Bx/Yy

(44c)

Using these results, we construct the solution for a finite domain
bound by −W/2 ≤ x ≤ W/2 and −H/2 ≤ y ≤ H/2 as follows. We
write the displacement and rotation fields as

ux(x,y) = u(∞)
x (x)+Ux(x,y) (45a)

uy(x,y) = u(∞)
y (x)+Uy(x,y) (45b)

θ(x,y) = θ
(∞)(x)+Θ(x,y) (45c)

Substituting these into Eqs. (39a), (39b), and (40), we find that
Ux(x,y), Uy(x,y), and Θ(x,y) satisfy the same force and torque bal-
ance equations

Yx∂
2
x Ux +Yy∂

2
y Ux =−∂yΘ (46a)

Yx∂
2
x Uy +Yy∂

2
y Uy = ∂xΘ (46b)

Bx∂
2
x Θ+By∂

2
y Θ =−Yx(∂xUy −Θ)+Yy(∂yUx +Θ) (46c)

with the boundary conditions

∂xUx|x=±W/2 = 0 (47a)

(∂xUy −Θ)|x=±W/2 = 0 (47b)

∂xΘ|x=±W/2 = 0 (47c)

(∂yUx +Θ)|y=±H/2 =−θ
(∞)(x) (48a)

∂yUy|y=±H/2 = 0 (48b)

∂yΘ|y=±H/2 = 0 (48c)

We start with constructing Θ(x,y). Note that due to symmetry,
Θ(x,y) must be odd in x. From the Θ boundary conditions (Eqs.
(47c) and (48c)), we can write

Θ(x,y) = ∑
m odd
n even

Am,n sin
mπx
W

cos
nπy
H

+ ∑
m odd
n odd

Am,n sin
mπx
W

sin
nπy
H

(49)
Similarly, Ux(x,y) must also be odd in x. From the boundary con-
dition Eq. (47a), we can write

Ux(x,y) = ∑
m odd

sin
mπx
W

Fm(y) (50)

for some function Fm(y). Substituting this into Eq. (46a) and us-
ing the orthogonality of the set

{
sin mπx

W
}

m odd, we have that Fm(y)
satisfies

d2Fm

dy2 − m2π2Yx

W 2Yy
Fm = ∑

n even

nπ

H
Am,n sin

nπy
H

− ∑
n odd

nπ

H
Am,n cos

nπy
H
(51)

the general solution of which is

Fm(y) = cm cosh
mπ

W

√
Yx

Yy
y+ sm sinh

mπ

W

√
Yx

Yy
y

− ∑
n even

nπ

H
m2π2Yx
W 2Yy

+ n2π2

H2

Am,n sin
nπy
H

+ ∑
n odd

nπ

H
m2π2Yx
W 2Yy

+ n2π2

H2

Am,n cos
nπy
H

(52)

The boundary condition Eq. (48a) tells us that

dFm

dy

∣∣∣∣
y=± H

2

=
4Bxκ2 sin mπ

2

W
(

Bx
m2π2

W 2 +Yy

)
− ∑

n even
Am,n cos

nπ

2
∓ ∑

n odd
Am,n sin

nπ

2
(53)
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which gives

sm =
1

mπ

W

√
Yx
Yy

cosh mπH
2W

√
Yx
Yy

 4Bxκ2 sin mπ

2

W
(

Bx
m2π2

W 2 +Yy

)

− ∑
n even

m2Yx
W 2Yy

m2Yx
W 2Yy

+ n2

H2

Am,n cos
nπ

2


(54a)

cm = − 1
mπ

W

√
Yx
Yy

sinh mπH
2W

√
Yx
Yy

∑
n odd

m2Yx
W 2Yy

m2Yx
W 2Yy

+ n2

H2

Am,n sin
nπ

2
(54b)

Finally, for Uy(x,y), the boundary condition Eq. (48b) allows us to
write

Uy(x,y) = ∑
n even

Gn(x)cos
nπy
H

+ ∑
n odd

Gn(x)sin
nπy
H

(55)

Substituting into Eq. (46b), we find that Gn(x) satisfies

d2Gn

dx2 −
n2π2Yy

H2Yx
Gn = ∑

m odd

mπ

W
Am,n cos

mπx
W

(56)

By symmetry, Uy(x,y) must be even in x, and so the general solu-
tion for Gn(x) can be written as

Gn(x) = gn cosh
nπ

H

√
Yy

Yx
x− ∑

m odd

mπ

W
m2π2

W 2 +
n2π2Yy

H2Yx

Am,n cos
mπx
W

(57)

The boundary condition Eq. (47b) tell us that

dGn

dx

∣∣∣∣
x=±W

2

=± ∑
m odd

Am,n sin
mπ

2
(58)

which gives for n > 0

gn =
1

nπ

H

√
Yy
Yx

sinh nπW
2H

√
Yy
Yx

∑
m odd

n2Yy

H2Yx

m2

W 2 +
n2Yy

H2Yx

Am,n sin
mπ

2
(59)

Note that g0 just gives a global translation, so we pick g0 = 0
for simplicity. To determine an equation for Am,n, we take the
constructions for Θ, Ux, and Uy and substitute them into Eq. (46c).
Using the orthogonality of the sines and cosines, we have for n
even
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−
(

Bx
m2π2

W 2 +By
n2π2

H2

)
Am,n =−Yx

4n2

WH2 cosh nπW
2H

√
Yy
Yx

sin mπ

2
m2Yx
W 2Yy

+ n2

H2

gn −Yx

m2

W 2

m2

W 2 +
n2Yy

H2Yx

Am,n

+Yy

2(2−δn,0)
m2

HW 2 sinh mπH
2W

√
Yx
Yy

cos nπ

2

m2

W 2 +
n2Yy

H2Yx

sm −Yy

n2

H2

m2Yx
W 2Yy

+ n2

H2

Am,n +(Yx +Yy)Am,n (60)

and for n odd

−
(

Bx
m2π2

W 2 +By
n2π2

H2

)
Am,n =−Yx

4n2

H2 cosh nπW
2H

√
Yy
Yx

sin mπ

2
m2Yx
W 2Yy

+ n2

H2

gn −Yx

m2

W 2

m2

W 2 +
n2Yy

H2Yx

Am,n

+Yy

4m2

HW 2 cosh mπH
2W

√
Yx
Yy

sin nπ

2

m2

W 2 +
n2Yy

H2Yx

cm −Yy

n2

H2

m2Yx
W 2Yy

+ n2

H2

Am,n +(Yx +Yy)Am,n (61)

Note that for n odd, gn and cm are sums of Am,n. By inspection
of Eq. (61), we can conclude that Am,n = 0 for all odd n satisfies
Eq. (61). Consequently, this means that cm = 0 for all m and gn = 0

for odd n. Thus, we find that Θ(x,y) and Uy(x,y) are even in y and
Ux(x,y) is odd in y. We summarize the series solution.
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Θ(x,y) = ∑
m odd
n even

Am,n sin
mπx
W

cos
nπy
H

(62a)

Ux(x,y) = ∑
m odd

sm sin
mπx
W

sinh
mπ

W

√
Yx

Yy
y− ∑

m odd
n even

nπ

H
m2π2Yx
W 2Yy

+ n2π2

H2

Am,n sin
mπx
W

sin
nπy
H

(62b)

Uy(x,y) = ∑
n even

gn cosh
nπ

H

√
Yy

Yx
xcos

nπy
H

− ∑
m odd
n even

mπ

W
m2π2

W 2 +
n2π2Yy

H2Yx

Am,n cos
mπx
W

cos
nπy
H

(62c)

where sm, gn, and Am,n for odd m and even n are given by Eqs.
(54a), (59), and (60), respectively. Unfortunately, due to sm and
gn depending on infinite sums of Am,n, we effectively have an in-
finite system of equations for determining an infinite set of coef-
ficients, which is impossible to solve. However, in Appendix C.2,
we consider approximating the solution by truncating the series
solution.

So far, we solved the case of κ2 ̸= 0,κ1 = 0. Fortunately,
we do not need to repeat the same cumbersome calculation for
κ2 = 0,κ1 ̸= 0. All that needs to be done is to take the κ2 ̸= 0,κ1 = 0
solution and simply swap all indices x ↔ y, lengths W ↔ H, and
curvatures κ2 ↔ −κ1, and sum up the corresponding displace-
ment and rotation fields. Putting this all together, we have that
the general solution for arbitrary κ2,κ1 is
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θ(x,y) = −κ2

√
Bx

Yy

sinh x√
Bx/Yy

cosh W
2
√

Bx/Yy

+ ∑
m odd
n even

Am,n sin
mπx
W

cos
nπy
H

+κ1

√
By

Yx

sinh y√
By/Yx

cosh H
2
√

By/Yx

+ ∑
m odd
n even

A′
m,n sin

mπy
H

cos
nπx
W

(63a)

ux(x,y) = ∑
m odd

sm sin
mπx
W

sinh
mπ

W

√
Yx

Yy
y− ∑

m odd
n even

nπ

H
m2π2Yx
W 2Yy

+ n2π2

H2

Am,n sin
mπx
W

sin
nπy
H

+
κ1By

Yx

cosh y√
By/Yx

cosh H
2
√

By/Yx

+ ∑
n even

g′n cosh
nπ

W

√
Yx

Yy
ycos

nπx
W

− ∑
m odd
n even

mπ

H
m2π2

H2 + n2π2Yx
W 2Yy

A′
m,n cos

mπy
H

cos
nπx
W

(63b)

uy(x,y) = − κ2Bx

Yy

cosh x√
Bx/Yy

cosh W
2
√

Bx/Yy

+ ∑
n even

gn cosh
nπ

H

√
Yy

Yx
xcos

nπy
H

− ∑
m odd
n even

mπ

W
m2π2

W 2 +
n2π2Yy

H2Yx

Am,n cos
mπx
W

cos
nπy
H

+ ∑
m odd

s′m sin
mπy

H
sinh

mπ

H

√
Yy

Yx
x− ∑

m odd
n even

nπ

W
m2π2Yy

H2Yx
+ n2π2

W 2

A′
m,n sin

mπy
H

sin
nπx
W

(63c)

where s′m, g′n, and A′
m,n satisfy similar relations as Eqs. (54a),

(59), and (60) but with the swaps x ↔ y, W ↔ H, and κ2 ↔−κ1.
Note that these solutions are written so that the terms in the first
line are proportional to κ2 while those in the second line are pro-
portional to κ1.

C.1 Absence of κ2κ1 terms in the elastic energy
Naturally, we are interested in the elastic energy for general
κ2,κ1, which should contain terms proportional to κ2

2 , κ2κ1, and
κ2

1 . We show that the elastic energy contains no κ2κ1 terms i.e.
the elastic energy can be written as the sum of the individual elas-
tic energies for κ2 ̸= 0,κ1 = 0 and κ2 = 0,κ1 ̸= 0. To see this, let’s
write the solutions as

θ(x,y;κ2,κ1) = θ(x,y;κ2,0)+θ(x,y;0,κ1) (64a)

ux(x,y;κ2,κ1) = ux(x,y;κ2,0)+ux(x,y;0,κ1) (64b)

uy(x,y;κ2,κ1) = uy(x,y;κ2,0)+uy(x,y;0,κ1) (64c)

The parity of each piece is as follows: θ(x,y;κ2,0) is odd in x and
even in y while θ(x,y;0,κ1) is even in x and odd in y; ux(x,y;κ2,0)
is odd in both x and y while ux(x,y;0,κ1) is even in both x and y;
and finally uy(x,y;κ2,0) is even in both x and y while uy(x,y;0,κ1)

is odd in both x and y.
Let’s examine each term in the elastic energy Eq. (38). We

suppress the x,y coordinates to keep things simple. The bending
energy terms are

(∂xθ +κ2)
2 = [∂xθ(κ2,0)+κ2]

2 +[∂xθ(0,κ1)]
2

+2[∂xθ(κ2,0)+κ2]∂xθ(0,κ1)

(65)

(∂yθ −κ1)
2 = [∂yθ(κ2,0)]2 +[∂yθ(0,κ1)−κ1]

2

+2∂yθ(κ2,0)[∂yθ(0,κ1)−κ1]

(66)

Since ∂xθ(κ2,0) + κ2 is even in both x and y while ∂xθ(0,κ1) is
odd in both x and y, their product integrates to zero. Similarly,
since ∂yθ(κ2,0) is odd in both x and y while ∂yθ(0,κ1)−κ1 is even
in both x and y, their product also integrates to zero. For the
stretching energy terms, we have

(∂xux)
2 = [∂xux(κ2,0)]2+[∂xux(0,κ1)]

2+2∂xux(κ2,0)∂xux(0,κ1)

(67)

(∂xuy −θ)2 = [∂xuy(κ2,0)−θ(κ2,0)]2 +[∂xuy(0,κ1)−θ(0,κ1)]
2

+2[∂xuy(κ2,0)−θ(κ2,0)][∂xuy(0,κ1)−θ(0,κ1)] (68)

(∂yux +θ)2 = [∂yux(κ2,0)+θ(κ2,0)]2 +[∂yux(0,κ1)+θ(0,κ1)]
2

+2[∂yux(κ2,0)+θ(κ2,0)][∂yux(0,κ1)+θ(0,κ1)] (69)

(∂yuy)
2 = [∂yuy(κ2,0)]2 +[∂yuy(0,κ1)]

2 +2∂yuy(κ2,0)∂yuy(0,κ1)

(70)
Following the same procedure, note that ∂xux(κ2,0) is even in
x and odd in y while ∂xux(0,κ1) is odd in x and even in y;
∂xuy(κ2,0)−θ(κ2,0) is odd in x and even in y while ∂xuy(0,κ1)−
θ(0,κ1) is even in x and odd in y; ∂yux(κ2,0)+θ(κ2,0) is odd in x
and even in y while ∂yux(0,κ1)+ θ(0,κ1) is even in x and odd in
y; and finally ∂yuy(κ2,0) is even in x and odd in y while ∂yuy(0,κ1)

is odd in x and even in y. Therefore, the products of these terms
integrate to zero, and so we see that the elastic energy can be
decomposed into the sum of the elastic energies for κ2 ̸= 0,κ1 = 0
and κ2 = 0,κ1 ̸= 0, which are proportional to κ2

2 and κ2
1 , respec-
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tively.
Note that this result could also have been obtained from a sim-

ple symmetry argument. Flipping the sign of κ2 or κ1 simply cre-
ates a subunit that is reflected across ê1 or ê2, respectively. All
this does is create an assembly that is a reflection of the original
assembly, which means that the energy must remain the same.
Therefore, there cannot be any terms proportional to κ2κ1 in the
elastic energy.

C.2 Truncated series approximation
The solution of the coupled PDEs Eqs. (8) and (9) requires solving
an infinite system of equations Eq. (60) for all the coefficients Am,n

for all n even, which therefore cannot be done in closed-form.
To acquire a closed-form expression for the elastic ground

states, we perform a truncation on the series solution Eq. (62).
We here focus on the case of κ2 ̸= 0,κ1 = 0 to keep things sim-
ple since the general solution can be obtained by simply swap-
ping indices as explained in Appendix C. To determine how to
truncate the solution, we make the following observation on the
behavior of ux and uywhen going from an infinitely tall assembly
N → ∞ to one that is finite in height. Note that for the infinite
tall structures (Eqs. (44a-c)), the row extension or compression
is uniform all along y with ux = 0 and vertical displacements have
an exponential-like profile uy ∼ cosh(x/

√
Bx/Yy). When N is finite,

two things occur:

• The extension and compression is no longer uniform all
along y. Instead, as shown in Fig. 3, the top edge of an as-
sembly experiences extension while the bottom edge, com-
pression. In other words, ux must have some nonzero y de-
pendence, particularly concentrated near the top and bot-
tom edges of the assembly.

• The vertical displacements uy switch from a cosh profile
where there can be a flattened core to a profile that resem-
bles a circular arc throughout most of each row, as shown
in Fig. 4d. In other words, the largest correction to uy will
be the change in its x dependence when the height is finite.
Any variation along y is essentially a higher order i.e. the top
rows curve similarly to the bottom rows.

These physical observations informs us about an approximation.
We mostly need to account for the x dependence changes of uy

(from cosh to parabolic or circular) and the leading order depen-
dence of ux on y since ux = 0 in the infinitely tall ribbons. This can
be achieved by taking the leading n mode i.e. n = 0 and setting
Am,n = 0 for n > 0. The result is the following approximation

θ(x,y) =−κ2

√
Bx

Yy

sinh x√
Bx/Yy

cosh W
2
√

Bx/Yy

+ ∑
m odd

Am sin
mπx
W

(71a)

ux(x,y) = ∑
m odd

sm sin
mπx
W

sinh
mπ

W

√
Yx

Yy
y (71b)

uy(x,y) =−κ2Bx

Yy

cosh x√
Bx/Yy

cosh W
2
√

Bx/Yy

+ ∑
m odd

W
mπ

Am cos
mπx
W

(71c)

where we define Am = Am,0. This approximation combined with
the conditions Eqs. (54a) and (60) for n = 0 allows us to write in
closed-form

Am =−
2sm sinh

(
mπH
2W

√
Yx
Yy

)
H
(

m2π2Bx
L2

xYy
+1
) (72)

and
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sm =
2Bxκ2H sin mπ

2

WYy sinh
(

mπH
2W

√
Yx
Yy

)[
mπH
2W

√
Yx
Yy

(
m2π2Bx
W 2Yy

+1
)

cosh
(

mπH
2W

√
Yx
Yy

)
−1
] (73)

Substituting this approximation in the elastic energy func-
tional, we obtain

Ẽex(w,h) = 1− 2
w2 ∑

m odd

1
m2π2

4w2 +1− 2w
mπh tanh mπh

2w

(74)

where we rescaled by the flattening energy Eflat = Bxκ2
2/2.

We can check several limits. For tall assemblies with h → ∞, we
find

Ẽ
(tall)
ex (w) = 1− 2

w2 ∑
m odd

1
m2π2

4w2 +1
= 1− tanhw

w
(75)

For wide assemblies with w → ∞ (equivalently, an annulus), we
find

Ẽ
(wide)
ex (h) = 1− 24

π2(3+h2) ∑
m odd

1
m2 =

h2

3+h2 (76)

Finally for small assemblies with w,h ≪ 1, we have to leading
order

Ẽex(w,h)≃

(
1
3
− 64w

π5h ∑
m odd

1
m5 tanh

mπh
2w

)
w2 (77)

We briefly prove that this is symmetric about h = w. We use the
following identity (see Eq. (75))

tanhz
z

= ∑
m odd

2
m2π2

4 + z2
(78)

The excess energy can then be rewritten as

Ẽex(w,h)≃

(
1− 96

π4 ∑
m odd

1
m4

tanh mπh
2w

mπh
2w

)
w2

3

=

(
1− 768

π6 ∑
m,n odd

1
m4

w2

n2w2 +m2h2

)
w2

3

(79)

Using
w2

n2w2 +m2h2 =
1
n2 − m2h2

n2(n2w2 +m2h2)
(80)

and

∑
m odd

1
m4 =

π4

96
; ∑

n odd

1
n2 =

π2

8
(81)

we finally write the excess energy in the small size limit as

Ẽex(w ≪ 1,h ≪ 1)≃ 1
3 ∑

m,n odd

1

m2n2
(

m2

w2 +
n2

h2

)
This is symmetric about h = w.

D Mesoscopic curvature of wide ribbons

We here derive a discrete version of the centerline curvatures of
wide or annular assemblies. Consider an annular assembly that is
N particles thick. Since this annular assembly is radially symmet-
ric, we can treat it as a ring of radial stacks of particles. Suppose
that the inner ring has radius R and adjacent radial stacks are
simply rotated relative to each other by an angle δθ around the
center of the annulus. For simplicity (and from observation of
simulations of wide assemblies), we assume that there is not sig-
nificant radial compression of the rings i.e. ur ≪ R. The elastic
energy between two adjacent rows is simply

E =
N

∑
n=1

1
2

kxa2
[

2
(

R
a
+n−1

)
sin

δθ

2
− (1+ tanα)cos

δθ

2
+ sin

δθ

2

]2

+
N

∑
n=1

1
2

kxa2
[

2
(

R
a
+n−1

)
sin

δθ

2
− (1− tanα)cos

δθ

2
− sin

δθ

2

]2
.

(82)

Minimizing this energy with respect to R and δθ , we have

R =
a

2tan δθ

2

− (N −1)a
2

= Rc −
(N −1)a

2
, (83)

and

tan
δθ

2
=

1
2

−N2 +2−3tan2 α

3tanα
+

√(
N2 +2−3tanα

3tanα

)2

+4


(84)

where Rc is the centerline radius. Note that for N = 1, we have
that the centerline radius is Rc = a/(2tanα) = κ

−1
0 , which is ex-

actly the preferred radius of a single ring of particles. For N ≫ 1,
we have Rc ≃ N2a/(6tanα) = N2/(3κ0). So the centerline curva-
ture scales goes as κc ≃ κ0/(N2/3).

This scaling of the centerline curvature with thickness can also
be obtained from a simple energy argument. The bending en-
ergy for an annulus with curvature κ is Ebend ∼ B(κ −κ0)

2. The
amount of extension or compression energy near the outer and
inner rings can be estimated as Estretch ∼ Y (κH)2. Minimizing the
sum of these energies with respect to κ, we find

κc =
κ0

1+ γh2 (85)

where h = H/λy = H/(2
√

Bx/Yx) and γ is some constant. Compar-
ing with the discrete limit, we find γ = 1/3.
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Data availability statement:

Data for this manuscript include numerical energy minimization codes for discrete 
“warped-jigsaw” particle assemblies, as well as example parameter inputs for 
generating the data analyzed in the plots.  Additionally, these include Mathematica 
notebooks and numerical data used to generate plots and schematics in the manuscript.

If published, this data will be published in a publicly accessible online Scholarworks 
repository (https://scholarworks.umass.edu), hosted by the UMass Amherst.
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