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Kinetically arrested periodic clusters in active filament
arrays

Sonu Kharayata, Prashant K. Purohitb, L Mahadevanc, Arvind Gopinathd‡ and Raghunath
Chelakkota‡

We study spatio-temporal dynamics and pattern formation in ordered arrays of active semi-flexible
filaments, each of which is pinned at one end and free at the other. The filaments are modeled
as connected chains of polar active particles with activity incorporated through local follower forces
acting along the local tangent of filaments. Using Brownian dynamics simulations in two dimensions,
we show that for a range of activity and filament separation, the filament array self-assembles into
regularly spaced, kinetically arrested compact clusters. Activity, array geometry, filament elasticity,
and grafting density are each seen to crucially influence the size, shape, and spacing of these emergent
clusters. Furthermore, cluster shapes for different grafting densities can be rescaled into self-similar
forms with activity-dependent scaling exponents. We derive theoretical expressions that relate the
number of filaments in a cluster and the spacing between adjacent clusters to filament activity,
filament elasticity, and grafting density. Our results provide insight into the physical mechanisms
involved in the initiation of clustering and suggest that steric contact forces and friction balance
active forces and filament elasticity to shape and stabilize emergence clusters.

1 Introduction
Hierarchical structures formed by the assembly of single units or
agents are a feature of many biological and synthetic systems.
The units themselves may be intrinsically active and possess use-
ful functionality, or they may be passive. Hierarchical structures
synthesized and assembled in the lab demonstrate unique and
sometimes non-trivial emergent properties arising from cooper-
ative effects and assembly-specific interactions1. Beyond their
technological applications, including in microscale transport net-
works, smart microstructured materials, and lithography tem-
plates1–3, a detailed investigation of emergent spatio-temporal
properties and functionalities provides insight into the physical
mechanisms that underlie these phenomena. For example, stud-
ies on self-directed or directed assembly in passive colloidal sys-
tems have provided insight into the effects of concentration and
entropy, interaction potentials, and geometric constraints in the
formation process2.
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Experimental studies on self-assembly or targeted assembly
have employed different types of particles (units); in each case, a
variety of physicochemical mechanisms enabling interparticle in-
teractions have been explored. For example, passive colloids can
be driven into organized structures such as chains or clusters by
thermal fluctuations, external flows, or by chemical modification
such as grafting of nucleotides, polymers, or ligands 4–10. The
structural properties of the assemblies can also be controlled by
using electric and magnetic fields to modulate or amplify inter-
particle interactions10,11.

Complementing these studies, recent work has focused on ac-
tive colloids and active particles as structural units to generate
multiunit structures. These intrinsically out-of-equilibrium sys-
tems include synthetic diffusophoretic colloids, light activated
colloids, and living colloidal matter such as bacterial and al-
gal suspensions12–14. Unlike their passive counterparts, non-
equilibrium effects that enable interparticle interactions are cou-
pled to internal degrees of freedom15–18 that may be con-
trolled or adjusted independently without constraints imposed
by equilibrium. Aggregates or suspensions of active particles
are seen to generate new collective spatiotemporal behaviors in-
cluding motility-induced phase separation (MIPS)19–22, forma-
tion of space-filling and porous clusters, and microphase separa-
tion 23–28.

A third class of structural units that show promise as building
blocks for the generation of assembled structures are active poly-

Journal Name, [year], [vol.],1–15 | 1

Page 1 of 16 Soft Matter



mers and filaments. Motivated by the structure and function of
biological filamentous structures such as eukaryotic flagella and
ciliary beds, reconstituted multi-filament active systems contain-
ing biofilaments (such as actin or microtubules) and molecular
motors are being studied in vitro to create bioinspired materi-
als29–34. Recent advances have also been made in designing
molecular motors based on biological components with subse-
quent modifications35. Synthetic systems have also been con-
structed to mimic the motion of the cilia. These include chains
made of microrobots36, elastoactive solids37, camphor-infused
connected disks38, and electrically actuated colloidal chains10.

To model the dynamics of multi-filament systems, we need to
first understand the response of single active or passive filaments.
To aid in theoretical modeling, single colloid chains, biofilament-
motor systems, and active polymers in dissipative media are usu-
ally treated as slender elastic continuous filaments subject to ac-
tive and passive forces or torques. Activity is typically incorpo-
rated using follower forces – that is, forces acting along the lo-
cal tangent vector. These forces may be applied at the filament
ends39–41, or may be spatially distributed and applied along the
filament40,42–49. The conformational dynamics of active poly-
mers in the limit of moderate to high thermal and non-thermal
stochastic noise has been studied recently50–52. Fluid-mediated
effects on active filaments have also been investigated in de-
tail53–57. From these studies, we deduce that the dynamics of a
single filament is crucially dependent on the magnitude and dis-
tribution of activity, filament elasticity, thermal noise, and drag
from the ambient fluid medium. The boundary conditions at the
ends of the filament are an additional crucial feature that plays a
role in the selection of dynamical patterns 40,46.

For multi-filament systems, in addition to the parameters dis-
cussed above, inter-filament interactions need to be considered.
These interactions may be fluid-mediated, long-ranged, and hy-
drodynamic in origin, or short-ranged surface-mediated and steric
in origin. The effect of hydrodynamic interactions between fila-
ments immersed in a Newtonian viscous fluid, and without inter-
filament contact interactions, has been studied previously. Typi-
cally, hydrodynamic interactions result in synchronous (in-phase)
or anti-synchronous motion44,58–62. Contact interactions (even
in the absence of a fluid medium and thus fluid drag) have
been shown to cause coordination between independently oscil-
lating filaments and are sometimes seen to lead to metachronal
waves63–66. Relaxing the type of boundary constraint, for ex-
ample, by changing a clamped end to a pinned (pivoted) end
changes the eventual form of stable multi-filament patterns that
evolve64.

Inspired by the arrayed structure of ciliary carpets seen in the
respiratory and reproductive tracts and other bristle-like struc-
tures found in biology67,68, we use Brownian dynamics simula-
tions and theory to study the spatiotemporal dynamics of an ar-
ray of equally spaced active elastic-anchored filaments. Specifi-
cally, we study the emergence of clusters in planar arrays of in-
teracting active filaments anchored at one end. We show that
protoclusters initiated by steric interaction and activity coarsen to
form kinetically arrested self-similar filament aggregates. These
kinetically arrested aggregates are held together by the compe-

tition between activity, elasticity, and contact interactions. For a
fixed filament length and elasticity, the shape and periodicity of
these aggregates can be controlled by changing the inter-filament
gap or by varying the filament activity. We identify the important
role played by contact interactions here; both normal and tan-
gential contact forces are required to maintain and stabilize these
clusters. Rescaling the cluster widths, we find that the cluster
shapes can be collapsed into self-similar forms. Guided by these
observations, and from further analyses of simulation results for
the distribution of forces and torques along filaments in a clus-
ter, we obtain a scaling prediction for the number of filaments
within a cluster and an estimate of the cluster size. In general,
our simulations and scaling theory provide design principles for
the assembly of clusters and similar self-assembled biomimetic
materials using chemically modified colloidal beads or synthetic
microtubule-motor systems.

2 Model and simulation details
In this section, we describe the model and the computational
scheme used to analyze the dynamics of the active filament ar-
ray. The active filament array comprises of NA = 300 active fila-
ments (a part of which is shown in Figure 1(a)), each of length ℓ,
distributed uniformly and aligned in the x direction. The center-
to-center spacing between the filaments at the base is δ . All fila-
ments are initially vertically oriented along the y direction. Each
filament is a connected chain of Nm = 40 spherical beads of di-
ameter σ . The base of each filament is pinned to an anchoring
point that allows free rotation about the pinning point (the pivot
point), but prevents translation. The end distal to the pinning
point is freely suspended and is not subject to external forces or
external torques.

The filament array is permeated by a Newtonian fluid that en-
ables viscous dissipation and generates local drag forces on each
bead as it moves. In general, the motion of a bead results in a
fluid flow field that influences the motion of beads in neighbor-
ing filaments, as well as the motion of more distal areas of the
same filament. Our previous work on bead-based discrete fila-
ment models42 and on related continuum models for analyzing
the collective dynamics of single and multiple filaments suggests
that local hydrodynamics provides a good physical approximation
to results with full hydrodynamics44. Therefore, we restrict our-
selves to the freely draining limit that is often used in bead-spring
or bead-rod models of passive polymers. In this limit, each mov-
ing bead is subject to a linear isotropic viscous drag force that
is antiparallel to the bead velocity. Our computational scheme is
an adaptation of that used in our previous work on the buckling
of single active filaments and clamped filament arrays40,42,64,68.
Here we summarize the main equations and parameters in the
model.

The beads in each filament are indexed by α, and the position
vector of the α th bead is denoted by rα relative to a stationary
global coordinate system. In every filament, each bead, except
for the first bead at the anchoring point and the last bead at the
free end, is connected to its (two) neighboring beads via linear
springs. The extensional force between adjacent beads on the
same filament due to the springs is derived from the elastic po-
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T (s + ds)

<latexit sha1_base64="AIajXOGH0JrBN/zdkLbUTUU3GKk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGyAuSJcxOZpMhM7PLzKwQlvyCFw+KePWHvPk3ziZ70MSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc/8zhNVmkWyaaYx9QUeSRYygk0mNav6fFCuuDV3DrRKvJxUIEdjUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tP5rTN0ZpUhCiNlSxo0V39PpFhoPRWB7RTYjPWyl4n/eb3EhLd+ymScGCrJYlGYcGQilD2OhkxRYvjUEkwUs7ciMsYKE2PjKdkQvOWXV0n7ouZd164eLyv1uzyOIpzAKVTBgxuowwM0oAUExvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ATIiNxA==</latexit>

T (s)

(b)(a)
Newtonian liquid

H
ei

gh
t

(a)

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

<latexit sha1_base64="J7CUIrSNhqiTqQlku6MnYyTBKoQ=">AAAB63icbVDLSsNAFL2pr1pfUZduBovgqiTiayMU3bisYB/QhjKZTtqhM5MwMxFK6C+4caGIW3/InX/jpM1CWw9cOJxzL/feEyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H47vcbz9RpVksH80koYHAQ8kiRrDJJY1uvL5b9WreDGiZ+AWpQoFG3/3qDWKSCioN4Vjrru8lJsiwMoxwOq30Uk0TTMZ4SLuWSiyoDrLZrVN0YpUBimJlSxo0U39PZFhoPRGh7RTYjPSil4v/ed3URNdBxmSSGirJfFGUcmRilD+OBkxRYvjEEkwUs7ciMsIKE2PjqdgQ/MWXl0nrrOZf1i4ezqv12yKOMhzBMZyCD1dQh3toQBMIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AKD+NrA==</latexit>

s = 0

<latexit sha1_base64="JjuOrr+mtoT5UgNcgeSUHLfnZGI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXjxGMA9IljA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtxO/+YRK81g+mFGCfkT7koecUWOllibXpINCdEtlt+JOQRaJl5My5Kh1S1+dXszSCKVhgmrd9tzE+BlVhjOB42In1ZhQNqR9bFsqaYTaz6b3jsmxVXokjJUtachU/T2R0UjrURTYzoiagZ73JuJ/Xjs14ZWfcZmkBiWbLQpTQUxMJs+THlfIjBhZQpni9lbCBlRRZmxERRuCN//yImmcVryLyvn9Wbl6k8dRgEM4ghPw4BKqcAc1qAMDAc/wCm/Oo/PivDsfs9YlJ585gD9wPn8AFc6PXQ==</latexit>

s = `

<latexit sha1_base64="7LBmt5OG4/P8Ivmu/vlPCPgBN2I=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxJBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbPJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1ElWaRfDSTmPoCDyULGcEmk+6r+rRfrrg1dwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ66zmXdYuHs4r9Zs8jiIcwTFUwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AENejb4=</latexit>

N(s)

<latexit sha1_base64="wVPoU+i6vaI2k4V3Ci/2A02+TWg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiQtgVX8egF08SwTwgWcLs7GwyZHZ2mJkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuCiRn2rjut7O0vLK6tl7YKG5ube/slvb2mzpJFaENkvBEtQOsKWeCNgwznLalojgOOG0Fw9uJ33qiSrNEPJqRpH6M+4JFjGBjpdZ9RZ+G+qRXKrtVdwq0SLyclCFHvVf66oYJSWMqDOFY647nSuNnWBlGOB0Xu6mmEpMh7tOOpQLHVPvZ9NwxOrZKiKJE2RIGTdXfExmOtR7Fge2MsRnoeW8i/ud1UhNd+xkTMjVUkNmiKOXIJGjyOwqZosTwkSWYKGZvRWSAFSbGJlS0IXjzLy+S5lnVu6xePJyXazd5HAU4hCOogAdXUIM7qEMDCAzhGV7hzZHOi/PufMxal5x85gD+wPn8AT2/jt4=</latexit>

N(s + ds)

<latexit sha1_base64="N+hzMo700G0RPzodOZAWfySpHu4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiQtgVX8egF48R8oJkCbOzs8mQ2ZllZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY0jJVhDaJ5FJ1AqwpZ4I2DTOcdhJFcRxw2g5G91O//USVZlI0zDihfowHgkWMYGOldqOiz0N91i+V3ao7A1omXk7KkKPeL331QknSmApDONa667mJ8TOsDCOcToq9VNMEkxEe0K6lAsdU+9ns3Ak6tUqIIqlsCYNm6u+JDMdaj+PAdsbYDPWiNxX/87qpiW79jIkkNVSQ+aIo5chINP0dhUxRYvjYEkwUs7ciMsQKE2MTKtoQvMWXl0nroupdV68eL8u1uzyOAhzDCVTAgxuowQPUoQkERvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBRvuO5A==</latexit>

T (s + ds)

<latexit sha1_base64="AIajXOGH0JrBN/zdkLbUTUU3GKk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGyAuSJcxOZpMhM7PLzKwQlvyCFw+KePWHvPk3ziZ70MSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc/8zhNVmkWyaaYx9QUeSRYygk0mNav6fFCuuDV3DrRKvJxUIEdjUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tP5rTN0ZpUhCiNlSxo0V39PpFhoPRWB7RTYjPWyl4n/eb3EhLd+ymScGCrJYlGYcGQilD2OhkxRYvjUEkwUs7ciMsYKE2PjKdkQvOWXV0n7ouZd164eLyv1uzyOIpzAKVTBgxuowwM0oAUExvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ATIiNxA==</latexit>

T (s)

(b)

(a)

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

<latexit sha1_base64="J7CUIrSNhqiTqQlku6MnYyTBKoQ=">AAAB63icbVDLSsNAFL2pr1pfUZduBovgqiTiayMU3bisYB/QhjKZTtqhM5MwMxFK6C+4caGIW3/InX/jpM1CWw9cOJxzL/feEyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H47vcbz9RpVksH80koYHAQ8kiRrDJJY1uvL5b9WreDGiZ+AWpQoFG3/3qDWKSCioN4Vjrru8lJsiwMoxwOq30Uk0TTMZ4SLuWSiyoDrLZrVN0YpUBimJlSxo0U39PZFhoPRGh7RTYjPSil4v/ed3URNdBxmSSGirJfFGUcmRilD+OBkxRYvjEEkwUs7ciMsIKE2PjqdgQ/MWXl0nrrOZf1i4ezqv12yKOMhzBMZyCD1dQh3toQBMIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AKD+NrA==</latexit>

s = 0

<latexit sha1_base64="JjuOrr+mtoT5UgNcgeSUHLfnZGI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXjxGMA9IljA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtxO/+YRK81g+mFGCfkT7koecUWOllibXpINCdEtlt+JOQRaJl5My5Kh1S1+dXszSCKVhgmrd9tzE+BlVhjOB42In1ZhQNqR9bFsqaYTaz6b3jsmxVXokjJUtachU/T2R0UjrURTYzoiagZ73JuJ/Xjs14ZWfcZmkBiWbLQpTQUxMJs+THlfIjBhZQpni9lbCBlRRZmxERRuCN//yImmcVryLyvn9Wbl6k8dRgEM4ghPw4BKqcAc1qAMDAc/wCm/Oo/PivDsfs9YlJ585gD9wPn8AFc6PXQ==</latexit>

s = `

<latexit sha1_base64="7LBmt5OG4/P8Ivmu/vlPCPgBN2I=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxJBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbPJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1ElWaRfDSTmPoCDyULGcEmk+6r+rRfrrg1dwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ66zmXdYuHs4r9Zs8jiIcwTFUwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AENejb4=</latexit>

N(s)

<latexit sha1_base64="wVPoU+i6vaI2k4V3Ci/2A02+TWg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiQtgVX8egF08SwTwgWcLs7GwyZHZ2mJkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuCiRn2rjut7O0vLK6tl7YKG5ube/slvb2mzpJFaENkvBEtQOsKWeCNgwznLalojgOOG0Fw9uJ33qiSrNEPJqRpH6M+4JFjGBjpdZ9RZ+G+qRXKrtVdwq0SLyclCFHvVf66oYJSWMqDOFY647nSuNnWBlGOB0Xu6mmEpMh7tOOpQLHVPvZ9NwxOrZKiKJE2RIGTdXfExmOtR7Fge2MsRnoeW8i/ud1UhNd+xkTMjVUkNmiKOXIJGjyOwqZosTwkSWYKGZvRWSAFSbGJlS0IXjzLy+S5lnVu6xePJyXazd5HAU4hCOogAdXUIM7qEMDCAzhGV7hzZHOi/PufMxal5x85gD+wPn8AT2/jt4=</latexit>

N(s + ds)

<latexit sha1_base64="N+hzMo700G0RPzodOZAWfySpHu4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiQtgVX8egF48R8oJkCbOzs8mQ2ZllZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY0jJVhDaJ5FJ1AqwpZ4I2DTOcdhJFcRxw2g5G91O//USVZlI0zDihfowHgkWMYGOldqOiz0N91i+V3ao7A1omXk7KkKPeL331QknSmApDONa667mJ8TOsDCOcToq9VNMEkxEe0K6lAsdU+9ns3Ak6tUqIIqlsCYNm6u+JDMdaj+PAdsbYDPWiNxX/87qpiW79jIkkNVSQ+aIo5chINP0dhUxRYvjYEkwUs7ciMsQKE2MTKtoQvMWXl0nroupdV68eL8u1uzyOAhzDCVTAgxuowQPUoQkERvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBRvuO5A==</latexit>

T (s + ds)

<latexit sha1_base64="AIajXOGH0JrBN/zdkLbUTUU3GKk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGyAuSJcxOZpMhM7PLzKwQlvyCFw+KePWHvPk3ziZ70MSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc/8zhNVmkWyaaYx9QUeSRYygk0mNav6fFCuuDV3DrRKvJxUIEdjUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tP5rTN0ZpUhCiNlSxo0V39PpFhoPRWB7RTYjPWyl4n/eb3EhLd+ymScGCrJYlGYcGQilD2OhkxRYvjUEkwUs7ciMsYKE2PjKdkQvOWXV0n7ouZd164eLyv1uzyOIpzAKVTBgxuowwM0oAUExvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ATIiNxA==</latexit>

T (s)

(b)

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

Inter-filament 
spacing

(a)

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

<latexit sha1_base64="J7CUIrSNhqiTqQlku6MnYyTBKoQ=">AAAB63icbVDLSsNAFL2pr1pfUZduBovgqiTiayMU3bisYB/QhjKZTtqhM5MwMxFK6C+4caGIW3/InX/jpM1CWw9cOJxzL/feEyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H47vcbz9RpVksH80koYHAQ8kiRrDJJY1uvL5b9WreDGiZ+AWpQoFG3/3qDWKSCioN4Vjrru8lJsiwMoxwOq30Uk0TTMZ4SLuWSiyoDrLZrVN0YpUBimJlSxo0U39PZFhoPRGh7RTYjPSil4v/ed3URNdBxmSSGirJfFGUcmRilD+OBkxRYvjEEkwUs7ciMsIKE2PjqdgQ/MWXl0nrrOZf1i4ezqv12yKOMhzBMZyCD1dQh3toQBMIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AKD+NrA==</latexit>

s = 0

<latexit sha1_base64="JjuOrr+mtoT5UgNcgeSUHLfnZGI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXjxGMA9IljA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtxO/+YRK81g+mFGCfkT7koecUWOllibXpINCdEtlt+JOQRaJl5My5Kh1S1+dXszSCKVhgmrd9tzE+BlVhjOB42In1ZhQNqR9bFsqaYTaz6b3jsmxVXokjJUtachU/T2R0UjrURTYzoiagZ73JuJ/Xjs14ZWfcZmkBiWbLQpTQUxMJs+THlfIjBhZQpni9lbCBlRRZmxERRuCN//yImmcVryLyvn9Wbl6k8dRgEM4ghPw4BKqcAc1qAMDAc/wCm/Oo/PivDsfs9YlJ585gD9wPn8AFc6PXQ==</latexit>

s = `

<latexit sha1_base64="7LBmt5OG4/P8Ivmu/vlPCPgBN2I=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxJBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbPJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1ElWaRfDSTmPoCDyULGcEmk+6r+rRfrrg1dwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ66zmXdYuHs4r9Zs8jiIcwTFUwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AENejb4=</latexit>

N(s)

<latexit sha1_base64="wVPoU+i6vaI2k4V3Ci/2A02+TWg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiQtgVX8egF08SwTwgWcLs7GwyZHZ2mJkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuCiRn2rjut7O0vLK6tl7YKG5ube/slvb2mzpJFaENkvBEtQOsKWeCNgwznLalojgOOG0Fw9uJ33qiSrNEPJqRpH6M+4JFjGBjpdZ9RZ+G+qRXKrtVdwq0SLyclCFHvVf66oYJSWMqDOFY647nSuNnWBlGOB0Xu6mmEpMh7tOOpQLHVPvZ9NwxOrZKiKJE2RIGTdXfExmOtR7Fge2MsRnoeW8i/ud1UhNd+xkTMjVUkNmiKOXIJGjyOwqZosTwkSWYKGZvRWSAFSbGJlS0IXjzLy+S5lnVu6xePJyXazd5HAU4hCOogAdXUIM7qEMDCAzhGV7hzZHOi/PufMxal5x85gD+wPn8AT2/jt4=</latexit>

N(s + ds)

<latexit sha1_base64="N+hzMo700G0RPzodOZAWfySpHu4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiQtgVX8egF48R8oJkCbOzs8mQ2ZllZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY0jJVhDaJ5FJ1AqwpZ4I2DTOcdhJFcRxw2g5G91O//USVZlI0zDihfowHgkWMYGOldqOiz0N91i+V3ao7A1omXk7KkKPeL331QknSmApDONa667mJ8TOsDCOcToq9VNMEkxEe0K6lAsdU+9ns3Ak6tUqIIqlsCYNm6u+JDMdaj+PAdsbYDPWiNxX/87qpiW79jIkkNVSQ+aIo5chINP0dhUxRYvjYEkwUs7ciMsQKE2MTKtoQvMWXl0nroupdV68eL8u1uzyOAhzDCVTAgxuowQPUoQkERvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBRvuO5A==</latexit>

T (s + ds)

<latexit sha1_base64="AIajXOGH0JrBN/zdkLbUTUU3GKk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGyAuSJcxOZpMhM7PLzKwQlvyCFw+KePWHvPk3ziZ70MSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc/8zhNVmkWyaaYx9QUeSRYygk0mNav6fFCuuDV3DrRKvJxUIEdjUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tP5rTN0ZpUhCiNlSxo0V39PpFhoPRWB7RTYjPWyl4n/eb3EhLd+ymScGCrJYlGYcGQilD2OhkxRYvjUEkwUs7ciMsYKE2PjKdkQvOWXV0n7ouZd164eLyv1uzyOIpzAKVTBgxuowwM0oAUExvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ATIiNxA==</latexit>

T (s)

(b)(a)
Newtonian liquid

H
ei

gh
t

(a)

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

<latexit sha1_base64="J7CUIrSNhqiTqQlku6MnYyTBKoQ=">AAAB63icbVDLSsNAFL2pr1pfUZduBovgqiTiayMU3bisYB/QhjKZTtqhM5MwMxFK6C+4caGIW3/InX/jpM1CWw9cOJxzL/feEyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H47vcbz9RpVksH80koYHAQ8kiRrDJJY1uvL5b9WreDGiZ+AWpQoFG3/3qDWKSCioN4Vjrru8lJsiwMoxwOq30Uk0TTMZ4SLuWSiyoDrLZrVN0YpUBimJlSxo0U39PZFhoPRGh7RTYjPSil4v/ed3URNdBxmSSGirJfFGUcmRilD+OBkxRYvjEEkwUs7ciMsIKE2PjqdgQ/MWXl0nrrOZf1i4ezqv12yKOMhzBMZyCD1dQh3toQBMIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AKD+NrA==</latexit>

s = 0

<latexit sha1_base64="JjuOrr+mtoT5UgNcgeSUHLfnZGI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXjxGMA9IljA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtxO/+YRK81g+mFGCfkT7koecUWOllibXpINCdEtlt+JOQRaJl5My5Kh1S1+dXszSCKVhgmrd9tzE+BlVhjOB42In1ZhQNqR9bFsqaYTaz6b3jsmxVXokjJUtachU/T2R0UjrURTYzoiagZ73JuJ/Xjs14ZWfcZmkBiWbLQpTQUxMJs+THlfIjBhZQpni9lbCBlRRZmxERRuCN//yImmcVryLyvn9Wbl6k8dRgEM4ghPw4BKqcAc1qAMDAc/wCm/Oo/PivDsfs9YlJ585gD9wPn8AFc6PXQ==</latexit>

s = `

<latexit sha1_base64="7LBmt5OG4/P8Ivmu/vlPCPgBN2I=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxJBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbPJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1ElWaRfDSTmPoCDyULGcEmk+6r+rRfrrg1dwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ66zmXdYuHs4r9Zs8jiIcwTFUwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AENejb4=</latexit>

N(s)

<latexit sha1_base64="wVPoU+i6vaI2k4V3Ci/2A02+TWg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiQtgVX8egF08SwTwgWcLs7GwyZHZ2mJkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuCiRn2rjut7O0vLK6tl7YKG5ube/slvb2mzpJFaENkvBEtQOsKWeCNgwznLalojgOOG0Fw9uJ33qiSrNEPJqRpH6M+4JFjGBjpdZ9RZ+G+qRXKrtVdwq0SLyclCFHvVf66oYJSWMqDOFY647nSuNnWBlGOB0Xu6mmEpMh7tOOpQLHVPvZ9NwxOrZKiKJE2RIGTdXfExmOtR7Fge2MsRnoeW8i/ud1UhNd+xkTMjVUkNmiKOXIJGjyOwqZosTwkSWYKGZvRWSAFSbGJlS0IXjzLy+S5lnVu6xePJyXazd5HAU4hCOogAdXUIM7qEMDCAzhGV7hzZHOi/PufMxal5x85gD+wPn8AT2/jt4=</latexit>

N(s + ds)

<latexit sha1_base64="N+hzMo700G0RPzodOZAWfySpHu4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiQtgVX8egF48R8oJkCbOzs8mQ2ZllZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY0jJVhDaJ5FJ1AqwpZ4I2DTOcdhJFcRxw2g5G91O//USVZlI0zDihfowHgkWMYGOldqOiz0N91i+V3ao7A1omXk7KkKPeL331QknSmApDONa667mJ8TOsDCOcToq9VNMEkxEe0K6lAsdU+9ns3Ak6tUqIIqlsCYNm6u+JDMdaj+PAdsbYDPWiNxX/87qpiW79jIkkNVSQ+aIo5chINP0dhUxRYvjYEkwUs7ciMsQKE2MTKtoQvMWXl0nroupdV68eL8u1uzyOAhzDCVTAgxuowQPUoQkERvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBRvuO5A==</latexit>

T (s + ds)

<latexit sha1_base64="AIajXOGH0JrBN/zdkLbUTUU3GKk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGyAuSJcxOZpMhM7PLzKwQlvyCFw+KePWHvPk3ziZ70MSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc/8zhNVmkWyaaYx9QUeSRYygk0mNav6fFCuuDV3DrRKvJxUIEdjUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tP5rTN0ZpUhCiNlSxo0V39PpFhoPRWB7RTYjPWyl4n/eb3EhLd+ymScGCrJYlGYcGQilD2OhkxRYvjUEkwUs7ciMsYKE2PjKdkQvOWXV0n7ouZd164eLyv1uzyOIpzAKVTBgxuowwM0oAUExvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ATIiNxA==</latexit>

T (s)

(b)

(a)

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

Fluid

Height

Filament separation

<latexit sha1_base64="WmrsuTxvA44r6AA4lZM/6LbI2n0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTeyWwyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBGvV664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rZ3enldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzTdj/g=</latexit>

↵ = 1

<latexit sha1_base64="ugIh905kUX4aJqnr8LefQ6K0RiE=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJBLNAMoaaTk/SpKdn6O5RwpD/8OJBEa/+izf/xs5y0OiDgsd7VVTVCxLBtXHdLye3sLi0vJJfLaytb2xuFbd36jpOFWU1GotYNQPUTHDJaoYbwZqJYhgFgjWCwdXYbzwwpXks78wwYX6EPclDTtFY6b6NIukjuSA3nSwadYolt+xOQP4Sb0ZKMEO1U/xsd2OaRkwaKlDrlucmxs9QGU4FGxXaqWYJ0gH2WMtSiRHTfja5ekQOrNIlYaxsSUMm6s+JDCOth1FgOyM0fT3vjcX/vFZqwnM/4zJJDZN0uihMBTExGUdAulwxasTQEqSK21sJ7aNCamxQBRuCN//yX1I/Knun5ZPb41LlchZHHvZgHw7BgzOowDVUoQYUFDzBC7w6j86z8+a8T1tzzmxmF37B+fgGsSaSAQ==</latexit>

↵ = Nm

Pinned end

Free end

<latexit sha1_base64="4oTT9q0RZRZ/mjZ5lGzAO0jMn6E=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6sIyI742QtGNK6lgH9AOQyZN29AkMyQZoQzjxl9x40IRt/6FO//GTDsLrR64cHLOveTeE0SMKu04X1Zhbn5hcam4XFpZXVvfsDe3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo6vMb90TqWgo7vQ4Ih5HA0H7FCNtJN/e6RLG4AWs3PgJTw/dg+ztJ07q22Wn6kwA/xI3J2WQo+7bn91eiGNOhMYMKdVxnUh7CZKaYkbSUjdWJEJ4hAakY6hAnCgvmVyQwn2j9GA/lKaEhhP150SCuFJjHphOjvRQzXqZ+J/XiXX/3EuoiGJNBJ5+1I8Z1CHM4oA9KgnWbGwIwpKaXSEeIomwNqGVTAju7Ml/SfOo6p5WT26Py7XLPI4i2AV7oAJccAZq4BrUQQNg8ACewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDWnhlZw=</latexit>

` = (Nm � 1)`0

<latexit sha1_base64="J7CUIrSNhqiTqQlku6MnYyTBKoQ=">AAAB63icbVDLSsNAFL2pr1pfUZduBovgqiTiayMU3bisYB/QhjKZTtqhM5MwMxFK6C+4caGIW3/InX/jpM1CWw9cOJxzL/feEyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H47vcbz9RpVksH80koYHAQ8kiRrDJJY1uvL5b9WreDGiZ+AWpQoFG3/3qDWKSCioN4Vjrru8lJsiwMoxwOq30Uk0TTMZ4SLuWSiyoDrLZrVN0YpUBimJlSxo0U39PZFhoPRGh7RTYjPSil4v/ed3URNdBxmSSGirJfFGUcmRilD+OBkxRYvjEEkwUs7ciMsIKE2PjqdgQ/MWXl0nrrOZf1i4ezqv12yKOMhzBMZyCD1dQh3toQBMIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AKD+NrA==</latexit>

s = 0

<latexit sha1_base64="JjuOrr+mtoT5UgNcgeSUHLfnZGI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXjxGMA9IljA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtxO/+YRK81g+mFGCfkT7koecUWOllibXpINCdEtlt+JOQRaJl5My5Kh1S1+dXszSCKVhgmrd9tzE+BlVhjOB42In1ZhQNqR9bFsqaYTaz6b3jsmxVXokjJUtachU/T2R0UjrURTYzoiagZ73JuJ/Xjs14ZWfcZmkBiWbLQpTQUxMJs+THlfIjBhZQpni9lbCBlRRZmxERRuCN//yImmcVryLyvn9Wbl6k8dRgEM4ghPw4BKqcAc1qAMDAc/wCm/Oo/PivDsfs9YlJ585gD9wPn8AFc6PXQ==</latexit>

s = `

<latexit sha1_base64="7LBmt5OG4/P8Ivmu/vlPCPgBN2I=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxJBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbPJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1ElWaRfDSTmPoCDyULGcEmk+6r+rRfrrg1dwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ66zmXdYuHs4r9Zs8jiIcwTFUwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AENejb4=</latexit>

N(s)

<latexit sha1_base64="wVPoU+i6vaI2k4V3Ci/2A02+TWg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiQtgVX8egF08SwTwgWcLs7GwyZHZ2mJkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuCiRn2rjut7O0vLK6tl7YKG5ube/slvb2mzpJFaENkvBEtQOsKWeCNgwznLalojgOOG0Fw9uJ33qiSrNEPJqRpH6M+4JFjGBjpdZ9RZ+G+qRXKrtVdwq0SLyclCFHvVf66oYJSWMqDOFY647nSuNnWBlGOB0Xu6mmEpMh7tOOpQLHVPvZ9NwxOrZKiKJE2RIGTdXfExmOtR7Fge2MsRnoeW8i/ud1UhNd+xkTMjVUkNmiKOXIJGjyOwqZosTwkSWYKGZvRWSAFSbGJlS0IXjzLy+S5lnVu6xePJyXazd5HAU4hCOogAdXUIM7qEMDCAzhGV7hzZHOi/PufMxal5x85gD+wPn8AT2/jt4=</latexit>

N(s + ds)

<latexit sha1_base64="N+hzMo700G0RPzodOZAWfySpHu4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiQtgVX8egF48R8oJkCbOzs8mQ2ZllZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY0jJVhDaJ5FJ1AqwpZ4I2DTOcdhJFcRxw2g5G91O//USVZlI0zDihfowHgkWMYGOldqOiz0N91i+V3ao7A1omXk7KkKPeL331QknSmApDONa667mJ8TOsDCOcToq9VNMEkxEe0K6lAsdU+9ns3Ak6tUqIIqlsCYNm6u+JDMdaj+PAdsbYDPWiNxX/87qpiW79jIkkNVSQ+aIo5chINP0dhUxRYvjYEkwUs7ciMsQKE2MTKtoQvMWXl0nroupdV68eL8u1uzyOAhzDCVTAgxuowQPUoQkERvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBRvuO5A==</latexit>

T (s + ds)

<latexit sha1_base64="AIajXOGH0JrBN/zdkLbUTUU3GKk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGyAuSJcxOZpMhM7PLzKwQlvyCFw+KePWHvPk3ziZ70MSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc/8zhNVmkWyaaYx9QUeSRYygk0mNav6fFCuuDV3DrRKvJxUIEdjUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tP5rTN0ZpUhCiNlSxo0V39PpFhoPRWB7RTYjPWyl4n/eb3EhLd+ymScGCrJYlGYcGQilD2OhkxRYvjUEkwUs7ciMsYKE2PjKdkQvOWXV0n7ouZd164eLyv1uzyOIpzAKVTBgxuowwM0oAUExvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ATIiNxA==</latexit>

T (s)

(b)

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

(c)

Fig. 1 Schematic of the simulation geometry. (a) Shown here is a part of the simulated array of anchored active filaments embedded in a Newtonian
viscous liquid. The inter-filament spacing at the anchored based is ∆, the height of the carpet in the non-deformed state is ℓ. Filaments deform in the
two-dimensional xy plane; the transverse z direction is a neutral direction. (b) Snapshot of a single filament illustrating the freely pivoting boundary
condition at the base, and the free boundary condition at the top. Active follower forces (red arrows) of constant magnitude act along the tangent
and are oriented towards the pinned end. (c) Coarse graining the filament as a continuous elastic curve allows us to study the shape of the filament
as resulting from the interplay between activity, restoring elastic forces and torques, and dissipation due to viscous effects. We show here a free-body
diagram depicting internal tangential T and normal N forces acting on a small segment of the continuous filament.
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The value of the spring constant κE is large so that the distance
between adjacent beads remains approximately equal to the pre-
ferred rest value. The rest length (base state length) of the fila-
ment ℓ, and in our model we choose ℓ0 = σ . The center-to-center
distance between the first and last beads of the non-deformed
straight filament is therefore (Nm − 1)σ , and we set this as the
filament length ℓ. The distance from tip to tip spanned by the
straight chain is ℓT = Nmσ . In the continuum limit as Nm → ∞ and
σ → 0 (that is, ℓ0 → 0), ℓT → ℓ, and the filament length may be
defined either way.

For a slender filament σ/ℓ ≪ 1, bending the filament costs
much less energy than stretching it. To model the bending, we
implement a three-body bending potential
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where κ is the bending rigidity (with dimensions
[Force][Length]2), and ℓ0 = σ . Equations 1 and 2 involve
only beads within the same filament, and the energy thus
corresponds to intra-filament energy. Furthermore, Eqn. (2)
maps to the classical continuum elastic version involving line
curvature with the same bending modulus κ. This is confirmed
by noting that the line curvature C ≈ |db/ds| ≈ |bα+1 − bα |/ℓ0,
bα = (rα−1 − rα )/|rα − rα−1|, and (bα+1 −bα )/ℓ0 ≈ dt/ds.

Steric interactions could arise between beads of the same fil-
ament, or between beads in neighboring filaments, and thus the
expression for the steric interaction potential is nonlocal. Steric
interactions between beads in neighboring filaments are imple-
mented via the short-range repulsive WCA (Weeks-Chandler-
Anderson) potential. Choosing parameter values such that over-
lap between neighboring beads in the same filament does not oc-
cur, we define rαγ ≡ |rα − rγ | as the distance between a pair of

spheres (α,γ) belonging to different filaments. The steric poten-
tial then takes the form

UWCA

kBT
=

ε
kBT

Nm−1

∑
α=1

∑
γ

4

[(
σ

rαγ

)12
−
(

σ
rαγ

)6
]
+1

=
ε

kBT

Nm−1

∑
α=1

Φα
WCA (3)

where rαγ < 2
1
6 σ and 0 otherwise. We extend the definition of

the index γ to include pairs of beads in the same filament as well
as in neighboring filaments. Thus, within the same filament, we
have γ ̸= (α,α −1,α +1).

Nishiguchi et al. and others10,11 have proposed and exper-
imentally studied10 the spatiotemporal dynamics of colloidal
chains composed of autonomously propelling Janus beads con-
nected together using surface modifications and binding. Mo-
tivated by their results, we incorporate activity in our model
in a similar manner. Each bead in our filament can move au-
tonomously with a constant speed v0 relative to the ambient fluid
when detached from its immediate neighbors, and in isolation.
This activity is incorporated into our simulations of connected
beads through an active bead force f = v0/µ where µ is the fluid
compliance. Now, since each bead is connected to its neigh-
bors, the local structural integrity of the filament implies that
this bead-based force (Figure 1(b)) is equivalent to a follower
force that acts along the local tangent vector bα . In the con-
tinuous limit, this prescription produces a uniform active force
per unit length (force density) fa = f/σ . Similar models for ac-
tive beads have been used in previous studies on the dynamics of
filaments42,43,45,53,69–74, flexible linear polymers75–79, and ring
polymers80,81.

Next, we combine these interactions to compose the equation
that governs the position rα of a bead (index α) in the array.
In the over-damped limit, the motion of each bead is driven by
the active force, and constrained by the elastic torques due to
elastic bending moments, steric interactions due to contact, and
stochastic forces due to thermal noise. Using σ , σ2/D, and kBT as
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Parameter Interpretation Value
Nm Number of beads in a filament 40
ℓ0 Inter-bead distance (set to σ) 1

kBT Characteristic energy scale 1
KE Extensional modulus 2 ×104

ε Energy scale in WCA 1
D Translational diffusivity 1
µ Mobility (freely-draining limit) 1
δ Distance between anchoring points 2–5
σ Range of WCA potential 1
ℓ Effective length of each filament 39
κ Bending rigidity (in kBT σ units) 2 × 104

Table 1 List of simulation parameters, and their scaled values. We set
ℓ0 = σ in all our simulations so that microscopically one length scale
determines both the steric interaction distance, and the effective surface
roughness of each filament.

characteristic units of length, time, and energy, we obtain reduced
dimensionless parameters listed in Table 1. Combining equations
(1)-(3), we find that the Langevin equations for bead dynamics
(in scaled form, parameter values in Table 1) are

drα
dt

=−
( κE

2
∇Φα

E +
κ
2

∇Φα
κ +∇Φα

WCA

)
+ f bα +

√
2 ζα (4)

where ζα is a delta-correlated noise with zero mean.
At a coarse-grained level, the nearly inextensible slender col-

loidal filament may be modeled as a continuous active curve with
mean-field elastic properties. Figure 1(c) is a representative free-
body diagram that illustrates the forces and torques acting on a
small segment of such a filament. For fixed filament length, con-
stant bond rest length and bead size, and constant fluid viscosity
and temperature, two parameters can be identified in this mean
field limit. The first dimensionless parameter quantifies the com-
petition between activity and passive (bending) elasticity,

β ≡ faℓ3

κ
=

f σ2(Nm −1)3

κ
. (5)

We note that simulations are conducted in scaled units. Thus, to
estimate β in simulation units, we set σ = 1, the force f acting on
the bead is expressed in units of kBT/σ , and the bending stiffness
κ is expressed in units of kBT σ . Note that the activity parameter
β expressed in terms of the tip-to-tip distance is f σ2N3

m/κ. The
distance between the anchor points of adjacent filaments is ∆ ≡
δ/σ .

One end of each filament (s = 0) end is pinned along the x
axis at regularly spaced intervals ∆. In the simulations, the pin-
ning constraint is implemented through a linear elastic potential
(Equation 1) with restrictions placed on the translational motion
of the s = 0 end monomer. Since we do not employ a bending
potential at the fixed end, the filament is free to rotate about
the pinning point. The length-scale ∆ determines the density of
the array, and controls the strength of steric interactions between
neighboring filaments. A dilute array corresponds to large values
∆, while the array becomes increasingly dense as ∆ → 1. Periodic
boundary conditions are imposed along the x direction.

As mentioned earlier, we set the distance between two con-

secutive monomer beads in the filament, ℓ0, to be equal to the
effective size of the bead (monomer), (σ). This limit is relevant
to synthetic colloid-based active filament chains and polymers.
Thus, the surface of the filament effectively acts as a corrugated
surface. As a result, the monomer-monomer interaction imposes
effective tangential forces between parallel interacting filaments,
causing resistance to a sliding/gliding motion. This tangential re-
sistance is similar to an effective friction force that resists gliding
between neighboring filaments or filament groups. As a result of
these three effects, the relative movement between filaments can
be arrested in favorable cases as adjacently located filaments lock
in position with each other.

Rewriting the activity parameter β as (ℓ/λ )3, we deduce that
this parameter captures the ratio between the filament length ℓ

and the curvature length scale λ = (κ/ fa)
1
3 that quantifies the

curvature scale of the deformed filament. When the elastic mod-
ulus of the filament is fixed, β serves as an overall measure of
filament softness. Very active, soft, or long filaments correspond
to β ≫ 1, while weakly active, highly stiff, short filaments cor-
respond to β ≪ 1. In our simulations, we explore β ≥ 14.83. In
terms of applicability, for fixed ∆ and ℓ (fixed array geometry), the
behavior seen for β ≈ 75 (the highest value we simulate) remains
valid for higher values of β .

The majority of our simulations are conducted at a constant
temperature. We introduce a renormalized bending rigidity K =

κ/(NmσkBT ), which we interpret as the ratio of the thermal per-
sistence length κ/kBT to the chain length Nmσ (here we invoke
Nm ≫ 1). With simulation parameters maintaining K ≫ 1, fila-
ment shapes are controlled by non-thermal forces. To further ex-
plore the effects of thermal noise, we also conducted simulations
at different temperatures, thus significantly changing K .

Overall, each simulation begins with the filaments in their non-
deformed state and aligned vertically. The shape of each filament
is then evolved by integrating Eq. (4) in time using an explicit
Euler-Maruyama scheme with time step ∆t = 10−4. Typically,
steady patterns are obtained with total (scaled) time periods ∼
50.

3 Simulation results

3.1 Clustering beyond a critical value of β

Previous work based on Brownian dynamics simulations,42,82,
and analytical studies39,40,44,45,83 indicates that compressive fol-
lower forces on a single elastic flexible filament that is clamped at
one end and free at the other trigger a transition to periodic oscil-
latory states provided β is sufficiently large. Specifically, when the
deformations are restricted to a plane, an isolated clamped-free
filament starts to execute flagella-like beats39,40,44,45,83. When
off-planar deformations are allowed, beyond a critical value of β ,
single filaments periodically spin in three dimensions46,53.

Changing the boundary condition at the anchoring point
changes the type of instability and the non-linear solutions that
emerge. We have earlier shown40,42, that a straight pinned-free
filament subject to tangentially directed compressive forces be-
comes unstable via a global bifurcation. Post-bifurcation, fila-
ments start to rotate about the pinned end, eventually forming
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coiled-buckled shapes with well-defined curvatures. Global bi-
furcation and nonlinear solutions persist even in the presence of
weak to moderate stochastic (athermal) or thermal noise40,42,82,
and have also been observed in experiments using connected ac-
tive colloids10, and in experiments on motor-driven filament as-
says31,84.

When filaments are arrayed in a line and close to each other,
the activity-driven buckling instability combines with steric ef-
fects and favors the formation of temporary filament aggregates.
Specifically, initial stochastic bending fluctuations of the filament,
and subsequent fluctuations in the formation of a coiled state,
decide the initial direction of rotation (clockwise or counterclock-
wise). When two filaments are close together so that δ/ℓ≪ β− 1

3 ,
free rotation of either filament at the base is constrained by nor-
mal steric interactions. These steric interactions also impact the
overall motion of the filaments far from the base, since the fol-
lower force is intrinsically coupled to the filament conformation.
A further steric effect arises from tangential contact forces that
mimic surface friction when two filaments try to slide past each
other. This surface effect depends on the ratio ℓ0/σ and was iden-
tified in our earlier work as a parameter controlling spatiotempo-
ral evolution64 in active filament arrays with clamped boundary
conditions.

3.2 Clear clustered states are suppressed for short system
sizes

We tested conditions that result in clustered states by initiating
simulations with varying system sizes (number of filaments) and
fixed ∆ and ℓ. We found that for small filament numbers, no clus-
tering is observed, up to the maximum value of β investigated (∼
59.32). Rather, filaments tilt to one side and fluctuate about this
mean angled orientation. For densely packed arrays, collective
behavior is dominated by contact forces. For sparse arrays with
moderately large values of ∆, significant fluctuations are observed
in relative alignment between neighboring filaments. Since peri-
odic boundary conditions are imposed at the lateral ends of the
full array, we deduce that the lack of clustering is related to the
length of the simulation domain being too small compared to a
naturally preferred inter-cluster wavelength. In fact, by systemat-
ically increasing the simulated domain size, we eventually obtain
clusters. Increasing the domain length to larger values allows us
to obtain kinetically arrested, stable clusters.

3.3 Cluster patterns are controlled by activity and geometry

For simulations reported here, we find that the system size NA =

300 is sufficiently large to form clearly defined stable clusters pro-
vided the activity parameter β ≥ 29.66. Figures 2(a)-(c) illustrate
the cluster sizes and shapes obtained for various values of the ac-
tivity, and spacing parameters with the domain size, NA = 300,
held fixed. Note that we impose periodic boundary conditions in
the x direction.

We first focus on small β values. In Figure 2(a) and (b), we
present simulation results for β values lower than the critical
value (≈ 30.6) for which an isolated pinned-free filament becomes
neutrally stable. For this subcritical value of β , noise (jitter) re-

sults in straight non-deformed filaments rotating arbitrarily about
the pinned base. As a result of steric interactions and bead-bead
locking effects, the filament array is observed to tilt collectively.
The tilting motion also triggers isolated regions of filament de-
formation and transient oscillations and eventually yields tilted
domains interspersed with sparse, isolated shapes. As the fol-
lower force density increases to β = 29.66, the filaments are at
the cusp of instability. Here, slow filament rotation, noise, and
steric interactions act in concert to yield compact structures.

We next focus on the clustering process for activity parameters
that are larger than the critical value for single-filament instabil-
ity. Figures 2(a) and (b), show the configuration of the kineti-
cally arrested clusters for β = 44.49 and 59.32. Additionally, we
explore the effect of array geometry (filament spacing) in Fig-
ure 2(c), where we vary ∆ = 2,3,4 and 5, with the activity param-
eter β = 44.49 held fixed. Visually, it is clear from Figure 2(a)-(c)
that the shape and size of the clusters are influenced by both ge-
ometry (∆) and activity (β). From Figure 2(a)-(b), we deduce
that for small β with ∆ held constant, the activity-induced defor-
mation of individual filaments is relatively smaller, a typical clus-
ter includes a large number of filaments, and the spacing between
clusters is large. However, for larger values of β , the clusters are
relatively compact and are seen to be arrested to unique tower-
like shapes (see ESM-Movie1). Typical cluster sizes (in terms
of the number of arrested filaments), as well as typical cluster
widths, are further strongly impacted by spacing ∆, as evident in
Figure 2. We find that increasing ∆ decreases the thickness of
the cluster for all values of β (see ESM-Movie2). We have also
observed that the most stable form of the structure tends to be
symmetric in shape.

Some filaments do not belong to any cluster and are typi-
cally found to oscillate between two adjacent clusters. We call
these inter-cluster filaments. Such filaments are found to oscil-
late with a well-defined frequency with low variations when ∆ is
small. For larger ∆, the oscillations of inter-cluster filaments can
be noisy and erratic. The orientation of such filaments, and es-
pecially the tangent vectors at the base, are spatially restricted
and constrained due to the steric interactions with the neighbor-
ing static filaments belonging to adjacent clusters. Although a
single isolated filament moves in a manner consistent with the
pinned boundary condition at the base, these inter-cluster fila-
ments show flagella-like oscillations, seen for clamped active fil-
aments42. Thus, geometric restrictions imposed by arrest cause
the pinned filaments to act as if they were effectively clamped and
with a shorter length. If the number of such dynamic filaments
between two adjacent clusters is large enough, the filaments per-
form synchronized oscillations.

Figure 3 summarizes the results of our simulations using a state
(phase) diagram that indicates the range of parameters for which
the kinetically arrested clusters and tilted domains are observed
in the simulations. Note that we did not observe tightly packed
clusters below βc (indicated by the dashed line). In the transition
region, the tilted domains co-exist with isolated clusters. For ∆ >

5, the inter-filament distance is too large for contact interactions
and hence clusters do not form. These parameter regions are
omitted from the state diagram.
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� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � � 1 � 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

�2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

�1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � � 1 � 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

�2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

�1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � � 1 � 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

�2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

�1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � � 1 � 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

�2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

�1

(a)

(b)

(c)

(d)
<latexit sha1_base64="XerezbFeJ8FgXawiDgmLD2KfVJs=">AAACGXicbVDLSsNAFJ34rPUVdelmsAguSkmKVSkIRV24rGAf0IQymU7aoZNJmJkIJeQ33Pgrblwo4lJX/o2TNgttPXDhcM693HuPFzEqlWV9G0vLK6tr64WN4ubW9s6uubfflmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vs78zgMRkob8Xk0i4gZoyKlPMVJa6puWc0OYQvASVqFTd+qJEyA1EkGC+CBNMwX62rStMrRrZVi1+mbJqlhTwEVi56QEcjT75qczCHEcEK4wQ1L2bCtSboKEopiRtOjEkkQIj9GQ9DTlKCDSTaafpfBYKwPoh0IXV3Cq/p5IUCDlJPB0Z3a3nPcy8T+vFyv/wk0oj2JFOJ4t8mMGVQizmOCACoIVm2iCsKD6VohHSCCsdJhFHYI9//IiaVcr9lmldndaalzlcRTAITgCJ8AG56ABbkETtAAGj+AZvII348l4Md6Nj1nrkpHPHIA/ML5+AHuDnM4=</latexit>

� = 2 and f = 10, 15, 20

<latexit sha1_base64="YCtdK5EAT/XPGqkFRh/tJiMJ2oU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUpSWpWCUNSFywr2AU0ok+mkHTqZhJmJUEJ/w42/4saFIi515d84abPQ1gMXDufcy733eBGjUlnWt5FbWV1b38hvFra2d3b3zP2DtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88XXqdx6IkDTk92oSETdAQ059ipHSUt+0nBvCFIKXsAqdulNPnACpkQgSxAfTaapAX5u2VYJ2rQQrVt8sWmVrBrhM7IwUQYZm3/x0BiGOA8IVZkjKnm1Fyk2QUBQzMi04sSQRwmM0JD1NOQqIdJPZZ1N4opUB9EOhiys4U39PJCiQchJ4ujO9Wy56qfif14uVf+EmlEexIhzPF/kxgyqEaUxwQAXBik00QVhQfSvEIyQQVjrMgg7BXnx5mbQrZfusXLurFhtXWRx5cASOwSmwwTlogFvQBC2AwSN4Bq/gzXgyXox342PemjOymUPwB8bXD37XnNA=</latexit>

� = 4 and f = 10, 15, 20

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � � 1 � 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

�2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

�1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � � 1 � 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .
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<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

�2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

�1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � � 1 � 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

�2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

�1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � � 1 � 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

�2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

�1

(a)

(b)

(c)

(d)
<latexit sha1_base64="XerezbFeJ8FgXawiDgmLD2KfVJs=">AAACGXicbVDLSsNAFJ34rPUVdelmsAguSkmKVSkIRV24rGAf0IQymU7aoZNJmJkIJeQ33Pgrblwo4lJX/o2TNgttPXDhcM693HuPFzEqlWV9G0vLK6tr64WN4ubW9s6uubfflmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vs78zgMRkob8Xk0i4gZoyKlPMVJa6puWc0OYQvASVqFTd+qJEyA1EkGC+CBNMwX62rStMrRrZVi1+mbJqlhTwEVi56QEcjT75qczCHEcEK4wQ1L2bCtSboKEopiRtOjEkkQIj9GQ9DTlKCDSTaafpfBYKwPoh0IXV3Cq/p5IUCDlJPB0Z3a3nPcy8T+vFyv/wk0oj2JFOJ4t8mMGVQizmOCACoIVm2iCsKD6VohHSCCsdJhFHYI9//IiaVcr9lmldndaalzlcRTAITgCJ8AG56ABbkETtAAGj+AZvII348l4Md6Nj1nrkpHPHIA/ML5+AHuDnM4=</latexit>

� = 2 and f = 10, 15, 20

<latexit sha1_base64="YCtdK5EAT/XPGqkFRh/tJiMJ2oU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUpSWpWCUNSFywr2AU0ok+mkHTqZhJmJUEJ/w42/4saFIi515d84abPQ1gMXDufcy733eBGjUlnWt5FbWV1b38hvFra2d3b3zP2DtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88XXqdx6IkDTk92oSETdAQ059ipHSUt+0nBvCFIKXsAqdulNPnACpkQgSxAfTaapAX5u2VYJ2rQQrVt8sWmVrBrhM7IwUQYZm3/x0BiGOA8IVZkjKnm1Fyk2QUBQzMi04sSQRwmM0JD1NOQqIdJPZZ1N4opUB9EOhiys4U39PJCiQchJ4ujO9Wy56qfif14uVf+EmlEexIhzPF/kxgyqEaUxwQAXBik00QVhQfSvEIyQQVjrMgg7BXnx5mbQrZfusXLurFhtXWRx5cASOwSmwwTlogFvQBC2AwSN4Bq/gzXgyXox342PemjOymUPwB8bXD37XnNA=</latexit>

� = 4 and f = 10, 15, 20

Fig. 2 (a,b) Clustering observed for different values of D, and for different active force densities, f . (a) Snapshots of the active carpet for (a) D = 2,
and the dimensionless force density f = 10,15,20, and (b) D = 4, and f = 10,15,20.

(b) (a) <latexit sha1_base64="Ny16yGXPy6hZnqDbRI3HXf56S0U=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NB8CBhNxiVQCCoB48RzAOyS5idzCZDZh/M9Aoh5uCvePGgiFd/w5t/4yTZgyYWNBRV3XR3ebHgCizr28gsLa+srmXXcxubW9s75u5eQ0WJpKxOIxHJlkcUEzxkdeAgWCuWjASeYE1vcD3xmw9MKh6F9zCMmRuQXsh9TgloqWMeODdMAMEVXDzFTtkpY7+C7VLHzFsFawq8SOyU5FGKWsf8croRTQIWAhVEqbZtxeCOiAROBRvnnESxmNAB6bG2piEJmHJH0/vH+FgrXexHUlcIeKr+nhiRQKlh4OnOgEBfzXsT8T+vnYB/6Y54GCfAQjpb5CcCQ4QnYeAul4yCGGpCqOT6Vkz7RBIKOrKcDsGef3mRNIoF+7xQujvLV6/SOLLoEB2hE2SjC1RFt6iG6oiiR/SMXtGb8WS8GO/Gx6w1Y6Qz++gPjM8fn2CTRw==</latexit>� = 2, f = 15
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Fig. 3 (a) Typical trajectories of filaments that oscillate between clusters. Here, we set for f = 15, while varying the spacing. Here values of D are
(from top to bottom) 2,3,4,5. In (b), we show a closeup of the locus along which chosen points move for an inter-cluster oscillating filament.

with care taken to ensure that the time step is adequately small.

3 Results: Emergent patterns and dynamics

Previous simulation12,13 and analytical studies11,14,21,23,28 that
distributed compressive follower forces acting along the contour
length of a flexible filament and towards a pinned end may ei-
ther result in flagella-like beating, or in steady rotations in two-
dimensional settings. The latter case corresponding to a anchored
end with a moment-free (pivoting) boundary condition is rele-
vant to this study. In the pinned case, the active filament un-
dergoes a bifurcation from a straight filament to a continuously
rotating filament for A > ⇤. The characteristic radius of curvature
of the bent filament, and its rotation frequency can be obtained
from moment and power balances11,12 and follows the scaling
⇤. Since initial bending of the filament and possible fluctuations
decides the sense of rotation (clock-wise or counter-clockwise)
direction. These predictions are confirmed by experiments us-
ing connected active colloids8, and in experiments investigating
flagella-like beating of single motor-driven biological filaments27.

Here in the dense carpet, free rotation of each filament in the
carpet is prevented by normal contact forces due to interactions
with neighbouring filaments. Furthermore, inter-filament steric
interactions also impact the sense of its rotation, as the follower
force is intrinsically coupled to the filament conformation. A third
effect that is also steric arises from tangential contact forces when

two filaments slide past each other. This surface effect depends
on the ratio `0/s and was identified in our earlier work29 on
propagating metachronal waves and wave-trains in active carpets
with clamped boundary conditions.

In this work, we set the distance between two consecutive
monomers in filament (`0) to be almost equal to the effective size
of monomers (s), a limit that is most relevant to synthetic colloid
based active filament chains and polymers. Thus the ’surface’ of
the filament effectively acts as corrugated surface. As a result,
the monomer-monomer interaction imposes an effective tangen-
tial force between a pair of parallel aligned interacting filaments,
causing resistance to a sliding/gliding motion. This tangential re-
sistance is akin to an effective frictional force that favors a state
where neighboring clusters do not glide past each other. As a re-
sult of these three effects, the filaments form clusters in which the
relative movement of the filament is mostly arrested.

In preliminary work29, we showed that changing the boundary
condition from clamped to pinned filaments changes the emer-
gent dynamics from propagating waves to jammed clusters. Here
building on this idea, we systematically investigate the emergence
of these compact jammed clusters and show that their self-similar
shape, and periodicity may be independently controlled by (i)
geometry - by changing the inter-filament gap relative to their
length while keeping activity and elastic properties fixed, or by
(ii) activity by changing the active force while keeping geome-
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Fig. 2 Kinetically arrested clusters form naturally for different values of the inter-filament spacing and activity. Snapshots of the active carpet
for the dimensionless force density β = 14.83,29.66,44.49,59.32 (from top to bottom). (a) for ∆ = 2 and (b) for ∆ = 4. Note that β = 14.83 is less than
βc (for an isolated filament) and we do not expect the divergence instability. Rather, noise (jitter) results in undeformed filaments rotating arbitrarily
about the pinned base and forming tilted domains (evident in the region marked using red rectangles). Stabilization of the tilted state occurs as a
result of steric interactions and periodic boundary conditions. Steric interactions also trigger localized deformations leading to sparse isolated shapes.
For β = 29.66, the activity parameter β ∼ βc, and filaments are at the cusp of instability. Slow filament rotation, noise, and steric interactions act
synergistically to yield clusters. For f > 29.66, when β > βc, filament instability drives rapid cluster formation. (c) The snapshots illustrating clustering
when ∆ varies from 2 to 5 (top to bottom), and for fixed β = 44.49. We note how inter-filament spacing controls both the shape of the cluster and
the spacing between clusters. Also shown in orange are typical trajectories of the tips of filaments that oscillate between clusters.
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Fig. 3 The simulation state diagram with the spacing ∆ and the β as
the axes. The dashed line indicate βc, the critical activity beyond which
a single pivoted filament deforms.

3.4 Cluster shapes can be rescaled to self-similar forms

Although the thickness of the jammed cluster is crucially depen-
dent on ∆, certain characteristics of the tower-shaped configura-
tions appear to be preserved for a given β across different ∆. To
closely examine these shapes, we plot the positions of periphery
monomers of a given cluster, providing the outline of the clus-
ters (Figure 4). Since cluster shapes are complex, we chose the
number of filaments within a cluster as a suitable metric to rep-
resent the cluster size. To identify whether a filament was part
of the cluster or not, we looked at the shortest distance between
filament pairs. If the shortest distance between a pair of fila-
ments δi j < 21/6σ , where σ is the interaction cut-off, we count
these filaments as part of the same cluster. The outermost fila-
ment was identified via this criterion. Because of the dynamic
filaments that oscillate between some of the clusters, the num-
ber of filaments in a cluster, defined using the above criterion, is
generally a time-dependent quantity. Since our objective is to un-
derstand the formation of kinetically arrested clusters, we ignore
these oscillating filaments and consider only those that are static
and always part of a given cluster to analyze the cluster shapes.
Thus, we obtain a shape profile by tracking the locations of the
two end filaments and the free monomers, distal to the pinned
end, of the inner filaments. We find that for a fixed value of β ,
the width of the cluster increases with a decrease in ∆ as more
filaments are dynamically arrested in a single cluster. The vertical
height of the cluster remains the same as this is controlled by the
central trapped filament, which, to the leading order, retains its
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<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y <latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y <latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="xM3AFYAMseowNhmsJCXzRygag4o=">AAAB73icbVDLSsNAFL3xWeOr6tLNYBFclUR8bYSiG5cV7APaUCbTSTt0MhNnJkIJ/Qk3LhRx6++482+ctFlo64ELh3Pu5d57woQzbTzv21laXlldWy9tuJtb2zu75b39ppapIrRBJJeqHWJNORO0YZjhtJ0oiuOQ01Y4us391hNVmknxYMYJDWI8ECxiBBsrtSN0jXzPdXvlilf1pkCLxC9IBQrUe+Wvbl+SNKbCEI617vheYoIMK8MIpxO3m2qaYDLCA9qxVOCY6iCb3jtBx1bpo0gqW8Kgqfp7IsOx1uM4tJ0xNkM97+Xif14nNdFVkDGRpIYKMlsUpRwZifLnUZ8pSgwfW4KJYvZWRIZYYWJsRHkI/vzLi6R5WvUvquf3Z5XaTRFHCQ7hCE7Ah0uowR3UoQEEODzDK7w5j86L8+58zFqXnGLmAP7A+fwBRcSOLA==</latexit>

f = 10
<latexit sha1_base64="vwf20eu/jj7tizb8/+1b26JDM44=">AAAB73icbVBNS8NAEJ3Urxq/oh69LBbBU0nEqheh6MVjBfsBbSib7aZdutnE3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpZXVtfaO8aW9t7+zuOfsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0H49vcbz9RqVgsHvQkoX6Eh4KFjGBtpE6IrpFXs+2+U3Gr7gxomXgFqUCBRt/56g1ikkZUaMKxUl3PTbSfYakZ4XRq91JFE0zGeEi7hgocUeVns3un6MQoAxTG0pTQaKb+nshwpNQkCkxnhPVILXq5+J/XTXV45WdMJKmmgswXhSlHOkb582jAJCWaTwzBRDJzKyIjLDHRJqI8BG/x5WXSOqt6F9Xa/XmlflPEUYYjOIZT8OAS6nAHDWgCAQ7P8Apv1qP1Yr1bH/PWklXMHMIfWJ8/TWKOMQ==</latexit>

f = 15

<latexit sha1_base64="t8VW8LSyJP10sI8HbLSTA0NFtOM=">AAAB73icbVDLSsNAFL2prxpfVZduBovgqiTF10YounFZwT6gDWUynbRDJ5M4MxFK6E+4caGIW3/HnX/jJM1CWw9cOJxzL/fe48ecKe0431ZpZXVtfaO8aW9t7+zuVfYP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7eZ33miUrFIPOhpTL0QjwQLGMHaSN0AXaO6Y9uDStWpOTnQMnELUoUCzUHlqz+MSBJSoQnHSvVcJ9ZeiqVmhNOZ3U8UjTGZ4BHtGSpwSJWX5vfO0IlRhiiIpCmhUa7+nkhxqNQ09E1niPVYLXqZ+J/XS3Rw5aVMxImmgswXBQlHOkLZ82jIJCWaTw3BRDJzKyJjLDHRJqIsBHfx5WXSrtfci9r5/Vm1cVPEUYYjOIZTcOESGnAHTWgBAQ7P8Apv1qP1Yr1bH/PWklXMHMIfWJ8/R0uOLQ==</latexit>

f = 20

<latexit sha1_base64="t8VW8LSyJP10sI8HbLSTA0NFtOM=">AAAB73icbVDLSsNAFL2prxpfVZduBovgqiTF10YounFZwT6gDWUynbRDJ5M4MxFK6E+4caGIW3/HnX/jJM1CWw9cOJxzL/fe48ecKe0431ZpZXVtfaO8aW9t7+zuVfYP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7eZ33miUrFIPOhpTL0QjwQLGMHaSN0AXaO6Y9uDStWpOTnQMnELUoUCzUHlqz+MSBJSoQnHSvVcJ9ZeiqVmhNOZ3U8UjTGZ4BHtGSpwSJWX5vfO0IlRhiiIpCmhUa7+nkhxqNQ09E1niPVYLXqZ+J/XS3Rw5aVMxImmgswXBQlHOkLZ82jIJCWaTw3BRDJzKyJjLDHRJqIsBHfx5WXSrtfci9r5/Vm1cVPEUYYjOIZTcOESGnAHTWgBAQ7P8Apv1qP1Yr1bH/PWklXMHMIfWJ8/R0uOLQ==</latexit>

f = 20

<latexit sha1_base64="xM3AFYAMseowNhmsJCXzRygag4o=">AAAB73icbVDLSsNAFL3xWeOr6tLNYBFclUR8bYSiG5cV7APaUCbTSTt0MhNnJkIJ/Qk3LhRx6++482+ctFlo64ELh3Pu5d57woQzbTzv21laXlldWy9tuJtb2zu75b39ppapIrRBJJeqHWJNORO0YZjhtJ0oiuOQ01Y4us391hNVmknxYMYJDWI8ECxiBBsrtSN0jXzPdXvlilf1pkCLxC9IBQrUe+Wvbl+SNKbCEI617vheYoIMK8MIpxO3m2qaYDLCA9qxVOCY6iCb3jtBx1bpo0gqW8Kgqfp7IsOx1uM4tJ0xNkM97+Xif14nNdFVkDGRpIYKMlsUpRwZifLnUZ8pSgwfW4KJYvZWRIZYYWJsRHkI/vzLi6R5WvUvquf3Z5XaTRFHCQ7hCE7Ah0uowR3UoQEEODzDK7w5j86L8+58zFqXnGLmAP7A+fwBRcSOLA==</latexit>

f = 10
<latexit sha1_base64="vwf20eu/jj7tizb8/+1b26JDM44=">AAAB73icbVBNS8NAEJ3Urxq/oh69LBbBU0nEqheh6MVjBfsBbSib7aZdutnE3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpZXVtfaO8aW9t7+zuOfsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0H49vcbz9RqVgsHvQkoX6Eh4KFjGBtpE6IrpFXs+2+U3Gr7gxomXgFqUCBRt/56g1ikkZUaMKxUl3PTbSfYakZ4XRq91JFE0zGeEi7hgocUeVns3un6MQoAxTG0pTQaKb+nshwpNQkCkxnhPVILXq5+J/XTXV45WdMJKmmgswXhSlHOkb582jAJCWaTwzBRDJzKyIjLDHRJqI8BG/x5WXSOqt6F9Xa/XmlflPEUYYjOIZT8OAS6nAHDWgCAQ7P8Apv1qP1Yr1bH/PWklXMHMIfWJ8/TWKOMQ==</latexit>

f = 15

(a) (b) (c) 

(d) (e) (f) 

Rescaled <latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

Rescaled <latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x Rescaled <latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y <latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y <latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
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Fig. 4 Outline and collapse of self-similar clusters for different values of spacing (∆) and for activity (a) β = 29.66 (b) β = 44.49, and (c) β = 59.32.
All length scales (height and width) are in dimensionless units. In sub-figures (d)-(f) we illustrate how scaling allows us to collapse the outlines into
self-similar forms. We show the same clusters after scaling the lateral widths along the x axis by a factor ∆a(β ), so that x̃ = x∆a(β ). We find that best-fit
values of a are (d) ≃ 1.6 (e) ≃ 1.3 (f) ≃ 1.05.

straight shape.

Motivated by the nature of these profiles, we next tried to see
if re-scaling the axes enabled the collapse of cluster outlines to
self-similar or universal shapes. We find that for fixed values of β ,
re-scaling the x-axis by ∆a, with a(β ) > 0 allowed us to collapse
outlines for different values of ∆, as shown in Figure 4. Re-scaling
worked better for larger values of β when more clearly outlined
and tightly packed clusters were obtained. We note that the col-
lapse is not perfect, with deviations observed as we approach the
pinned ends, as seen in Figures 4(d)- 4(f). However, the approxi-
mately self-similar shapes suggest that the shape of the kinetically
arrested cluster is determined by activity, while its lateral extent
or width (or equivalently, the number of filaments in the cluster)
is strongly controlled by geometry via the inter-filament spacing
parameter ∆.

3.5 Statistical properties of clusters: size and density

Next, we analyze how the average size and the density of clus-
ters are influenced by the two control parameters β and ∆, for
the given system size, NA = 300. Since ∆ is a parameter that we
vary, the lateral extent of the system also varies. Once the system
reaches steady state, both the size and the number of clusters are
averaged over time and over ensembles.

Using the criterion described earlier to determine whether a fil-
ament belongs to a cluster, we obtain domain averaged values,
as well as ensemble averaged values, for the number of filaments
with a cluster, ⟨Nf⟩. In Figure 5(a), we plot the average number

of filaments in a cluster as a function of ∆ and for different β . For
fixed β , the average cluster size is found to decrease monotoni-
cally with ∆. We also find that the clusters become more compact
with increasing β . Eventually, the size of the cluster is constrained
by the tight hexagonal packing geometry seen near where the lat-
eral width is minimum.

For the shape of a typical cluster, we also calculated an effec-
tive cluster width defined as the average of the local width over its
vertical length. For fixed ∆, this quantity is also found to decrease
monotonously with β . Using this, we estimate the average num-
ber of clusters in the domain, ⟨Nc⟩ and plot this in Figure 5(b). We
find that ⟨Nc⟩ is approximately linear in ∆ with slopes depending
on β . In both (a) and (b), the variations in the average value ob-
tained from different simulations are shown as vertical lines. Data
were obtained from up to five independent runs. The averaging
was performed over time and for different initial conditions. The
error bars are the standard deviation.

3.6 Spatiotemporal variations in internal pressure

Inspection of the simulation results suggests that cluster stabi-
lization in the most compact part of the cluster is achieved by
balancing activity and internal steric stress. To quantify the state
of stress within the interior of a cluster, we defined a metric quan-
tifying the local interaction stress (pressure), defined for each
monomer α and calculated from the pairwise interaction force
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Fig. 5 Cluster properties. (a) We show how the average number of filaments in a representative cluster, ⟨Nf⟩, varies with spacing ∆ for three values
of β . The total number of filaments in the array is fixed at NA = 300. We note that the size of the domain changes with changing ∆. Inter-cluster
oscillating filaments are not taken into account in estimating this cluster size. The dashed line is the prediction from our scaling theory. (b) Here
the average number of clusters that form in the array (domain) is shown as a function of β and ∆ (NA = 300). The average number of clusters can
be approximated by a linear fit (not shown) with the slopes being 3.8, 5.5, and 6.8 for β = 29.66,44.49 and 59.32 respectively. In both (a) and (b),
variations in the average value obtained from simulations are shown as vertical lines. For small ∆, we note large fluctuations in the number of filaments
per cluster due to stochastic variations in inter-cluster filaments.

Fαα ′ and the separation vector rαα ′

Pα =
1

Nb
∑

α ′∈Nb

δ : (Fαα ′rαα ′) (6)

where Nb is the number of neighboring monomers in contact with
the αth monomer, and δ is the unit tensor. The local interaction
pressure was estimated for each monomer in a typical cluster for
different ∆ and β . Note that Pα quantifies only the contribution
to the pressure from interparticle interactions. Since the interac-
tions are caused by the filament deformation due to activity, this
quantity will vanish for passive grafted filaments, when β = 0.

In Figure 6, we show the time-averaged value of Pα (color-
coded for intensity) superimposed on the respective cluster con-
figuration. As seen in Figure 6(a), the local interaction pressure
is mostly concentrated within a small region, in the middle of
the cluster, where the inter-bead distances are minimum, and
the cluster is most tightly packed. As the activity parameter β
increases, at fixed ∆, this region moves closer to the basal re-
gion, and the local pressure increases in magnitudes. This trend
is consistent with the observation that the cluster becomes more
compact with increasing β , as the filaments become more com-
pressed, leading to higher internal pressure. In Figure 6(b) we
show the local pressure for different ∆, while keeping the activity
fixed with β = 44.49. It is evident that when the cluster thick-
ness is higher for closely packed filaments, the magnitude of local
pressure increases.

We further calculate the global interaction pressure, P =
1
N ∑N

α=1⟨Pα ⟩t , averaging the local, time-averaged, pressure over
all monomers for different ∆ and β . As shown in Figure 7, the
value of P increases approximately linearly with β for fixed ∆.
However, the slope increases as ∆ becomes smaller.

4 Discussion

4.1 Initiation of clustering

To first understand the emergence of motion leading to the initia-
tion of clustering, compaction, and contact, we consider the linear
stability of a single filament aligned vertically and not in contact
with any other filaments. We assume that to leading order the fol-
lower forces are not sufficiently large to cause filament compres-
sion and we therefore assume inextensibility. Detailed analyses
of including the nature of bifurcations, critical points, and emer-
gent nonlinear solutions in the absence of steric contact forces
have been performed previously by us and others40,42,44,45,82,83.
Here we briefly summarize the results that are pertinent to the
boundary considered here.

In ESM Section 1, we derive the equations that govern the ten-
sion T (s) and shape θ(s) of a test filament as a function of the
arc-length position s along it. The final equations are

0 = γT ′′+ γ(θ ′′θ ′)′−θ ′ (−θ ′′′+T θ ′) , (7)

0 =−θ ′′′′+(T θ ′)′− θ̇ + γθ ′ (T ′+θ ′′θ ′−β ). (8)

where γ is the ratio of the viscous resistances perpendicular and
parallel to the filament centerline, and θ̇ is the partial derivative
with respect to time of θ .

To gain insight into the form of the instability, the linear stabil-
ity of equations (7) and (8) to small perturbations may be ana-
lyzed in a simplified setting where the distributed follower force
is replaced by a concentrated point force f ℓ acting at the free
end40. With this approximation for the active force distribution,
we rewrite (7) and (8) in terms of a new variable H that is related
to θ by θ ≈ H ′. The resulting equations are linearized about the
base state H0(s) = 0 and T0(s) = β (s−1), and solved with bound-
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Fig. 6 Spatial distribution of the local pressure inside a cluster. (a) Here we show the pressure field (averaged over time) in a representative cluster
snapshot with simulations where N = 300 and ∆ = 4 and for different values of f . The values of β for these plots are β = 23.97,29.66,44.49 and 59.32.
Note that the compact structure corresponding to β = 23.97 corresponds to a sub-critical value of β . (b) Time-averaged spatial pressure distributions
within a cluster at fixed N = 300 and β = 44.49 , while the spacing ∆ varies.
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Fig. 7 Plot of the (cluster) averaged pressure as a function of the ac-
tive force density, β for various values of ∆. The average pressure here
obtained by calculating a combined time and spatial average for each
filament in a cluster – that is, an average over all beads in the cluster.
The error bar corresponds to the standard deviation.

ary conditions consistent with the pinned-free filament ends

H(0) = H ′′(0) = H ′′(1) = H ′′′(1) = 0. (9)

The general solution for this minimal model is

H1(s) = A sinh(λ1s)+B sin(λ2s)+Cs. (10)

The solvability condition40 is found to be λ1 coth λ1 = λ2 cot λ2,
from which we deduce that a straight filament is unstable to a
global non-oscillatory (rotational) instability via a divergence bi-
furcation when β ≈ 20.2. This value is smaller than the critical
value obtained from the linear stability of the exact, approxi-
mated equations (Eqns. (7) and (8)), βc ≈ 30.640,42.

Our simulations with f = 10 yield a patterned array organized
into well-formed clusters that are separated by a distance that is ∼

σ∆, even though the corresponding activity parameter β = 29.66
is less than the critical value βc = 30.6 predicted by theory40. This
is not surprising since the activity parameter β is based on the
center-to-center distance, and defining it based on the tip-to-tip
distance provides a value ≈ 32. Furthermore, given the small but
nonzero fluctuations in the overall length of the colloid chain, we
deduce that f = 10 (β = 29.66) is close to the critical point for a
single colloid chain to become unstable.

In the absence of bias and due to intrinsic stochastic noise, the
rotation can be clockwise or counterclockwise. Rotating filaments
eventually contact their neighbors, whereupon steric interactions
and the initial uncoordinated rotation act in concert to generate
nascent clusters. These clusters then evolve to their final shape
and size. This coarsening process is also accelerated by oscillating
inter-cluster filaments; these push and compact the clusters when
they are in contact with them.

After instability and far from the critical point, the filaments
deform to coiled shapes with characteristic radius ∼ ℓ/β

1
3 . These

shapes rotate about the pinning point with a time scale τc where
τ−1

c ∼ κ/(ℓ4ζ∥)β
4
3 where ζ∥ is the viscous resistance per unit

length for parallel motion40. Thus, we anticipate that filament
arrays with spacing ∆ ≫ (ℓ/σ)β− 1

3 will not form clusters. When
spacing allows for contact and cluster formation, protoclusters
form on a time scale τc. It is important to note that soon after the
initial instabilities start, filaments tend to oscillate and behave as
clamped-free filaments. This is because steric interactions rapidly
become important at the anchored end and effectively provide a
stiffening mechanism.

4.2 Stabilization of final clustered states

The filament dynamics and collective steady-state properties are
governed by the active, bending, and interaction forces acting
on each filament. We focus on simulations for fixed β = 59.32
and ∆ = 2, for which the clusters can be rescaled to self-similar
shapes, as seen in Figure 4(f). For each we start with NA = 300 fil-
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Fig. 8 Instantaneous snapshots of the (a) active torque, (b) elastic bending moment, and (c) contact torque on the dynamically arrested clusters and
on inter-cluster filaments. The active force density is β = 59.32, and the inter-filament spacing ∆ = 2.

aments and follow the development and eventual stabilization of
the clustered state. To analyze the roles of the different physical
mechanisms in this process, we calculate and track three quanti-
ties: local moments generated due to the active force Ma

α , and the
interaction force Mi

α about the basal end, and local discretized
bending moments Mα . The first two quantities are

Ma
α = fabα × (rα − r1) (11)

Mi
α = ∑

α ′
fWCA
αα ′ × (rα − r1), (12)

where bα is the local tangent vector for monomer α. Here,
fWCA
αα ′ is the contact force between beads that make up the α −α ′

monomer pair and is derived from the WCA potential defined in
Eq. (3). ESM movies 1-3 show the evolution of the final clustered
patterns starting from the initial vertically aligned filament array.
The color scheme in the movies and the intensity of the quantities
(in scaled units) correspond to the color map in Figure 8.

Since the active force acts along the local tangent, the local
slope of the filament configuration determines the resulting di-
rection of rotation due to this force (Figure 8(a)). In general, the
direction Ma

α can vary along the contour of the filament, depend-
ing on the geometry of the filament. A close look at the variation
of the bending moment along the filament reveals that the bend-
ing moment is predominantly localized in a region where the cur-
vature is large. Interestingly, this region of maximum curvature
(bending moment) is located closer to the basal end for the fila-
ments in the interior of the cluster (Figure 8(b)). However, this
region gradually moves towards the distal end of the filament.
The curvature field also allows us to identify the region where
the local slope changes sign. We find that the direction of the ac-
tive torque changes across the region of maximum curvature, as
is evident from Figure 8(a)-(b).

For a peripheral filament of the cluster, the active torques act-
ing on the segments above the bend region usually rotate the fil-
ament towards the cluster, while the active torques acting below
the bend region tend to rotate the filament in the opposite di-
rection. As the region of maximum curvature moves towards the

distal end, the slope near the basal end changes to enable out-
ward rotation of the filament. The extent of this region increases
as a result of which the filament tends to rotate away from the
cluster. Thus, the thickness of the cluster is limited by the ge-
ometry of the peripheral filament. The interaction torques are
important mainly towards the interior of the cluster, where pair-
wise interactions are more prominent. The role of the resulting
interaction torque is to limit the inward rotation of the filaments
(Figure 8(c)).

These observations are consistent with the equations that gov-
ern the shape of static filaments in the interior of the cluster (see
ESM §A2) that include coarse-grained tangential and normal ef-
fective friction coefficients. We deduce from our simulations that
these friction coefficients are highly localized to the middle part of
the filament and are negligible in the upper part of the filament,
as well as in the lower part close to the anchoring point.

4.3 Scaling theory for the size of clusters

We next aim to obtain a scaling theory for the mean number of
filaments within a cluster and rationalize the trend seen in Fig-
ure 5(a). In Figures 9(a) and (b), we show the shape of the
outermost filament in a cluster for different values of spacing ∆.
For small β values with activity values close to the critical value,
and for small δ corresponding to a densely packed array, the out-
ermost filament contour can be roughly divided into two domi-
nant regions AB and BD. This is also suggested in Figure 2(a) for
parameter values ∆ = 2 and β = 29.66. The outermost filament
contacts its interior neighbor at A, the portion of the filament
from A to B is slightly curved, and this region has negligible inter-
filament steric interactions. Between B and the anchoring point
(the lower part of the filament), steric contact interactions start
to again play a role, and contact interactions take values consis-
tent with a stationary filament. Examination of the forces acting
on the beads suggests that the compressive forces from the top
free segment are roughly balanced by contact forces. Motion en-
sues if the lower segment undergoes an active buckling event that
causes the segment to bulge outward and away from the enter of
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(a)

(b)

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .
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<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .
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<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

(a)

(b)

(c)

(d)
<latexit sha1_base64="XerezbFeJ8FgXawiDgmLD2KfVJs=">AAACGXicbVDLSsNAFJ34rPUVdelmsAguSkmKVSkIRV24rGAf0IQymU7aoZNJmJkIJeQ33Pgrblwo4lJX/o2TNgttPXDhcM693HuPFzEqlWV9G0vLK6tr64WN4ubW9s6uubfflmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vs78zgMRkob8Xk0i4gZoyKlPMVJa6puWc0OYQvASVqFTd+qJEyA1EkGC+CBNMwX62rStMrRrZVi1+mbJqlhTwEVi56QEcjT75qczCHEcEK4wQ1L2bCtSboKEopiRtOjEkkQIj9GQ9DTlKCDSTaafpfBYKwPoh0IXV3Cq/p5IUCDlJPB0Z3a3nPcy8T+vFyv/wk0oj2JFOJ4t8mMGVQizmOCACoIVm2iCsKD6VohHSCCsdJhFHYI9//IiaVcr9lmldndaalzlcRTAITgCJ8AG56ABbkETtAAGj+AZvII348l4Md6Nj1nrkpHPHIA/ML5+AHuDnM4=</latexit>

� = 2 and f = 10, 15, 20

<latexit sha1_base64="YCtdK5EAT/XPGqkFRh/tJiMJ2oU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUpSWpWCUNSFywr2AU0ok+mkHTqZhJmJUEJ/w42/4saFIi515d84abPQ1gMXDufcy733eBGjUlnWt5FbWV1b38hvFra2d3b3zP2DtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88XXqdx6IkDTk92oSETdAQ059ipHSUt+0nBvCFIKXsAqdulNPnACpkQgSxAfTaapAX5u2VYJ2rQQrVt8sWmVrBrhM7IwUQYZm3/x0BiGOA8IVZkjKnm1Fyk2QUBQzMi04sSQRwmM0JD1NOQqIdJPZZ1N4opUB9EOhiys4U39PJCiQchJ4ujO9Wy56qfif14uVf+EmlEexIhzPF/kxgyqEaUxwQAXBik00QVhQfSvEIyQQVjrMgg7BXnx5mbQrZfusXLurFhtXWRx5cASOwSmwwTlogFvQBC2AwSN4Bq/gzXgyXox342PemjOymUPwB8bXD37XnNA=</latexit>

� = 4 and f = 10, 15, 20

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .
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<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .
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<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

(a)

(b)

(c)

(d)
<latexit sha1_base64="XerezbFeJ8FgXawiDgmLD2KfVJs=">AAACGXicbVDLSsNAFJ34rPUVdelmsAguSkmKVSkIRV24rGAf0IQymU7aoZNJmJkIJeQ33Pgrblwo4lJX/o2TNgttPXDhcM693HuPFzEqlWV9G0vLK6tr64WN4ubW9s6uubfflmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vs78zgMRkob8Xk0i4gZoyKlPMVJa6puWc0OYQvASVqFTd+qJEyA1EkGC+CBNMwX62rStMrRrZVi1+mbJqlhTwEVi56QEcjT75qczCHEcEK4wQ1L2bCtSboKEopiRtOjEkkQIj9GQ9DTlKCDSTaafpfBYKwPoh0IXV3Cq/p5IUCDlJPB0Z3a3nPcy8T+vFyv/wk0oj2JFOJ4t8mMGVQizmOCACoIVm2iCsKD6VohHSCCsdJhFHYI9//IiaVcr9lmldndaalzlcRTAITgCJ8AG56ABbkETtAAGj+AZvII348l4Md6Nj1nrkpHPHIA/ML5+AHuDnM4=</latexit>

� = 2 and f = 10, 15, 20

<latexit sha1_base64="YCtdK5EAT/XPGqkFRh/tJiMJ2oU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUpSWpWCUNSFywr2AU0ok+mkHTqZhJmJUEJ/w42/4saFIi515d84abPQ1gMXDufcy733eBGjUlnWt5FbWV1b38hvFra2d3b3zP2DtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88XXqdx6IkDTk92oSETdAQ059ipHSUt+0nBvCFIKXsAqdulNPnACpkQgSxAfTaapAX5u2VYJ2rQQrVt8sWmVrBrhM7IwUQYZm3/x0BiGOA8IVZkjKnm1Fyk2QUBQzMi04sSQRwmM0JD1NOQqIdJPZZ1N4opUB9EOhiys4U39PJCiQchJ4ujO9Wy56qfif14uVf+EmlEexIhzPF/kxgyqEaUxwQAXBik00QVhQfSvEIyQQVjrMgg7BXnx5mbQrZfusXLurFhtXWRx5cASOwSmwwTlogFvQBC2AwSN4Bq/gzXgyXox342PemjOymUPwB8bXD37XnNA=</latexit>

� = 4 and f = 10, 15, 20
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<latexit sha1_base64="Apa7BovQLu7ud8LDbhGCzVq63fQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsp+3SzSbsboQQ+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAiujet+OaW19Y3NrfJ2ZWd3b/+genjU1nGqGPosFrHqhlSj4BJ9w43AbqKQRqHATji9nfudR1Sax/LBZAkGER1LPuKMGiv5apBns0G15tbdBchf4hWkBgVag+pnfxizNEJpmKBa9zw3MUFOleFM4KzSTzUmlE3pGHuWShqhDvLFsTNyZpUhGcXKljRkof6cyGmkdRaFtjOiZqJXvbn4n9dLzeg6yLlMUoOSLReNUkFMTOafkyFXyIzILKFMcXsrYROqKDM2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3xgwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwDOB+O+Q==</latexit>ry

<latexit sha1_base64="Apa7BovQLu7ud8LDbhGCzVq63fQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsp+3SzSbsboQQ+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAiujet+OaW19Y3NrfJ2ZWd3b/+genjU1nGqGPosFrHqhlSj4BJ9w43AbqKQRqHATji9nfudR1Sax/LBZAkGER1LPuKMGiv5apBns0G15tbdBchf4hWkBgVag+pnfxizNEJpmKBa9zw3MUFOleFM4KzSTzUmlE3pGHuWShqhDvLFsTNyZpUhGcXKljRkof6cyGmkdRaFtjOiZqJXvbn4n9dLzeg6yLlMUoOSLReNUkFMTOafkyFXyIzILKFMcXsrYROqKDM2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3xgwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwDOB+O+Q==</latexit>ry

<latexit sha1_base64="/VFzxqrzcU+yuESjJEOyhOIl7Po=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lst+3SzSbsTsQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2glX/eyp2mvXHGr7hxklXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+WuqnhCWVjOuQdSxWNuAmy+bFTcmaVPhnE2pZCMld/T2Q0MmYShbYzojgyy95M/M/rpDi4DjKhkhS5YotFg1QSjMnsc9IXmjOUE0so08LeStiIasrQ5lOyIXjLL6+S5kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNMAHBgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPNpqO+A==</latexit>rx

<latexit sha1_base64="KRTJCeRidCuFUbyIgYwuXndYJfU=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KGWmlvEBQlEXLivYB3RKyaR32tDMgyQjlKEf4MZfceNCEbd+gDv/xrSdhbaeEDiccy7JPW7EmVSm+W1klpZXVtey67mNza3tnfzuXkOGsaBQpyEPRcslEjgLoK6Y4tCKBBDf5dB0h9cTv/kAQrIwuFejCDo+6QfMY5QoLXXzBccFRfAlLp+XbLuInQt9boDPtCI+KeKKTpklcwq8SKyUFFCKWjf/5fRCGvsQKMqJlG3LjFQnIUIxymGcc2IJEaFD0oe2pgHxQXaS6TJjfKSVHvZCoW+g8FT9PZEQX8qR7+qkT9RAznsT8T+vHSvvrJOwIIoVBHT2kBdzrEI8aQb3mACq+EgTQgXTf8V0QAShSveX0yVY8ysvkka5ZNkl+65SqF6ldWTRATpEx8hCp6iKblEN1RFFj+gZvaI348l4Md6Nj1k0Y6Qz++gPjM8fucKW+g==</latexit>

� = 29.66, � = 2, 3, 4

<latexit sha1_base64="T1JxqTn2h9RLoz5c4iOBkHC0l14=">AAACDHicbVDLTgIxFO3gC/GFunTTSExcEDIDiI/EhKgLl5jIIwFCOuUONHQ6k7ZjQggf4MZfceNCY9z6Ae78G8vAQsHTNDk999zc3uOGnClt299WYml5ZXUtuZ7a2Nza3knv7tVUEEkKVRrwQDZcooAzAVXNNIdGKIH4Loe6O7ie1OsPIBULxL0ehtD2SU8wj1GijdRJZ1ouaIIv8cl5rpDP4taFOTfAY828C1lcNC47Z8fAi8SZkQyaodJJf7W6AY18EJpyolTTsUPdHhGpGeUwTrUiBSGhA9KDpqGC+KDao3iZMT4yShd7gTRXaByrvztGxFdq6LvG6RPdV/O1ifhfrRlp76w9YiKMNAg6HeRFHOsAT5LBXSaBaj40hFDJzF8x7RNJqDb5pUwIzvzKi6SWzzmlXOmumClfzeJIogN0iI6Rg05RGd2iCqoiih7RM3pFb9aT9WK9Wx9Ta8Ka9eyjP7A+fwCzY5b2</latexit>

� = 59.32, � = 2, 3, 4
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<latexit sha1_base64="/VFzxqrzcU+yuESjJEOyhOIl7Po=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lst+3SzSbsTsQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2glX/eyp2mvXHGr7hxklXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+WuqnhCWVjOuQdSxWNuAmy+bFTcmaVPhnE2pZCMld/T2Q0MmYShbYzojgyy95M/M/rpDi4DjKhkhS5YotFg1QSjMnsc9IXmjOUE0so08LeStiIasrQ5lOyIXjLL6+S5kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNMAHBgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPNpqO+A==</latexit>rx

<latexit sha1_base64="Apa7BovQLu7ud8LDbhGCzVq63fQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsp+3SzSbsboQQ+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAiujet+OaW19Y3NrfJ2ZWd3b/+genjU1nGqGPosFrHqhlSj4BJ9w43AbqKQRqHATji9nfudR1Sax/LBZAkGER1LPuKMGiv5apBns0G15tbdBchf4hWkBgVag+pnfxizNEJpmKBa9zw3MUFOleFM4KzSTzUmlE3pGHuWShqhDvLFsTNyZpUhGcXKljRkof6cyGmkdRaFtjOiZqJXvbn4n9dLzeg6yLlMUoOSLReNUkFMTOafkyFXyIzILKFMcXsrYROqKDM2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3xgwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwDOB+O+Q==</latexit> r y

(a)

(b)

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

(a)

(b)

(c)

(d)
<latexit sha1_base64="XerezbFeJ8FgXawiDgmLD2KfVJs=">AAACGXicbVDLSsNAFJ34rPUVdelmsAguSkmKVSkIRV24rGAf0IQymU7aoZNJmJkIJeQ33Pgrblwo4lJX/o2TNgttPXDhcM693HuPFzEqlWV9G0vLK6tr64WN4ubW9s6uubfflmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vs78zgMRkob8Xk0i4gZoyKlPMVJa6puWc0OYQvASVqFTd+qJEyA1EkGC+CBNMwX62rStMrRrZVi1+mbJqlhTwEVi56QEcjT75qczCHEcEK4wQ1L2bCtSboKEopiRtOjEkkQIj9GQ9DTlKCDSTaafpfBYKwPoh0IXV3Cq/p5IUCDlJPB0Z3a3nPcy8T+vFyv/wk0oj2JFOJ4t8mMGVQizmOCACoIVm2iCsKD6VohHSCCsdJhFHYI9//IiaVcr9lmldndaalzlcRTAITgCJ8AG56ABbkETtAAGj+AZvII348l4Md6Nj1nrkpHPHIA/ML5+AHuDnM4=</latexit>

� = 2 and f = 10, 15, 20

<latexit sha1_base64="YCtdK5EAT/XPGqkFRh/tJiMJ2oU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUpSWpWCUNSFywr2AU0ok+mkHTqZhJmJUEJ/w42/4saFIi515d84abPQ1gMXDufcy733eBGjUlnWt5FbWV1b38hvFra2d3b3zP2DtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88XXqdx6IkDTk92oSETdAQ059ipHSUt+0nBvCFIKXsAqdulNPnACpkQgSxAfTaapAX5u2VYJ2rQQrVt8sWmVrBrhM7IwUQYZm3/x0BiGOA8IVZkjKnm1Fyk2QUBQzMi04sSQRwmM0JD1NOQqIdJPZZ1N4opUB9EOhiys4U39PJCiQchJ4ujO9Wy56qfif14uVf+EmlEexIhzPF/kxgyqEaUxwQAXBik00QVhQfSvEIyQQVjrMgg7BXnx5mbQrZfusXLurFhtXWRx5cASOwSmwwTlogFvQBC2AwSN4Bq/gzXgyXox342PemjOymUPwB8bXD37XnNA=</latexit>

� = 4 and f = 10, 15, 20

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .
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<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

<latexit sha1_base64="xJJTwL0RkeC/NM1vLXYGjbe1ggc="></latexit>

� = 2 and f = 5, 10, 15, 20(a) 

<latexit sha1_base64="L85Ea9HXunT9UdEqe7/ydWOCGFg=">AAACJXicbVDLSgMxFM34rPU16tJNsAguSpkprUpRKOrCZQX7gM5QMmmmDc1khiQjlKE/48ZfcePCIoIrf8VMOwttPSGXwzn3ktzjRYxKZVlfxsrq2vrGZm4rv72zu7dvHhy2ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblO//USEpCF/VOOIuAEacOpTjJSWeuaVc0eYQvAaVqBTS0/iBEgNRZAg3p9MMtHXDdWiU7OtolbsalrLVs8sWCVrBrhM7IwUQIZGz5w6/RDHAeEKMyRl17Yi5SZIKIoZmeSdWJII4REakK6mHAVEuslsywk81Uof+qHQlys4U39PJCiQchx4ujPdQC56qfif142Vf+kmlEexIhzPH/JjBlUI08hgnwqCFRtrgrCg+q8QD5FAWOlg8zoEe3HlZdIql+zzUvWhUqjfZHHkwDE4AWfABhegDu5BAzQBBs/gFbyDqfFivBkfxue8dcXIZo7AHxjfPwdCoJc=</latexit>

� = 4 and f = 5, 10, 15, 20(b) 

<latexit sha1_base64="AiJLF0UhLmV6tizAjH0wrCPxtT4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWiG5IZ5LeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3x5mTTPqt5l9eLhvFK7zeMowhEcwyl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx8xto4u</latexit>

f = 10

<latexit sha1_base64="Tp3XxmXPrO3HHIUNclEw1MKBfp8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6yIE9eAxgnlgsoTZSScZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmkONRzLSzYAZkEJBDQVKaMYaWBhIaATDm4nfeAJtRKQecBSDH7K+Ej3BGVrpsX0LEhm9ouVOoeiW3CnoIvEyUiQZqp3CV7sb8SQEhVwyY1qeG6OfMo2CSxjn24mBmPEh60PLUsVCMH46vXhMj63Spb1I21JIp+rviZSFxozCwHaGDAdm3puI/3mtBHuXfipUnCAoPlvUSyTFiE7ep12hgaMcWcK4FvZWygdMM442pLwNwZt/eZHUyyXvvHR2f1qsXGdx5MghOSInxCMXpELuSJXUCCeKPJNX8uYY58V5dz5mrUtONnNA/sD5/AEK/I/d</latexit>

� = 2
<latexit sha1_base64="CV3bWpFNWml4W8/RqZBqaLjuizI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6vghBPXiMYB6wWcLsZJIMmZ1ZZnqFsOQzvHhQxKtf482/cTbZgyYWNBRV3XR3hbHgBlz32yksLa+srhXXSxubW9s75d29plGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObjO/9cS04Uo+wjhmQUQGkvc5JWAlv3PHBBB8jU9L3XLFrbpT4EXi5aSCctS75a9OT9EkYhKoIMb4nhtDkBINnAo2KXUSw2JCR2TAfEsliZgJ0unJE3xklR7uK21LAp6qvydSEhkzjkLbGREYmnkvE//z/AT6V0HKZZwAk3S2qJ8IDApn/+Me14yCGFtCqOb2VkyHRBMKNqUsBG/+5UXSPKl6F9Xzh7NK7SaPo4gO0CE6Rh66RDV0j+qogShS6Bm9ojcHnBfn3fmYtRacfGYf/YHz+QNDlI/y</latexit>

� = 3

<latexit sha1_base64="byTY1i5v4D1hOmpcnRCT82YLdjI=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj41Q1IXLCvYBTSiT6U07dDIJMxOhhP6GGxeKuPVn3Pk3TtostPXAhcM593LvPUHCmdKO822VVlbX1jfKm/bW9s7uXmX/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3ud55AKhaLRz1JwI/IULCQUaKN5Hl3wDXB17hu2/1K1ak5M+Bl4hakigo0+5UvbxDTNAKhKSdK9Vwn0X5GpGaUw9T2UgUJoWMyhJ6hgkSg/Gx28xSfGGWAw1iaEhrP1N8TGYmUmkSB6YyIHqlFLxf/83qpDq/8jIkk1SDofFGYcqxjnAeAB0wC1XxiCKGSmVsxHRFJqDYx5SG4iy8vk/ZZzb2onT/Uq42bIo4yOkLH6BS56BI10D1qohaiKEHP6BW9Wan1Yr1bH/PWklXMHKI/sD5/AHw6kAc=</latexit>

� = 4

(d) 

(c) 

Figure 4: .

fb � ⇥ 1 ⇥ 2

10 � 2 29.74 29.48
10 � 3 22.51 21.65
10 � 4 16.65 16.43

15 � 2 27.71 27.69
15 � 3 23.52 25.86
15 � 4 18.37 15.92

20 � 2 23.03 30.17
20 � 3 20.27 18.13
20 � 4 19.22 16.92

Table 1: .

(a) Average cluster size (b) average width of cluster

Figure 5: .

4

<latexit sha1_base64="SO75HkxN9qEo9W/nGWsG0QBd++E=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kknx61j04rFCv6CNZbPdtks3m7A7UUro//DiQRGv/hdv/huTNgdtfTDweG+GmXl+JIVBx/m2VlbX1jc2C1v29s7u3n7x4LBpwlgz3mChDHXbp4ZLoXgDBUrejjSngS95yx/fZn7rkWsjQlXHScS9gA6VGAhGMZUeuvURR9pLKlNi23avWHLKzgxkmbg5KUGOWq/41e2HLA64QiapMR3XidBLqEbBJJ/a3djwiLIxHfJOShUNuPGS2dVTcpoqfTIIdVoKyUz9PZHQwJhJ4KedAcWRWfQy8T+vE+Pg2kuEimLkis0XDWJJMCRZBKQvNGcoJymhTIv0VsJGVFOGaVBZCO7iy8ukWSm7l+WL+/NS9SaPowDHcAJn4MIVVOEOatAABhqe4RXerCfrxXq3PuatK1Y+cwR/YH3+AGsukSk=</latexit>

⇥2
<latexit sha1_base64="POaq7Zjd2YujC8p6wX97//nIBbI=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGbE7Rj04jFCNkjG0NOpJE16Frp7lDDkP7x4UMSr/+LNv7EnmYMmPih4vFdFVT0/Flxpx/m2Ciura+sbxU17a3tnd6+0f9BUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rceUSoehXU9idEL6DDkA86oNtJDtz5CTXupOyW2bfdKZafizECWiZuTMuSo9Upf3X7EkgBDzQRVquM6sfZSKjVnAqd2N1EYUzamQ+wYGtIAlZfOrp6SE6P0ySCSpkJNZurviZQGSk0C33QGVI/UopeJ/3mdRA+uvZSHcaIxZPNFg0QQHZEsAtLnEpkWE0Mok9zcStiISsq0CSoLwV18eZk0zyruZeXi/rxcvcnjKMIRHMMpuHAFVbiDGjSAgYRneIU368l6sd6tj3lrwcpnDuEPrM8faaWRKA==</latexit>

⇥1

(a)

(b)

(c)

(d)
<latexit sha1_base64="XerezbFeJ8FgXawiDgmLD2KfVJs=">AAACGXicbVDLSsNAFJ34rPUVdelmsAguSkmKVSkIRV24rGAf0IQymU7aoZNJmJkIJeQ33Pgrblwo4lJX/o2TNgttPXDhcM693HuPFzEqlWV9G0vLK6tr64WN4ubW9s6uubfflmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vs78zgMRkob8Xk0i4gZoyKlPMVJa6puWc0OYQvASVqFTd+qJEyA1EkGC+CBNMwX62rStMrRrZVi1+mbJqlhTwEVi56QEcjT75qczCHEcEK4wQ1L2bCtSboKEopiRtOjEkkQIj9GQ9DTlKCDSTaafpfBYKwPoh0IXV3Cq/p5IUCDlJPB0Z3a3nPcy8T+vFyv/wk0oj2JFOJ4t8mMGVQizmOCACoIVm2iCsKD6VohHSCCsdJhFHYI9//IiaVcr9lmldndaalzlcRTAITgCJ8AG56ABbkETtAAGj+AZvII348l4Md6Nj1nrkpHPHIA/ML5+AHuDnM4=</latexit>

� = 2 and f = 10, 15, 20

<latexit sha1_base64="YCtdK5EAT/XPGqkFRh/tJiMJ2oU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUpSWpWCUNSFywr2AU0ok+mkHTqZhJmJUEJ/w42/4saFIi515d84abPQ1gMXDufcy733eBGjUlnWt5FbWV1b38hvFra2d3b3zP2DtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88XXqdx6IkDTk92oSETdAQ059ipHSUt+0nBvCFIKXsAqdulNPnACpkQgSxAfTaapAX5u2VYJ2rQQrVt8sWmVrBrhM7IwUQYZm3/x0BiGOA8IVZkjKnm1Fyk2QUBQzMi04sSQRwmM0JD1NOQqIdJPZZ1N4opUB9EOhiys4U39PJCiQchJ4ujO9Wy56qfif14uVf+EmlEexIhzPF/kxgyqEaUxwQAXBik00QVhQfSvEIyQQVjrMgg7BXnx5mbQrZfusXLurFhtXWRx5cASOwSmwwTlogFvQBC2AwSN4Bq/gzXgyXox342PemjOymUPwB8bXD37XnNA=</latexit>

� = 4 and f = 10, 15, 20
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<latexit sha1_base64="Apa7BovQLu7ud8LDbhGCzVq63fQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsp+3SzSbsboQQ+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAiujet+OaW19Y3NrfJ2ZWd3b/+genjU1nGqGPosFrHqhlSj4BJ9w43AbqKQRqHATji9nfudR1Sax/LBZAkGER1LPuKMGiv5apBns0G15tbdBchf4hWkBgVag+pnfxizNEJpmKBa9zw3MUFOleFM4KzSTzUmlE3pGHuWShqhDvLFsTNyZpUhGcXKljRkof6cyGmkdRaFtjOiZqJXvbn4n9dLzeg6yLlMUoOSLReNUkFMTOafkyFXyIzILKFMcXsrYROqKDM2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3xgwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwDOB+O+Q==</latexit>ry

<latexit sha1_base64="Apa7BovQLu7ud8LDbhGCzVq63fQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsp+3SzSbsboQQ+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAiujet+OaW19Y3NrfJ2ZWd3b/+genjU1nGqGPosFrHqhlSj4BJ9w43AbqKQRqHATji9nfudR1Sax/LBZAkGER1LPuKMGiv5apBns0G15tbdBchf4hWkBgVag+pnfxizNEJpmKBa9zw3MUFOleFM4KzSTzUmlE3pGHuWShqhDvLFsTNyZpUhGcXKljRkof6cyGmkdRaFtjOiZqJXvbn4n9dLzeg6yLlMUoOSLReNUkFMTOafkyFXyIzILKFMcXsrYROqKDM2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3xgwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwDOB+O+Q==</latexit>ry

<latexit sha1_base64="/VFzxqrzcU+yuESjJEOyhOIl7Po=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lst+3SzSbsTsQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2glX/eyp2mvXHGr7hxklXg5qUCORq/81e3HLI24QiapMR3PTTDIqEbBJJ+WuqnhCWVjOuQdSxWNuAmy+bFTcmaVPhnE2pZCMld/T2Q0MmYShbYzojgyy95M/M/rpDi4DjKhkhS5YotFg1QSjMnsc9IXmjOUE0so08LeStiIasrQ5lOyIXjLL6+S5kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNMAHBgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPNpqO+A==</latexit>rx

<latexit sha1_base64="KRTJCeRidCuFUbyIgYwuXndYJfU=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KGWmlvEBQlEXLivYB3RKyaR32tDMgyQjlKEf4MZfceNCEbd+gDv/xrSdhbaeEDiccy7JPW7EmVSm+W1klpZXVtey67mNza3tnfzuXkOGsaBQpyEPRcslEjgLoK6Y4tCKBBDf5dB0h9cTv/kAQrIwuFejCDo+6QfMY5QoLXXzBccFRfAlLp+XbLuInQt9boDPtCI+KeKKTpklcwq8SKyUFFCKWjf/5fRCGvsQKMqJlG3LjFQnIUIxymGcc2IJEaFD0oe2pgHxQXaS6TJjfKSVHvZCoW+g8FT9PZEQX8qR7+qkT9RAznsT8T+vHSvvrJOwIIoVBHT2kBdzrEI8aQb3mACq+EgTQgXTf8V0QAShSveX0yVY8ysvkka5ZNkl+65SqF6ldWTRATpEx8hCp6iKblEN1RFFj+gZvaI348l4Md6Nj1k0Y6Qz++gPjM8fucKW+g==</latexit>

� = 29.66, � = 2, 3, 4

<latexit sha1_base64="T1JxqTn2h9RLoz5c4iOBkHC0l14=">AAACDHicbVDLTgIxFO3gC/GFunTTSExcEDIDiI/EhKgLl5jIIwFCOuUONHQ6k7ZjQggf4MZfceNCY9z6Ae78G8vAQsHTNDk999zc3uOGnClt299WYml5ZXUtuZ7a2Nza3knv7tVUEEkKVRrwQDZcooAzAVXNNIdGKIH4Loe6O7ie1OsPIBULxL0ehtD2SU8wj1GijdRJZ1ouaIIv8cl5rpDP4taFOTfAY828C1lcNC47Z8fAi8SZkQyaodJJf7W6AY18EJpyolTTsUPdHhGpGeUwTrUiBSGhA9KDpqGC+KDao3iZMT4yShd7gTRXaByrvztGxFdq6LvG6RPdV/O1ifhfrRlp76w9YiKMNAg6HeRFHOsAT5LBXSaBaj40hFDJzF8x7RNJqDb5pUwIzvzKi6SWzzmlXOmumClfzeJIogN0iI6Rg05RGd2iCqoiih7RM3pFb9aT9WK9Wx9Ta8Ka9eyjP7A+fwCzY5b2</latexit>

� = 59.32, � = 2, 3, 4

(c)

<latexit sha1_base64="++MqN3Y1Oe6IHbcSpJg+KVu//9o=">AAACHHicbVBNS8NAEN34WetX1aOXxSLowZJUUY+iF09SwWqhKWWymcTFzSbsboQS+kO8+Fe8eFDEiwfBf+P246DVBwtv3pthdl6QCa6N6345U9Mzs3PzpYXy4tLyymplbf1ap7li2GSpSFUrAI2CS2wabgS2MoWQBAJvgruzgX9zj0rzVF6ZXoadBGLJI87AWKlb2S886qe2g9b71BcgY4H0oltEtlKjascPURige9TXPE5gt1upujV3CPqXeGNSJWM0upUPP0xZnqA0TIDWbc/NTKcAZTgT2C/7ucYM2B3E2LZUQoK6UwyP69Ntq4Q0SpV90tCh+nOigETrXhLYzgTMrZ70BuJ/Xjs30XGn4DLLDUo2WhTlgpqUDpKiIVfIjOhZAkxx+1fKbkEBMzbPsg3Bmzz5L7mu17zD2uHlQfXkdBxHiWySLbJDPHJETsg5aZAmYeSBPJEX8uo8Os/Om/M+ap1yxjMb5Becz28ZWqAn</latexit>

1

2
hNf i(� � �)

Anchoring 
point

<latexit sha1_base64="lv9HUn3TuE6pn6xO6P5QyLpnKQM=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCUVKowVLEyoSPQhNVHkuE5q1bEj20Gqov4CC7/CwgBCrGxs/A1umwFajmTp3HPu1fU9Ycqo0o7zbZXW1jc2t8rblZ3dvf0D+/Coq0QmMelgwYTsh0gRRjnpaKoZ6aeSoCRkpBeOr2d+74FIRQW/15OU+AmKOY0oRtpIgV3LXegJ0wEbU+gxxGNG4G2QR6aSi8pTNE5QYFedujMHXCVuQaqgQDuwv7yhwFlCuMYMKTVwnVT7OZKaYkamFS9TJEV4jGIyMJSjhCg/n180hWdGGcJISPO4hnP190SOEqUmSWg6E6RHatmbif95g0xHl35OeZppwvFiUZQxqAWcxQOHVBKs2cQQhCU1f4V4hCTC2oRYMSG4yyevkm6j7jbrzbvzauuqiKMMTsApqAEXXIAWuAFt0AEYPIJn8ArerCfrxXq3PhatJauYOQZ/YH3+ABKanJU=</latexit>

1

2
hNf i�

<latexit sha1_base64="fKahBnbuP9Yg5+wedymSbYBr2ZE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSKIh5KIVI9FLx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFSu4tC9LLzSa9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx274ScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5PmRcWrVqr3l+XaTR5HAY7hBM7AgyuowR3UoQEMBDzDK7w5j86L8+58zFtXnHzmCP7A+fwB9O+P7w==</latexit>

`⇤
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Fig. 9 (a,b) Instantaneous filament configuration illustrated via tangent angle plots as a function of colloid location along the filament backbone
for the outermost (nearly stationary) filament in a typical cluster. Shapes for two values of β are plotted. We show results for (a) β = 29.66 (when
individual non-contacting filaments are close to being neutrally stable), and (b) β = 59.32 far from instability. For each, the spacing is varied and
takes values ∆ = 2, ∆ = 3 and ∆ = 4. The Cartesian components of the beads in the outermost filament – rx and ry – are in dimensionless units. (c)
Schematic of the outermost filament in the cluster and its location relative to the central filament in the cluster.

the cluster. When this happens, the upper part of the filament
slides and eventually peels away from the cluster.

In the limit of high β and large ∆, three prominent regions
can be identified as shown in Figure 9(b). The top segment
of the filament AB (with A being the distal free end) is charac-
terized by a nearly straight shape with minimal contact interac-
tions. The BC region is a highly curved region where the filament
remains pressed against its neighbor. Here, filament beads are
tightly packed with significant steric interactions that balance ac-
tive forces in region BC and the compression of region AB (see
ESM, Section A2). In the last CD segment, the filament experi-
ences minimal steric interactions; we observe a slight curvature
that is maintained on a characteristic length scale ℓ∗. In a region
O(σ∆) about the anchoring point, steric interactions cause addi-
tional variations in the curvature.

Guided by these phenomenological observations, we consider a
model cluster with the outermost filament located relative to the
core of the cluster as shown in Figure 9(c). The geometric center
of the cluster is a straight vertically aligned filament (length ℓ).
Let there be ⟨N f ⟩ filaments in this cluster and let the minimum
width of the cluster occur at a vertical height h as shown in the
figure. The half-width of the cluster in the BC region is ∼ 1

2 ⟨N f ⟩σ .
Although this estimate does not take into account the hexagonally
packed nature of the beads, it does account for the increase in the
half-width as one moves towards the two ends (B and C).

Consider now a static outermost filament, and in this filament
let the DC segment curve gently over an arc-length ℓ∗. Simula-
tions suggest that the active compression force from segment AB
is balanced by steric interactions in BC. Thus the shape of the seg-
ment CD is controlled by the active force density and the bending
stiffness, and a torque balance delivers the characteristic curva-
ture of the lower segment CD

R−1 ∼ ( fa/κ)
1
3 . (13)

When σ/ℓ≪ 1, and for thin slender clusters (as seen when β ≫ βc

and (∆−1)≫ 1), geometrical consistency requires that the follow-
ing expressions hold true

R−1 ∼ 1
2
⟨N f ⟩(δ −σ)/ℓ2

∗ (14)

⟨N f ⟩ ≈ 2ℓ2
∗( fa/κ)

1
3 (δ −σ)−1. (15)

In equations (14) and (15) we have assumed that the number
of filaments in a typical cluster is large, ⟨Nf⟩ ≫ 1. For the out-
ermost filament to be neutrally stable, we further require that
ℓ∗ ∼ (κ/ fa)

1
3 . The pre-factor depends on the confinement effects

and the effective boundary condition. For a dense array, multi-
filament steric interactions near the anchoring point D result in
an effectively shorter segment CD. Consolidating these results,
we obtain the relationship

⟨N f ⟩β
1
3 ∼ a∗1

ℓ

σ

(
1

∆−1

)
(16)

where a∗1 is roughly constant (a slowly varying function of ∆ and
β). The dashed curve in Figure 5(a) corresponds to the equation
⟨N f ⟩β

1
3 ≃ 117/(∆− 1). Our scaling prediction matches the simu-

lations’ results well.

We conclude by estimating the total number of typical clus-
ters, ⟨Nc⟩ in the simulation domain with NA filaments. Here, we
present a simple geometric argument that balances the overall
size of the domain with the sum of the distances between cluster-
pairs and derive a scaling law for the mean number of clusters
and thus the cluster density.

Consider the limits β ≫ βc, and ∆ ≥ 2 so that the inter-filament
spacing is large enough for distinct clusters to form. The spacing
between clusters scales as the typical lateral amplitude traced by
the tip of an oscillating inter-cluster filament. For a filament of
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length ℓ = (Nm − 1)σ , the distance swept by an inter-cluster fila-
ment, the characteristic oscillation amplitude is ∼ a∗2ℓβ

− 1
3 .

Let there be NA filaments and let there be ⟨Nc⟩ clusters in
this domain, each with ⟨Nf⟩ filaments. We recall that each fila-
ment has diameter σ , and the distance between neighboring fil-
aments is δ . Since we consider a periodic array, the length of
the domain is ∼ NAδ . Each cluster spans, at its base, a length
∼ (⟨N f ⟩−1)δ +σ , and so the total length occupied by the clusters
in the domain is ∼ ⟨Nc⟩(⟨N f ⟩δ +σ − δ ). We do not consider the
closed-packed regime ∆ ∼ 1, where the inter-cluster gap is O(a∆),
because well-separated clusters do not form in this limit. Focus-
ing on well-separated clusters, the gap between each cluster-pair
∼ a∗2ℓβ

− 1
3 . Invoking the periodicity of the array again, we find

that the sum of these inter-cluster gaps in the domain add up to
a length ∼ ⟨Nc⟩a∗2ℓβ− 1

3 . Balancing lengths then provide the re-

lationship ⟨Nc⟩
[
⟨N f ⟩∆+(1−∆)+a∗2(ℓ/σ)β− 1

3

]
∼ NA∆ which may

be written as

⟨Nc⟩
[
⟨N f ⟩β

1
3 ∆+(1−∆)β

1
3 +a∗2(ℓ/σ)

]
∼ NA∆β

1
3 (17)

Substituting Eqn. (16) in Eqn. (17) we get

⟨Nc⟩ ∼ NA∆β
1
3

[
ℓ

σ

(
a∗1

∆
∆−1

+a∗2

)
− (∆−1)β

1
3

]−1
(18)

Equations (16) and (18) provide asymptotic scaling relationships
for the effective cluster width and the effective density of clusters.
In deriving these, we ignored variations of a∗1 and a∗2 with ∆ and β ,
and assumed that we are far from the critical point below which
clusters do not form.

We cannot compare Eqn.(18) directly with our simulation re-
sults, since a∗1 and a∗2 are unknown. However, some observations
can be made. In our simulations, ℓ/σ ∼ 40, and the maximum
value of (∆−1)β

1
3 is ∼ 15.6. If the first term in the square brack-

ets were much larger than the second, which is reasonable since
we expect a∗1 and a∗2 to be both ∼ O(1) or larger, then at fixed
∆, ⟨Nc⟩ ∼ β

1
3 . Similarly, at fixed β and when moderate to large

∆, we expect ⟨Nc⟩ ∼ ∆. Both of these trends are consistent with
Figure5(b).

4.4 Effects of enhanced thermal noise

To systematically explore the effect of increasing random noise
(that is thermal in nature), we study the dependence of the shape
and size of the cluster on the temperature. To focus on the effects
of noise, we additionally include its effect on the orientation of
the active force. Thus, thermal noise affects both the translation
of each bead in the array and also the orientation of the local
follower force applied to each bead pair on a filament.

Specifically, in addition to the delta-correlated translational
noise in the time evolution equation Eq. 4, a rotational noise is
added to the orientation of the active force on each monomer.
Instead of directing the active force along the tangent vector bα ,
we introduce a unit polarity vector attached to each monomer pα ,
which is evolved in time following manner

dpα
dt

=
dbα
dt

+(pα ×
√

2Drζr êz). (19)

(a)

(b)

(c)

Fig. 10 Effect of noise on the cluster shape and array configuration.
Here, the dimensionless spacing ∆ = 2 and the activity parameter β =

59.32. From top to bottom, the scaled temperature is (a) T ∗/T = 2, (b)
T ∗/T = 4, and (c) T ∗/T = 6. Here T is the temperature implemented in
the original simulations, as defined in Table 1 and T ∗ is the enhanced
temperature at which simulations were carried out to study the effects
of thermal noise.

Note that the filaments deform in the xy plane. Here, ζr is a delta-
correlated white noise with zero mean and rotational diffusivity
Dr = 3D/σ2.

Our simulations show that an enhancement in thermal noise
affects the filament dynamics in two significant ways. First, the
fluctuation in active force direction leads to a reduction in the av-
erage force directed along the local tangent. Second, the filament
persistence length and effective rigidity decrease. The first effect
leads to a reduction in the clustering behavior. For β = 59.32 and
∆ = 2 where the filaments form dense and compact clusters at low
thermal noses, we observe the formation of large tilted domains
for high thermal noise (Figure 10). In addition, enhanced ther-
mal noise leads to a fluctuating filament contour, causing rather
loosely packed tilted domains.

5 Conclusions
Current theoretical work on active chains, filaments, and poly-
mers focuses on understanding the dynamics of single filaments
with simplified39,40,42,45,46,50,52,64,83, or detailed hydrodynam-
ics44,57,85. The work presented here on multi-filament arrays
complements and extends these previous studies. We show that
steric interactions between filaments and associated effective fric-
tional and locking effects combine with activity-driven linear in-
stabilities to yield highly non-equilibrium kinetically arrested self-
similar clusters. In general, our simulations and theory provide
design principles for assembling clusters and other self-assembled
biomimetic materials. Our simulations show that the shape and
spacing of the clusters can be controlled by varying geometry (in
dimensional terms, the filament length ℓ, the inter-filament spac-
ing ∆, and the filament thickness σ), by changing activity (by
changing the force per unit length fa), and bending elasticity (via
the dimensional bending stiffness B).

Another possible modification to this study is to include long-
range hydrodynamic interactions in our system. It is well-known
that for two smooth filaments (such as two flexible cylindrical
filaments with high aspect ratio) moving toward each other, hy-
drodynamic interactions prevent contact by generating lubrica-
tion forces that diverge as the gap between the filaments tends
to zero. Our previous work on spatiotemporal patterns in 2D
arrays of smooth filaments with full (non-local) hydrodynamic
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interactions 44 confirms this expectation. In the active filament
array considered in this paper, the follower forces drive adjacent
(rough) filaments together and enable contact when only local
drag is included. In previous work64, we showed how rough-
ness can be controlled by varying the length scale of WCA inter-
actions by changing σ in Eqn. (3) to larger values. It is relevant
to then ask if contact can be enabled even with hydrodynamic
interactions so that steric interactions as investigated here play a
role. Experimental and analytical studies86,87 indicate that sur-
face roughness can, in fact, enable contact between two forced
spheres moving toward each other at a low Reynolds number (in
the viscous overdamped limit, as in the case here). We expect that
contact interactions will play a role even when non-local hydro-
dynamic interactions are considered, provided the filaments are
rough.

Our simulations suggest design principles for the realization
of filament-based clusters and similar self-assembled biomimetic
materials at the microfluidic scale. The first route is to use re-
constituted filament-motor assays or synthetic mimics of these as
the activity can be controlled by changing the motor density or
ATP concentration. An important question to ask is then whether
values of β greater than critical can be accessed in reconstituted
motility assays where activity can be controlled by changing mo-
tor density or ATP concentration, and stiffness by changing the
type of filament. Here we estimate the upper limit of the val-
ues β that may be achieved based on previously obtained exper-
imental data for the microtubule-kinesin and actin-myosin sys-
tems. For microtubules driven by kinesin88,89, the persistence
length at room temperature is ∼ 5mm, from which we estimate
κ ∼ 2× 10−23 Nm2. Using upper estimates for the density (high
motor density) and motor duty ratios from this study, we get
fa ∼ 5× 10−4 Nm−1. For average microtubule lengths of 5− 10
µm88, β values as high as O(104) can be attained. For actin fila-
ments driven by myosin, the data presented in Bourdieu et al.88

suggests fa ∼ 10−6 Nm−1, and a persistence length of ≈ 16 µm
at room temperature, and therefore κ ∼ 6× 10−26 Nm2. Using
ℓ∼ 1−2 µm90,91 we estimate β ∼ 102.

The second route is to use active colloids, such as self-
propelling, diffusophoretic, or field-activated colloidal beads con-
nected in a chain-like configuration. Flexible colloidal chains of
lengths ℓ ∼ O(10) µm formed by connecting beads using poly-
meric biomolecular linkers such as biotin-streptavadin bonds,
electrostatic interactions, or induced dipolar interactions are
structurally stable and can be constructed with flexible bending
moduli (as demonstrated in10). Individual active colloidal chains
or polymers may then be grafted onto a surface using linkers that
permit torsional flexibility at the grafted end, thus mimicking the
pinned boundary condition. Recent work on polymeric pillar-
based canopies and pH-dependent frictional systems92 suggests
extensions of our results to synthesizing clusters in the millimeter
range.

Our results are directly relevant to filaments arranged in nar-
row geometries such as in Hele-Shaw cells. A logical extension
of this work is to extend the analysis and study array dynamics
and clustering in three dimensions with filaments grafted in pe-
riodic fashion on a plane. Since out-of-plane bending is possible

for such filaments, a rigidity modulus incorporating resistance to
filament twist must be implemented along with bending rigidity.
Such a system also opens the possibility of grafting the filaments
on different lattice arrangements (such as a square lattice or a
hexagonal lattice) each of which can potentially provide different
steady patterns and spatiotemporal dynamics. Preliminary work
by us and others suggests that isolated filaments able to deform
in three-dimensions may undergo out-of-plane instabilities that
result in twirling46 or rotating states83,93. We anticipate that,
for adjacently located active filaments anchored periodically on
a surface and executing three-dimensional motions, the balance
between activity, steric interactions, and roughness-based locking
at the colloid scale, may yield compact cone-like filament clusters
or twisted bundles. Structures with such geometries are seen in
biology and many serve as mechanosensing structures. An exam-
ple is the inner-ear hair cell mechanotransduction pathway where
the deflection of hair bundles, the sensory organelles of hair cells,
activates mechanically-gated channels (MCGs)94. Future work
related to the design of these bioinspired structures is an intrigu-
ing and exciting prospect.
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