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The emergence of bulk structure in clusters via isotropic
multi-well pair potentials†

Jennifer E. Doyle,a‡ Maya M. Martirossyan,b‡¶ Julia Dshemuchadse,∗b and Erin G. Teich∗a

The mechanical, optical, and chemical properties of a wide variety of soft materials are enabled
and constrained by their bulk structure. How this structure emerges at small system sizes during
self-assembly has been the subject of decades of research, with the aim of designing and controlling
material functionality. Despite these efforts, it is still not fundamentally understood how nontrivial
interparticle interactions in a finite N-body system influence resultant structure, and how that struc-
ture depends on N. In this study, we investigate the emergence of non-close packings using multi-well
isotropic pair potentials to simulate finite cluster formation of four distinct two-dimensional crystal
structures. These pair potentials encode multiple preferred length scales into the system, allowing
us to understand how anisotropic structural motifs—as opposed to close-packing—emerge as clus-
ter size N increases. We find a tendency toward close-packing at small system sizes irrespective
of the bulk structure; however, the system size at which bulk structure emerges is influenced by
the coordination number of the bulk and the shape of the pair potential. Anisotropic structure
emerges through the formation of bonds at a secondary bonding length at larger system sizes, and
it is also dependent upon the shape of the pair potential. Our findings demonstrate that tuning
particle–particle interactions can enable the engineering of nano- or mesoscale soft matter clusters,
in applications as diverse as drug delivery and hierarchical materials design.

1 Introduction
Materials functionality is highly dependent on materials struc-
ture. This is the case not only within atomic systems, whose
magnetic, electrical, mechanical, and optical properties are often
entirely determined by atomic structure, but also for soft-matter
systems whose constituent particles are of nano- or microme-
ter size.1,2 For example, semiconductor nanocrystal superlattices
have bandgaps that are dependent on particle size and configura-
tion, with uses in light emitting devices and fluorescence probes.3

Nanoparticle assemblies also have plasmonic responses under in-
cident electromagnetic fields that are heavily influenced by par-
ticle shape4 and arrangement, leading to potential applications
as diverse as prion5 or chemical detection.6 Magnetic nanocrys-
tal assemblies of multiple species have unique magnetic align-
ment properties7 which may be useful for data storage,8 while
nanocrystals featuring catalytic particles have properties that are
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highly dependent on particle geometry and assembly,9 with ap-
plications in the oxidation of alcohol10 and methanol.11 In each
of the previous contexts, materials properties are determined by
bulk crystal structure in the thermodynamic limit of extremely
large system size. In order to control bulk structure and thus de-
sign materials properties, it is crucial that we understand how
that structure emerges at smaller system sizes.

Finite clusters provide an especially useful lens through which
to investigate the emergence of bulk structure.12 The evolu-
tion of cluster structure as system size increases has been stud-
ied experimentally in diverse systems consisting of noble gas
atoms,13,14 colloidal (hard-sphere) particles,15–18 gold nanopar-
ticles,19 droplets,20 colloids with attractive interactions induced
by electrostatic charge and DNA complementarity,21,22 and poly-
hedral plasmonic nanoparticles.23 Cluster structure in various
model systems has also been investigated theoretically for sys-
tems whose particles interact via Lennard-Jones,24 Morse,25

and Dzugutov26 potentials, hard-sphere systems,27 sticky-sphere
systems with extremely short-range interactions,28 systems of
anisotropic polyhedral particles,29,30 and systems of attractive
cone-like particles.31 In addition to their use in understanding
the emergence of bulk structure, finite clusters also have appli-
cations as drug delivery vehicles,32 information storage units,33

and building blocks for the creation of hierarchical materials34

whose optical properties are dependent on cluster geometry,23
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with potential uses in cloaking,35 metafluid engineering,36 and
photonic bandgap tuning.37

In every system mentioned above, finite cluster structure—and
its growth sequence on the way to the bulk—is highly dependent
on the governing interactions between particles and not known a
priori. To investigate the relationship between pairwise particle
interaction and growth sequences of finite clusters, it is necessary
that the sequences be examined incrementally as cluster size in-
creases and particle pair interactions are tuned. Previous work25

has focused primarily on simple, single-well pair potentials with
one preferred interparticle bonding distance, while other studies
of finite cluster structures24,26 focus on “magic sizes” and ground
state motifs rather than drawing conclusions about growth se-
quences more generally.

Here, we employ tunable particle interactions to examine how
they influence growth and structure development in exhaustive
and incremental finite cluster sequences in several systems. We
use a pair potential consisting of two energy wells—whose depth
and distance relative to each other can be continuously changed
(the so-called Lennard-Jones–Gauss (LJG) potential38)—in order
to alter pairwise bonding preferences on competing length scales.
The Lennard-Jones–Gauss pair potential consists of a Lennard-
Jones potential with an added Gaussian attractive well; for fixed
Gaussian width, this family of potentials was previously shown
to stabilize a wide diversity of bulk structures—in both two38,39

and three dimensions,39,40 as well as finite clusters in three di-
mensions41—by varying the free parameters in the pair poten-
tial (the Gaussian’s height and position). The LJG pair potential
is broadly applicable to studying the growth of mesoscale soft
matter systems with complex structures42 and has been experi-
mentally determined to model atomic systems such as amorphous
calcium carbonate.43 We study finite cluster growth with this in-
teraction potential and only examine assembly in two dimensions
to avoid polytetrahedral frustration44 in three dimensions, where
the close-packing of particles gives rise to tetrahedral bonding
motifs that cannot periodically extend to form crystal structures.
In two dimensions, by contrast, the close-packing of particles
gives rise to triangular bonding motifs which can periodically ex-
tend to form the triangular lattice.

In this paper, we use the LJG pair potential to examine the
emergence of bulk structure via finite clusters in four two-
dimensional systems, which were previously shown to self-
assemble into the triangular, square, honeycomb, and rhombic
lattices in the bulk.38 We also generate minimal-energy clusters
for the single-well two-dimensional Lennard-Jones (LJ) system
as a comparative reference for our results. At very small system
sizes, we find that all systems exhibit bonding at a single length
scale and form triangular close-packed clusters similar to those
found in the LJ system. Each system, however, subsequently de-
viates from this close-packing at larger system sizes and instead
exhibits bonding at multiple length scales in a manner that de-
pends on the shape of the pair potential. We find that the system
sizes at which these transitions occur are also highly dependent
on the bulk structure itself, with the more open bulk structures
generally emerging at larger system sizes.

Collectively, our results show that the emergence of structure in

finite clusters depends on both the competition induced by multi-
ple preferred interparticle distances due to the governing interac-
tion potential and also the bulk crystal structure ultimately self-
assembled by that potential. Tuning interaction potentials thus
represents a means of designing structure in both the bulk ther-
modynamic limit and within finite clusters far from the thermo-
dynamic limit.

2 Methods

2.1 Simulations
We simulated the formation of finite clusters ranging from N = 2
to 100 particles via molecular dynamics for four systems, each of
which is governed by a different parameterization of the LJG pair
potential.38 The LJG potential consists of a LJ potential and an
added Gaussian minimum:

VLJG(r) =
1

r12 − 2
r6 − ε exp

(
− (r− r0)

2

2σ2

)
.

The expression above results in a double-well potential for par-
ticles separated by center-to-center distance r, where the first well
is located at position 1 (in dimensionless units) and the second
well has position r0, depth ε, and width σ . We chose the vari-
ables r0, ε, and σ so as to study the formation of the square,
triangular, honeycomb, and rhombic bulk lattice structures.38,39

In all cases, we normalize VLJG such that its minimum value is
−1. Table 1 shows each value of r0, ε, and σ (chosen to be far
from structural boundaries in the parameter phase space mapped
out by Engel and Trebin 38), as well as the corresponding bulk
structure and its associated coordination number (CN). The CN
of each bulk structure generally increases in pair potentials with
deeper wells at the shorter length scale in two-well pair poten-
tials.45 The notable exception is the triangular lattice, which has
the highest CN = 6 despite a very shallow first well. Fig. 1a depicts
the pair potentials that were investigated in this study. Note that
for this set of chosen pair potentials, the distance between the first
and second potential wells increases monotonically as the poten-
tials progress from forming square, to honeycomb, to triangular,
to rhombic lattices, and the relative discrepancy in well depths
(indicating asymmetry in bonding preference) decreases mono-
tonically as the potentials progress from forming honeycomb, to
triangular, to rhombic, to square lattices. In the case of the square
potential, the wells significantly overlap, resulting in one wide en-
ergy minimum with a shoulder. The rhombic potential is the only
case where the first well is deeper than the second well.

Table 1 All state points used in this study, with corresponding bulk struc-
tures formed and their respective sp-n rings and coordination numbers.

State point Bulk Shortest- Coordination

(r0, ε, σ2) structure path ring number (CN)

1.3, 1.5, 0.042 Square sp-4 4

1.7, 2.0, 0.042 Triangular sp-3 6

1.56, 4.5, 0.02 Honeycomb sp-6 3

2.01, 0.8, 0.02 Rhombic sp-3 6
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a) b)

c)

Fig. 1 State points and simulation methods. (a) LJG pair potentials for the four state points examined in this paper. The pair potentials result in
the bulk self-assembly of the square, triangular, rhombic, and honeycomb lattice structures. Note that all pair potentials are normalized such that
their minimum value is −1. (b) Quenching process inducing cluster formation, shown for the square lattice system at N = 16. The dark blue line is
the set temperature and the light blue line is the measured temperature in the system. The temperature is initially set at 0.6, then cooled to 0.01 in
the NV T ensemble over 107 time steps. Cluster formation is illustrated via simulation snapshots at 0, 0.5×107, and 107 time steps, respectively. (c)
Bulk crystals of the four systems, shown in clusters of size N = 625 (from left to right: honeycomb, triangular, rhombic and square lattices). For each
bulk crystal, the corresponding tiling motif is shown in the top left corner. Note that, although the rhombic system has CN = 6 in the bulk, we have
shown only a subset of nearest neighbors of each particle in the rhombic cluster here, to illustrate that this system is a tiling of rhombuses.
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We also simulated the formation of finite clusters ranging from
N = 2 to 100 particles for the simpler system governed by the
single-well LJ potential:

VLJ(r) =
1

r12 − 2
r6 .

The system governed by VLJ only exhibits simple, close-packed
cluster structures in two dimensions, with the one feature of the
interaction potential defining the bond length.44 We used these
clusters as references when examining cluster growth sequences
for the multi-well LJG systems. For numerical reasons, we note
that we set VLJG = 0 and VLJ = 0 at all values of r < 0.5 and r ≥ 2.5.

All molecular dynamics simulations were performed using
the open-source simulation package HOOMD-blue.46 We man-
aged simulation data using the signac data management frame-
work47,48 and visualized all simulations with OVITO.49 Analy-
sis was performed using the analysis packages freud50 and Net-
workX.51

Cluster formation was promoted by fully quenching each sys-
tem from the high temperature of 0.6kT (in dimensionless units)
to the low temperature of 0.01kT over 107 time steps (Fig. 1b). All
simulations were performed in the isochoric–isothermal (canon-
ical, or NV T ) ensemble with time step dt = 0.005 and Nosé–
Hoover thermostat coupling constant τ = 1. Five replica simula-
tions were generated for each system size. In addition, we simu-
lated 21–23 replicas of larger clusters of N = 625 for each system,
to confirm the self-assembly structures of all state points and com-
pare to larger system sizes approaching bulk ordering (Fig. 1c).
For each quench, we chose the final frame of the simulation for
further analysis.

2.2 Analysis

2.2.1 Radial distribution function

For all clusters, we calculated radial distribution functions (RDFs)
to track the emergence of bulk-like structure as a function of sys-
tem size. The RDF g(r) is a statistical description of how particle
density varies as a function of distance r from a central particle.
It is calculated as:

g(r) =V
N −1

N
⟨δ (r)⟩,

where V is system volume, N is the number of particles, the en-
semble average is taken over all particle pairs i ̸= j in the system,
and δ (r) is the Kronecker delta. g(r) thus peaks at distances that
characterize average nearest-neighbor shells around particles.

2.2.2 Coordination number

We determined the coordination number (CN) for all bulk sys-
tems by examination of the g(r) of each cluster at N = 625, shown
in the upper panels of Figs. 3a–d. From each g(r), we determined
that the nearest neighbor shell of all systems fell within the par-
ticle pair cutoff distance r = 1.3. We then calculated the CN of
each bulk system as the number of neighbors per particle within
distance r = 1.3, for particles in the defect-free interior of each
N = 625 cluster. Values of CN are reported in Table 1.

2.2.3 Shortest-path rings

To analyze the emergence of specific motifs associated with bulk
structure in each system, we tracked the formation of so-called
“shortest-path rings" in all clusters.52 These rings are topological
signatures of order and reflect information related to the under-
lying bond network of each cluster: within the bond network,
shortest-path rings are cycles that have no shortcuts across them.
To identify these rings, we first construct a graph G = (V,E) con-
sisting of a set of V vertices and E edges associated with each
cluster. Each particle in the cluster is a vertex and an edge is gen-
erated between particles i and j if the distance between them, ri j,
satisfies the criterion rmin ≤ ri j ≤ rmax. For all systems, we set the
minimal bond distance rmin = 0, and the maximal bond distance
rmax = 1.3, in order to capture bonding associated with the first
well of each LJG potential. Note that, since we only monitor mo-
tifs formed from bonds with distances r ≤ 1.3, we do not capture
structural motifs associated with longer bonds.

We find the shortest-path rings of size n in each network by
first identifying all chordless cycles with n edges, then identifying
the subset of chordless cycles R for which distR(i, j) = distG(i, j)
for all pairs (i, j) in each ring. distG(i, j) is the number of edges
that makes up the shortest possible path between vertices i and
j in graph G, and distR(i, j) is the number of edges that makes
up the shortest possible path between vertices i and j in cycle R.
In this paper, we focus on shortest-path rings with n = (3,4,5,6)
edges, abbreviated as sp-3, sp-4, sp-5, and sp-6 rings, respec-
tively. These rings are topological proxies of triangular, square
or rhombic, pentagonal, and hexagonal bonding motifs in which
only connectivity matters. The bulk structures stabilized by the
pair potentials of this paper are each characterized by one ring
type (Table 1). An advantage of using a topological measure such
as rings to identify structural features, rather than other metrics
that might rely on bond angles or strict distance cutoffs, is their
robustness against slight alterations in local structure. This flexi-
bility was necessary since each cluster contains structural features
that fluctuate significantly with system size, especially for small
N.

2.2.4 Bonding energy

We also monitored changes in bonding as a function of system
size by calculating total potential energy associated with bonding
on multiple length scales in each cluster. Within each cluster, we
calculated

E(rmin,rmax) = ∑
rmin≤ri j≤rmax

VLJG(ri j),

where the sum proceeds over each particle pair (i, j) in the system
whose center-to-center distance, ri j, meets the criterion rmin ≤
ri j ≤ rmax. Each value of E(rmin,rmax) thus represents the por-
tion of the cluster’s potential energy associated with bonds whose
lengths are within the range (rmin,rmax). We examined two bond-
ing regimes for clusters in all systems: (rmin,rmax) = (0,1.3), and
(rmin,rmax) = (1.3,2.5). The first regime captures the effects of
bonding within the first energy well of VLJG for all systems, while
the second regime captures the effects of longer-range bonding
associated with the second energy well. We also calculated the to-

4 | 1–14Journal Name, [year], [vol.],

Page 4 of 15Soft Matter



tal potential energy E(0,2.5) = E(0,1.3)+E(1.3,2.5) of each clus-
ter.

To better understand the growth sequence of each system, we
compared the energy per particle of each cluster, E/N, to the
value of E/N which would result from the minimal energy pack-
ing of N non-overlapping disks of diameter σ with the following
pair potential:

Vcp(r) =

{
−1 if r = σ

0 if r > σ .

The potential Vcp is “sticky" and only rewards bonding at a sin-
gle length scale, thus giving rise to close packings in two dimen-
sions that minimize energy—also termed penny packings.53 It is
known that these penny packings are subsets of the triangular
lattice; however, the precise structural sequence and energies of
these clusters with changes in N has been an area of active inves-
tigation.53–55 In these studies, the second moment of each cluster
is typically minimized rather than the total energy; these optimal
clusters are still called “minimum energy clusters" since they rep-
resent closest packings.53,56

We used the minimal second-moment cluster sequence deter-
mined in Ref. 53 as a proxy for closest-packed clusters and cal-
culated E/N as a function of N for this sequence. We chose the
bonding energy of Vcp to be −1 in order to be consistent with
the energy of the deepest well of VLJG and VLJ, so that we could
directly compare energies of bonding at the length scale associ-
ated with the deepest well to energies of bonding if the system
exclusively packed closely at that length scale.

3 Results

3.1 The Lennard-Jones system

We first examine the emergence of bulk structure in finite clusters
of particles interacting via the LJ potential VLJ (Fig. 2a), which
provides a benchmark against which we will compare cluster for-
mation in the more complicated LJG systems. The LJ system pro-
duces simple, close-packed minimum energy clusters commensu-
rate with the bulk structure at all system sizes. We verify the
generation of these closed-packed structures at all values of N
through analyses of shortest-path rings, g(r), and the potential
energy of each cluster.

At all values of N ≥ 3, the fraction of sp-3 rings in each cluster is
1, indicating that each cluster’s bond network exclusively contains
sp-3 rings—topological proxies for triangular motifs (Fig. 2b).
The radial distribution function g(r) shows a well-defined first
peak at r = 1 at the lowest system size, and this peak remains at
r = 1 at all values of N, showcasing uniformity in cluster struc-
ture as system size increases (Fig. 2c). Other peaks correspond-
ing to next-nearest neighbor distances emerge at larger system
sizes and similarly remain constant with increasing N. The poten-
tial energy per particle, E/N, of each cluster directly verifies that
the LJ system follows a close-packing growth sequence (Fig. 2d).
Nearest-neighbor bonding E(0,1.3)/N almost exactly follows E/N
for perfectly close-packing, indicating that, as N increases, the
system forms minimal energy clusters associated with bonding at
a single length scale. Note that the potential energy of the entire
system, E(0,2.5)/N, becomes lower than E/N for perfectly close-

packing at larger values of N. This is due to the relatively large
width of the energy well in VLJ, which means that next-nearest
neighbor bonds contribute to the potential energy of each cluster
as N increases. The emergence of these bonds can be seen in the
plot of E(1.3,2.5)/N as a function of N.

3.2 The Lennard-Jones–Gauss system: Bond lengths

In contrast to the LJ system, LJG systems with two competing
preferred length scales show emergence of structure with more
complicated bonding motifs as system size increases. The lengths
of the bonds which form these motifs can be seen in heat maps of
g(r) for all clusters of N = 2 to 100 particles (Fig. 3). In all systems,
g(r) shows fluctuations at smaller system sizes before stabilizing
at larger system sizes. Distributions of g(r) at larger system sizes,
above N = 80, match the distribution of g(r) for the bulk N = 625
in all cases. Bonds of different lengths emerge in each system at
values of N which depend upon the shape of the pair potential,
with deeper potential wells causing bonds associated with those
wells to emerge at smaller system sizes.

The deepest wells of the honeycomb, triangular, and rhombic
potentials are located at r = 1.5,1.7, and 1, respectively. Accord-
ingly, bonding at these length scales emerges immediately in each
system at the smallest values of N. Bonding at the additional
length scale associated with the shallower potential well depends
on the depth of that well: greater depth causes associated bond-
ing to occur at smaller N. For the honeycomb potential (with
the shallowest well, at r = 1), bonding at this distance emerges
at N = 12 particles; for the triangular potential (with a slightly
deeper well, also at r = 1), bonding at this length scale occurs at
N = 4 particles; and for the rhombic potential (with a deeper well
still at r = 2), bonding at r = 2 occurs at N = 4.

The square potential consists of a shoulder at r = 1 and min-
imum at r = 1.3, rather than two well-separated minima, and
therefore displays unique bond length behavior with increasing
N. At small system sizes, bonding at r = 1.3, associated with the
minimum of the potential, is preferred. Bonding distances then
‘split’ once the system size surpasses N = 12, resulting in bonding
at r = 1 and r = 1.4. Due to the large width of the square po-
tential’s well, bonding at the non-optimal distances (i.e., not at
the minimum at r = 1.3) are accommodated once the system is
sufficiently large.

3.3 The Lennard-Jones–Gauss system: Bond topology

To gain further insight into emergent cluster structures, we exam-
ine the bonding topology in each system by tracking the shortest-
path (sp) rings in clusters as a function of system size, as shown
in Fig. 4. In each system, the bulk structure’s ring motif eventu-
ally dominates at large system sizes. For the honeycomb, triangu-
lar, rhombic, and square systems, the ring motifs associated with
each bulk structure are the sp-6 (hexagonal) ring, sp-3 (triangu-
lar) ring, sp-3 (triangular) ring, and sp-4 (square) ring, respec-
tively (Tab. 1).

The relative proportions of ring motifs at intermediate system
sizes provide insight into how bulk structure emerges with in-
creasing N. The honeycomb and square systems both display a
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d)c)

b)

Fig. 2 In the two-dimensional LJ system, the bulk structure appears immediately, even within clusters of small size N. (a) The LJ pair potential. (b)
sp-3, sp-4, sp-5, and sp-6 ring fractions in each LJ cluster as a function of N. sp-4, sp-5, and sp-6 ring fractions all overlap at the constant value
0 for all N. Within each cluster, ring fractions are computed with respect to the total number of all sp-3, sp-4, sp-5, and sp-6 rings in that cluster.
At each value of N, ring fractions of five replicate clusters are shown as separate (but overlapping) data points. (c) Heat map showing the radial
distribution function g(r) for each LJ cluster as a function of N. At each value of N, g(r) is averaged over five replicate clusters. The average g(r)
taken over 23 replicate clusters with system size N = 625, representing the bulk structure, is also shown as a separate panel at the top. Insets show
minimal-energy clusters at N = 3 and N = 60. (d) Potential energy per particle in each cluster, E/N, as a function of N. Values of E/N are shown for
three bonding regimes: nearest-neighbor bonds with distance 0 ≤ r ≤ 1.3, next-nearest neighbor bonds with distance 1.3 ≤ r ≤ 2.5, and all bonds (with
distance 0 ≤ r ≤ 2.5). Each value shown is an average taken over five replicate clusters, and error bars indicate the standard deviation across replicas.
A dotted line also indicates E/N for perfectly close-packing.
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Fig. 3 Radial distribution functions show bonding lengths associated with cluster geometries. Each panel corresponds to a different system and shows
a heat map of g(r) as a function of system size N, g(r) for the corresponding bulk structure at N = 625, and snapshot insets of example clusters at
varying values of N. For 2 < N < 100, values of g(r) are averaged over five replicas at each system size, and for N = 625, values of g(r) are averaged over
21 replicas. (a) The honeycomb system, with inset snapshots of cluster structures at N = 5,20,80. (b) The triangular system, with inset snapshots of
cluster structures at N = 5,10,80. (c) The rhombic system, with inset snapshots of cluster structures at N = 6,20,80. (d) The square system, with inset
snapshots of cluster structures at N = 6,12,80. In all cases, bonds are colored according to system and bond length: all bonds with length 1.3 < r < 1.9
are colored gray, and bonds with length r < 1.3 are colored according to the system. (At the largest system sizes, bonds of length 1.3 < r < 1.9 are not
shown for clarity.)
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d)

b)

Fig. 4 Shortest-path rings show bonding topology associated with cluster geometries. Each panel corresponds to a different system and shows the
fraction of rings that are sp-3, sp-4, sp-5, and sp-6 as a function of system size N. Fractions are computed with respect to the total number of all
sp-3, sp-4, sp-5, and sp-6 rings in each cluster. At each value of N, ring fractions of five replicate clusters are shown as separate data points. Panels
also show example cluster snapshots for each system. (a) The honeycomb system, with inset snapshots of cluster structures at N = 5,20,80. (b) The
triangular system, with inset snapshots of cluster structures at N = 5,10,80. (c) The rhombic system, with inset snapshots of cluster structures at
N = 6,20,80. (d) The square system, with inset snapshots of cluster structures at N = 6,12,80. In all cases, bonds are colored according to system and
bond length: all bonds with length 1.3 < r < 1.9 are colored gray, and bonds with length r < 1.3 are colored according to the system. (At the largest
system sizes, bonds of length 1.3 < r < 1.9 are not shown for clarity.)
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gradual switch in sp-n ring propensity as they shift towards bulk
structure. In the honeycomb system, there is a shift from sp-5
to sp-6 ring dominance as N increases, indicating a transition
from mostly pentagonal to mostly hexagonal ring motifs between
20 < N < 40. In the square system, there is a shift from sp-3 to sp-
4 ring dominance, indicating a transition from mostly triangular
to mostly square ring motifs, before N = 20. The transition to the
bulk motif occurs at even smaller N in the triangular system: for
N < 10 there are some sp-3, sp-5, and sp-6 rings, but these give
way to only sp-3 rings for N > 10.

The rhombic system shows a markedly different pattern of
structural emergence as a result of competing structures at in-
termediate cluster size. At very small N rings are exclusively sp-
3, with sp-4 rings emerging at N = 6. Thereafter, until around
N = 80, a distinct structure defined by a minority of sp-4 rings
and a majority of sp-3 rings dominates. These clusters are sub-
sets of the Archimedean snub square tiling, comprised of or-
dered squares and triangles. The rhombic bulk structure begins
to emerge around N = 46, and becomes dominant for N > 80:
this structure is characterized entirely by sp-3 rings, since it is a
rhombic tiling of staggered triangles. We performed additional
analyses of bond angle distributions as a function of N to further
investigate structure emergence in each of our systems; details
and an extended discussion of those results can be found in the
Supplementary Information.

3.4 The Lennard-Jones–Gauss system: Cluster energies

Finally, we investigate structure emergence from an energetic
perspective. For each cluster size, we examine potential energy
E(rmin,rmax) associated with bond lengths rmin < r < rmax for
three bonding regimes: short bonds (0,1.3), long bonds (1.3,2.5),
and all bonds (0,2.5). Figs. 5 and 6 show potential energy per
particle, E/N, as a function of N and compare to the equivalent
E/N for perfectly close-packing.

For all systems, E(0,1.3) plateaus at smaller system sizes than
E(1.3,2.5). This is because the energy contribution from shorter
bonds saturates at small system sizes, while the energy contribu-
tion from longer bonds continues to grow as system size increases
and saturates at higher N. The plateau in E/N from long bonds
generally corresponds to the formation of the bulk structure: at
N ≈ 30 in the honeycomb system (Fig. 5a), N ≈ 10 in the trian-
gular system (Fig. 5b), N ≈ 80 in the rhombic system (Fig. 6a),
and N ≈ 12 in the square system (Fig. 6b). The rhombic system
is especially noteworthy: a zoom-in of E/N at larger system sizes
shows a clear transition from the snub square tiling to the rhom-
bic tiling (Fig. 6a, lower panel). The snub square tiling regime
consists of separate bands for E(0,1.3)/N and E(1.3,2.5)/N as a
function of N, with the longer bonds associated with lower poten-
tial energies. By contrast, the rhombic structure which begins to
emerge at N = 46 is characterized by similarity in the E(0,1.3)/N
and E(1.3,2.5)/N bands as a function of N.

At low values of N, all systems exhibit close-packing at the
length scale associated with the deepest well of the governing
pair potential, indicated by the correspondence between the mea-
sured E/N and E/N for perfect close-packing as a function of

N. In both the honeycomb and triangular systems, E(1.3,2.5)/N
follows close-packing energy minimization until bonding at the
shorter distance 0 < r < 1.3 appears (Fig. 5). For the honey-
comb system, this transition occurs at N = 12, while for the tri-
angular system it occurs at N = 4. When bonding at the shorter
length scale first appears at these system sizes, longer bonds at
1.3 < r < 2.5 become more energetically expensive than close-
packing, but clusters have lower total energy for all interparti-
cle distances 0 < r < 2.5 compared to the energy associated with
close-packing.

In both the rhombic and square systems, E(0,1.3)/N follows
close-packing for N = 2–3 and N = 2–5, respectively (Fig. 6).
Bonding at the longer length scale 1.3 < r < 2.5 is introduced at
very low N in these systems, causing bonding at the shorter length
scale to become more energetically expensive than close-packing,
but also rendering a lower total energy for all interparticle dis-
tances 0 < r < 2.5 compared to the close-packing energy. For the
rhombic system at high values of N, the value of E(0,1.3)/N does
again approach that of the close-packing, which is sensible given
that the rhombic structure is essentially a staggered triangular
tiling.

4 Discussion
Taken together, our analyses uncover a portrait of structure emer-
gence within finite clusters that is dependent on governing pair
potential shape and the geometry of the bulk structure. First,
we describe the structure emergence in each system, showcased
in the example cluster snapshots in Figs. 3 and 4. In the hon-
eycomb system, initial bonding around r = 1.5 results in closest-
packed subsets of the triangular lattice. Pentagonal (sp-5) ring
motifs emerge when bonding at the shorter length r = 1 appears
at N = 12, and these eventually morph to hexagonal (sp-6) ring
motifs at larger N (when the peak in g(r) around r = 1.8 appears).
In the triangular system, there is some closest-packing at low N
associated with bonding around r = 1.7, but as soon as bonding
around r = 1 emerges, the clusters display a mix of open and
closed structures associated with bonding at both length scales
and mixed sp-n rings. Subsets of the triangular lattice do not ap-
pear until N = 8 (when sp-3 rings dominate and the peak in g(r)
around r = 1.9 appears). In the rhombic system, bonding at r = 1
and r = 2 is present even at the smallest system sizes. Square
(sp-4) and triangular (sp-3) rings appear at N = 6 and form sub-
sets of the Archimedean snub square tiling. Evidence of this tiling
can also be found in the peak of g(r) at around r =

√
2 ≈ 1.41,

corresponding to the diagonal distance across the square. At
around N = 50, the rhombic lattice (characterized exclusively by
sp-3 rings and a new peak of g(r) around r = 1.7) emerges, and
becomes dominant for N > 80. Finally, in the square system, bond-
ing at r = 1.3 for small system sizes begets triangular (sp-3) ring
motifs, and square (sp-4) ring motifs emerge consistently around
N = 12, when the system shows bonding at r = 1 (and r =

√
2).

System sizes for which cluster structures transition to a subset
of the bulk structure vary, with the more open structures—those
with lowest number of bonds counted by the coordination num-
ber (CN) as seen in Tab. 1—transitioning at larger system sizes.
Within the honeycomb system (CN = 3), this transition happens
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a) b)

honeycomb triangular

Fig. 5 Potential energy per particle of clusters in the honeycomb and triangular systems. (a) Potential energy per particle, E/N, as a function of
system size N, for the honeycomb system. (b) Potential energy per particle, E/N, as a function of system size N, for the triangular system. Different
colors correspond to energies associated with different bond lengths: light gray with shorter bonds, dark gray with longer bonds, and color (according
to the system) with all bonds. The E/N sequence that corresponds to perfectly close-packing is also shown as a black dotted line, for purposes of
comparison. In all panels, top plots show the full range of N considered in this study and contain E/N averaged over five replicas at each system size.
Error bars show the standard deviation across replicas. Bottom plots show zoom-ins on N ranges of interest, with replicas as individual data points.
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rhombic square

Fig. 6 Potential energy per particle of clusters in the rhombic and square systems. (a) Potential energy per particle, E/N, as a function of system size
N, for the rhombic system. (b) Potential energy per particle, E/N, as a function of system size N, for the square system. Different colors correspond
to energies associated with different bond lengths: light gray with shorter bonds, dark gray with longer bonds, and color (according to the system)
with all bonds. The E/N sequence that corresponds to perfectly close-packing is also shown as a black dotted line, for purposes of comparison. In all
panels, top plots show the full range of N considered in this study and contain E/N averaged over five replicas at each system size. Error bars show
the standard deviation across replicas. Bottom plots show zoom-ins on N ranges of interest, with replicas as individual data points.
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around N = 30; within the square system (CN = 4), this transi-
tion happens around N = 12, and within the triangular system
(CN = 6), this transition happens around N = 10. The rhombic
system (also CN = 6) presents a special case, due to the apparent
competition between two structure types at intermediate system
sizes: in this system, there is first a transition to the more open
snub square tiling (CN = 5) around N = 6, and then a transition at
much higher system sizes (N ≈ 50–80) to the more closed rhombic
structure.

In all systems prior to the transition to the bulk structure, clus-
ters follow close-packing at the (primary) length scale associated
with the deepest well in their governing pair potential, before
bonding at the other (secondary) length scale is introduced at
larger N. Introduction of bonding at a secondary length scale
causes bonding at the primary length scale to be less energeti-
cally efficient than close-packing. Universally, the introduction
of bonding at a secondary length scale also causes the system
as a whole to be more energetically efficient than close-packing
at a single length scale. The value of N at which bonds at the
secondary length scale appear is dependent on the depth of the
associated well, with shallower secondary wells causing bonds to
appear at higher values of N. Evidently, the introduction of bond-
ing at the secondary length scale must only occur when the en-
ergetic benefit accompanying that introduction outweighs the en-
ergetic penalty associated with the cessation of close-packing. It
would seem that for shallower secondary potential energy wells,
that introduction is only sufficiently beneficial at higher values of
N, perhaps because more secondary bonds per particle are able
to form at higher values of N. For the honeycomb system (with
the shallowest secondary well), bonding at the secondary length
scale occurs at N = 12; for the triangular system (with the next
most shallow secondary well), bonding at the secondary length
scale occurs at N = 4; and for the rhombic system (with the least
shallow secondary well), bonding at the secondary length scale
already occurs at N = 2 in some replicas. The square system
presents a special case because its governing potential does not
have two separate wells, but rather one wide well with a shoul-
der and a minimum. As a result, bonding for the square system
is generally more flexible. Bonds associated with the potential
minimum at r = 1.3 form at low N, but these bonds are replaced
at higher N ≥ 12 by two types of non-optimal bonds: bonds as-
sociated with the potential shoulder at r = 1 and bonds of length
r =

√
2.

5 Conclusions
Our results show that tuning interaction potentials can design for
growth sequences within clusters on the way to the bulk structure,
in addition to designing the bulk crystals themselves. Through
manipulating the depths and positions of two competing length
scales, we were able to alter the system size at which bonding at
each length scale—as well as the bulk structure—emerges. As an
interesting corollary result in our study, we found that the bulk
structures in two of our systems—honeycomb and rhombic—are
of higher energy than competing crystalline polymorphs (trian-
gular and snub-square tiling) that occur at much lower frequency
than the predominant bulk structure. The Supplementary Infor-

mation contains an extended discussion of our observations.
Future work extending our analysis to three dimensions, where

polytetrahedral frustration plays a role in small cluster formation,
may also be illuminating: how would our observations change as
a result of this additional frustration? We expect that for anal-
ogous three-dimensional clusters (e.g., with LJG pair potentials
that form simple cubic or other locally anisotropic structures45,
as opposed to close packings), the cluster structures with in-
creasing N will likely differ from those of Lennard-Jones57 due
to the secondary minima in the pair potential, and the bulk
structures would emerge at different values of N. An exami-
nation of crystal growth and kinetics via particle-by-particle at-
tachment would also serve as a complementary study: to what
extent are the cluster structures observed here the result of co-
operative ordering of many particles simultaneously, and could
our results be reproduced by single-particle addition? Answers
to these questions could provide insight into whether classical
nucleation—which posits that particles attach individually onto
growing crystallites—results in minimal-energy clusters at small
system sizes. Further insights into the kinetics58 that enable or
inhibit the formation of certain cluster geometries could aid in
the design of their structure, particularly in dense systems where
geometric frustration can enable the formation of higher-energy
clusters,42 or in systems with pre-nucleation clusters that con-
tribute to bulk growth via non-classical nucleation.59 Studies of
the kinetics of cluster growth would also elucidate the extent to
which glassy dynamics plays a role in cluster formation in these
systems, especially if they are abruptly quenched. A final com-
plementary study could also be the exploration of cluster geom-
etry with varying interaction potentials while keeping the bulk
structure fixed—akin to the structural exploration of the bulk bcc
structure of binary polydisperse systems by Kennard et al. 60—
to further elucidate the relationship between potential shape and
self-assembled structure.

Although the realizability of pair potentials is currently limited
to systems with strictly short-range interactions,61 future direc-
tions enabled by this work can be applied to engineer soft mat-
ter clusters on the nano- or mesoscale for which bulk structure
emerges immediately at small system sizes, or for which designed
structural transitions occur at intermediate system sizes. Engi-
neered clusters may thus be especially robust against environ-
mental perturbation or possess structures that are especially sen-
sitive and size-dependent, relevant for applications ranging from
drug delivery to hierarchical materials design.
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