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Active liquid crystals exert nonequilibrium stresses on their surroundings through constant con-
sumption of energy, giving rise to dynamical steady states not present in equilibrium. The paradig-
matic example of an active liquid crystal is a suspension of microtubule bundles powered by kinesin
motor proteins, which exhibits self-sustained spatiotemporal chaotic flows. This system has been
modelled using continuum theories that couple the microtubule orientation to active flows. Recently
the focus has shifted to the interfacial properties of mixtures of active liquid crystals and passive
fluids. Active/passive interfaces have been shown to support propagating capillary waves in the
absence of inertia and offer a promising route for relating experimental parameters to those of the
continuum theory. In this paper we report the derivation of a minimal model that captures the
linear dynamics of the interface between an active liquid crystal and a passive fluid. We show that
the dynamics of the interface, although powered by active flows throughout the bulk, is qualitatively
captured by equations that couple non-reciprocally interface height and nematic director at the in-
terface. This minimal model reproduces the dynamical structure factor evaluated from numerical

simulations and the qualitative form of the wave dispersion relation seen in experiments.

I. INTRODUCTION

Active liquid crystals have become a paradigmatic ex-
ample of active matter, with nematic order observed on
many scales in both living and engineered systems. Ex-
amples include epithelial tissue and suspensions of re-
constituted proteins extracted from living cells, such as
microtubule-kinesin'* and actomyosin fluids® 7. The ac-
tive units in these systems are elongated apolar com-
plexes powered by the hydrolysis of adenosyn-triphospate
(ATP) to exert forces on their environment and drive self-
sustained, spatiotemporally chaotic flows.

Recently, the realization of immiscible mixtures of ac-
tive liquid crystals and passive fluids has allowed the
study of the effect of activity on liquid-liquid phase sepa-
ration (LLPS)®?. Both experiments and numerical work
have revealed a wealth of new interfacial phenomena,
including giant activity-driven interfacial fluctuations,
traveling capillary waves in the absence of inertia, and
striking wetting behavior where the active fluid can climb
the walls against gravity 814,

Continuum theories have proven to be an effective
framework for describing the long wavelength behavior
of active liquid crystals'> 7. In these theories activ-
ity enters through active forces driven by deformation
of the orientation of the elongated active units, which in
turn drives active flows. The feedback between deforma-
tions and flow generically destabilizes the homogeneous
ordered state !¢, generating self-sustained flows. Recent
extensions to mixtures of active and passive fluids have
shown that the coupling of flow and liquid crystalline
degrees of freedom additionally modifies the phase sepa-
ration and its kinetics, and can also capture many of the

observed interfacial phenomena®10-14:17:18,

Here we present an analytical derivation of the linear
dynamics of interfacial fluctuations in a phase separated
mixture of an active liquid crystal and a passive fluid. We
show that the observed capillary waves can be described
by a minimal model that couples fluctuations in the in-
terface height to director fluctuations at the interface.
We examine both the situations where, in the absence
of activity, the liquid crystal is in the nematic state and
in the isotropic state. Although bulk nematic fluids are
generically unstable, the interface can stabilize the phase
separated mixture through traveling surface waves in a
range of intermediate wavenumbers. Our minimal model
captures qualitatively the experimental observations. We
also evaluate numerically the dynamical structure factor
of interfacial fluctuations, which clearly displays travel-
ing waves, and show that it agrees qualitatively with the
analytical model. Active capillary waves arise generi-
cally via a non-reciprocal coupling of the interface height
and the liquid crystal director field, mediated by hydro-
dynamic flows through the bulk. With a nematic base
state, the dispersion relation has the generic form re-
cently predicted in a new class of non-reciprocal phase
transitions observed in coupled conserved fields!'®23 or
in a conserved field coupled to a Goldstone mode?*. Tt
arises when the eigenvalues of the matrix describing the
dynamical evolution of the system coalesce at an excep-
tional point at the edge of a band of linearly unstable
modes®.

Previous analytical work® has focused on the calcula-
tion of the spectrum of equal-time interfacial fluctuations
which can be well approximated by effectively neglect-
ing the dynamics of the director angles. In contrast, we
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show here that it is essential to incorporate the direc-
tor dynamics in order to understand the origin of cap-
illary waves. Soni et al.?® have also explicitly obtained
the dispersion relation of capillary waves for the case of
isotropic liquid crystals, but their method tends to ob-
scure the physical mechanism that drives the travelling
waves.

The effect of activity on phase separation has been
studied extensively with scalar models of a phase sepa-
rating concentration field advected by flow?6728. In this
case activity is introduced via an active capillary stress
of strength free to differ from the equilibrium interfa-
cial stiffness appearing in the free energy, allowing for
the possibility of an effective negative interfacial tension,
which can qualitatively modify the coarsening dynamics
and the phase separation. On the other hand, the ac-
tive capillary stress is proportional to gradients of the
concentration field and only acts on the interfaces of the
phase separated regions. Here, in contrast, we find that
that the emergence of active capillary waves requires the
feedback from active stress throughout the bulk fluid, as
induced by the coupling of flow to liquid crystalline de-
grees of freedom.

The remainder of the paper is organized as follows.
In Section II we introduce the continuum model of the
active/passive fluid mixture. In Section III, we derive lin-
ear equations for height and director fluctuations around
an initially flat interface with projections methods used
before in the literature'®2%3%, We carry out the calcu-
lation of the linear interfacial dynamics in two regimes,
corresponding to situations where the liquid crystal is in
the isotropic or nematic regime when passive. We show
that the linear model captures the qualitative feature of
the dispersion relation of active capillary waves in both
regimes. We also discuss the role of gravity in suppressing
long wavelength instabilities while preserving propagat-
ing modes in Section III C. Finally, in Sec. IV, we solve
numerically the full continuum equations to compute the
dynamical structure factor of the interface, which clearly
displays propagating modes at intermediate wavenum-
bers, in qualitative agreement with the linear theory. We
conclude with a few remarks and open questions.

II. CONTINUUM MODEL

We consider a phase separating mixture of an isotropic
passive Newtonian fluid and an active liquid crystal in
two dimensions, thus with one-dimensional interfaces.

We use a continuum model with a phase field ¢ describ-
ing the local relative concentration of active and passive
fluid and a velocity field v capturing fluid flow. Liquid
crystalline order is described by the nematic alignment
tensor, Q;; = S(n;n; — d;;/2) where S is the order pa-
rameter and n is the local director field - a unit vector
pointing along the direction of broken symmetry. The

2
dynamics is governed by the following equations,
Dip = MV2p, (1)
1

0=77V2v+V-(a'e+0'¢+0'a)—VP, (3)

where D; = 0; + v - V is the material derivative.

The phase field ¢ obeys relaxational dynamics with
mobility M, assumed constant, and chemical potential
u = 0F4/d¢ determined by a Ginzburg-Landau free en-
ergy

F, = / dr [fo(6) +26(V6)?] . (4)

The free energy density for the uniform state is taken
to be of the form, fo(¢) = —dad?(1 — ¢)?, with a <
0, which corresponds to a bistable system with ground
states representing the isotropic passive fluid (¢ = 0)
and the active liquid crystal (¢ = 1).

The nematic tensor Q relaxes according to a molecu-
lar field H;; = —6Fo/0Q;;, derived from the Landau-de
Gennes free energy

ro U K
Fo = /dr <2 Tr(QQ) + Z(Tr Q%) + 2(3inj)2)(5a)

with ~ the rotational viscosity. It additionally couples
to the flow through the rate of strain tensor A;; =
(Ojv; + 0jv;—0;;V -v)/2 and vorticity tensor Q;; =
(81-1)]' - 3]"(}1’)/2.

The flow velocity v is determined by Eq. (3) that bal-
ances viscous dissipation with viscosity 7, gradients of
pressure P and elastic, capillary and active stresses. We
further assume incompressible flow (V - v = 0) in the
Stokes limit. The capillary force, V-6 = —¢V , arises
from the free energy cost of creating interfaces. One can
show that the capillary stress can be written as 27

ol = —r | (0:6) (036) - 305V . ()

The liquid-crystalline degrees of freedom are addition-
ally responsible for elastic stress ¢ and active stress o®,
given by

of; = —AH;; + [Q,HJJ} o
of = apQij

where [Q, H|%; = Qi Hy;j — HikQp; denotes the antisym-
metrized product of any two tensors. The parameter «,
with dimensions of stress, controls the activity and de-
pends on the biomolecular processes that drive the flows.
Its sign is determined by whether active forces are exten-
sile (e < 0), as considered here, or contractile (o > 0).
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Passive fluid (¢ = 0)

h(z,t)

[

FIG. 1. Sketch of the phase separated active/passive fluid.
The blue line is the interface between the active and passive
phases. The height fluctuations have been exaggerated for
illustrative purposes. Inset: profile of the ¢ field across the
interface showing the interfacial thickness 4.

Active fluid (¢ = 1)

III. LINEAR INTERFACIAL DYNAMICS

In the following we examine the stability and dynam-
ics of the interface separating the bulk phases of the two
fluids in an infinite plane. We assume the active lig-
uid crystal (¢ = 1) occupies the region y > 0 and the
passive fluid (¢ = 0) occupies the region y < 0. The
profile of the flat interface separating the two regions at
y = 0 is easily found from the solution of 0F,;/d¢ = 0,
as sketched in Fig. 1. The solution describes a smooth
function varying between the bulk values of ¢ across a
length scale £y = +/r/|a]. We will consider a sharp in-
terface approximation, assuming £4 is much smaller than
any other length scale. We stress that we have made the
nonstandard choice of the y axes pointing down in Fig. 1.
This choice is made purely to obtain algebraically cleaner
expressions for the continuum equations for the interface,
and at the same time to display the active flow below the
passive one (as is the case in experimental realizations of
this form of phase separation, where the active phase is
heavier).

Below we adapt the method first described in Ref.??
to derive linear equations for the dynamics of activity-
driven fluctuations in the interface height h(z,t) and di-
rector angle 0(r, t) defined by n = (cos 6, sin 8)(see addi-
tional details in Appendix A).

We write

¢z, y,t) = g(y — h(z,1)) , (8)

where for an infinitely sharp interface g(y) is well approx-
imated by a step function, i.e., g(y) = O(y). We consider
the regime where the dynamics of the phase field is dom-
inated by advection by flow and ignore the right hand
side of Eq. (1). Inserting the ansatz given in Eq. (8), we
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can then write

6t¢ = _g/(y - h(a:,t))@th(m, t) = —v,@zg(y - h($vt)) )
(9)
where the prime denotes a derivative ¢'(y) = dg/dy. This
can be simplified by integrating across the interface and
using the sharp interface approximation (¢'(y) = 6(y)),
to give to linear order

Oth(z,t) = vy(z,y = 0,1) . (10)

Next, we eliminate the flow and project the dynamics
onto the interface to obtain equations for height fluctu-
ations and fluctuations of the liquid crystalline degrees
of freedom at the interface %2930, This can be done by
formally solving Stokes equation, i.e. writing the flow as

vi(r) = /dr’ Tiyi(x —x') f;(x), (11)

where T;;(r) are the components of the Oseen tensor,
which in Fourier space and for a bulk system are given
by

~ 1 kik;
T;(k) = kP <5ij - ,€2]> ; (12)

and where the driving force for the flow f;(r) contains
both equilibrium and active stresses,

fitr) =05 (of + 0% (13)

where, for simplicity, we have ignored the elastic stress
o ¢ which is higher order in gradients of the nematic field.

It is convenient to write Eq. (11) as v = v? + v The
explicit form of these two contributions is then

Wt = [ ATy )00 (149)
) = [ d'Ty(e =) [0 (9)Qu, )] - (15)

Here, we have written the capillary force coming from
the stress in Eq. 6 as ff = pd;¢, which can be done by
an integration by parts due to incompressibility. In the
remainder of this section we evaluate the flows induced
by height and director fluctuations to obtain a closed
description of the interfacial dynamics.

A. Flows driven by passive capillary stresses

Following previous work??, the flow v? can be calcu-

lated in terms of the perturbation h(z,t) by using Eq. (8)
and expanding for small h as 9;¢ ~ —¢’(y)9,h. The ex-
pression for the flow velocity can then be evaluated taking
advantage of the sharpness of the function ¢’, with the
result

v?(r,t) = U/dm'Tiy(x — a2’ y)0% h(a 1), (16)
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where we have integrated along the coordinate y perpen-
dicular to the interface (see algebraic details in Appendix
A). Here o is the interface tension, defined as the energy
cost per unit length of creating density gradients. It can
easily be calculated analytically using the equilibrium so-
lution for the interface profile and is given by

o= [ Ty (Vo) = VERalP. ()

It is convenient to Fourier transform in z and define
the partial transform of the Oseen tensor as

Gi;(k,y) = / h dley e VT (k, ky) . (18)
The passive flow is then given by
v (k,y) = —ok?Gy(k, y)h(k,t) . (19)
or explicitly,
v (k,y) = ‘j?e—l’wzky h(k,t) , (20)
U?(/{:,y) = —(74“;(1 + |ky|)67|ky|h(k:,t) ) (21)

Finally, substituting in Eq. (10), we obtain

k
ountkt) =~ 2 n(k ) 4 usiky =0) . (22
n
In the absence of active flows (v* = 0), this describes the
hydrodynamic relaxation of interface fluctuations due to
capillary stresses.

B. Flows driven by active stresses

To evaluate the contribution to velocity fluctuations
from active stresses and close Eq. (22), we need to ex-
amine the linear dynamics of fluctuations of the nematic
tensor at the interface. To do this we will consider sep-
arately the case where the liquid crystal is in a nematic
or isotropic state in the absence of activity.

The case of an isotropic passive liquid crystal is di-
rectly relevant to recent experimental realizations of ac-
tive/passive phase separating mixtures, where the con-
centration of microtubules in the active phase is too low
for the onset of nematic order to occur in absence of
activity. On the other hand, both simulations and ex-
periments have shown that in this regime local nematic

order is created by active stresses through flow align-
ment8:18:31-33

1. Ordered Nematic

In this section we consider the case in which the lig-
uid crystal is in the nematic state in the absence of ac-
tivity. We note that bulk extensile active nematics are

4

generically unstable to bend fluctuations at any nonzero
activity'6. It is nonetheless instructive to examine the
interfacial dynamics and ask whether the interface has
any stabilizing effect.

We assume that in the bulk phase separated state
the director is aligned along the direction of the flat
interface separating active and passive fluid at y = 0
(ng = %X). This assumption is justified by the fact that
extensile active stresses are known to create an effective
alignment interaction that aligns the director with the
interface!*343% In a contractile active system, the shear
flows tend to align the director perpendicular to the in-
terface. The dispersion relations for such a system can
be analogously derived by assuming normal anchoring for
the base state. In addition, for length scales large com-
pared to both the interfacial thickness and the nematic
correlation length, we simply slave the magnitude of the
order parameter to the field ¢, i.e., So(y) ~ ¢(y). The
base state is then described by Q9. = —ng = So(y),

gy = 0 and zero flow velocity. To examine the dy-
namics of small fluctuations, we then retain only terms
linear in the interfacial height h(z,¢) and the director
angle 0(x,y,t) and neglect fluctuations in the magnitude
of the order parameter, as appropriate deep in the ne-
matic state. This gives 0Q, = —0Qyy ~ —¢'(y)h(x,t)
and 0Qzy >~ g(y)d(x,y,t). Inserting these expressions in
Eq. (A14) and taking a Fourier transform in = we obtain

vi(k,y) = —ah(k,t) [ikGiz(k,y)—0,Giy(k, y)] So(0)
+ a/ dy' [ikGiy(k,y —y') — 0y Gin(k,y — y)] 0(k, v/, t) .
0

(23)

The linear dynamics of director angle fluctuations is
obtained by linearizing Eq. (2) around the base state and
is given by (for y > 0)

A+1 A-1
a ikvy + =5~

ate(kv:%t) = - D(kQ - 8;)9 )

(24)

Oy

where D = K /.

Our goal is to obtain a minimal model that describes
interfacial dynamics in terms of closed equations for
height fluctuations h(z,t) and director fluctuations at
the interface, 6y(x,t) = 6(z,y = 0,t). To achieve this
we need to make some assumption on the dependence of
angle fluctuations on the distance y from the interface. It
is clear from Egs. (23) that fluctuations throughout the
bulk fluid up to distances of order 1/k contribute to the
right hand side of Egs. (23), hence become most impor-
tant at small wavenumbers. On the other hand, our goal
is to develop a minimal model that captures the capillary
waves observed in experiments in a regime of intermedi-
ate wave numbers®. We then first simply ignore the y
dependence and assume 6(k,y,t) = 6p(k,t) in Eq. (23).
This assumption yields the following coupled equations
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for the interfacial dynamics:

o a
-7 ' 2

Oh 4n\k|h+ 2nk21k9, (25)
okl a 5

040 = 10 ikh (277 + Dk ) 6. (26)

The dispersion relation of the modes describing the dy-

A B

0.5 - afag =

iw/wo

-1.0 Y T
0 1 0 1

k/ko e/ ko

FIG. 2. Dispersion relation for the modes obtained from
Egs. (25) and (26), with A = 1.0. The blue solid lines show
the real part of the eigenvalues and the red dashed lines are
the imaginary parts. With our convention, fluctuations de-
cay when Ref{iw} < 0 and grow when Re{iw} > 0. The
frequency, wavenumber and activity are written in terms of
wo = 2/(n?D), ko = o/(nD) and ag = 6% /(nD), which arise
as the natural units from Egs. (25) and (26). (A) For a =0,
the two modes are decoupled (and intersect at k = ko/4). (B)
For extensile activity, a < 0, the modes coalesce and develop
a band of propagating modes. At small k£ we see the instabil-
ity of the active nematic reflected in the positive real part of
w.

namics of height and director fluctuations at the interface
can be obtained from the eigenvalues of the matrix M de-
fined by Egs. (25) and (26) such that 0; (Z) = M(Z) The
real and imaginary parts of the dispersion relations are
shown in Fig. 2. In absence of activity the equations are
decoupled and the modes are always real, describing de-
cay of height fluctuations due to interfacial tension and of
director fluctuations due to nematic stiffness (Fig. 2 A).
A finite value of activity drives the instability of direc-
tor fluctuations at small wavenumber, produced by the
well-known generic bend instability of extensile active ne-
matics!®.

For finite extensile activity, the modes are coupled and
display an unstable band of wavenumbers associated with
the generic instability of the bulk system. at k ~ k* =
o/4nD the modes coalesce. and become complex, signal-
ing the onset of propagating capillary waves which persist
in a band of wavenumbers, (kmin, kmax ). To lowest order
in activity, one can write (kmin, kmax) = (K*—0k, k*+0k),
with 0k = 1/2|a|/nD. The range of wavenumbers over
which one observes traveling waves is controlled by length
scale over which a deformation of the director can diffuse

Soft Matter

in an active time 7/|a| and grows with activity, consistent
with simulations and experiments®.

At finite activity the dispersion relation obtained from
Egs. (25) and (26) has the generic form obtained for two
nonreciprocally coupled conserved fields or a conserved
field coupled to a Goldstone mode!?:2%:23:24 Travelling
waves emerge near the edge on the band of unstable
modes where the eigenvalues and eigenvectors coalesce
and the matrix M becomes nondiagonalizable. Here the
nonreciprocal coupling between bend deformations of the
director field and passive restoring forces from interfacial
tension is responsible for the onset of traveling waves.
Director fluctuations drive interfacial fluctuations, which
in turn tend to suppress orientational deformations. The
coupling is mediated by active flows through a sort of
“delayed anchoring” of the director field at the interface:
height fluctuations drive director deformations that push
height fluctuations before they have had the chance to
relax or grow.

By slaving the dynamics of the angle 6 to interfacial
fluctuations, i.e., assuming 6 ~ J,.h, one recovers the sim-
ple form of the generic bend instability of an active liquid
crystal. In this case, the equation for height fluctuations
takes the simple form

g «
Oth = ——1klh — —h 27
th= LIkl = 5oh (27)

and of course does not display any traveling waves since
we have eliminated the dynamics of one of the degrees of
freedom. In this limit, height fluctuations are generically
unstable at all values of extensile activity (o < 0) as a
result of the generic bend instability of extensile active
nematics. In other words, the interface breaks up, as
observed in mixtures of active liquid crystals and passive
fluids®10,

Finally, the qualitative features of the dispersion re-
lation are quite robust and independent of the form as-
sumed for the y dependence of director angle fluctuations
when evaluating the corresponding contribution to ac-
tive flows. We show in Appendix B that the qualitative
structure of the dispersion relation is unchanged if we
assume an exponential decay 6(k,y,t) = 0o(k,t)e ¥/t
with £ the correlation length of active flows. This form
is motivated by the fact that the active liquid crystal
develops chaotic turbulent flows at any finite activity.
A more detailed calculation that couples height fluctua-
tions to moments of angle fluctuations weighted by the
full ~ e~ ¥lv] Green’s function also reproduces the same
qualitative structure of the dispersion relations.

2. Isotropic Liquid Crystal

Active liquid crystals reconstitued from cell extracts,
such as microtubule-kinesin suspensions, are often in the
isotropic phase when passive, corresponding to r > 0,
with nematic order only built-up locally by the coher-
ent flows generated by active stresses. In this case the
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base state for an active/passive mixture separated by a
flat interface is quiescent and isotropic, with v = 0 and
Qi; = 0. To lowest order in spatial gradients, the linear
dynamics of fluctuations in the alignment tensor is then
simply governed by

iQij(r) = —2Qu(1)+DV2Qu; + My (r) . (28)

T

where 7 = v/r is the nematic relaxation time. Our goal
is again to project the dynamics of the alignment ten-
sor onto the active/passive interface. This is, however,
more challenging than in the case where the active liquid
crystal is nematic (r < 0) discussed in the previous sec-
tion because, given the vanishing of the order parameter
in the base state, the linear dynamics of its fluctuations
does not couple to vorticity, but only to the strain rate.
The latter vanishes at the interface. Thus we cannot ne-
glect all y dependence and equate the strain rate with
its value at the interface. We therefore need a different
ansatz for the dependence of the nematic fluctuations on
the distance from the interface in the active phase. In
the absence of activity, the flow generated by a fluctu-
ation h(k,t) of the interface is due entirely to capillary
forces and is immediately obtained from Eq. (16), with a
resulting strain rate A‘fj in the active component (y > 0),
given by

b ok? I
Axw<k7y) = _chlye yh<k’t) > (29)

A2 (k,y) = —U—inkye—lklyh(k t) . (30)
Ty ) 47’ )

In other words flows induced by capillary forces asso-
ciated with interface fluctuations of wavenumber k ex-
tend through an interfacial layer of thickness |k|~1. Tt is
then clear from Eq. (28) that, neglecting elasticity, the y
dependence of nematic tensor fluctuations generated by
capillary forces will have the same form as that of the
strain rate A;@ This suggests the ansatz

Qualk,y,t) = |klye Mg, (k1) (31)
Quy(k,y,t) = ikye FlV gy, (k1) (32)

with g;;(k,t) to be determined as a self-consistent so-
lution of Eq. (28). We insert Eqgs. (31) and (32) into
Eq. (28) and into the active contribution to the flow ve-
locity, Eq. (15). With this ansatz, the process to obtain
the dispersion relation is as in the previous section, with
two caveats. In this case, we cannot sinply decouple am-
plitude and angle fluctuations, since the amplitude is also
small, and thus we have three degrees of freedom, h, ¢4
and g;,. Additionally, we observe there is a mode that
decouples from the dynamics of h, which is a linear com-
bination of ¢, and g¢,. Thus we arrive to the linear
equations for h and ¥+ = (¢zz £ ¢ay)/2 (see derivation

iw [wo

-1.0 T

0 1 0 1
k/ko k/ko

FIG. 3. Dispersion relation for the modes controlling the
dynamics of fluctuations of an active/passive interface with
r > 0. Activity here is scaled by the critical threshold a. for
the instability of the homogeneous state. (A) For |a| < ac
the modes are stable at all wavenumbers and propagating in
a range of k. (B) For |a| > a. the modes are unstable at long
wavelengths. Parameter values: A = 1.0, 7 = 4.0/wo, which
corresponds to a. = ap.

details in Appendix C)

2

(0%
ath(kat) = 7mh( at) - 47771/)+(kat) s (33)
Dt (ki t) = — <i + fl% + 2Dk2) (k)
oAk? a\
o (k,t) = — <Z‘; + % + 2Dk2) Y_(k,t) .  (35)

The dispersion relations corresponding to the previous
equations are shown in Fig. 3. As before, in absence
of activity, all fluctuations decay. Again as before, ex-
tensile activity renders the isotropic state with flat in-
terface unstable when the rate ~ |a|/n at which active
energy is injected exceeds the rate 1/7 at which it is dis-
sipated by rotational viscosity. The instability occurs at
a critical activity o, = 4n/A7 in a band of wavevectors
k € [0, kc], with k. = /A(Ja| — a.)/4nD. For values of
activity below a., the interface can support stable prop-
agating modes (see Fig. 3A). Wave propagation sets in
for k > k;, with

b= 2 (1= Vial/e) (30)

oT

As « approaches a., k; — 0 and we get a large scale
instability. As activity keeps increasing, k; again becomes
finite, and fluctuations larger than 1/k; do not propagate
along the interface. Close to the critical point k; ~ (1 —
ol /ore)?.

Qualitatively, therefore, whether the liquid crystal is in
its isotropic or nematic regime does not change the linear
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no gravity with gravity

iw [wo

0 1
k/kq k/ko

FIG. 4. Dispersion relation for the dynamics of fluctuations of
an active isotropic liquid crystal (r > 0) and a passive fluid,
(A) without and (B) with gravity ((cko = 1.0). All other
parameters are as in Fig. 3B, which is repeated here for ease
of comparison. Gravity stabilizes the interfacial instability,
while still allowing for propagating waves.

phenomenology of the interface, which displays interface
instabilities, connected to the bending instability of the
liquid crystal, and wave propagation. The difference in
the isotropic regime is that the liquid crystalline degrees
of freedom are not hydrodynamic, i.e, w(k — 0) # 0.
There is instead a relaxational rate 1/7 in Eq. (34), which
causes the instabilities to now appear above a finite ac-
tivity ae.

As in the nematic regime described in the previous
section, the emergence of propagating waves in this sys-
tem comes from the interplay between an active flow and
interface tension. Activity generates spontaneous flows
that create local nematic order, which destabilises the
interface. The flow created by relaxation due to inter-
face tension in turn drives the liquid crystal. Again, this
nonreciprocity points to propagating structures and trav-

eling waves in the system?3.

C. Effect of gravity

As we have noted in the previous sections, the bend in-
stability of the bulk liquid crystal destabilizes and even-
tually breaks up the interface, as observed in both ex-
periments® and simulations'®. Experiments have studied
interface fluctuations in the presence of gravity which
provides a restoring force that prevents interface break
up, allowing direct measurements of interfacial fluctua-
tions.

The stabilising effect of gravity can be added to our
model as a body force proportional to the density of the
fluid in the Stokes equation, Eq. (11), given by

£y = (pp(1 — @) + pad) 95 (37)

where p,, and p, are the densities of the bulk (passive and
active) phases. In current experimental realizations®, the
active phase is denser, and settles to the bottom.

Soft Matter

The addition of gravity simply shifts the contribution
from interfacial tension according to

ok? = ok? +gAp=o(k* +07), (38)

where Ap = pg — pp. The capillary length (. =
/o /(gAp) cuts off the instability of the interface at long
wavelengths, as shown in Fig. 4.

IV. NUMERICAL RESULTS

To test our linear theory, we have evaluated numeri-
cally the dynamical structure factor of the interface using
the full hydrodynamic theory, i.e. Egs. (1-3). The struc-
ture factor is given by

S(k,w) = /OOO dt et (h(k,t +to)h(—k,to)),  (39)

where the brackets denote an average over different time
windows, as described below.

B =
| == %

FIG. 5. (A) Snapshot of the phase separated system obtained
by numerical integration of Egs. (1-3), with an isotropic liquid
crystal (r > 0). The director is plotted every ten lattice sites
for clarity (the length corresponds to the magnitude of the
nematic order). Unbound topological defects are evident in
the bulk, as expected in the regime of active turbulence. The
background color represents the (normalized) vorticity gy.
The inset shows a zoomed in region, highlighting the rep-
resentative director structure (now shown every two lattice
sites) close to the interface (black line). Simulation parame-
ters: K =10.0,a = =50, M = 0.67,u = 10.0,a = —10.0, A =
1.0,m = 1.0 and gAp = 1.2. (B) Zoomed in region showing the
interfacial fluctuations quantified by the height field h(z,t).
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FIG. 6. The dynamic structure factor S(k,w) of the interface computed numerically shows clear evidence of propagating waves
at intermediate wavenumbers. The three frames correspond to three values of the nematic elastic stiffness, K = 1,10, 100.
Increasing K suppresses wave propagation at large wavenumbers. The other parameters here are fixed to be: a = —50, M =

0.67,u = 10.0,a = —10.0,A = 1.0,7 = 1.0 and gAp = 1.2.

To compute Eq. (39) we have used a pseudospectral
code to numerically integrate Egs. (1-3) on a discrete
lattice of size N x N for N = 1024. The pseudospectral
method provides a stable technique for dealing with high
order gradients, as present in the Cahn-Hilliard equation.
The integration has been carried out with available pseu-
dospectral solvers®®, using periodic boundary conditions
in the z direction. We enforce Dirichlet boundary condi-
tions at the top and bottom boundaries by setting a fixed
buffer zone in a band of width 128 lattice sites at the top
of the system in which ¢ = 0 and v = 0, and a similar
buffer zone at the bottom of the system where ¢ = 1
and v = 0. We report all the simulation parameters in
physical units: lengths in units of the interface width £,
time in units of the nematic reorientation time v/r and
stresses in units of the nematic condensation energy r.

The initial state is chosen as fully phase separated
with a horizontal interface at y = 0, corresponding to
¢(r,t = 0) = [1+tanh (y/v204)] /2, so that the active
liquid crystal is in the region y > 0, and the passive fluid
in the region y < 0. The components of the order param-
eter Q;; are initialized as small noisy fluctuations around
their mean value of zero, which allows activity to induce
alignment.

The chosen values of the parameters are such that the
active bulk develops a turbulent regime, but low enough
for the interface to remain a single-valued function. We
additionally include a gravitational force to ensure a sta-
ble interface. Active flows in the bulk then drive the
dynamics of the interface, which will fluctuate as a re-
sult of the interplay between interfacial tension and the
destabilising effects of activity. The chosen value of ac-
tivity is larger than the critical activity above which the
isotropic state becomes unstable, but kept low enough so
that interfacial tension and gravity keep a well-defined

interface (Fig. 5A).

In each integration of the model, we extract
the interface by fitting each constant-z slice of the
field ¢(z,y,t) to a function of the form f(y) =
a (14 tanh[b(y — yo)/v20,]) and use the resulting fitting
parameter h(z,t) = yo as the location of the interface at
point = and time ¢ (Fig. 5B). The dynamical properties
of the interface are then extracted from h(x,t) by calcu-
lating its structure factor S(z,t) = (h(x,t)h(0,0)), which
we analyse in Fourier space S(k,w) = |h(k,w)|?. We run
the simulation for 2107 time steps, with At = 10~%y/r,
i.e., total time 7" = 2 - 103y/r. This total time is much
longer than the observed time scale of wave propagation.
To extract a structure factor, we split this dataset into
nonoverlaping time series, each containing the interface
profile h;(z,t) with t € [t;,t; + AT), with AT = 10v/r.
This produces 200 time series. We then average the struc-
ture factor calculated from each of these intervals.

The structure factor is shown in Fig. 6 for three val-
ues of the nematic stiffness K. Even though flows in the
active fluid are chaotic and strongly nonlinear, the dis-
persion relation provides a qualitative good fit for the
observed frequencies and wavelengths of the capillary
waves.

V. DISCUSSION

Activity has profound effects on phase separation, driv-
ing giant interfacial fluctuations, arresting coarsening,
and perhaps providing a new handle for controlling the
properties of interfaces®”. Many realizations of active
fluids are composed of elongated entities with liquid crys-
talline degrees of freedom that play a key role in driving
active flows. It is therefore important to understand the

Page 8 of 15
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interplay of activity and orientational order on soft fluid-
fluid interfaces. In these systems interfacial fluctuations
are driven by the chaotic dynamics of the bulk, offering
an opportunity to probe the properties of active liquid
crystal by probing the behavior of the interface.

In this paper, starting with a familiar continuum model
of active liquid crystal hydrodynamics, we have derived
analytically linear equations for the behavior of fluctua-
tions of the active/passive interface. This study builds on
classical frameworks of interfacial waves in equilibrium
3738 which we extend to analyze the effects of active
driving. The derivation becomes challenging because in-
terfacial fluctuations are driven by active forces through-
out the bulk fluid and propagated nonlocally through the
hydrodynamic flows. This is to be contrasted to scalar
models of active phase separation, where active stresses
only act at the interface?®. To make progress, we have
proposed simple approximations that qualitatively cap-
ture much of the phenomenology seen in experiments and
in numerical simulations of the full nonlinear hydrody-
namic model.

We believe our work will help understand the effect of
activity on interfacial dynamics and offer tools for quan-
titative comparison with experiments. Traveling waves
at the surface of a phase separated active microtubule-
kinesin suspension were observed in Ref.® using a quasi-
2D system with very low surface tension. It was also
shown there that, although those experiments are strictly
outside the range of application of a linear theory even
at the lowest kinesin concentrations, a simplified version
of the present theory does reproduce the qualitative fea-
tures of the dispersion relations. On the other hand, a
theory of the type presented here cannot provide a quan-
titative prediction of the amplitude of fluctuations, which
has to be treated as a fitting parameter. Very recent ex-
periments on active phase separation in bulk fluids with a
2D interface have also revealed traveling surface waves>?
and may offer the opportunity for a more quantitative
comparison of the structure of the dispersion relations.
This, together with an extension to the nonlinear regime,
provides an important direction for future work.

A clear direction is expanding this theory is to incor-
porate nonlinear terms. This has been done in the past
in the context of nonequilibrium dynamics®®, and more
recently as applied to scalar active systems3%4%, where
active forces only act directly at the interface. Extend-

J
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ing this work to situations where active hydrodynamic
flows throughout the bulk are the main drive of inter-
facial dynamics remains an open challenge. More work
is needed to establish whether active hydrodynamic in-
terfaces belong to the same universality class as other
interface models used in the past.

Another future direction is expanding this model to
more complete theories that consider two flows coupled
by friction, as has been done before in related studies
of binary mixtures!'>4:42, It is unknown, however, if
this more complete description would provide a deeper
insight into the complicated phenomenological aspect of
the experimental systems that have inspired this work®.

While these open questions are challenging, it is clear
that a quantitative understanding of the dynamics of
complex active interfaces will be required for the devel-
opment of new functional soft materials where the in-
terfacial properties are tuned and controlled by active
processes.
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Appendix A: Interface Projection

This appendix shows the calculation of the interface dynamics following the method of Ref.??. We start with the
(incompressible) Stokes flow generated by the force F, which is given by

v;(r) = /dr’ Ti;(r — ¥ ) Fi(r') ,

(A1)
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where T;; is the Oseen tensor given by Eq. (12) and
F=uVo+aV-(4Q), (A2)

where the chemical potential can be written in terms of the free energy density of the phase field, u = f{(¢) — KV?¢.
Here, we write the capillary force for the bulk system to be equal to V¢, integrating by-parts V - ¢ = —¢V and
ignoring the boundary terms with vanishing contribution to the flow.

We consider the initial phase separated state and height fluctuations h(x,t) of the flat interface. We can write
o(x,y,t) = g(u), where u = y — h(x,t) is the distance from the interface and g(u) varies sharply at the interface. We
then obtain

Vo =g (u) (&, — &,(0:h)), (A3)
V2 = (14 (0:h)%) g"(u) — ¢’ (w)D2h (A4)

where the prime denotes a derivative. The capillary force is then given by

pV ¢ = g'(u) (& — &x(dzh)) (fé(g) = (1 + (0:h)*)g" (u) — 9'(u)0§h)>

= @&, — a0 (0 - 5 (1 @) W 4 yatn)

The passive flow v¥ (z,y) can be calculated from Eqgs. (A1) and (A5), with the result (to linear order in fluctuations)
0?(z,y) = 0’/ dx’ Ty (x — ', y)02 h(z' 1), (A6)

where o = k [ du [¢’(u)]? is the surface tension. The terms proportional to f{(u) and d(g’)?/du vanish upon integrating
by parts because they are total derivatives.
To evaluate the flows explicitly it is useful to introduce the partial Fourier transform of the Oseen tensor as

o0

1 .
Gilho) = o= [ dhye Ty (ki k) (A7

— 00

These partial Fourier transforms can be easily evaluated:

G(k)e%”1mo
Ikyl
6_‘k ‘

Flows of wavenumber k decay on length scales k~! and are only cutoff by the system size.
The passive flows due to the surface tension are then given by

vl (k,y) = —ok>Giy(k,y)h(k,1) . (A9)
or explicitly,
k
w2 (k) = e kg () (A10)
¢ (k L 1+ |ky))e ¥ n(k All
vl (k,y) = 4n(+|yl)e (k.t) . (A11)

The active flows can be written as

o () = /’m/dwz — 2y — ) Bl (6@, ) Qe ) | (A12)
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Here, ¢(z,y,t") = g(y — h(z,t)), where g varies sharply from 0 to 1 at the interface. To linear order in fluctuations,
Qi = Q?j +0Q);;, where the explicit form of the base state Q?j depends on whether the active liquid crystal is in the
isotropic or nematic state when passive.

It is easy to show that the active flow always vanishes in the base state, i.e., to zeroth order in fluctuations. This is
obvious in the isotropic state where Q?j = 0. In the nematic case the base state has components Q% = —ng = So(y),
where Sy(y) describes the decay of nematic order across the interface, and ng = 0, which corresponds to a pressure
jump across the interface, and therefore produce no flow.

Transforming Eq. (A12) to Fourier space in x, and expanding to linear order in fluctuations, the active flow can
then be written as

ot (k,y) = —aikh(k) / dy' Gis(ky — )9 (1) Q% W) + o / dy Gy (kvy — )9 ()5Q (k. o)
. o L (A13)
+ a/ dy'Gij(k,y — ' )g(y') [ik0Qja (K, y') + 0,0Q;y (k,y)] — a/ dy' Giy(kyy — ) g" (' )h(k)Qy, ().

In the limit when the interface width is small, we can approximate the step function g(y) = O(y) and ¢'(y) = §(y).
Then we can simplify the active flow to be:

vit(k,y) = —ah(k) [ikGiz(k, y) =0y Giy (K, y)] So(0)

+ dy' [ikGiy(k,y — ) + 0,Gia(kyy — )] 0Quy (k.3
a/o Y [ikGiy(kyy = y') + 0y Gia(k,y = y')] 6Quy (k. y) (A14)

+ a/ dy' [ikGiz(k,y —y') — 0,Giy(k,y — ¥')] 0Qua(k,Y') -
0

Appendix B: Ordered Nematic

This section shows details on the derivation of Egs. (25) and (26), and the corresponding dispersion relation.

As described in the previous section, the base state here has QV, = —ng = So(y) and ng = 2:1: = 0, where
S(y) describes the decay of nematic order across the interface, and thus correponds to a pressure jump. We further
consider this in the limit with small nematic correlation length and treat the base state as a step function with a
finite magnitude of the order parameter at the interface.

On top of this base state we consider fluctuations in the angle of the nematic director, i.e:

5Q:vy(k7y) :SO(y)Q(k‘,y,t),
=0(k,y,t) fory >0 (B1)

and then we can write the resulting active flows to linear order in fluctuations using Eq. (A14). Using the aligned
nematic as the base state and consider the angle fluctuations, we have:

Uf(kv y) = —Ozh(k, t) [Zka(ka y)_aszy(k» y)] SO(O)

ta / dy [ikGay(kyy — ')+ 0,Gualkyy — )] 8k, 0). (B2)
0

As we discuss in the main text, to get explicit dispersion relation coupling the interface and nematic ﬂuctuations,/we
assume that the angular fluctuations are correlated over a length ¢ into the active phase i.e. 8(k,y/,t) = 0(k,t)e ¥ /*.
Using these we can explicitly calculate the active flows, with the result

__ a5 —|kyl ; ol [ _ /L K22 41 —|ky| (14 [k[0)2(1 — |kly + k22y)
. =—— 1-— —lew/t T _ v B
va(k,y) Slk] e (1= |ky|) ikh + ; e ZE 1) e SR~ 1)2 0, (B3)
a — S0 —Ikly al? —y/t k22 +1 —|ky| (14 [k[O)*(A—y/t+|kly)] .
@ , - . B4
vy (k,y) 2 e (|kly)h + p e ZE 1) e (R 12 ik (B4)

From these active flows, we can then calculate the strain rate and the vorticity.
By combining contributions from active and passive flows, we can then obtain equations for the coupled dynamics
of height and order parameter. To obtain an equation for the director angle fluctuations, we linearize the dynamics
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kol = 50 kol — 00
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FIG. 7. Dispersion relations obtained from Eqs. (B7) and (B8) for different values of the length £. As in the main text, frequency,
wavenumber and activity are scaled with wo = 02/(n?D), ko = ¢/(nD), and ap = 2/(Dn). (A,B) A finite correlation length
¢ suppresses the interfacial instability, while still allowing for propagating modes. (C) For £ — oo, we recover the dispersion
relations shown in the main text. Parameter values: A = 1.0 and a = —ao/2.

of Qzy ~ sin(26) and then multiply with a sharply peaked function ¢'(y), integrating out the y-dependence. In the
limit of a sharp interface, when ¢’'(y) ~ d(y), we obtain
Oth(k,t) = vyly—o , (B5)

1
010(k,t) = Mayly—o + Quyly—o — D (k2 + 62) 0(k,1), (B6)

where the limit should be considered as the mean from both sides of the interface i.e. z|y—o = (z[y—o+ + z[y—0-) /2.

Inserting the expressions for active and passive flows computed earlier, we finally obtain the following coupled
equations

« 2

o
A T A L S ¥ B
Ol = = W o T Thge - (B7)
olk|. a [A+1 k22 A—1 1 5 1
= T - & 1 -D . B
00 == k=l a2 U e Firw)l (BS)

For a thin nematic layer, k¢ < 1 these reduce to,

o al?
ok, aA—-1) D
00 = 1 ikh ( n + 7 0, (B10)

Conversely, in the limit £ — oo we recover Egs. (25) and (26) of the main text.
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Appendix C: Isotropic Liquid Crystal

For the isotropic liquid crystal (r > 0), the base state is Q?j = 0, and then, using Eq. (A14), the flows are simply
given by:

v (k,y) :a/ dy' [ikGiy(k,y —y') + 0,Gin(k,y — ¥)] 0Quy (k. y')
0

o0 (C1)
+a/ dy' [ikGix(k,y — y') — 0,Giy(k,y — )] 0Qua(k,y') -
0
Here, §Q);;(y') are the fluctuations in the isotropic state. As before, from Eq. (A9) we have the passive flows,
o) = —ok? Gy (k,y)h(k,t) (C2)
This leads to the following strain rate (in the active phase, y > 0),
k2
AL, (k,t) = == [klye™ " h(k, 1) (C3)
1
A% (k,t) = —U—inkye*““‘yh(k t). (C4)
Ty ) 477 9
This informs our ansatz for the fluctuations in the nematic order
0Qua(k, y,t) = |klye™ " g (k, 1) , (C5)
0Quy(k,y,t) = ikye_‘klquy(k,t) . (C6)
The resulting active flows, using Eq. (C1) are given by (in the active phase, y > 0)
vi(y) = 243‘k| iky e MW [(3+ 6|kly — 2ky%) quw + (3 = 6lkly + 2k°97) a0y ] (C7)
« _
050 = gy © 7 [(=3 = 3lkly + 28 1kly%) e = (3.4 3lkly + 26 Jkly) ] (C8)

From the flow, we can calculate the strain rate which can then be integrated over y in the active phase, f dy A;-lj (k,y),
to write the dynamics of the nematic order fluctuations

Oh(k,t) = (vh(k)ly—0 + vy (k)ly—0) . (C9)
1 o0
Otz (kyt) = — <T + 2Dk2> Qs (k,t) + A|k|/ dy (A2, (k,y) + AL, (k. y)) . (C10)
0
1 . * a
Outry ) = = (7 +2DK? ) o) = ik [y (42, (5.9 + 42, () (1)
Using the active and passive flows calculated above, we get:
ok? Q@ «
Oth = — h — Qry — qzax 5 C12
=kl Sk % Sl (12
1 ai a\ oAk?
zx — — | © o 2Dk2 Im_ix_iha 1
dq (T gy T >q s T T (C13)
1 3aA aA ok?
NGey = — | = + —— +2Dk* ) quy + —Que — ——h . C14
tdzy <7_+ 817 + )qy+8nq 477 ( )

Finally, a simple change of variables decouples one of the above equations. We define ¢+ = (gz¢ £ ¢uy) /2 and obtain
Egs. (33), (34) and (35) of the main text

ok «

h _R _4777 " h
2
O [ vy | = _OMT_ed 1 2Dk? o Yy (C15)
W 4n n T 4n W
0 0 7047)\ — l —2Dk?
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