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ABSTRACT. For most molecules the Spin-Coupled Generalized Valence Bond (SCGVB) 
wavefunction accounts for the effects of non-dynamical electron correlation. The 
remaining errors in the prediction of molecular properties and the outcomes of molecular 
processes are then solely due to dynamical electron correlation. In this article we extend 
our previous studies of the effects of dynamical electron correlation on the potential energy 
curves and spectroscopic constants of the AH and AF (A = B–F) molecules to the 
homonuclear diatomic molecules, A2 (A = C–F). At large R the magnitude of EDEC(R), 
the correlation energy of the molecule relative to that in the atoms, increases nearly 
exponentially with decreasing R, just as we found in the AH and AF molecules. But, as R 
continues to decrease the rate of increase in the magnitude of EDEC(R) slows, eventually 
leading to a minimum for C2–O2. Examination of the SCGVB wavefunction for the N2 
molecule around the minimum in EDEC(R) did not reveal a clear cause for this puzzling 
behavior. As before, the changes in EDEC(R) around Re were found to have an uneven 
effect on the spectroscopic constants of the A2 molecules.

Introduction

The reliable prediction of molecular properties and the outcomes of molecular processes requires an explicit 
consideration of electron correlation. Since electron correlation is traditionally defined relative to the 
Restricted Hartree-Fock (RHF) wavefunction,1 Sinanoğlu2 noted that there were two distinct contributions 
to electron correlation. The first contribution is that due to the interaction of the RHF configuration with 
close-lying electronic configurations. These near degeneracies arise in an atom because of the degeneracies 
that arise as Z → ∞, e.g., the near degeneracy of the 2s2 and 2p2 configurations in beryllium-like atoms,3,4 
or they arise in molecules as R → ∞, e.g., the near degeneracy of the 1g

2 and 1u
2 configurations in H2.5 

The second contribution is due to the instantaneous interactions among the electrons, which imposes 
challenging constraints on the electronic wavefunction, e.g., when rij, the distance between any two 
electrons, approaches zero.6,7 The latter type of correlation poses the greatest computational challenge for 
electronic structure calculations and is the least understood. These two types of correlation are commonly 
referred to as non-dynamical and dynamical electron correlation, respectively.

For most molecules, including the molecules considered in the current study, the Spin-Coupled 
Generalized Valence Bond (SCGVB) wavefunction8 includes the configurations that account for all the 
effects of non-dynamical correlation. The SCGVB wavefunction describes the dissociation of a molecule 
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into its atomic fragments and includes the non-dynamical near-degeneracy effects in the atoms. Thus, the 
errors in the predictions from SCGVB theory are solely due to dynamical electron correlation. The clear 
demarcation between non-dynamical and dynamical electron correlation provided by the SCGVB 
wavefunction offers an opportunity to obtain a more thorough understanding of the effect of dynamical 
electron correlation on a broad range of molecular properties and processes as well as providing insights 
into the basic nature of dynamical electron correlation.

Two recent articles in this journal have proposed definitions for non-dynamical and dynamical electron 
correlation9,10 that do not depend on the definition of a wavefunction, such as the SCGVB wavefunction, to 
describe non-dynamical electron correlation. These alternate definitions of the two types of electron 
correlation are valuable because, in a molecule, the nature of the configurations defining non-dynamical 
electron correlation may change as a function of the internuclear distance. For example, in the H2 molecule 
at R = ∞, the 1u

2 configuration clearly represents a non-dynamical correlation effect. However, as R → 0, 
the 1u

2 configuration of the H2 molecule becomes the 2p2 configuration of the helium atom, which 
represents a dynamical correlation effect. These changes raise two related questions:

• How does the contribution of the 1u
2 configuration to non-dynamical and dynamical correlation 

change as a function of R? 

• Does the contribution of the 1u
2 configuration switch from non-dynamical to dynamical correlation 

only very close to the united atom limit or does it extend to distances approaching Re.

Application of the above definitions of non-dynamical and dynamical correlation to H2 as well as the other 
molecules that we have studied would add additional insights into the basic nature of non-dynamical and 
dynamical correlation in molecules.

In two previous studies,11,12 we examined the effect of dynamical electron correlation on the 
spectroscopic constants and potential energy curves of the ground states of the AH and AF molecules (A = 
B–F), which have covalent bonds, and the first excited states of CH and CF, which have recoupled pair 
bonds.13 At large internuclear distances, R, we found that the magnitude of the dynamical correlation energy 
increased nearly exponentially for all molecules, with a slight curvature for the AF molecules. At shorter 
distances, however, there were significant variations in the dynamical correlation energy, which led to 
irregular changes in the major spectroscopic constants, (Re, e, De). The resulting changes in the potential 
energy curves and spectroscopic constants could be correlated with changes in the orbitals and/or spin 
couplings in the SCGVB wavefunction. In this article we extend our earlier studies to examine the effect 
of dynamical electron correlation on the potential energy curves and spectroscopic constants of the 
homonuclear diatomic molecules, A2 (A = C–F).

The results reported in our previous studies11,12 as well as here are, in spirit, closely related to the earlier 
studies of Mok et al.14 with two major exceptions:

● These authors used valence CASSCF (vCAS) wavefunctions15 to define the non-dynamical correlation 
energy. Although the vCAS wavefunction includes all the configurations in the SCGVB wavefunction,8 
it also includes additional configurations that represent dynamical correlation.
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● These authors used a combination of theoretical and experimental data to determine the total correlation 
energy and its dependence on the internuclear distance. Here we use the results from a correlated 
multireference wavefunction to determine the total correlation energy.

Our work is also related to that of Sears and Sherrill.16 These authors explored how the choice of 
multiconfiguration reference wavefunction affected the ability of the corresponding calculations to recover 
the non-dynamical correlation energy and concluded that a set of configurations similar or equivalent to 
those in the SCGVB wavefunction efficiently and effectively captured non-dynamical correlation effects.

Theoretical and computational considerations

The SCGVB wavefunction can take many forms depending on the constraints imposed on the orbitals. It 
can be constructed with N orbitals for N electrons, as a Restricted Hartree-Fock (RHF) wavefunction, or as 
a wavefunction between these two extremes.17-19 One of the most efficient and effective forms of the 
SCGVB wavefunction is one that describes the dissociation of a molecule into its constituent atoms as 
described by RHF theory plus any atomic near-degeneracy configurations. The basic form of this 
wavefunction is:

 (2)

In eqn (2), {ci} and {vi} refers to the doubly occupied core and valence orbitals of which there are nc+nv, 
{ai} to the singly occupied active valence orbitals of which there are na, and S ,MS

na to an na-electron spin 
function for a state of total spin S and spin projection MS appropriate for the na electrons in the active 
orbitals. All orbitals in the SCGVB wavefunction, both doubly and singly occupied orbitals, as well as the 
spin function, S ,MS

na , are variationally optimized at each geometry. Although this form of the SCGVB 
wavefunction corresponds to a traditional covalent valence bond wavefunction, as noted by Coulson and 
Fischer5 and discussed in more detail by Wilson,20 optimization of the orbitals incorporates the effects of 
ionic configurations in the SCGVB wavefunction.

Although the orbitals in eqn (2) are fully optimized, in most molecules the resulting molecular orbitals 
are semi-localized and resemble hybrid orbitals, bond orbitals, lone pair orbitals, etc. in line with traditional 
valence bond concepts. The lone pair orbitals are largely localized on one atom with only small “tails” on 
other atoms. The bond orbitals are also largely localized on one of the atoms involved in the bond but have 
a significant “tail” on the atoms to which they are bonded. It is this “tail” that leads to the incorporation of 
ionic character into the SCGVB wavefunction.5,20  Because the atomic origins of the SCGVB orbitals are 
usually well defined, we often use the atomic orbital designations followed by a prime to identify them. For 
example, in the N2 molecule, the singly occupied bond orbitals in N2, using NA and NB to represent the two 
atoms, are the NA2p′, NB2p′, NA2px′, NB2px′, NA2py′ and NB2py′ orbitals and the doubly occupied 
lone pair orbitals are the NA2s′ and NB2s′ orbitals. As R → ∞, these orbitals become the singly occupied 
N2p, N2px, and N2py and doubly occupied N2s RHF orbitals of the two nitrogen atoms. The primes 
serve to indicate that, although the orbitals resemble the atomic orbitals, they have been optimized at each 
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value of the internuclear distance R and are not simply atomic orbitals.

The spin function in eqn (2) is a linear combination of all the linearly independent ways to couple the 
spins of the electrons to obtain a state of total spin S and spin projection MS:21

S,MS

na  cS,kS,MS ;k
na

k1

fS
na

 (3)

where fS
na  is the number of linearly independent spin coupling modes. Optimization of the spin function, 

i.e., the {cS,k} coefficients in eqn (3), enables the SCGVB wavefunction to smoothly describe the transition 
from the spin coupling appropriate for the separated atoms to that appropriate for the molecule. For 
example, for the N2 molecule the dominate spin function at Re has the spins of the electrons in the bond 
pairs, (NA2p′, NB2p′), (NA2px′, NB2px′), and (NA2py′, NB2py′), singlet coupled, whereas at R = ∞ the 
spins of the electrons in the (N2p, N2px, N2py) orbitals on each atom are coupled into a quartet and then 
the two quartets are coupled to give a singlet state. Optimization of S ,MS

na enables this transition to be 
continuously and smoothly described. Various spin bases, e.g., Kotani, Rumer and Serber, can be used for 
the spin couplings in { S ,M

S
;k

n
a }. The various spin bases offer different insights into the electronic structure 

of the molecule, although each spin basis leads to the same SCGVB wavefunction; see Ref. 21 for more 
details.

The SCGVB wavefunctions for C2, N2 and F2 are of the form given in eqn (2) and provide excellent 
zero-order descriptions of the molecules at all internuclear distances of interest. Although there is no atomic 
near-degeneracy effect in the ground states of the N2–F2 molecules, this is not the case in C2 where the C2p2 
configuration makes a notable contribution to the atomic and molecular wavefunctions.22 Both the SCGVB 
and vCAS wavefunctions include the configurations that account for this near-degeneracy effect. At Re, the 
spin functions for the N2 and F2 molecules, S ,MS

na , are dominated by three and one singlet-coupled electron 
pairs, respectively. As shown by Xu and Dunning23 this is not the case for C2 (see also Ref. 24). 
Nonetheless, C2 is still well described by the SCGVB wavefunction (far better than the RHF wavefunction; 
see Ref. 23 for a direct comparison).

For O2, a projected SCGVB wavefunction is required to obtain a wavefunction with the proper – 
symmetry. The projected SCGVB wavefunction consists of two SCGVB configurations, each with four 
singly occupied orbitals and associated spin functions:

(OA1s′)2 (OB1s′)2 (OA2s′)2 (OB2s′)2 (OA2p′) (OB2p′) (OA2px′)2 (OB2px′) (OA2py′) (OB2py′)2

(OA1s′)2 (OB1s′)2 (OA2s′)2 (OB2s′)2 (OA2p′) (OB2p′) (OA2px′) (OB2px′)2 (OA2py′)2 (OB2py′)

The projected SCGVB calculations on the X3– state of the O2 molecule were performed using the “na-
electrons in ma-orbitals” SCGVB, SCGVB(na,ma), method developed by Karadakov et al.25 The spin 
function for the SCGVB wavefunction for O2 at Re is dominated by a singlet-coupled (OA2p′, OB2p′) 
pair and a triplet-coupled (O2px′ 2py′ pair.

To compute the dynamical electron correlation energy, a wavefunction that provides the exact 
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electronic energy of a molecule is necessary. Although the treatment of non-dynamical correlation energy 
requires only a finite number of configurations as noted above, the calculation of the dynamical correlation 
energy formally requires an infinite number of configurations. To obtain a suitable proxy for the dynamical 
electron correlation energy, we used a vCAS wavefunction plus all single and double excitations 
(vCASCI).26 A vCASCI calculation scales as N6 where N is related to the number of atoms and electrons in 
the molecule. Although this scaling limits the applicability of the vCASCI method to modest size molecules, 
vCASCI calculations are possible for all the molecules considered here.

The vCAS wavefunction for the C2 molecule is well behaved at all R. However, this is often not the 
case when the 2s orbitals make only a minor contribution to the vCAS wavefunction. 27 To prevent any 
undue mixing of the 1s and 2s orbitals as a function of the internuclear distance, R, in the N2–F2 molecules, 
we kept both the 1s and 2s orbitals doubly occupied in an initial vCAS calculation. We then froze the core 
orbitals from this vCAS calculation and re-optimized the full vCAS wavefunction. Finally, we carried out 
the vCASCI calculations, correlating all the electrons in the valence space.

All calculations used the aug-cc-pVQZ basis sets for the atoms.28,29 These basis sets are sufficiently 
close to the complete basis set limit that they are expected to yield accurate SCGVB energies as well as 
reasonably accurate vCASCI energies (see later discussion). All calculations presented in this study were 
performed with the Molpro suite of quantum chemical programs (version 2010.1, 2023.2).30,31 The CASVB 
module in Molpro was used to perform the SCGVB calculations32,33 with Kotani spin functions. The 
standard settings provided by Molpro for convergence, etc. were used in all calculations reported here.

Results and discussion

With the definitions given in the last section, the dynamical electron correlation energy as a function of the 
internuclear distance, R, is simply:

EDEC(R) = EvCASCI(R) – ESCGVB(R) (4a)

In addition to EDEC(R), we are also interested in the differential dynamical correlation energy, i.e., the 
change in EDEC(R) relative to its value at R = ∞:

EDEC(R) = EDEC(R) – EDEC(∞) (4b)

as well as the equilibrium geometry-shifted differential dynamical correlation energy:

EDEC(R) = EDEC(R) – EDEC(∞) (4c)

with R = R – Re. EDEC(R) defines EDEC(R) with respect to the Re for each molecule. For both the 
SCGVB and vCASCI calculations, the value of EDEC(∞) in eqns (4b) and (4c) was taken to be the energies 
at the largest value of R considered (R = 20.0 Å). In all cases, the smallest values of R considered 
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corresponded to energies above that of the separated atoms, i.e., the values of R considered here fully 
covered the bound portion of the potential energy curves.

In the following section we examine the impact of dynamical electron correlation on the spectroscopic 
constants, (Re, e, De), of the A2 molecules (A = C–F). As we shall see, the effect depends on both the 
magnitude and shape of EDEC(R) at or around Re. We then report and discuss the impact of dynamical 
electron correlation on the potential energy curve of the C2 molecule. Unlike the other molecules considered 
here, interaction between two low-lying C2 states, the X1g

+ and B′1g
+ states, has a significant impact on 

EDCE(R). In the following section we report and discuss the effect of dynamical electron correlation on the 
potential energy curves of the N2–F2 molecules. We found minima in the EDEC(R) curves for C2–O2 as 
well as a visible increase in the EDEC(R) curve for F2, although no minimum was found for the range of R 
considered. In the last section we examine the SCGVB wavefunction for N2 in the vicinity of the minimum 
in EDEC(R) to investigate the underlying cause of the minima.

Spectroscopic constants of the A2 molecules

The total energies at the calculated equilibrium bond distance, Ee, and the major spectroscopic constants, 
(Re, e, De), for all A2 molecules (A = C–F) are listed in Table 1, along with the corresponding 
CCSD(T)/RCCSD(T)34,35,36 and experimental values.37,38 Note the overall excellent agreement between the 
vCASCI results and the CCSD(T)/RCCSD(T) results. This agreement supports the use of vCASCI 
calculations to calculate the potential energy curves for the A2 molecules. The vCASCI results are also in 
good agreement with the experimental results, which provides a measure of the accuracy of the calculations. 
In particular, the errors of 2-4 kcal/mol in De suggests that EDEC(R) should be nearly quantitatively correct. 
These errors are primarily due to basis set limitations and the neglect of core-valence correlation effects. 
As these errors are only a few percent as judged by the errors in De, they are not expected to affect the 
conclusions drawn in the current study and, for the sake of simplicity, we decided to neglect them.

The changes in the spectroscopic constants resulting from the inclusion of dynamical electron 
correlation are plotted in Fig. 1. As expected, dynamical electron correlation has a major effect on the 
calculated dissociation energies increasing the predicted De’s by 18.1 kcal/mol (F2) to 53.6 kcal/mol (N2). 
The increase in De is a measure of the difference in the dynamical electron correlation energy, EDEC(R), at 
R = Re and R = 20.0 Å (≈ ∞); see Table 2.

The changes in Re and e resulting from the inclusion of dynamical electron correlation are not related 
to the magnitude of EDCE(Re) but rather to changes in the shape of the EDCE(R) curve in the vicinity of 
Re. In particular, the changes in Re are related to the changes in the slope of EDCE(R) near Re, while the 
changes in e are related to the changes in the curvature of EDCE(R) near Re. From Table 1 and Fig. 1, we 
find that:

• Inclusion of dynamical electron correlation has only a modest effect on the calculated Re for C2–O2, 
with the resulting shifts ranging from +0.003 Å to +0.008 Å. However, it has a major effect on Re(F2), 
decreasing the Re by 0.053 Å.
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• Inclusion of dynamical electron correlation also has only a relatively modest effect on the calculated 
e’s for C2–O2: –1.4 cm–1 (C2), –19.8 cm–1 (N2) and +7.0 cm–1 (O2). Again, the effect on the e of F2 is 
far larger, +197.3 cm–1.

The above results indicate that the changes in EDCE(R) near Re are very different in F2 than in C2–O2. This 
is surprising as it might have been thought that, as R decreases, the electrons in all four molecules would 
be forced into a smaller and smaller space, suggesting that the magnitude of the dynamical correlation 
energy would increase monotonically with decreasing R. This, in turn, would predict a decrease in Re in all 
four molecules. However, this is not the case: Re increases in C2–O2 and decreases only for F2. This change 
in sign is a direct reflection of the changes in the slopes of the EDCE(R) curves near Re — see the discussion 
of EDEC(Re) in the third section. The large changes in all the spectroscopic constants for F2 resulting from 
the inclusion of dynamical electron correlation is due to the repulsive interactions associated with the π lone 
pairs on the two fluorine atoms in this molecule. There are no π lone pairs in C2 and N2 and the three-
electron interactions in the πx and πy systems in O2 are attractive, not repulsive as they are in F2.  The large 
changes in the spectroscopic constants of F2 is a direct result of the increasing importance of dynamical 
correlation of the electrons in the lone pairs of F2 with decreasing R. Similar arguments rationalize the 
changes in e. The irregular changes in (De, Re, e) are similar to the irregularities found in the AH and AF 
(A = C–F) series.11

Dynamical electron correlation in the C2 molecule

Although we had no difficulty computing the SCGVB wavefunction for C2 as a function of R, we found 
there were significant issues with the potential energy curves in the vCAS and vCASCI calculations. This 
is consistent with the findings of earlier researchers who found a strong interaction between the X1g

+ and 
B′1g

+ states in C2 in the vicinity of R = 1.6 Å.39-44 To address this issue, we included both states in state-
averaged vCAS calculations. But the resulting potential energy curves still had irregularities. Finally, 
including three states in the state-averaged vCAS calculations resulted in stable and reasonable vCAS and 
vCASCI potential energy curves, see Fig. 2. This figure includes plots of the three potential energy curves 
obtained in this last set of calculations (the third curve corresponds to a 1 state). This figure also includes 
an inset of the difference between the energies of the X1g

+ and B′1g
+ states. The inset shows that the 

closest approach of the X1g
+ and B′1g

+ potential energy curves occurs at R = 1.59 Å and is only slightly 
greater than zero, in agreement with the earlier studies.

As large R, the magnitude of EDEC(R) increases with decreasing R as would be expected, but, as R 
continues to decrease the rate of decrease slows and then the magnitude of EDEC(R) begins to gradually 
decrease, yielding a minimum in the EDEC(R) curve; see Fig. 3. The minimum in the curve is at R = 1.82 
Å. As will be shown later, this behavior is also observed for N2 and O2 with a slight hint of such behavior 
for F2. From R = 1.82 Å to R = 1.59 Å, the magnitude of EDEC(R) steadily decreases, after which there is 
only a modest variation in EDEC(R) with continuing decreases in R. Note that EDEC(R) is nearly flat in the 
vicinity of Re, with EDEC(Re) = –31.5 kcal/mol. Thus, despite the large increase in De due to dynamical 
electron correlation, the near constancy of EDEC(R) in the region around Re results in only a minor shift in 
the calculated values of Re and e as observed in the last subsection.
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But what accounts for the unusual behavior of EDEC(R) in C2? First, what accounts for the minimum 
in EDEC(R) at R = 1.82 Å and, second, what is the underlying cause of the flattening of EDEC(R) for R less 
than 1.59 Å? Regarding the first question, we believe that it is highly unlikely that the minimum in EDEC(R) 
in C2 is a result of the interaction between the X1g

+ and B′1g
+ states because we see the same behavior in 

N2 and O2. We will defer further discussion of this issue until the last section where we will examine the 
SCGVB wavefunction of N2 in the vicinity of the minimum in EDEC(R). Regarding the flattening in 
EDEC(R), we note that the point at which EDEC(R) flattens with decreasing R is essentially the point of 
maximum interaction between the X1g

+ and B′1g
+ states of C2, namely, R = 1.59 Å. However, there is 

little reason to assume that this interaction is responsible for the flattening of EDEC(R) for values of R much 
less that R = 1.59 Å since the gap between the two curves increases rapidly for R less than 1.59 Å (see the 
inset to Fig. 2). Thus, although the shape of EDEC(R) is influenced by the interaction between the X1g

+ 
and B′1g

+ states in the vicinity of R = 1.59 Å, it is unlikely that the X1g
+– B′1g

+ interaction is the cause 
of the flattening of EDEC(R) at much shorter values of R.

In prior SCGVB calculations on C2
23,24 it was found that, unlike most molecules, two SCGVB 

configurations were required to properly describe the electronic structure of C2:

1. the perfect pairing configuration, which couples the spins of the electrons in the doubly occupied 
CA2s+′ and CB2s–′ orbitals and the (CA2px′, CB2px′), (CA2py′, CB2py′), and (CA2s–′, CB2s+′) 
orbital pairs into singlets, and

2. the quasi-atomic configuration, which couples the spins of the electrons in the doubly occupied 
CA2s+′ and CB2s–′ orbitals into singlets with the spins of the electrons in the two remaining sets of 
orbitals, (CA2s–′, CA2px′, CA2py′) and (CB2s+′, CB2px′, CB2py′), each coupled into quartets with 
these two, three-electron quartet spin functions then being coupled to give an overall singlet state.

The second configuration was found to be the dominant SCGVB configuration around Re. Thus, around Re 
the spins of the electrons in six of the eight orbitals are high spin coupled in this configuration. Fermi 
correlation45 between the electrons in these orbitals will moderate the magnitude of the dynamical electron 
correlation between the electrons in these orbitals and could well be responsible for the flattening of the 
EDEC(R) curve at short R.

We examined the total singlet and triplet spin couplings, w(ai,aj) and w(ai,aj), for the various 
orbital pairs in the SCGVB wavefunction of C2.46 Although this analysis confirmed the unusual nature of 
the SCGVB wavefunction for this molecule, it did not provide a clear reason for the unusual behavior of 
the dynamical correlation energy, EDEC(R).

Dynamical electron correlation in the N2–F2 molecules

As would be expected the magnitude of EDEC increases systematically from C2 to F2, reflecting the increase 
in the number of electrons in the valence orbitals in these molecules. This is illustrated in Table 2 and Fig. 
4(a), which is a plot of EDEC(R) for the A2 molecules. However, the magnitude of EDEC(R) is largely a 
reflection of the increase in the magnitude of EDEC(R=∞) for the separated atoms; see Table 2. If we consider 
EDEC(R) or EDEC(R), the latter of which is plotted in Fig. 4(b), we find that for the A2 molecules, the 
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magnitude of EDEC(R=0) increases in the sequence N2 > O2 > C2 > F2 (see also Table 2). Further, the gap 
between C2 and N2, 22.1 kcal/mol, is nearly four times the gap between N2 and O2, 5.8 kcal/mol, which is 
consistent with the unusual nature of the electronic structure of C2 as discussed in the preceding subsection.

The plots in Fig. 4(b) show that the variation of EDEC with R is clearly not monotonic. Given that the 
sizes of the orbitals involved in the bonding in the A2 molecules steadily decrease from the carbon atom to 
the fluorine atom, at large R, the magnitude of EDEC(R) decreases steadily from C2 to F2 and the 
magnitude of EDEC(R) increases fastest with decreasing R in this same sequence. The plot of 
log|EDEC(R)| in Fig. 5 reinforces this conclusion, where it is further seen that at large R, log|EDEC(R)| 
increases nearly exponentially with decreasing R, although there is a slight positive curvature, especially 
for O2. As R continues to decrease, the behavior of EDEC(R) clearly fits a pattern except for that for C2, 
which has a minimum as found in N2 and O2, but, as noted in the previous section, at R = 0.34 Å (R = 1.59 
Å), the EDEC(R) curve notably flattens, changing more modestly with further decreases in R (R).

In Fig. 6, we plot EDEC(R) along with the calculated potential energy curves, EvCASCI(R), for N2–F2 
(the corresponding plot for C2 is given in Fig. 3). As can be seen, there are significant variations in EDEC(R) 
for all molecules within the bound region of the potential energy curves. Thus, dynamical electron 
correlation will have a significant effect on the properties of all four molecules, although, as shown earlier, 
the details of the effect will be very different depending on the molecule and property of interest.

Analysis of the SCGVB wavefunction around the EDEC(R) minimum in N2

The minima found in the EDEC(R) curves for C2–O2 in Fig. 4(b) are particularly puzzling. Why would 
the magnitude of the dynamical correlation energy decrease with further decreases in R beginning at R = 
1.82 Å, i.e., as the electrons are crowded into an ever-smaller space. As can be seen, the minimum is deepest 
for N2 then O2 and finally C2. Although the curve for F2 does not show a minimum for the range of R 
considered, there is a clear upward trend in EDEC(R) as short R. So, the phenomenon seems to be 
universal for all four molecules, if not yet fully realized for F2 for the range of R considered.

The minima occur at R (R) = 0.57 Å (1.82 Å) for C2, 0.14 Å (1.24 Å) for N2, and 0.08 Å (1.29 Å) for 
O2. Although the minimum for C2 is far from Re, the minima for N2 and O2 are very close to Re. To identify 
any possible correlation between these minima and changes in the SCGVB wavefunctions similar to the 
correlations found in our earlier studies,11,12 we examined the SCGVB wavefunction for the N2 molecule 
around the minimum. The SCGVB wavefunction is characterized by three quantities: (i) the geometry of 
the molecule, (ii) the SCGVB orbitals, and (iii) the spin function, i.e., the {cS,k} in eqn (3). In addition, there 
are two other characteristics of the SCGVB wavefunction of interest: (iv) the approximate atomic orbital 
composition of the SCGVB orbitals47,48 and (v) the overlap of the non-orthogonal SCGVB orbitals.

The SCGVB valence orbitals of N2 are plotted in Fig. 7 in the region around the minimum in EDEC(R) 
at R = 1.24 Å. Although changes in the orbitals are visually evident as R increases from R = 0.94 Å to 
R = 1.54 Å, e.g., increases in the size of the NA2p′ and NA2px′ bond orbitals and the increasing NA2s 
character of the lone pair orbital, the changes appear to be smoothly monotonic. This conclusion is 
reinforced by the variations in the atomic orbital composition of the SCGVB orbitals in the top two panels 
in Fig. 8 (for definitions of the quantities in these figures, see Ref. 47). In particular, we found that:
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• The NA2s atomic orbital character of the NA2p′ bond orbital, PNA2s
2, steadily decreases and the NA2p 

atomic orbital character, PNA2p
2, steadily increases as R increases. In addition, delocalization of the 

NA2p′ orbital onto the NB atom, as measured by PNB2s+NB2p
2, decreases significantly as R increases. In 

short, the NA2p′ bond orbital becomes progressively more NA2p-like as R increases, but little else is 
evident.

• The NA2s atomic orbital character of the NA2s′ lone pair orbital increases significantly with increasing 
R, while the NA2p atomic orbital character of the NA2s′ orbital decreases. Thus, the NA2s′ bond orbital 
becomes progressively more NA2s-like as R increases. Note that this orbital is largely a hybrid atomic 
orbital for all R considered as shown by the fact that PNA2s+NA2p

2 is close to unity throughout the region 
and PNB2s+NB2p

2 is relatively small, especially for R greater than the minimum.

This analysis is consistent with the previous visual analysis of the SCGVB orbitals in Fig. 7 and offers no 
clear rationale for the minimum in EDEC(R) in N2. Two other characteristics of the SCGVB wavefunction 
are plotted in Fig. 8: the overlap between the bond orbitals, S(𝜑ai,𝜑aj), and the spin coupling coefficients, 
{cS,k}. These quantities also change smoothly over the region of interest yielding no insight into the cause 
of the minimum in EDEC(R).

In summary, the above analysis of the changes in the SCGVB wavefunction for N2 in the vicinity of 
the minimum in EDEC(R) provide no clear rationale for the minimum. Whatever is responsible for the 
minimum in EDEC(R) must be the result of more subtle changes in the electronic structure of the molecule. 
Perhaps it is an interplay between the localization of the bonding orbitals in the NA–NB region and the 
localization of the lone pair orbitals away from the NA–NB region as R decreases that leads to this behavior. 
Further exploration of this phenomenon is clearly warranted.

Conclusions

In this article we examined the impact of dynamical electron correlation on the spectroscopic constants, 
(Re, e, De), and potential energy curves of the homonuclear diatomic A2 molecules, (A = C–F). The current 
study is closely related to our previous study of the effect of dynamical electron correlation on the AH and 
AF molecules (A = B–F).11,12 The dynamical correlation energy, EDEC(R), in all three studies was taken to 
be the difference in the energies obtained from vCASCI (vCAS+1+2) and SCGVB calculations. Of 
particular interest is the correlation energy of the A2 molecules relative to that of the separated atoms, 
EDEC(R), and the Re-shifted value of EDEC(R), EDEC(R), with R = R – Re as the relative magnitudes of 
the dynamical correlation effect is very different for the two latter cases.

This study led to four major findings and one subsidiary finding about the effect of dynamical electron 
correlation on the spectroscopic constants and potential energy curves of the A2 molecules:

● Although the magnitude of EDEC(R) is largest for F2 at R = ∞ and decreases as expected from F2 to C2, 
the magnitude of EDEC(R) does not follow this trend and, in fact, the trend changes as a function of R. 
For example, EDEC(Re) decreases in the sequence N2 > O2 > C2 > F2. Thus, there is no correlation 
between the relative magnitudes of EDEC(R) and that of EDEC(R).
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● At large R, the magnitude of EDEC(R) increases almost exponentially with decreasing R, but, as R 
continues to decrease, there are well-formed minima in EDEC(R) for C2–O2. The minima in these 
molecules are at R (R) = 1.82 (0.57) Å (C2), 1.24 (0.14) Å (N2), and 1.29 (0.08) Å (O2). Even the plot 
of EDEC(R) for F2 shows a discernible upward trend at very short R, although there is no minimum in 
EDEC(R) for the range of R considered (the smallest value of which is already well up on the repulsive 
wall of the potential energy curve).

● The changes in EDEC(R) affect the potential energy curves and spectroscopic constants, (De, Re, e), 
of the A2 molecules very differently, depending on the magnitude, slope, and curvature of EDEC(R) 
around Re. The changes in the dissociation energy, De, are related to changes in the magnitude of 
EDEC(R) at Re while the changes in the equilibrium internuclear distance, Re, and fundamental 
frequency, e, are related to changes in the slope and curvature of EDEC(R), respectively, around Re.

■ The impact of dynamical electron correlation on the spectroscopic constants varies substantially:     
it has a major effect on De for all four molecules, with the increase in De varying from 18.1 kcal/mol 
for F2 to 53.6 kcal/mol for N2. The effect of dynamical electron correlation on Re and e is far less 
dramatic, except for F2, where it decreases Re by 0.053 Å and increases e by 197.3 cm-1. The latter 
is due to the dynamical correlation associated with the doubly occupied  systems in F2.

The C2 molecule is somewhat of an outlier in the A2 series.

● Although EDEC(R) for C2 increases approximately exponentially at large R as it does in the other A2 
molecules and EDEC(R) has a minimum as do the curves for N2 and O2, EDEC(R) varies only modestly 
for R < 1.59 Å. This value of R corresponds to the point of maximum interaction between the X1g

+ 
and B′1g

+ states in C2. However, this interaction decreases rapidly for R < 1.59 Å and is likely not the 
cause of the flattening of the EDEC(R) curve for values of R significantly less than 1.59 Å. The 
flattening of EDEC(R) at short R may be due to the unusual nature of the electronic structure of the C2 
molecule, where the dominant SCGVB configuration couples the spins of six of the eight electrons in 
the SCGVB wavefunction into quartets, with Fermi correlation among these electrons decreasing the 
dynamical correlation energy.

The second finding, i.e., the presence of minima in the EDEC(R) and EDEC(R) curves for C2–O2, is 
the most puzzling finding in this study. In previous studies of the effect of dynamical electron correlation 
on the potential energy curves of the AH and AF molecules, we were able to correlate the changes in 
EDEC(R) with changes in the nature of the SCGVB wavefunction (orbitals and/or spin coupling 
coefficients) for the AH and AF (A = B–F) molecules.11,12 In the present case, a detailed analysis of the 
SCGVB wavefunction for N2, which has the deepest minimum, revealed no clear reason for the presence 
of the minimum. Thus, more subtle aspects of the electronic wavefunction of these molecules must be at 
play. Further studies are clearly warranted.

Although this study along with our previous two studies11,12 have led to a much improved understanding 
of dynamical electron correlation and its effect on molecular potential energy curves and spectroscopic 
constants of the diatomic molecules studied, it also shows that we still have much to learn about the basic 
nature of dynamical electron correlation and its effects on molecular properties and molecular processes. 
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Given that the SCGVB wavefunction describes non-dynamical electron correlation and only non-dynamical 
electron correlation, we can use the approach described here to examine the impact of dynamical electron 
correlation on other molecular properties as well as molecular processes such as chemical reactions.
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Table 1  Total energies (Ee at Re) and equilibrium bond distances (Re), fundamental 
frequencies (e), and bond energies (De) for the A2 molecules (A = C–F). Total energies 
(Ee) are in hartrees, bond distances (Re) in Å, fundamental frequencies (e) in cm–1, and 
bond energies (De) in kcal/mol.

C2 N2 O2 F2

SCGVB

Ee -75.594679 -109.073564 -149.729913 -198.844910

Re 1.244 1.096 1.200 1.467

e 1843 2369 1579 698.8

De 112.6 171.4 68.6 16.6

vCASCI

Ee -75.794748 -109.392392 -150.147042 -199.324611

Re 1.248 1.101 1.208 1.415

e 1841 2350 1584 895.9

De 144.1 225.1 116.4 34.8

CCSD(T)

Ee -75.802143 -109.407243 -150.177985 -199.365736

Re 1.246 1.100 1.208 1.413

e 1854 2354 1601 921.4

De 143.6 224.1 118.0 37.8

Experimental37,38

Re 1.2425 1.09768 1.20752 1.41193

e 1854.71 2358.57 1580.19 916.64

De 146.6 228.2 120.2 38.2
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Table 2  Total energies of the A2 molecules (A = C–F) at the equilibrium internuclear 
distances (Re) from the vCASCI calculations, total energies from SCGVB and vCASCI 
calculations R = 20.0 Å, and the differences in the dynamical electron correlation energies 
(EDEC, EDEC). Total energies are in hartrees; energy differences are in kcal/mol.

C2 N2 O2 F2

R=Re(vCASCI)

E(SCGVB) -75.594662 -109.073489 -149.729827 -198.843909

Ee(vCASCI) -75.794748 -109.392392 -150.147042 -199.324611

EDEC(Re) -125.56 -200.11 -261.81 -301.65

R=20.0

E(SCGVB) -75.415205 -108.800450 -149.620647 -198.818418

vCASCI -75.565114 -109.033689 -149.961517 -199.269201

EDEC(R=20.0) -94.07 -146.36 -213.90 -282.87

EDEC(Re) -31.49 -53.75 -47.91 -18.78
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Fig. 1 Changes in the spectroscopic constants of C2–
F2 resulting from inclusion of dynamical electron 
correlation, e.g., Re = Re(vCASCI) – Re(SCGVB).
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Fig. 2 The calculated (vCASCI) potential energy curves of C2 for the 
three states included in the state-averaged vCAS calculations. The inset 
is the difference in energies of the X1g

+ and B’1g
+ states in kcal/mol. 

The point of closest approach of the potential energy curves for the X1g
+ 

and B’1g
+ states is at 1.59 Å.
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Fig. 3 The potential energy curves, ESCGVB and 
EvCASCI, for the X1g

+ state of C2 along with EDEC(R). 
The minima in the potential energy curves are at Re = 
1.244 Å (SCGVB) and 1.248 Å (vCASCI). The 
minimum in the EDEC(R) curve is at 1.82 Å. The visible 
bend in EvCASCI at R = 1.59 Å is due to the interaction 
between the X1g

+ and B’1g
+ states.
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Fig. 4. (a) The total dynamical electron correlation energy, EDEC(R), for the ground states of C2, N2, O2 and F2, and (b) 
the dynamical electron correlation energy relative to that of the separated atoms (R = 20.0 Å) shifted by the calculated 
equilibrium internuclear distances, DEC(R), where R = R – Re. In Fig. 4(a) the circles on each curve are located 
at the calculated Re for the given molecule. The minima in the EDEC(R) curves in (b) are at R = 0.57 Å (C2), 0.14 
Å (N2) and 0.08 Å (O2).
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Fig. 5  Variation of log|EDEC(R)| for the A2 molecules. 
The circles are located at the calculated equilibrium 
internuclear distances, Re, for each molecule.
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Fig. 6  Potential energy curves, ESCGVB and EvCASCI, for the ground states of N2, O2 and F2 along with the changes 
in the dynamical correlation energies relative to that of the separated atoms, DEC(R).
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Fig 7 Contour plots of the SCGVB valence orbitals, (NA2s′, NA2p′, 
NA2p′), in the vicinity of the minimum in EDEC(R) for N2. The 
internuclear distance, R and R, is on the left and EDEC(R) is on the 
right. The minimum in EDEC(R) is at 1.24 Å (R = 0.14 Å). Only the 
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orbitals centered on atom NA are shown; the orbitals on atom NB are 
mirror images of those on atom NA.
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Fig. 8 Variation of selected characteristics of the SCGVB 
wavefunction in the vicinity of the minimum in EDEC(R) for 
N2: atomic orbital analysis (top two plots), orbital overlaps 
(third plot) and spin-coupling weights (bottom plot). The 
dashed vertical line is drawn at the minimum (R = 1.24 Å).
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