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Abstract

Individual lanthanide elements have physical/electronic/magnetic properties that make each

useful for specific applications. Several of the lanthanides cations (Ln3+) naturally occur together

in the same ores. They are notoriously difficult to separate from each other due to their chemical

similarity. Predicting the Ln3+ differential binding energies (∆∆E) or free energies (∆∆G) at

different binding sites, which are key figures of merit for separation applications, will help design of

materials with lanthanide selectivity. We apply ab initio molecular dynamics (AIMD) simulations

and Density Functional Theory (DFT) to calculate ∆∆G for Ln3+ coordinated to ligands in water

and embedded in metal-organic frameworks (MOFs), and ∆∆E for Ln3+ bonded to functionalized

silica surfaces, thus circumventing the need for the computational costly absolute binding (free)

energies ∆G and ∆E. Perturbative AIMD simulations of water-inundated simulation cells are

applied to examine the selectivity of ligands towards adjacent Ln3+ in the periodic table. Static

DFT calculations with a full Ln3+ first coordination shell, while less rigorous, show that all ligands

examined with net negative charges are more selective towards the heavier lanthanides than a

charge-neutral coordination shell made up of water molecules. Amine groups are predicted to be

poor ligands for lanthanide-binding. We also address cooperative ion binding, i.e., using different

ligands in concert to enhance lanthanide selectivity.
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I. INTRODUCTION

Individual lanthanide (Ln) elements have numerous applications.1,2 However, lanthanides

naturally occur as mixtures of trivalent cations (Ln3+) in their ores. Separating the chem-

ically similar Ln3+ from each other is a technologically relevant and chemically challenging

problem.3–7 Much experimental3,5–13 and theoretical work14–21 has focused on this separa-

tion issue using organic ligands, sometimes in organic solvents. In this work, we investigate

the use of simple ligands dissolved in water, or tethered to silica and metal-organic frame-

work interior surfaces in aqueous media, to illustrate fundamental principles that lead to

differential Ln3+ binding free energies relevant to separation.

For ligands in water, we use simple anions and molecules like sulfate,22–24 phosphate,25

and primary amines,26,27 which have been demonstrated to bind to Ln3+, so there is less

concern about desorption during long trajectories. Our work on Ln3+-complexes at infinite

dilution in water builds on the extensive computational studies of hydration properties of

lanthanides.28–35 For silica in aqueous media, we choose as ligands, tethered to the surfaces,

those used to functionalize MOF interior in recent experiments,13 because ligands like aspar-

tic acid, with both -OH and amine groups, have been shown to effectively bind to Ln3+.36

We will show that these simple anionic species exhibit Ln3+ binding trends consistent with

more complex supermolecules containing N- and O-terminated groups.20,21 Silica, with and

without functionalization of surfaces, have been shown to adsorb37–39 and to some extent

separate40–42 Ln3+ in aqueous media. These aqueous systems present green solvent options,

compared with supermolecular macrocycle ligands used in “solvent extraction” which can

involve organic solvents/co-solvents,43 and compared with commercial rare earth extraction

where various acids, ketones, esters, and amines may be involved.44 The role of function-

alized material surfaces in aqueous media in rare earth mining has also been reported.45–47

MOFs, with/without functionalization, have emerged as promising Ln3+ separation plat-

forms in aqueous media.7,9,13 We do not consider functionalization in the MOF interior in

this work, but further development of such inorganic materials will likely enhance their Ln3+

selectivity, making them competitive with organic materials or macromolecules which are

arguably less durable and less environmentally benign.

One theme we will examine is cooperative ion binding using two dissimilar ligands. Coop-

erative ion adsorption has been recognized as a potent mechanism for separations in biolog-

ical systems,48 was explored for molecular recognition,49–52 for the separation of chemically-
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similar species,53,54 and to design sensors based on ion-selective interactions.55 Lanthanide

ions can complex with organic ligands and then bind selectively to cancerous tumors;50 sim-

ilarly lanthanide complexes can be used to detect saccharides in biological fluids.51 Our un-

derstanding of the cooperative binding mechanisms remains elusive because it is the complex

function of a favorable combination of two or more molecular forces: van der Waals, dipole-

dipole, H-bonding, and electrostatic interactions. Previous work on selected lanthanide

ions confined within reverse micelles indicates that cooperative interactions, determined by

reverse micelle size, H2O content, and acidity, lead to changes from mono- to bi-dentate lan-

thanide coordination with respect to nitrate aqueous ligands.56 Literature reports discussing

cooperative binding of lanthanides in aqueous solutions are scarce, and there are no studies

examining these cooperative interactions on material surfaces or water-filled nanopores for

the selective capture of lanthanides. We begin to address this fundamental science gap.

Density Functional Theory (DFT) calculations have been conducted for rare earth-organic

ligand complexes in aqueous media14,15,18,57–63 to separate trivalent rare earths from triva-

lent actinide cations.16,64–69 Specifically, complexation reactions of Ln3+ with EDTA,58 phos-

phates and thiophosphates,63,65 macrocycles,60 and carboxylic acids have been the subject of

DFT studies.57 These calculations show that separations are determined by the active site

donor elemental identity (O, N, S atoms),57,66 which is related to hard-soft donor property

and covalency,16,58,59,67 to lanthanide ionic sizes and ligand strain/rigidity,14,60,61,70 counter-

anion effects,14,15,63 to pH and ligand pKa,69 and to lipophilicity.64 These descriptor-based

methods and analyses71 can support our choice of the surface groups to be tethered on

surfaces or inside MOFs, in addition to investigating cooperative binding effects.

Next we outline the computational methods used, and the challenges we face. Density

functional theory (DFT)-based Ln3+ and actinide selectivity calculations have been reported

extensively in the literature.14–17,20,21 The vast majority are calculations on isolated, molec-

ular systems (i.e., no periodic boundary conditions, PBC). In these modeling work, the lig-

ands coordinated to the Ln3+, and the first hydration shell of water if present, are depicted

explicitly, using DFT configuration-optimization, effectively annealing the ligand-Ln3+ bind-

ing site to the global energy minimum at T=0 K. The solvation contributions of the media

farther away are dealt with using implicit methods.

This approach is not ideal for modeling of ligands anchored to MOF, silica surfaces,

or solid state support immersed an aqueous media. Non-PBC codes are not efficient for
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periodically replicated simulation cells used for solids. Furthermore, in heterogeneous envi-

ronments, determining the number of water molecules in the Ln3+ first hydration shell, and

the extent of hydrolysis events (formation of OH−) therein, are more suited for DFT-based

ab initio molecular dynamics (AIMD) simulations in an explicit water-filled PBC simulation

cell such that the first hydration shell can exchange water with the aqueous environment.

Indeed, Ln3+ coordination in pure water has been reported with AIMD simulations.73,74

AIMD plus potential-of-mean-force (PMF) (including modern metadynamics variants) is

a rigorous approach to calculate ion desorption free energies.74–77 AIMD also permits the

modeling of spontaneous proton transfer, including hydrolysis in the Ln3+ first hydration

shell that can accompany ion adsorption/desorption.

Unfortunately, AIMD-PMF is computationally costly. Long (>20 ps) trajectories are

typically required for each stage of PMF. Perturbative approaches where a Ln3+ is “alchem-

ically” switched for a neighboring Ln3+ should be more efficient.78 To our knowledge, such

cation-switching, which should be most productive for chemically similar Ln3+’s next to

each other, and are among the most difficult to physically separate, has not been imple-

mented within AIMD simulations. This approach will be demonstrated in ligands-in-water

differential binding free energies ∆∆G calculations herein.

Even perturbative AIMD calculations require long trajectories, and are limited to com-

paring Ln3+ in close proximity in the periodic table. A convenient but approximate approach

is to use geometry optimization, non-PBC like in molecular calculations. There are multiple

issues which make this approach less-than-rigorous. (1) The PBC-based DFT software used

for material systems typically lack molecular-fragment-based optimization tools that enable

an efficient search of the global energy minimum (electronic supporting information, ESI,

Fig. S2). (2) With more than one hydration shell and a solid substrate present, finding the

global minimum may not be relevant even with the best configuration optimization tools.

Such local minima results would not be reproducible by other researchers even in principle,

as illustrated in ESI section S2. Consider the simplest case of a single Ln3+ in a periodically

replicated simulation cell containing liquid water with its three-dimensional hydrogen bond

network. Most optimization modules in PBC-DFT codes, which track the forces and motion

of each atom instead of molecular fragments, will yield glassy ice. Such local minima results

would not be reproducible by other researchers even in principle. This may be all the more

true when a solid substrate, which strongly binds to water molecules, is present. Even if the
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global minimum is successfully predicted, we would have obtained ice Ih, not liquid water –

also the incorrect answer for aqueous media.

In this work, we pursue an approach that makes no claim for complete rigor, but is

expected to yield insight for the sole purpose of calculating the relative binding energies

(∆∆E) of 14 Ln3+ from Ce3+ to Lu3+. (1) We first conduct short AIMD trajectories with

an explicit liquid water environment that predict key structural properties (e.g., number of

water molecules in the first hydration shell of Ln3+ already bound to 2 ligands, and the extent

of water hydrolysis). (2) We eliminate all water molecules not in the Ln3+ first hydration

shell, except a few bound to obviously negatively charged ligand atoms on substrate surfaces,

and perform configuration optimization. Simulated annealing is also considered but does

not improve the results. (3) Finally, we replace the Ln3+ with one of the other 13 Ln3+ in

the series, usually a neighbor in the periodic table, and re-optimize. (4) We compare with

results for pure water in the Ln3+ first hydration shell. See the “Method” section for details.

The relative energies obtained from these representative local minimum configurations are

valuable in determining whether certain combinations of ligands participate in cooperative

binding, becoming more favorable to either heavier or lighter lanthanides.

II. METHOD

DFT calculations are conducted with the Perdew-Burke-Ernzerhof (PBE) functional,81

the Vienna Atomic Simulation Package (VASP),82–85 a 400 eV energy cutoff, and Γ-point

sampling of the Brillouin zone. For static DFT calculations, a Born-Oppenheimer energy

convergence criterion of 10−4 eV is enforced. For AIMD simulations, the criterion is 10−6 eV,

the time step is 0.5 fs, and the temperature is set at T=400 K using a Nose thermostat. In

all cases, dispersion correction, such as DFT-D3,86 is not included.87

The VASP lanthanide projected augmented wave pseudopotential used are those with

4f electrons subsumed into the pseudocore: “Ce 3 06Sep2000,” “Pr 3 07Sep2000,” “Nd 3

06Sep2000,” “Pm 3 07Sep2000,” “Sm 3 07Sep2000,” “Eu 3 20Oct2008,” “Gd 3 06Sep2000,”

“Tb 3 06Sep2000,” “Dy 3 06Sep2000,” “Ho 3 06Sep2000,” “Er 3 06Sep2000,” “Tm 3

20Jan2003,” “Yb 3 08Jul2013,” and “Lu 23Dec2003.” Some comparisons of these pseudopo-

tentials and the PBE functional with quantum chemistry approaches have been made.74 Our

main goal in this work is not to generate the most accurate ab initio results possible, but to

present Ln3+ binding energy trends based on a compromise of accuracy and computational
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efficiency.

AIMD simulations include: Ln3+ plus two ligand molecules/ions in liquid water, Ln3+

in a MOF filled with water, and Ln3+ adsorbed on functionalized silica surfaces in contact

with liquid water. In the first two cases, the objective is to calculate the change in free

energy (∆∆G) when a Ln3+ is substituted for another Ln3+ at a binding site. Normally this

requires calculating adsorption/desorption free energies for both Ln3+. AIMD desorption

free energy calculations generally involve costly PMF calculations and a bulk-water-like

reservoir region, which mandates a sizable simulation cell.74 Instead we estimate ∆∆G using

first order perturbation theory within an equilibrium ensemble, which has been implemented

using classical force fields78 but to our knowledge not AIMD:

∆∆Gb,a ≈ 〈∆Eb −∆Ea〉a. (1)

Here 〈〉a refers to averages generated using an AIMD trajectory with the “a” Ln3+ pseu-

dopotential, and ∆Ex is the energy difference between a liquid state configuration with a

Ln3+ and that Ln3+ in the gas phase. ∆∆G is sampled every 100 AIMD time steps. The

reference free energy is the first (“a”) Ln3+ in these perturbative simulations. For added

confirmation, we run the averages with both the “a” and “b” pseudopotentials, and average

the results. Generating trajectories using both pseudopotentials and averaging eliminates

the second order perturbation; the highest order error of the method would then be the

third order term in pseudopotential difference. Both homogeneous (two identical ligands)

and cooperative (two dissimilar ligands) cases are considered. Ideally, one would calculate

∆∆G for all neighbors among the 14 lanthanides under consideration, but AIMD simula-

tions remain costly, even when performed in this perturbative mode. Hence we only consider

the Dy3+/Tb3+ pair. This serves as a proof-of-principle calculation for a technique that will

be called upon for future, accurate ∆∆G calculations of Ln3+-selective binding sites found

promising by other pre-screening computational techniques. The translational entropy term,

due to deviation from the computational standard (1.0M concentration) should cancel when

comparing one Ln3+ with another.

Most of the bulk-water-like AIMD simulation cells are charge-neutral, have dimensions

18×12×12 Å3, and contain one Ln3+, two ligands, and 85 H2O molecules. The ligand pairs

include SO2−
4 /HSO−

4 , H2PO
−

4 /HPO
2−
4 , H2PO

−

4 /SO
2−
4 , and (NH2)2C2H4/PO

3−
4 . As will be

shown, the diamine-lanthanide motif can transform into R-NH+
3 -OH−-Ln3+. PMF approach

to calculate the free energy associated with this change with a 24×12×12 Å3 with 114 H2O
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molecules. Here the Ln3+ and the N atom of the NH2 group initially attached to it are frozen

in the x- and y-directions with the same x- and y-coordinates; their relative displacement

(R) in the z-direction is controlled by harmonic potentials of the form V (R) = A(R − Ro).

The parameters and other details are given in the ESI Sec. S4.

We also consider single Ln3+ in (12.42 Å)3 simulation cells with 64 H2O molecules; such

simulation cells have +3|e| net charges, where |e| is the electronic charge. Normally the

well-known monopole correction is needed to correct the absolute hydration free energies of

charged ions in water in charged simulation cells.88 This correction should largely cancel for

the difference in free energies with two similarly charged cations. Our ∆∆G calculations

for Ln3+ assumes non-interacting periodic image, which amounts to assuming Ln3+ are at

infinite dilution.

The numbers of H2O molecules in all AIMD simulation cells are determined as follows.

Classical force field-based grand canonical Monte Carlo (GCMC)89 simulations are first

applied to determine the average number of water molecules in the cell.90 The SPC/E water

model,91 the ClayFF a force field for silica92 if present, and generic force field parameters

pertinent to Ln3+ are adopted for this purpose. Substrate atoms, ligands (if present), and the

adsorbed cation are frozen in water-free, DFT-optimized positions in GCMC calculations;

only water molecules are inserted into or removed from the simulation cell, and are allowed to

translate and rotate therein. The number of H2O molecules coordinated to the Ln3+ depends

on the surfaces and the ligands (phosphates, sulfates, and primary amines) dispersed in

water. From the last GCMC configurations, AIMD simulations are initiated.

In static calculations, we define the absolute Ln3+ adsorption or binding energy (∆E) as

∆E = Etot − Esubstrate − ELn3+ , (2)

where ELn3+ is the energy of a Ln3+ cation by itself in a simulation cell, Etot is the total

energy of the optimized simulation cell with the Ln3+ coordinated to the substrate at the

binding site, and Esubstrate is the energy of the substrate in the absence of the Ln3+. The

substrate may be the first hydration shell, or an entire silica slab. If the simulation cell

for Etot is charge neutral, Esubstrate would be the energy of system with a net −3|e| charge,

where |e| is the electronic charge. It would have been difficult to calculate correctly because

a monopole correction would have to be applied in a spatially inhomogeneous system.

Fortunately we never need to report ∆E in this work. Instead, we define the differential

binding energy ∆∆E as the ∆E of a Ln3+ (“Lnb”) relative to another Ln
3+ (“Lna,” typically
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Ce), via

∆∆E = ∆ELnb −∆ELna
. (3)

Esubstrate cancels out. ELn3+ should include a monopole correction, which in our case is not

strictly necessary, because it should be similar for the different Ln3+, and should cancel in

∆∆E.

Likewise, in AIMD simulations, we never calculate ∆G of Ln3+ in aqueous media with lig-

ands. Calculating such ∆G would be similar to computing the absolute hydration free ener-

gies of ions in water using AIMD thermodynamic integration (TI).93,94 These are increasingly

computatioally difficult with increasing cation charges because more TI integration points

would be needed to account for the rapid change in hydration structure as the local charge

density increass; such calculations would constitute separate research projects and are not

within the scope of this work. Calculating the absolute binding free energy in nanoporous

materials, like UiO-66 in our case, via AIMD potential-of-mean-force techniques,75 is also

problematic because AIMD simulation nanopore simulation cells seldom contain a bulk wa-

ter reservoir region needed to yield the proper reference state for standard state binding free

energies.

∆∆∆E is the difference between ∆∆E for a particular substrate and that with a 8-H2O

hydration shell.

∆∆E of the lanthanide series adsorbed on functionalized silica surfaces, referenced to

Ce3+ binding energies, are examined using an approximate procedure less costly than AIMD

perturbation, as follows. First AIMD is used for equilibration of the first hydration shell of

Ln3+ bound to ligands and/or substrate surface sites in a water-filled simulation cell. While

the Ln3+ coordination numbers in liquid water at neutral pH are well-documented,29 they

are less well known in the presence of ligands, surface binding sites, and anions32 like possible

OH− from the hydrolysis of H2O which can be rapidly equilibrated in AIMD trajectories. As

a non-lanthanide example, Al3+ is known to be 6-coordinated at low pH but 4-coordinated

at high pH due to repulsion between the OH− species bound to the Al cation.95,96 After

AIMD equilibration for 4.0 ps, most H2O molecules are removed except those coordinated

to the Ln3+ and those coordinated to formally negatively charged groups of ligands which

are not themselves coordinated to the Ln3+ or the substrate surface.

Optimization of the resulting atomic configuration is then carried out, quenching the

structure to T=0 K. ∆∆E’s for Ln3+ are obtained by sequentially substituting the Ln3+

8
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pseudopotentials by that of a neighboring one in the periodic table and calculating the

energy difference between each Ln3+ and that of Ce3+, after subtracting the isolated Ln3+

gas phase ion energy. Both Ce3+ and Lu3+, which bracket the Ln3+ considered herein,

are used to generate AIMD-equilibrated configurations and initiate the above procedure.

∆∆E for these two options should be equal if the systems have reached the global minima.

Instead, we have found that one round of optimization yields ∆∆E that can differ by >1 eV

depending on whether Ce3+ or Lu3+ AIMD is applied. The reason is that the system can

get trapped in metastable structures. Instead, we repeatedly do the following; for Ce-

generated AIMD we go down the series from Ce the series to Lu and then up again, with

each optimization starting from previous Ln3+’s configuration, until ∆∆E between Ce and

Lu converges to within 0.05 eV. For Lu-generated AIMD, we similarly go up from Lu to Ce

and down again, until ∆∆E between Ce and Lu converges to within 0.05 eV. This is an

empirical solution; improvement in the method will be considered in the future.

The base simulation cells with β-cristobalite (110) silica substrate have dimensions

20.25×14.32×26 Å3, with a stoichiometry of Si80O186H32. The SiOH surface density is

about 5 nm−2. The tethered organic ligands include 1H-pyrazole-4-carboxylic acid (hence-

forth PYC), aminotri(methylenephosphonic acid) (henceforth NP3), oxalate, and aspartic

acid. As mentioned above, these ligands are selected because they have been used to func-

tionalize MOFs for Ln3+ separation purposes,13 and some have been demonstrated to bind

effectively to Ln3+.36 Two ligands, not necessarily of the same type, are grafted on to β-

cristobalite (110) surfaces, with their anchoring groups replacing two surface OH groups

while polar or negatively charged terminals are oriented to coordinate to Ln3+. Three H+

are removed from either SiOH groups nearby or one of the H2O also coordinated to the ab-

sorbed Ln3+ during equilibration. In most cases, the two neighboring SiOH anchoring sites

are selected at random. For one ligand (PYC), two distances between the anchoring sites are

considered. We stress that these simulation cells are meant to be model system; experimen-

tal realizations of such tethered ligands, especially chemically heterogeneous ligands, have

not been reported. The results should be pH-dependent; at high pH values, lanthanides are

less soluble and precipitate as hydroxides.97 This work focuses on near pH-of-zero-charge

conditions.

We are mostly concerned with selective adsorption and separation of lanthanides, which

are related to relative binding (free) energies. However, Ln3+ must have higher absolute
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binding free energies (∆G) at the binding sites than hydration free energies in water for the

separation material. If the binding sites are weak and only a low percentage of Ln3+ adsorbs,

most Ln3+ remain in the water phase and the material would be inefficient for separation.

Absolute adsorption free energies (∆G) are however difficult to calculate using AIMD. In

static DFT calculations in periodically replicated simulation cells and material substrates,

the system will almost inevitably be trapped in metastable configurations. Furthermore,

∆E of a charged species (Ln3+) within a charge-neutral, periodically replicated, spatially

inhomogeneous simulation cell is not well defined.93 Fortunately, whether a certain Ln3+

binds to a substrate can be determined experimentally. Based on available experimental

data,13,22–27 we assume that sufficent ligand-Ln3+ binding is achieved in all cases, except for

amines discussed in the Results Section. Post-adsorption treatment, like flushing to desorb

Ln3+, is beyond the scope of this work.

The UiO-66 simulation cell has dimensions 20.95×20.95×20.95 Å3 and a Zr24C192O128H112

stoichiometry. GCMC simulations determine that 130 H2O water molecules reside in this

MOF simulation cell. The Ln3+ is coordinated to a deprotonated O2− anion in the Zr6O8Hn

cluster of the MOF structure.

III. RESULTS

A. Ln3+ in water with ligands

Fig. 1 depicts snapshots of various ligands bound to Dy3+ in water. Trajectories generated

using Dy3+ and Tb3+, adjacent to each other in the periodic table, generally yield similar

configurations. The coordination numbers in the six panels are determined by a Ln3+-O or

Ln3+-N cutoff distance of 3.2 Å, which is approximately the first minimum in the Ln-O pair

correlation function (g(r)) in water in our AIMD simulations (ESI Fig. S4). They are all

7-coordinated in these snapshots except for Fig. 1f which has a 6-coordinated Dy3+, and are

less than the 8 to 9-coordinated typically reported for Ln3+ in water.29 For averages over the

trajectories, see Table I. The lower coordination numbers are partly due to the anions in the

first hydration shell which repel other partially negatively charged species, and partly due to

the use of the PBE functional which slightly underestimates even Ln3+-water coordination,

yielding 7.3-7.4 instead of 8 for Dy3+ and Tb3+ in liquid water.

Sec. S1 of the electronic supporting information (ESI) shows that adding the D3 cor-
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(a) (b)

(c) (d)

(e) (f)

FIG. 1: Snapshots of ligands considered in AIMD ∆∆G simulations. (a) Water; (b) SO2−
4 /HSO4

−;

(c) HPO2−
4 /H2PO

−

4 ; (d) SO
2−
4 /H2PO

−

4 ; (e)-(f) CH3CH2NH2/PO
3−
4 initial and final configurations

in PMF simulations. Grey, red, blue, white, yellow, dark green, and light green spheres represent

C, O, N, H, S, P, and Ln3+. Green dashed lines depict Ln3+-O or Ln3+-N coordination. Stick

figures are H2O molecules not in the first hydration shell. In panel (b), both SO2−
4 coordinated to

the Ln3+ are completely deprotonated; a H3O
+ exists elsewhere in the cell to compensate for the

negative charge.

rection to static PBE calculations lead to small changes in forces and relaxations in PBE-

optimized atomic configurations. However, we acknowledge that AIMD simulations sample

configurations away from near-zero-force regions of configuration space. A re-examination

of dispersion force effects on CN will be considered in the future.87
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system CN system CN

Dy3+ 7.3 Tb3+ 7.4

Dy3+, HPO2−
4 /H2PO

−

4 7.1 Tb3+, HPO2−
4 /H2PO

−

4 7.3

Dy3+, SO2−
4 /H2PO

−

4 7.2 Tb3+, SO2−
4 /H2PO

−

4 7.5

Dy3+, SO2−
4 /HSO−

4 7.3 Tb3+, SO2−
4 /HSO−

4 7.8

TABLE I: Average coordination number (CN) in AIMD trajectory lengths. All are conducted in

liquid water.

Upon switching from Tb3+ to Dy3+ and using the perturbative approach of Eq. 1, ∆∆G is

found to be -0.30 eV to -0.31 eV for all ligands except the amine (C2H5NH2) discussed below.

The SO2−
4 /PO3−

4 pair does not cooperatively yield ∆∆G which are significantly different than

the homogeneous anion calculations. The same quantity in pure water is -0.29 eV. Although

the change is small (0.01 to 0.02 eV), it is a substantial part of thermal energy at T=300 K,

and the preference for Dy3+ should be readily detectable in measurements, assuming the

cancellation in DFT uncertainties in the AIMD correlated sampling calculations is sufficient.

This appears to suggest that negatively charged ligands yield more negative ∆∆G going

down the periodic table of lanthanides with heavier and smaller cations. This trend, across

14 Ln3+ cations, is more fully examined and clearly revealed in later sections.

The most intriguing case is the primary amine, where the possibility of water hydrolysis,

turning the C2H5NH2 (Fig. 1e) into a C2H5NH
+
3 /OH− pair (Fig. 1f), exists. We illustrate

this case using Lu3+. The negatively charged OH− intervening between the NH+
3 group

and the Lu3+ cation can then form a favorable adduct between them. We conduct a PMF

calculation (Fig. 2) to confirm that the free energy of the outer shell complex mediated by

OH−, at R∼4 Å, is more favorable than the inner shell complex by 0.38 eV. Unfortunately,

further displacement of the Dy3+ away from the N-atom of the primary amine exhibits

almost no free energy penalty or kinetic barrier. This suggests the Ln3+ can freely diffuse

away without free energy penalties, and that primary amines are weak ligands towards Ln3+,

even after hydrolysis of an intervening water molecule to yield an OH− adduct.
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FIG. 2: (a) ∆W (R) for transforming the CH3CH2NH2-Lu
3+ configuration from inner shell to

outer shell with OH− adduct, and beyond (i.e., Lu3+ desorption from the amine). The reaction

coordinate R is the distance between the N atom and the Lu3+ cation. (b) Time dependences of

R near the barrier region as time varies.
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B. Ln3+ in UiO-66

Fig. 3 depicts an AIMD snapshot of Dy3+ at the Zr4O6 binding site of a water-filled

UiO-66 MOF simulation cell. ∆∆G between Dy3+ and Tb3+ is once again -0.31 eV, similar

to the phosphates, sulfates, and mixed phosphate/sulfate ligands above. This suggests that

UiO-66 selectively adsorbs Dy3+ over Tb3+ by a factor of ∼2 from an ionic mixture in water,

where the ∆∆G is a smaller -0.29 eV. We stress that this conclusion relies on the assumption

that DFT uncertainties can largely cancelled in our correlated sampling perturbative AIMD

simulations. The average coordination numbers are 7.9 and 7.9, respectively, when we use

a Ln3+-O cut-off distance of 3.25 Å criterion, similar to the case in liquid water. These

numbers include 1.0 water molecules and 6.9 O-atoms in the MOF. However, this may be

slightly misleading because the distances between the Ln3+ and two O-atoms on one linker

unit are somewhat larger. Reducing the cut-off distance to 2.90 Å yields coordination

numbers 5.9 and 5.8 instead, with the Ln3+ coordinated to 1.0 H2O molecule in each case.

In contrast, reducing the cut-off distance in Fig. 1b from 3.25 Å to 2.90 Å only reduces the

predicted coordination number by 0.3 %.

The cost of the above AIMD ∆∆G simulations remains substantial. To obtain trends

across the selected 14 lanthanide, instead of just neighboring Ln3+ in the periodic table, we

switch to a more approximate approach in the next section.
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FIG. 3: AIMD snapshot of Dy3+ coordinated to a UiO-66 binding site, consisting of two Dy3+-O

bonds with the O-anions in the Zr6O8 cluster, two Dy3+-O(water) bonds, and two Dy3+-O(linker)

bonds. For color key, see Fig. 1. In addition, Zr is depicted as yellow spheres. For easier visualiza-

tion, water molecules not coordinated to Dy3+ are omitted.
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C. Simple Clusters: DFT ∆∆E

As outlined in the Method Section, we optimize the first coordination shell of either

Lu3+ or Ce3+, including water and ligands coordinated to silica surfaces. One Ln3+ is

sequentially substituted for the next heavier or lighter Ln3+ in the series (Fig. 4). This is

similar to non-PBC-DFT-based calculations for lanthanides in bulk solvents,14–21 with a few

main differences. (1) We omit the implicit solvent, the effect of which should be similar

for all lanthanides. (2) Periodic DFT codes, like VASP used herein, are more suited for

material substrates. (3) Periodic DFT codes do not have the atom-group configuration

sampling feature and will almost certainly be trapped in local minima, as discussed in the

Introduction and ESI Sec. S2. We improve the calculations by repeatedly “cycling” through

the 14 lanthanides under consideration, moving from Ce3+ to Lu3+ and back, until the ∆∆E

between these two end members converge to 0.05 eV (Method Section). Despite that, our

results should be regarded as semi-quantitative.

As a reference system, we calculate ∆∆E of the Ln3+ series in a first coordination shell

made up of 8 H2O molecules (Fig. 4). Because of the lack of cross-linking hydrogen bonds,

there is much less ambiguity in obtaining the global energy minimum associated with this

cluster. The smallest Lu3+ exhibits a differential binding energy (∆∆E) with the 8 H2O

molecules which exceeds that of Ce3+ by 4.04 eV (Fig. 4a). The ∆∆E magnitude is mono-

tonic across the lanthanide series. Judging from the mean AIMD coordination numbers of

∼7.3-7.4 for Dy3+ and Tb3+ discussed above, the DFT/PBE functional used herein likely un-

derestimates coordination numbers;29 therefore we have not considered 9-coordinated Ln3+

in clusters with 9 water molecules (ESI Sec. S3).

The 14 Ln3+ cations under consideration differ by their number of 4f electrons which do

not however strongly interact with the environment. To a first approximation, assuming no

specific covalent interactions, we expect that negatively-charged ligands will interact more

favorably with the heavier and smaller Ln3+ compared with uncharged ligands. In other

words, ∆∆E (Eq. 1, Fig. 5) should have a steeper slope with negatively charged ligands.

The previous AIMD ∆∆G calculations (Figure 1) have already hinted at this effect. Fig. 5a

confirms this trend using the simplest of negatively charged ligands: a first coordination

shell of 7 H2O and a OH− (Fig. 4b), created by randomly removing a H+ from the Fig. 4a

system. ∆∆E for Lu3+ is indeed up to 0.35 eV more negative than those for 8 H2O, with

a steeper slope. Fig. 5b emphasizes this point. This fundamental principle for selectivity,
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(a) (b)

(c)

FIG. 4: Optimized (a) Ln3+(H2O)8, (b) Ln3+(H2O)7OH−, and (c) Ln3+(H2O)6PYC configura-

tions.

favoring heavier Ln3+, will be revisited in the next section.

Fig. 4c depicts the replacement of OH− by a PYC ligand via the N-terminus, with the

unprotonated N-atom coordinating to the Ln3+, Fig. 5a shows that the ∆∆E slope for PYC

plus 7 H2O is slightly smaller than that for 8 H2O. This suggests that PYC is a weaker

ligand than either H2O or OH−, although the magnitude of the change due to PYC is

significantly less than that of OH−. It also suggests that a combination of ligands more

attracted to Ln3+ than water (e.g., OH−) and ligands less so attracted (e.g., PYC) might

lead to selective capture of lighter Ln3+ in the series – provided that the binding site remains

overall favored over liquid water despite the addition of one ligand that is weaker than H2O.

We will examine this hypothesis below.
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FIG. 5: (a) ∆∆E associated with 8 H2O (blue), 7 H2O/OH− (red), and 7 H2O/PYC (green)

coordinated to Ln3+. (b) Difference between the OH− and H2O curves (red), and that between

PYC and H2O (green), are plotted as ∆∆∆E.
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D. Ln3+ at Binding Sites on Silica Surfaces

Armed with this insight, we next consider functionalized β-crystobalite surfaces. Figs. 6a-

f depict the configurations of Ln3+ coordinated to 6 binding sites, with some SiOH groups

deprotonated to maintain charge-neutrality. Panels (a) and (b) depict two aspartates with

different distances between the aspartate anchors. The coordination number is 7 in both

cases. Recall that we start from the Ce3+/Lu3+ configurations and sequentially replace

the Ln3+ with the next heavier/lighter ones. The perturbation in each replacement step

is sufficiently small that the coordination numbers and similar atomic configurations are

largely conserved. Also note that we use the carboxylate end of the aspartate ligands at the

binding site, since -NH2 groups have previously been shown to bind weakly to Ln3+ (Fig. 3).

All other binding sites (Fig. 6c-f) exhibit a smaller coordination number of 6 with respect

to Ce3+. Since the PYC is anchored to the surface via its carboxylate group (Fig. 6d),

by necessity its aromatic nitrogen atom binds to the Ce3+, although this nitrogen is not

expected to be a strong ligand (Fig. 5).

Figs. 7a-f depict ∆∆E relative to Ce3+ binding for each binding site, and compare that

with ∆∆E computed in clusters with 8 water molecules (Fig. 4a). ∆∆E monotonically

increases in magnitude going down the series towards smaller, heavier Ln3+. With the “up

and down” cycles of optimizing from Ce3+ to Lu3+ and then back until 0.05 eV convergence

is obtained, the ∆∆E series starting from Ce3+ and Lu3+ AIMD snapshots agree to at

least 0.5 eV. They generally agree much better than that. The binding site with the most

disagreement occurs for one of the two aspartates configurations. There the Lu3+ trajectory

series (Fig. 6a) has a water molecule intervening between the Ln3+ and a surface SiOH

group, while the Ce3+ series (not shown) has the Ln3+ directly coordinated to a surface

SiOH. As water is likely a stronger ligand than SiOH, the difference is reasonable. If we do

not conduct the “up and down” iterations, the ∆∆E difference between Ce3+- and Lu3+-

AIMD snapshots can differ by more than 1 eV, and it is always the Ce3+ trajectory ∆∆E,

rather than the Lu3+ one, which has a larger magnitude.

The slopes with respect to atomic mass are steeper than that for 8-H2O molecules in all

cases in Fig. 7. Thus the binding sites monotonically favor the smaller, heavier Ln3+. As

all the sites have at least one negatively charged ligand, including SiO−, this is consistent

with our expectation that negatively charged ligands interact more strongly with heavier

Ln3+ with small radii than lighter Ln3+ with larger radii relative to an uncharged water
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(a) (b)

(c) (d)

(e) (f)

FIG. 6: Lu3+ bound to ligands tethered to β-cristobalite surfaces. (a)-(b) 2 aspartates at two

different distances; (c) 2 oxalates, (d) oxalate plus PYC; (e) 2 NP3; (f) bare β-cristobalite with

three deprotonated SiOH groups. Grey, red, blue, white, yellow, and green spheres represent C,

O, N, H, Si, and Ln3+ respectively. Configurations generated by the Ce3+ trajectory, not shown,

are not identical.

coordination shell (Fig. 4). We further subtract the ∆∆E associated with the ligands from

that in water for the 14 Ln3+ being considered, and denote the quantity ∆∆∆E (Fig. 8). The

ligands differentially favor Lu3+ over Ce3+ by up to 1.1 eV over water. This is qualitatively

consistent with the Ln3+(H2O)8 vs. Ln3+(H2O)7OH− comparison (Fig. 5a-b), except that

the magnitude is larger here because the ligands have more negative charges (up to -3|e|

formal charges for the bare β-cristobalite surface, Fig. 8f).
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FIG. 7: ∆∆E across 14 Ln3+ relative to Ce3+. Panels (a)-(f) correspond to those in Fig. 6. Red

and green denote configurations generated using the Ce3+ and Lu3+ trajectories, respectively. Blue

depicts Ln3+ coordinated to 8 water molecules.

The monotonic energy increase as the Ln3+ radius decreases is consistent with the trend

predicted for some organic macrocycles in the literature.21 Our ∆∆∆E is also up to ∼3 times

larger in magnitude than that in Ref. 21. Unlike those cases, the uncertainty and variability

of ligand speciation, local surface site density, and location of anchor sites mean that the

conclusions from our model studies will be qualitative rather than quantitative. Also of note
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is the prediction that the mixed ligand system of Fig. 7d, with a PYC and an oxalate, does

not yield cooperative advantage, i.e., ∆∆E which is qualitatively different from those with

two oxalates (Fig. 7c).

In most cases the Ce- and Lu-configurations feature the same number of H2O molecules

and their total energies can be directly compared; the Lu-configurations are found to be

more energetically favorable in total energies. Even with the weak PYC ligand, the lighter

Ln3+ is not favored, unlike for PYC in Fig. 5. The main reason appears that the other

strong ligands for Ln3+, like the oxalate and SiO− groups, which strongly favors the heavier

Ln3+, overcome the slight PYC preference for lighter Ln3+. This trend is likely due to a

combination of direct coulomb interactions, polarization, and induction effects. Dispersion

forces does not strongly influence the trend (ESI Sec. S1).

Finally, we consider a binding site with an unmistakably “repulsive” ligand to examine

whether the inference gleaned from the PYC calculation in Fig. 5, namely that repulsive

ligands may favor lighter Ln3+, can be implemented on β-cristobalite surfaces. We replace

the N-atom in the PYC in Fig. 6d with a C-H group, which should repel Ln3+. After

optimizing the atomic configuration, the modified PYC becomes displaced from the Ln3+

(Fig. 9b). Even though the Ln3+ now has a lower coordination number than with PYC, the

∆∆E across the Ln3+ remains strongly favorable to the heavier Ln3+ compared to 8 water

molecules in the Ln3+ solvation shell. We hypothesize that a rigidly structured binding site,

with a combination of weak and strong ligands to Ln3+, may be needed to select lighter or

intermediate-radius Ln3+ from heavier ones from a mixture in aqueous solutions.
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FIG. 8: ∆∆E across 14 Ln3+ for the ligands corresponding to Fig. 6(a)-(f) after subtracting

the ∆∆E in water. Red and green denote configurations generated using the Ce3+ and Lu3+

trajectories, respectively.
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(a) (b)

FIG. 9: (a) ∆∆E across 14 Ln3+ for the ligands (beige) corresponding to the structure in Fig. 9(b).

This structure corresponds to Fig. 6d, but with a CH group replacing an N-atom on the aromatic

ring. See Fig. 6 for the color key. In panel (a), the blue line is for Ln3+ coordinated to 8 water

molecules.
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IV. CONCLUSIONS

We have applied two types of calculations to examine the differential adsorption free en-

ergies (∆∆G) or differential binding enegies (∆∆E) of Ln3+ at a binding site in aqueous

media, referenced to either that of a neighboring Ln3+ in the periodic table, or to Ce3+. Per-

turbative AIMD simulations show that two simple ionic ligands like sulfates, phosphates,

and mixed sulfate-and-phosphate favors the heavier/smaller Dy3+ than its lighter/larger

neighbor Tb3+ by 0.30-0.31 eV. The mixed sulfate/phosphate system does not exhibit un-

usual cooperative binding interactions. A similar value is obtained at a UiO-66 binding site.

In water, that difference is 0.29 eV. The 0.01-0.02 eV difference, between water and water-

plus-ligands, is a fraction of the thermal energy, and should lead to observable preference

for Dy3+ at room temperature, provided that the cancellation of DFT uncertainties in the

AIMD correlated sampling calculations is sufficient. The primary amine C2H5NH2 yields a

C2H5NH
+
3 /OH−/Ln3+ motif at the binding site, but the binding free energy is weak, and

this ligand is not expected to directly bind to Ln3+ in water.

Perturbative AIMD is rigorous when the trajectories are sufficiently long, but are com-

putationally costly. To obtain ∆∆E trends for 14 lanthanides bracketed by Ce and Lu at

binding sites consisting of two ligands tethered to β-cristobalite surfaces, we use a more cost-

efficient approach that involves short AIMD runs to supply the local coordination structure

and then configuration optimization to calculate the total energies. While not guaranteed to

attain the global energy minimum, the qualitative trends when switching between different

Ln3+ within the same optimized binding site should be relevant. The ligands involved are

aspartate, oxylate, mixed aspartate/oxalate, NP3, and bare, deprotonated silica surfaces,

all of which has locally negatively charged head groups. In all cases, the ∆∆E slope as

the Ln3+ radius decreases is steeper than ∆∆E with 8 water molecules, meaning that the

heavier Ln3+’s are favored. Lu3+ prefers to bind to the negatively charged ligand-binding

sites than to water by as much as 1.1 eV over Ce3+. This suggests strong Ln3+ selectivity

from the aqueous media.

This brings us back to the possible role of mixed ligands and cooperative binding. If our

goal is to design binding sites that preferentially adsorb the lighter Ln3+ from water over

the heavier ones, one option is to use weak, even partially positively-charged ligands that

destabilize the adsorption of heavy Ln3+. However, sites with lower binding free energies

compared with Ln3+ hydration free energy would cause the Ln3+ to stay in water and
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not adsorb. The pairing of strong, negatively charged ligand, with a weak, even repulsive

ligand, may then be an approach that can preferentially select lighter Ln3+, provided that

the binding site is sufficiently rigid that repulsive ligands cannot diffuse away from the Ln3+.

This will be the subject of future studies. Ln3+ concentration and entropy effects will also

be considered in the future.
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