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Effective Medium Theory for Mechanical Phase Transi-
tions of Fiber Networks

Sihan Chen®?, Tomer Markovich?<4 Fred C. MacKintosh®:¢.f

Networks of stiff fibers govern the elasticity of biological structures such as the extracellular matrix of
collagen. These networks are known to stiffen nonlinearly under shear or extensional strain. Recently,
it has been shown that such stiffening is governed by a strain-controlled athermal but critical phase
transition, from a floppy phase below the critical strain to a rigid phase above the critical strain.
While this phase transition has been extensively studied numerically and experimentally, a complete
analytical theory for this transition remains elusive. Here, we present an effective medium theory
(EMT) for this mechanical phase transition of fiber networks. We extend a previous EMT appropriate
for linear elasticity to incorporate nonlinear effects via an anharmonic Hamiltonian. The mean-field
predictions of this theory, including the critical exponents, scaling relations and non-affine fluctuations
qualitatively agree with previous experimental and numerical results.

1 Introduction

Networks formed by stiff fibers are ubiquitous in both biologi-
cal and artificial materials.7*. One notable example is the ex-
tracellular matrix of collagen, which provides structural support
to surrounding tissues.#Z. These networks possess remarkable
mechanical properties, such as stiffening under shear or exten-
sional strain®18, softening under compression™5 and anoma-
lous Poisson’s ratio™/1920, Recently, it has been recognized that
the strain stiffening of fiber networks is associated with a critical
phase transition: as the applied strain exceeds a critical value, the
network transforms from a floppy phase to a rigid phaseZ/21728|
Various properties of this mechanical phase transition have been
studied through simulations and experiments, including critical
exponents, non-affine fluctuations2627 and scaling re-
lations26229, Despite these efforts, a complete analytical theory
for the nonlinear elasticity remains elusive.

Non-affine deformations pose a significant challenge in any an-
alytical description of rheology and mechanical phase transitions.
Unlike an affine deformation that corresponds to a uniform defor-
mation field throughout the entire network, non-affine deforma-
tions in fiber networks represent inhomogenous and largely inde-
pendent deformation of the constituents. This non-affinity has a
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strong impact on the elasticity of network, including a significant
reduction in the elastic moduli. Non-affinity also plays a crucial
role in mechanical phase transitions. For instance, previous sim-
ulations have shown that the non-affine fluctuations diverge at
the critical strain.2627 As a result, traditional effective medium
theory (EMT) cannot be directly applied to fiber networks at a
mechanical phase transition since such theories are based on uni-
form lattices with vanishing non-affinity®?37, A recent EMT has
been proposed to account for non-affine deformations and has
shown quantitative agreement with prior linear elasticity of fiber
and semiflexible polymer networks38. Since it accounts for non-
affine deformation, this theory offers a potential framework for
describing mechanical phase transitions.

Here, we extend this EMT to describe the nonlinear elasticity
of fiber networks. We find good qualitative consistency with prior
work on the strain-controlled critical phase transition of fiber net-
works. To achieve this, we essentially use the EMT of Ref.@, with
an extension of an anharmonic effective Hamiltonian. Our theory
provides an analytical prediction of the mechanical phase tran-
sition, including mean-field critical exponents. Furthermore, it
reproduces several qualitative features observed in previous nu-
merical studies, such as the discontinuity of the elastici,
the divergence of non-affine fluctuations2527 and scaling rela-
tions26. Although our focus is on athermal fiber networks, our
theory can also be used as an efficient tool for understanding the
influence of thermal fluctuations on such mechanical phase tran-
sitions, where numerical simulations are challenging.

2 Effective Medium Theory

In this section we construct an EMT for nonlinear elasticity of
fiber networks, by extending our previous linear EMT proposed
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Fig. 1 (a) A 2D sketch of the original fiber network (in 3D). Fibers (lines)
are connected by hinge-like crosslinks (dots), with an average crosslinking
distance (.. The fibers have an average length L. (b) Illustration of the
EMT. Each crosslink in the original network is replaced by a spring with
potential Usp, which connects the fibers with a substrate. The substrate
deforms with the same strain as that of the entire network, and is assumed
to deform in an affine manner.

in Ref.8,

Consider a 3D fiber network (the original network) formed by
N fibers, each with contour length L (see Fig. a)). Hinge-like
crosslinks are randomly formed between pairs of fibers with an
average distance /.. For simplicity the network is assumed to
be both isotropic and homogeneous on large scale. The network
Hamiltonian can be written as:

N
Ho= Y. [Hylu®(s)]+ Hy[u®(s)] ], )
a=1
where u%(s) = uﬁ‘(s) +u%(s) is the microscopic displacement of
the a-th fiber at position s along its contour (—L/2 < s < L/2),
with uﬁ‘(s) and u9 (s) being its longitudinal and transverse compo-
nents, respectively. Hy, [u(s)] = « [ ds|0%u, /ds?|>/2 and H; [u(s)] =
u [ds(|a+ du/ds| —1)?/2 are the bending and stretching energy,
respectively, with A being the fiber orientation The form of
the bending and the stretching energies are extracted from the
classic worm-like chain model of semiflexible polymers13:40-43|
If a crosslink exists between the a-th and the f-th fiber, it corre-
sponds to an additional constraint, u%(s,g) = ub (sga)> with sqp
(sﬁa) being the position of the crosslink on the a-th (S-th) fiber.
To calculate the elasticity of the original network, in Ref.%8 we
have constructed an EMT which reproduces the elasticity of the
original network (see Fig. b)). In this EMT all the fibers in the
original networks are conserved, while all crosslinks are replaced
by springs that connect the fibers to a substrate, introducing an
additional spring energy Hg. The substrate is assumed to deform
affinely with the macroscopic deformation tensor A, of the net-
work. The corresponding Hamiltonian is,

N
Hy = Y (Hy 0]+ H @)+ Hk A (9)] ), ()

a=1
where the microscopic deformation in the EMT is denoted by
v¥(s) = v§(s) + v, (s), with v§(s) being the affine displacement
and vg, (s) being the non-affine displacement. The microscopic
affine displacements are given by v§(s) = sA;,, - %, with A% defin-
ing the fiber orientation. As appropriate for fibers we assume

= The form of the stretching energy is different from that in our earlier work®8. This
is because in Ref.*8 we consider linear elasticity only. One can show that for small u
the two stretching energies are equivalent.
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both v, and v are small such that we can write the stretch-
ing energy as: H; [v(s)] = i [ ds(de/ds)*+h-(dv|/ds)|dv /ds|*/4,
where de/ds = - (dv|/ds) +|dv, /ds|*/2. Then, to simplify
the calculation we neglect the coupling between the transverse
and longitudinal displacements and approximate the energy as:
H,[v(s)] = u [ ds(de/ds)?. For simple shear deformation, neglect-
ing this coupling term can be interpreted as a mean-field approx-
imation: since half of the filaments are stretched while the other
half are compressed, taking the mean-field value of - (dv)/ds)
(which is zero) results in a vanishing coupling term between the
longitudinal and transverse displacements. Hk is a functional of
the non-affine displacements, because only non-affine displace-
ments can introduce relative displacements between the fibers
and the affine substrate, which stretch the springs. Hk can also
be written as a summation of spring energy at all crosslinking
positions,

Hi [V (5)] = Y Uselva 5] ®

with Usp being the energy of a single spring and s{* is the position
of the i-th crosslink on the o-th fiber.

We are interested in how the two networks (original and EMT)
respond to macroscopic deformations A, and A, respectively.
In this work we focus on simple shear deformation that is most
commonly studied in rheology of fiber networks. Other deforma-
tion types, including uniaxial and bulk strain can lead to mechan-
ical phase transition as well20:354445 without loss of generality,
we assume simple shear in the x —z plane in the x direction. 7,
and ¥, are the nonzero xz component of each of the macroscopic
deformation tensors with other components constrained to zero.
The deformations result in macroscopic stresses in the two net-
works, with ¢, and o,,, being the xz (and zx) component of each
of the stress tensors In such a setup, and because fiber networks
are elastic and athermal, there is a one-to-one relation between
o and y in each network. To identify this relation, one can ei-
ther calculate o at a given y (strain-controlled) or calculate y at a
given o (stress-controlled). The two methods are equivalent and
are related by a Legendre transform. Here we choose the stress-
controlled scenario, in which the network deformation at a given
shear stress is found from the minimum-energy states of the two
total energies, E, = H, —Vo,Y, and E,, = H,y —V Oy Yeu- V is
the system volume that is set to unity from here on. As discussed
above, an additional constraint is that, except for the xz com-
ponents, all other components of the deformation tensors must
be zero. Importantly, while the two strains 7y, and 7, describe
the macroscopic strain of the corresponding networks (and also
the substrate of the EMT), each fiber has a different, non-affine
microscopic deformation #* and v*. The macroscopic and micro-
scopic deformations are intrinsically related to each other such
that y, = ,({#*}) and %, = % ({v*}), see Eq. (9) below for de-
tails. Therefore, the total energies Ep and E,,, are also functionals
of microscopic variables u* and v*. The values of u* and v* in

T1In principle the stress tensor may have other non-zero components, e.g., normal
stresses 462,
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the minimum energy state are u* and v*, for the original network
and the EMT network, respectively.

The nonlinear elasticity of two networks is quantified using the
differential shear moduli K, = do,/dv, and K, = 90,/ Y-
Our goal is to construct an EMT network that reproduces the dif-
ferential shear modulus of the original network, i.e., K., =K,.
For this we rewrite 1/K,, = 1/K, using the chain rule,

Z&E? 9% -y v 9%
~do, Ju! “do, v’

1

4

with ¥ and v being the displacements of the i-th crosslink of
the a-th fiber in the original network and the EMT network, re-
spectively. Equation decomposes the network mechanical re-
sponse into two parts: When a macroscopic stress (o, or o) is
imposed, it leads to microscopic deformations of each fiber (u or
v); These microscopic deformations further determine the macro-
scopic deformation of the entire network (y, or ¥,,). Due to the
random crosslinks in the original network, let

duj <8ﬁ?‘>+ p
do, do, b

%, _ a7, o
PFE *<a;;9‘ A

1

(5a)

(5b)

where (...) denotes averages with respect to random crosslinking
angles. £{* and n* are two noise-like terms describing the effects
of random crosslinks, with (§*) = (n*) = 0. In the thermody-
namic limit, Eq. is rewritten as

IV Iy

ouy v, o sy ¢
Z<a%>'<ﬁ?>+§@f"“>‘§a%M(ﬁ?'

oi

©)

Here we ignore the correlation between two noise-like terms by
assuming (€7 -n{) =0. To ensure that Eq. @ holds for any strain
and stress, we let our EMT satisfy the following criterion

<8Ef‘ > oV
do, do,,

9% \ _ 9%
s =

As noted in Ref.28 such requirements may be stronger than
needed. However, assuming solutions to these combined equa-
tions can be found, these must agree with Eq. (4). Thus, by con-
struction, if one finds an EMT that obeys Eq. (7), it is guaran-
teed that Eq. holds [f}| Equation , in particular, is natural
in that it is equivalent to the coherent potential approximation
(CPA) used in prior EMTs=2,

(7a)

(7b)

To approximate the differential elasticity for arbitrary strain
and stress, Egs. should hold when the derivatives are
evaluated at any deformation. In our linear EMT of Ref.28 the
partial differentials are evaluated at the undeformed state, which

#There is, in general, the possibility that one will not be able to find solution to
Eq. , while a solution to Eq. @ does exist. As we show below, we find a solution
to Eq. , thus Eq. (@) is obeyed as required.

Soft Matter

gives the spring energy in the linear regime¢,

9k
Usp(vNa) = 73|VNA|2- ®
C

In such a linear regime, Eq. (7b) leads to a relation between the
macroscopic and microscopic deformations,

Lz .
B =X [ a5 L), ©
where
I(n,s)=[f(s)— fL(s)]ARR+ [ (s)IA, (10)
with 3
fij(s) = mw(s—L/Z) —68(s+L/2)],
an
36
fi(s)= N5

Here §(s) is the Dirac-6 functionﬂ The value of 7y, can be found
by minimizing the total energy with respect to v* (y,, is deter-
mined from v* according to Eq. (9)),

Eoy = Hyyp — Yor Opw - (12)

In this work we assume isotropic networks and the filament ori-
entations A% is sampled from an isotropic distribution. In Ap-
pendix [B|we detail the energy minimization process.

In Ref8 we show that the linear version of the EMT success-
fully predicts the linear shear modulus G of fiber networks. Here,
we study the nonlinear elasticity and consider the nonlinear ver-
sion of Egs. (7a|[7b), in which all derivatives may depend on the
network deformation. We assume y < 1 such that the relation
between y and u,v (Eq. (7D)) is still linear. This assumption is
appropriate because it is known that fiber networks can exhibit
nonlinear elasticity at small strain'l3, as we discuss in detail be-
low in Sec.[5| Therefore, we neglect non-linearity in Eq. and
only treat non-linearity in Eq. (7a)). This results in an anharmonic
correction term Upy to the spring energy:

Usp(vNa) = 97;(|VNA|2+UAH(VNA)7 (13)

c

which consequently gives rise to nonlinear elasticity of the net-
work. As we show below in Sec. |3] Uay is independent of k in
the small x limit. This is consistent with previous numerical re-
sults in which the nonlinear regime is dominated by the stretching
energy”. In Sec. [3|we derive the form of Uny. In Sec. [4] we show
that the anharmonic spring energy leads to the mechanical phase
transition, and then predict the mean-field critical exponents and
non-affine fluctuations.

3 Elastic energy of nonlinear springs

We continue by calculating Uay using Eq. (7a). As we have
pointed out in Ref!2®, the longitudinal part in the spring en-
ergy only slightly affects the network deformation in the linear

§ Note that the integral in Eq. @ is performed from s = (—L/2)~ to s = (L/2)*, such
that the two & functions are covered in the integral.
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regime, because the longitudinal displacements of fibers are al-
ways restricted by the stretching energy, even in the absence
of the springs. In the nonlinear regime, the longitudinal part
of the spring energy is also not important: the nonlinear stiff-
ening of the network corresponds to a transition from a bend-
dominated regime to a stretch-dominated regime. Because of the
large stretching energy of each fiber, the longitudinal displace-
ments of the fibers are always stretch-dominated and have little
contribution to the stiffening of the network. Therefore, we ne-
glect the energy in Uay due to the longitudinal displacement and
write Upg as UAH(VNAL)~

3.1 Infinite molecular weight limit: L/{, — oo

To analyze Eq. (7a), we adopt the same method as we used in
Ref.38 the coherent potential approximation: Because the stress
can be decomposed into tensions on each node, we exert a test
force F on a particular crosslink on the same fiber of both the
original network and the EMT, and measure the resulting dis-
placements or, and Srgy, respectively. By letting (6r,)s = Orgm,
where # is the orientation of the other fiber connected to the
crosslink in the original network, one obtain the form of Upy.
Note that in Ref.28 we assumed small F because we were only
interested in the linear elasticity. Here we extend the procedure
to any finite F.

In the infinite molecular weight limit (L/¢. — o), the crosslinks
adjacent to the particular crosslink can be treated as being fixed,
because in this limit the network is densely crosslinked, making
it energetically unfavorable to move the adjacent crosslinks. The
resulting Uay is (see Appendix[A] for detailed derivation):

U =232E jpa !

AH(VNAL) —232[2 [vNaLl™ 14)
The quartic term in Eq. suggests that the energy has a
stronger-than-harmonic dependence on the displacement, which
is consistent with the expectation from Ref.22. This means that
the spring stiffens non-linearly as the displacement increases. The
coefficient in Eq. is insensitive to k because in the deriva-
tion we only keep the leading order term in the elastic energy:
The bending energy contributes an additional anharmonic term
~ (k/63)|vna L |*, but it is negligible because x < uf?, i.e., for
bend-dominated compliance for which the transition is appar-
ent”. Note that Eq. is only valid in the high molecular weight
limit. In the finite molecular weight limit, the spring energy needs
to be corrected, as detailed below.

3.2 Finite molecular weight: L//. <

We now derive Upy for finite molecular weight. Let us start with
a simple limit of central-force networks (k = 0).
force networks, an important observation in previous studies is
the emergence of the strain-controlled phase transition: The stiff-
ening of the network only happens for strain above a critical value
Y., and the network has zero elasticity for strain below y.. This
suggests that for central-force networks the network free energy

For central-
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is singular at 7., which also implies a singular Uay:

0 [vNaLl < ve
Uan(vNaL) = u A
2.325 vnaL "~ AUan(aL) - [vNaLl> Ve
‘ (15)
Here Upy is singular at a loop |vna | | = ve because of the network
rotational symmetry. AUay is a finite-molecular-weight correc-
tion of Uay which vanishes when L/¢. — o-. When deriving the
spring energy in the infinite molecular weight limit, we assume
that the crosslinks adjacent to the deformed crosslink are fixed.
Such an assumption is inappropriate for finite molecular weight,
due to the reduced number of constraints imposed by crosslinks.
In this finite molecular weight case, the displacements of the ad-
jacent crosslinks effectively reduce the spring energy compared to
Eq. ([I4). The leading term of AUap is

AUan :C%‘VNALFv (16)
which is quadratic due to the network isotropy. The coefficient ¢
is a dimensionless number.

Remarkably, the second part of Eq. has the form of a mean-
field free energy in Landau theory for second-order phase transi-
tion (see Fig. a)). For this potential we can define a force-
extension relation Fay = dUag/dvna (, Which must be continu-
ous, as a discontinuity in the network stress is unphysical. This
statement can be proved by contradiction: Assume the stress is
discontinuous at ., i.e., let the stress at y= 7. be 0 and the stress
at y =y be o.. Imagine a network starting with strain ¥ and
zero stress, where the stress then quasistatically increases from 0
to o.. During this process the network strain remains unchanged,
such that no external work is done. After the process, because
of the finite stress, some of the fibers in the network must be
stretched and the network gains a non-zero elastic energy. This
process contradicts the first law of thermodynamics, because the
internal energy of the system increases with no external work
done (there is no heat transfer because the temperature is zero).
Therefore, both the stress and Fay must be continuous at the
critical pointﬂ leading to ¢ = 4.64v2/¢2 and

Uan(vnal) = 2-32%(|VNAL 2 —v2)?O(lvwaL > —v7), a7
C

where O(x) is the Heavyside function. The corresponding F ay is

Fau(vnal) = 9-27%VNAL(|VNAL|2 —2)O(vnatl* =), (18)
c

Equation suggests that, even an infinitesimal force leads to

a displacement with magnitude v, (see Fig. [2| (b)). As we show

below in Sec. [4] at the network level it corresponds to the me-

chanical phase transition, in which an infinitesimal stress leads to

a strain with magnitude ¥, ~ v /L.

We then define a differential spring constant, kayg =

9 This statement may not be true for non-elastic systems, e.g., plastic systems, for
which energy can be dissipated. In such systems a discontinuous yield stress may
emerge>Y,
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@ » (@) @ ol (b) @mo (©) 4 Results
It a3 N\w 80
£ e e 4.1 Network Nonlinear Elasticity
s Eh N Having identified Uay, we substitute Eq. (I7) into Eq. (I3) to
D : = ‘Z ~ 22 obtain the complete spring energy Usp. The EMT network strain
Cloxarl/ve T el " Yl Y under a given stress o, is found by numerically minimizing

Fig. 2 (a) Anharmonic spring energy Uay calculated from Eq. 1}
(b) Force-extension relation of the anharmonic spring calculated from
Eq. (18)). (c) Differential spring constant of the anharmonic spring cal-

culated from Eq. .

d?Uay/ d|vna . |7, which according to Eq. gives
u

kau(vNaL) =9.27 73 GlvnaLl> =vD)O(Ivxa > —v2). (19
C
There is a discontinuity in kay at |[vna (| = ve, Where kag jumps
from 0 to k. = 18.54uv2/¢3 (see Fig. 2 (c)). Although the stress
must be continuous, the stiffness needs not be. Such a disconti-
nuity in stiffness can be understood as the first appearance of a

state of self stress22.

The range over which the anharmonic spring is floppy to dis-
placement is characterized by v.. To estimate v., we adopt the
self-consistent approach proposed in Ref.2l: Consider the origi-
nal network, in which each crosslink on a particular filament can
have a displacement v, without costing any energy, i.e., each seg-
ment is free to rotate to an angle 6 ~ v./{.. The direction of such
rotation is random due to the random crosslinking angles. For
each segment, the rotation leads to a reduction of the projected
length on the fiber backbone, Al ~ £,6% ~ v% /lc. The change in
the end-to-end distance of the fiber is the sum of the change of
the projected length of L/¢, segments, AL ~ (L/{.)(vZ/¢:). The
self-consistent criterion imposes v, = AL, leading to

Ve~ /L or Y ~ve/L~0%/L% (20)

Equation suggests that when L/¢. — o, v. — 0 and Eq.
reduces to Eq. (I4). This is consistent with our assumption that in
the infinite molecular weight limit the displacement of adjacent
crosslinks can be neglected.

Above we have derived Upy for central-force networks (k = 0).
In principle, for finite x there should be a correction of Upy due to
the bending energy. Because the bending and stretching energies
are additive, for k¥ < w¢2 we expect such a correction term to be
unimportant to |vya, | both below and above v.. For |vna.| <
ve, the leading correction term is a quartic term (1/£3)|vnay [*,
because all quadratic terms are accounted for in the calculation of
the linear elasticity. This term is much smaller than the quadratic
term ~ (k/£3)|vnaL|? in Usp because we assume y < 1 such that
|[vNaL| < e For |vnai| > ve, the leading correction term is a
quadratic term (k/£3)|vna 1 |2, Which is much smaller than |AUay|
since Kk < ;Mg. Therefore, in any case the correction of Uyy due
to bending energy can be neglected, and we use Eq. as the
anharmonic part of the spring energy for any x.

Eq. with respect to v%, see Appendix [B|for details. The net-
work nonlinear elasticity is then calculated with K, =doy,, / d¥,, -
In Fig. 3 (a) we plot K, as function of y,, for various k val-
ues. We start with the Kk = 0 case. In this non-bending limit,
the network has a vanishing shear modulus for y,, < %. As
expected from our construction, when the network reaches the
critical point y = ., it immediately gains a non-zero elasticity
K., = K., i.e., K, is discontinuous at the critical point. Such
a discontinuity is a result of the discontinuous differential spring
constant, see Eq. and Fig. [2(c). This is consistent with the
mechanical phase transition being second-order because K, is a
second derivative of the free energy, similar to the heat capacity in
a temperature-controlled transition. This is also consistent with a
recent scaling theory and prior numerical results22/26127,

We now consider finite x values, which stabilize the network
and introduce non-zero linear elasticity Ggy ~ k. Below the criti-
cal point (y < 7.) is the bend-dominated regime, in which K., ~ x.
The network still undergoes a stiffening near y = 7., although this
is now smooth with no phase transition. The stiffening, how-
ever, becomes increasingly rapid as « is reduced. Above the crit-
ical point (y > %), the modulus becomes independent of x for
K < wlZ, consistent with a stretch-dominated regime. These qual-
itative features agree with previous simulations of both 2D and
3D networksZ21122128 " For comparison, previous simulation re-
sults of 3D phantom fcc lattice are also plotted in Fig. [3((a). The
EMT qualitatively captures the linear and the nonlinear elastic-
ity of the simulations. However, we find that it underestimates
the stiffening. This is not surprising because the stiffening in real
networks is expected to be governed by non mean-field behavior,
which cannot be reproduced by our meanfield EMT, see Sec. [4.2
below. Therefore, we only expect qualitative agreement between
the EMT and simulations. While the deviation of the prediction
is small both near the critical point and in the floppy phase, it
becomes considerable when the the strain is far above .. This
is possibly due to the geometric nonlinearity that is neglected in
the EMT, whose effect can be strong for large strain (y~ 1). In-
terestingly, the elasticity at the critical point K(.) was recently
studied using numerical simulation’?, which reported that K(7.)
in the small-« limit is significantly smaller than K () for zero «,
indicating an underlying difference between the two cases. This
difference is also reproduced by our theory, see Fig. in Ap-
pendix[C

While the signal of the phase transition is apparent for k¥ =0
because of the discontinuity in K, for any finite k value, K,
becomes continuous and the criticality is less obvious. For large x
values the phase transition is unidentifiable, see Fig. a). Since
biopolymer networks always have finite k values, it is important
to identify the range of k in which the criticality dominates the
nonlinear stiffening. For the criticality to be identifiable, we need
Ggm < K. For each individual spring this suggests that x//3 <

Journal Name, [year], [vol.], 1 |5
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Fig. 3 (a) Differential elastic modulus as function of strain ¥, for different
rescaled bending rigidity, & = x/(uf2). Lines are theoretical predictions
of the EMT with L =5/, and v. =0.05¢.. The red dot denotes a discon-
tinuous transition at the critical point, (¥.,K.), for €=0. G4 =NLu /15 is
the affine modulus. Crosses are simulation results of 3D diluted phantom
fcc lattice with connectivity Z = 3.2 (equivalent to L =5¢.), reproduced
from Ref.5L. No fitting parameter is present (the value of v, in the EMT
is chosen to ensure the same critical strain ¥~ 0.2 as in the simulation.)

(b) Scaling behavior of the EMT elasticity for y > ¥., with Ay=y— 1.
and K =0. (c) Scaling behavior for y < ¥, and for various K values from
1076 to 1073. The color coding and EMT parameters used in (b) and
(c) is the same as that in (a).

k. (see Eq. ), which further leads to k¥ < u¢*/L?. For x >
wet /L2, the criticality becomes unimportant and the analytic form
of Upy in Eq. is sufficient in describing the stiffening. For
real fibers with diameter 24, we expect k¥ ~ a* and p ~ 4%, and
the criterion x < uf*/L? reduces to a < ¢%/L. This can be easily
satisfied, given that a is of order 10-100 nm and both ¢, and L are
of order micrometers, e.g., in collagen networks.

4.2 Critical Exponents

The critical behavior of fiber networks have been studied in both
simulation and experiments. Examples of such behavior for the
differential modulus include K — K, ~ p|Ay|f for Ay=y—7% >0
and K ~ x|Ay|[/~91726128139052 - simuylations have identified vari-
ous values of these exponents, with0< f<land A =¢ — f ~ 1.5.
Our EMT predicts mean-field exponents, f =1 and A = 1.5 (see
Fig. [3| (¢) and (d)), which agree with Refs.22>2 On the other
hand, extensive simulations have found non mean-field expo-
nentsZ20-22126:2814453] Because our theory is a mean-field theory,
it gives mean-field exponents by construction and cannot con-
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Fig. 4 (a) Non-affine fluctuations 8T" as function of Ay =7y—1., for
various values of & = k/(uf?). The fluctuations diverge at the critical
point. (b) Scaling behavior of 8T for ¥y < %.. The network parameters are
the same as in Fig.|3] The color code used in (b) is the same as that in

(a).

clude the exponents of real networks. We leave the prediction
of non-meanfield exponents for future work®#* and focus here on
getting the qualitative features of the transition. Below we show
how these mean-field exponents are derived in our theory.

For y > ¥., the network is stretch-dominated and K, is inde-
pendent of «, allowing us to study the critical behavior for k¥ = 0.
In this case the nonlinear springs are described by the Landau-
like energy of Eq. . We first consider the network at the crit-
ical strain y = y;", where all springs are stretched to their critical
displacement v.. For a strain slightly above the critical strain,
Y = ¥ + Ay, the springs are stretched to v, + Av. The value of Av
may vary for each spring, while Av ~ Ay holds for all springs. The
differential spring constant, see Eq. (I9), is Taylor-expanded to
linear order in Av as kag = ke + Ky (ve)Av. Such a dependence
leads to a similar relation for the macroscopic network elasticity
with K, = K.+ K] Ay, where K/ is a constant. Therefore, above
the critical strain we have K,,, — K. ~ u|Ay|'.

For y < ¥., the network is bend-dominated, allowing us to con-
sider the extreme limit y — o, where no stretching deformation
is allowed. In this case Upg = 0 for |vnay | < ve and Uapg =  for
[vnaL| > ve, such that Ugp is a harmonic potential for [vya (| < ve
and Usp = o for |vya | > ve. This suggests that each spring can
only deform in the region |vna | < v. and resists any displace-
ment larger than v.. In Appendix@l we show that the spring en-
ergy leads to an unusual fiber conformation near the critical strain
that results in K, ~ x|Ay|~/2. Interestingly, in Ref.5Z the same
exponent is derived by analyzing the floppy deformation modes
in the network.

4.3 Non-affine fluctuations

Previous simulations and scaling theory have revealed another
important quantity in characterizing the mechanical criticality,
which is the non-affine fluctuations, or the differential non-
affinity 220023126 This quantity is defined in the original network
as

T, (|8unal?). 1)

1

T R2sy?
Here Sunp is the non-affine displacement of a single node in the
original network due to a small incremental strain 87, and the

average is with respect to all nodes in the network. To estimate
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oT',, we similarly define the non-affine fluctuations of the EMT
network:

ol = <‘6VNA|2> . (22)

1
@25y

In Fig.[4 (a) we plot 8T, as function of Ay = y— .. For all &
values, we find non-monotonic dependencies of 6I',, on Ay with
a sharp peak near Ay = 0. The height of the peak increases for de-
creasing & and diverges for ¥ — 0 when Ay < 0. Such a divergence
in fluctuations is an important signal of a critical point, which has
been observed in previous simulations?1’2%, For Ay < 0, we ob-
serve |8T,,,| ~ |Ay|~* with an exponent equal to A = ¢ — f = 1.5,
agreeing with previous simulations and scaling theory 2622157,

For Ay > 0, however, we do not observe a divergence of the
non-affinity, which appears to contradict both prior simulations
and the general expectation of equal exponents above and below
a critical point2®, Nevertheless, such an apparent contradiction is
expected in our framework, because our theory does not capture
accurately the non-affinity above the critical point. By construc-
tion, our theory guarantees that the EMT network approximates
the elasticity of the original network, i.e., K,,/Kop ~ 1. On the
other hand, 6T can be interpreted as a susceptibility-like quantity,
8T ~ K*¥(0,7), where K¥(k,y) = dK(x,y)/dx2°. 8T thus reflects
the k-dependence of the elasticity. In the small x limit, we have

Koy (Kv 7) =Ky (Ov 7/) + KK:;TV[ (07 Y)a
(23)

Ko(x,7) = Ko(0,7) + kKX (0,7).

Below the critical point, because K(0,7) = 0, the condition
K.y /K, = 1 naturally leads to Kf,(0,7)/KX(0,y) ~ 1, hence
oI, /0T, ~ 1. Together with K, ~ K, we have 6I, ~ doT,.
However, above the critical point we have K(0,y) ~ u, which
represents the dominating part in K that is independent of
k. In this case, the condition K, /K, ~ 1 only guarantees
that K,,(0,7)/K,(0,7) ~ 1 and no longer guarantees similar x-
dependencies of K, and K,,. Therefore, the theoretical prediction
of oT',,, becomes inaccurate for y > 7.

5 Discussion and Conclusion

In this work we have presented a non-linear EMT that analyt-
ically captures the mechanical critical phase transition of fiber
networks. For this, we have extended our previous linear EMT=8
for non-affine deformations by introducing a phenomenological
anharmonic spring energy that exhibits a Landau-like structure.
Such modification of the spring energy is sufficient to capture the
strain-controlled mechanical phase transition of fiber networks,
with good overall agreement with previous numerical and experi-
mental results. Our results show a discontinuous transition of the
differential elasticity K,,, in the non-bending limit (k = 0), which
agrees with previous simulations222722139 We also predict crit-
ical exponents and diverging non-affine fluctuations in the vicin-
ity of the critical point, within the limits expected of a mean-field
theory.

Our previous linear EMT is based on two key linear relations:
the first one is the linear force-extension relation of the har-
monic springs (e.g., in Eq. (8)), the second one is a linear rela-
tion between the microscopic and macroscopic deformation (e.g.,

Soft Matter

in Eq. @)38. In calculation of the nonlinear elasticity, both of
these two relations may need nonlinear corrections. However, in
our nonlinear EMT we have only taken into account a nonlin-
ear correction to the spring energy, while the linear microscopic-
macroscopic deformation relation remains unchanged. The rea-
son for this assumption is that the microscopic-macroscopic de-
formation relation is a geometric property of the network. There-
fore, one would expect it to be dominated by the nonlinear terms
only for y approaching unity. For fiber networks, both numeri-
cal and experimental studies have observed phase transitions at
strain much smaller than one, suggesting that the nonlinear con-
tribution in the deformation relation can be neglected. By con-
trast, the spring energy reflects a local mechanical property of the
network, whose nonlinear contribution could dominate even at
small strain'l2, In fact, we predict the critical strain due to the an-
harmonic spring energy to be y. ~ v./L ~ £2/L?, which is indeed
small for long fibers. Both prior experiments and experimentally-
motivated simulations have shown the critical strain values to be
in the 10% — 30% range'Z, which is consistent with our small-strain
assumption.

Another nonlinearity of biopolymers lies in their longitudinal
force-extension relation. For athermal fibers such a nonlinearity is
seen through their buckling under compression. The buckling of
fibers, however, is absent in the presented work, because we ne-
glect the coupling between transverse and longitudinal displace-
ments (see below Eq. ). As a result, our EMT fails to capture
the non-zero normal stresses in real networks that is induced by
fiber buckling#©4., In future work, it will be interesting to extend
the EMT to study the nonlinear elasticity of thermal semiflexi-
ble polymer networks induced by the nonlinear and asymmetric
force-extension relation of fibers>®, We also note that our EMT
can be extended to other modes of deformation beyond simple
shear. For a general deformation tensor A,,,, one simply needs
to modify the total energy above to E,,, = H,,, —VA,, : Z.,, with
X, being the stress tensor.

The traditional, lattice-based EMT has been extensively applied
in studying the elasticity of 2D networks. Despite the great suc-
cess in predicting both linear and even some nonlinear=> propet-
ties, a traditional EMT faces limitations when describing strain-
controlled criticality. This is because the criticality is intrinsi-
cally related to non-affine deformations, which are absent in tra-
ditional EMT approaches that are based on a perfect lattice as
the EMT network®%"3Z, The present work reproduces non-affine
deformations or fluctuations of networks and even quantitative
aspects of their divergence near the critical point, although our
model appears to underestimate the non-affinity, especially in the
stretch-dominated regime (see Fig. [4). The fact that non-affine
fluctuations are accounted for in a homogeneous EMT network
may seem counter-intuitive. The reason it works is that the basic
element in the EMT is not a dimensionless particle, but a fiber
with finite length and a specific orientation. Thus, the micro-
scopic deformation of each node can still vary according to the
orientation # and the position along the fiber s. It is this variation
that gives rise to the non-affine fluctuations in our EMT. More-
over, even homogeneous networks can exhibit non-affine defor-
mations under shear: One example of this is the perfect central-
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force honeycomb lattice that is subisostatic and has vanishing lin-
ear elasticity.

The bending stiffness k can be regarded as a stabilization fac-
tor: When xk = 0, fiber networks reduce to spring networks that
are floppy to linear deformation. The floppy spring networks are
thus stabilized by finite k values in linear regime. Other phys-
ical quantities may also serve as stabilization factors for spring
networks. For example, a finite temperature also leads to an en-
tropic linear elasticity of spring networks®2l, Our EMT may be
extended to study the mechanical phase transition of spring net-
works in the presence of such other stabilization factors as well.
The spring energy Usp may need to be modified according to the
specific stabilization factor, but its anharmonic part should remain
unchanged, because it is controlled by the stretch rigidity alone.

The nonlinear EMT presented in this paper is a first step to-
wards a theoretical understanding of the nature of the critical
phase transition in fiber networks. While the mean-field behavior
of the phase transition is predicted by the EMT, it would be inter-
esting to consider a field theory which goes beyond mean-field>4,
as non mean-field exponents have been reported repeatedly in

numerical simulationsZ/20-22126-28/44153]
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A Derivation of anharmonic spring energy

In this appendix we derive the anharmonic spring energy Uay in
the infinite molecular weight limit (Eq. ).

The spring energy is determined by Eq. (7a), which is essen-
tially a coherent potential approximation (CPA). As we show in
the supplementary material of Ref.28, the CPA is equivalent to
the test-force approach in which one exerts a test force at a par-
ticular crosslink on the a-th fiber in both the original network and
the EMT, and calculate the resulting displacements ér, and dry,.
Because we are only interested in the transverse response of the
spring, we set the direction of the force to be perpendicular to the
o-th fiber and denote the force by F . In the original network
because the crosslink is also connected to another fiber (the S-
th), ér, would also depend on the orientation of the other fiber

(b)

0Ty

81y = |8ro|0’

Fig. Al Sketch of the test force approach. A particular node on the
purple fiber is deformed by a test force F. The resulting displacement is
drgm in the EMT (a), and 8rp in the original network (b). The adjacent
nodes are assumed to be fixed for the infinite molecular weight limit,
which is not the case for finite molecular weight.
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fi. We use (dr,); to denote the average of ér, with respect to the
distribution of #. To ensure that the EMT gives the same average
response as the original network, we impose

Ory, = (0r,)a- A1)

Note that in our previous linear EMT Eq. is only analyzed
in the small force limit. In this nonlinear EMT Eq. should
hold for arbitrary force. In the calculation below we also assume
the adjacent nodes (blue ones in Fig. do not move, which
corresponds to the high molecular weight limit, as explained in
the main text.

Let us start with the EMT and write the stretching energy
Hy[u(s)] = u [ds(|A+ du/ds| —1)?/2 in the coarse grained limit,
i.e., approximating the fiber with straight segments connected by

crosslinks:
s = ZLZ \/ |£cﬁ+ui — Ui ‘2 7‘60)23
1

where u; is the displacement of the i-th crosslink. In the test-
force approach only a particular crosslink (the j-th) is deformed,
corresponding to u; = dry,, and u; = 0 for other crosslinks.

(A.2)

The leading order term of Hy in Srgy is

Z(8ry, -0)? Sry, A#0

H, = (A.3)
u
@|6rEM|4

which is of fourth order if drgy is perpendicular to the fiber and
of second order otherwise. Because the force F | is perpendicular
to #, the leading order term in Eq. 1! is Hy = 4”7? |87y, |*. Simi-
larly we write the bending energy Hj, [u(s)] = « [ ds|d%u /9s2|*/2
in the coarse grained limit as:
3K .5
Hb = EerM (A4)
The total energy associated with the displacement is the sum of
the bending, stretching and the spring energy:

AE:

EM 53 |8rEM|2+UAH(6rEM) |6rEM|4 F- 6’51\/17 (A.5)

403
where the first term is the bending energy, the second term is the
anharmonic spring energy, the third term is the stretching energy
of the two purple bonds (keeping the leading term) and the fourth
term is the work done by the force. The resulting ér,,, of the force
is found by minimizing AE,,,. Because of the rotational symme-
try Upay should be a function of \SrEM\Z, which further leads to
a Taylor expansion Upay = aa|8ry,|* + a4|6ry, [* + ... Since Uan
does not contribute to the linear elasticity of the spring, we have
ap =0 and the leading term in Upy is the quartic term. In this
case Upy = a4|8r,,|* is determined by a4, and in the minimum
energy state we have

24k

Tl (d4as 5 ) or P -l <0, a6)

While the exact solution of Eq. is cumbersome, one
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can analyze the solution under extreme limits. For |F, | <
32073 (4a43 + p)~'/2, the linear term of |8r,,| dominates
and |8r,,| = |F |¢3/(24x) is independent of a4. For |F | >
312073 (4a403 + )~ 1/2, the cubic term of |§r,, | dominates and

167 | = |F 1|13 (4asl3 + )~ 2. (A7)

Therefore, in order to determine Uy one should focus on the
large |F | | limit.

We now switch to the original network. Without loss of gen-
erality, let the orientation of fiber @ be z = (0,0,1), F, be
F | = F% where % = (1,0,0), the orientation of fiber § be A =
(sin(6)cos(¢),sin(0)sin(¢),cos(0)), and the displacement of the
crosslink be 6r,. According to Eq. , only when dr, is per-
pendicular to both Z and # is the leading order term in the stretch-
ing energy quartic. Otherwise the leading order term would
be quadratic, which is larger than the quartic term as long as
|6r,| < ¢.. Therefore, in order to minimize the total energy,
the displacement of the crosslink is restricted to the direction
A’ = (sin(¢), —cos(¢),0), which is perpendicular to both % and #.
Letting 8r, = 8rh’, we write down the total energy:

2 p—
AEp = 63 5 243 5t Férsin(¢), (A.8)
Minimizing Eq. leads to
12
K 35}'3 — Fsin(¢). (A.9)

Again, we analyze the solution of Eq. in the large F limit,

which is U3
Fsin(¢) .
or, = (T) LR
Taking the average of Eq. (A.10) with respect to the distribution
of ¢, P(¢) = 1/(27) (due to the rotational symmetry) gives

1/3
=0.46 (g) leX.

Substituting Eq. (A.11) in Eq. (A.T) and using Eq. leads to

(A.10)

(87, ) (A11)

Uau(vnal) = 2-32% lvnaLl®, (A.12)
C

which is Eq. of the main text.

B Details of the energy minimization

We describe here the details of the energy minimization of the
EMT, i.e., minimizing the total energy in Eq. (12),

E,\ = H, (B.1)

M~ Yem Opwm -

In principle, one needs to minimize Eq. with the constraints
that all other components of the deformation tensor being zero.
However, as we show below, these constraints are naturally sat-
isfied in our work, hence we are allowed to minimize Eq.
without constraints.

Because our goal is to minimize E,,, with respect to v*, we start

Soft Matter

by writing %, in terms of v

7z/mfﬁﬂ+2/wﬁﬁ,
o - o

where tﬁ =5/ (n?% — nZnZA%) and tH = 5fin¢nZa%. Equa-
tion is derived from Eq. (9, see Ref.38. As we discussed be-
low Eq , it is convenient to introduce new variables de%*/ds =

(8v°‘/8s) +|9v%¥/ds|?/2. Here €% describes the local stretch

(B.2)

of the fiber. For small strain, we have t‘ H ~ t €% where
1 = 5fjn¢ng, hence Eq. @]) is written as
/dstL vNAL—Q—Z/dths (B.3)

It is instructive to write H,,, in Eq. (2) in terms of v{, | and &%,

H. =

EM

M=

(H 5 (9) 4+ H V() + Hx [va(5)])

Il
-

o

N
Z, (Hb viiaL (5)] + Hy €% (s)] + Hi [VI%AJ_(S)})‘ (B.4)

In the second equality we use the fact that in affine deformations
no bending energy evolves, such that Hy, [v%(s)] = H, [vE, | (s)].
Substituting Eqs. and into Eq. (B.1), we find that v, |
and €% are decoupled in E,,,. The minimization is then performed
through 8E,, /ovg, | =0 and OE,, /&% =0, which leads to

d*ve

Kt PR 1) = ot (B.52)
d%eo

HF = GEMI“(‘X, (BSb)

with natural boundary conditions (the boundary points are free
to move, i.e., can take any value at the boundaries). In Eq. ,
the first term is the bending force, and the second term is the
spring force Fx = 6Hk (v, ) /v, | - Surprisingly, we find that
the bending force can be ignored: For small stress, because the
spring force F is linear in v{, , the solution of Eq. is
VA, (s) ~ s, and there is no bending force; For large stress, the
spring stiffens and Fg ~ p dominates, such that the contribution
from the bending force can be neglected. Therefore, Eq. is
further simplified to

FK(VI%AL) = GEMtf7 (B.6a)
Sa(s) = M (B6b)

Equation is derived using the value of f| in Eq. . Due
to the nonlinear nature of Fg, Eq. needs to be solved
numerically. For each given o,,,, the solution of Eq. is
then substituted into Eq. to find the corresponding ¥,,.
For large number of fibers N, the summation of all fibers in
Eq. is replaced by an integral with respect to an isotropic
distribution of fiber orientation. Under spherical coordinates
A= (sin(0)cos(9),sin(0)sin(¢),cos(0)), the distributions of 6 and
¢ are P(0) =sin(0)/2 and P(¢) = 1/(2x).
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Having described the energy minimization process, let us check
whether the solution satisfies the constraints that all non-xz com-
ponents of the deformation tensor are zero. First, the yz and
xy components of the deformation tensor are zero because of
the mirror symmetry in y direction. To show that the normal
components (xx, yy and zz) are also zero, we exert two shear
stresses O, and —o,,, on the network separately. By symme-
try the normal components of the deformation tensor should be
the same for these two opposite stresses. According to Eq. ,
we have v¥(ay,,) = —v*(—0y,), hence, from Eq. (9) A, (0y,) =
—A,, (—0.,). Therefore, the normal components must be zero,
and A, (o, ) is a simple shear deformation, consistent with the
constraints.

These constraints are naturally satisfied because we neglect
fiber buckling by assuming a quadratic stretching energy, see be-
low Eq. (2). If fiber buckling is taken into account, these con-
straints must be explicitly taken into account in the minimization.
In such a case, one may use the Lagrange multipliers method
to find the non-zero normal stresses corresponding to the con-
straints. It is known that there can be non-zero normal stress
associated with the nonlinear stiffening for real networks#6m42,

C K., at the critical point

In this section we plot the EMT results of the elasticity exactly at
the critical point, Ky, (7.), for various values of & = x/(uf?), see
Fig. We find that K, (y.) for k — 0 is significantly smaller than
its value for k = 0, implying that the small-« limit is qualitatively
different from the zero-k case, consistent with the numerical evi-
dence in Ref.22,

Ken(ne)

107 107 10° 10° 10°
K

Fig. A2 The elasticity of the EMT at the critical point, K, (%), as
function of k. The dashed line indicates the value of K, (7.) for € =0.

D Derivation of the critical exponent f— ¢

In this section we derive the critical exponent f — ¢, which deter-
mines the scaling behavior of K when y < 7.. Such a regime is gov-
erned by the bending energy only, hence, the stretching energy
and the longitudinal deformation of each fiber can be neglected,
i.e., 4 — o and €* = 0. Therefore, the microscopic-macroscopic

10 | Journal Name, [year], [vol.], 1

Fig. A3 lllustration of the ‘one-fiber’ system. (a) the system is formed by
a single fiber with deformation field w(s). The green region denotes where
Hj, is infinity. (b) fiber deformation when 6 < 6y. (c) fiber deformation
when ¢ > 0y. (d) fiber deformation when ¢ — oo.

deformation relation (Eq. (B.3)) is also simplified to

Yo =X [ast? vy, = Y0
o o

where t¢ = 5f, (n&% — n¥nZh%). Here v, is decomposed to the

strains of N ‘one-fiber’ systems, each with strain

(D.1)

180n%% — n®n®n*

Y= N3 /dssv{fml (s).

In Eq. (D.2) we have used Eq. as the value of £, .

For simplicity we consider the L > ¢, limit, which allows us to
write the spring energy H in the continuum limit Hx [v&, | =

(1/2) [ dsg(Ivis  (5)))vRa L (5)1%, where

(D.2)

O NG
g(viar()) =9 ¢ (D.3)
oo [vRaL ()] > ve

describes a stiffness density of the effective springs. Note that the
stiffness is approximated to be infinity if [v{, | (s)| > v, because
the in Hg a term proportional to the stretching rigidity enters
when [v{, | (s)| > v.. In this case the minimization of the energy
is found through Eq. , which leads to deformation behavior
that is different for stress below and above a threshold value oy =
36kv./(bLLY), where b = 180[n%% — n%n®a%|/(NL?). For o < oy,
all parts of the fiber obey [vg,  (s)| < v¢, corresponding to the
white region of Fig. For ¢ > 0y, some parts of the fiber stay
at the boundary between the white and green regions of Fig.
([vga | (s)] = v¢). The resulting strain is

Aoy, Oy < 00
Y* = (D.4)

yg_B/GZ Opm > 0y,
where A = (b204)/(216xL?), y* = bv./(4L) and B =
(108x2v3L3)/(b¢3). Here, y* is the maximum strain of the

‘one-fiber’ system in the 6 — « limit, which corresponds to a crit-
ical strain of the network, because it is the largest possible strain
without causing stretching deformation. The corresponding
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nonlinear elasticity of the ‘one-fiber’ system is (K% = do/dy*)

1/A, oy <0

K% = (D.5)

3
20;,/B, Oy > 0p.

Equation suggests that for o < oy the ‘one-fiber’ system
shows linear elasticity. When ¢ > oy the system stiffens non-
linearly and we have K* ~ (y* —y*)~3/2. Thus, we find that
f—¢ =—3/2 in the ‘one-fiber’ system.

Having derived the scaling exponent for the ‘one-fiber’ system,
let us go back to the EMT network. According to Eq. (D.5), for
each ‘one-fiber’ system we have y* —y* ~ 62 for ¢ large enough.
Therefore, for the EMT network we have

Y= You = L VE =V ~ 0, (D.6)
o

and hence K, ~ (1. — ) /%
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