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19 Abstract

20 We studied the effect of arm length contrast of prepolymers on mechanical properties of 

21 tetra-branched networks via Brownian dynamics simulations. We employed a bead-spring model 

22 without excluded volume interactions, and we did not consider the solvent explicitly. Each examined 

23 4-arm star branch prepolymer has uneven arm lengths to attain two-against-two (2a2) or 

24 one-against-three (1a3) configurations. The arm length contrast was varied from 38-2 to 20-20 for 

25 2a2, and from 5-25 to 65-5 for 1a3, with the fixed total bead number of 81, including the single bead 

26 located at the branch point for prepolymers. We distributed 400 molecules in the simulation box 

27 with periodic boundary conditions, and the bead number density was fixed at 4. We created polymer 

28 networks by cross-end-coupling of equilibrated tetra-branched prepolymers. To mimic the 

29 experiments of tetra gels, we discriminated the molecules into two types and allowed the reaction 

30 only between different types of molecules at their end beads. The final conversion ratio was more 

31 than 99%, at which unreacted dangling ends are negligible. We found that the fraction of double 

32 linkage, two of the four arms connecting a pair of branch points, increases from 3% to 15% by 

33 increasing the arm length contrast. We stretched the resultant tetra-type networks to obtain the ratio 

34 of mechanically effective strands. We found that the ratio is 96% for the monodisperse system, 

35 decreasing to 90% for high arm length contrast. We introduced bond scission according to the bond 

36 stretch to see network fracture under sufficiently slow elongation. The fracture behavior was not 

Page 1 of 21 Soft Matter

mailto:mas@mp.pse.nagoya-u.ac.jp


37 correlated to the fraction of double linkage because the scission occurs at single linkages.  

38

39 Keywords: polymer dynamics, molecular simulations, viscoelasticity

40

41 1. INTRODUCTION

42 Tetra gels are known as a class of defect-free polymer networks1,2. Wallace et al.3 first synthesized a 

43 tetra-branched gel created from mixtures of tetra-N-succinimidyl poly (ethylene glycol) 

44 (tetra-NHS-PEG) and tetra-thiol-derivatized PEG (tetra-TD-PEG) for biomedical use. Sakai et al.4 

45 employed tetra-amine-derivatized PEG (tetra-AD-PEG) instead of tetra-TD-PEG and defined tetra 

46 gels as polymer gels formed from two tetra-branched prepolymers with mutually reactive functional 

47 groups. They examined the mechanical properties and the network structure of a series of tetra gels. 

48 They found that tetra gels have a uniform network with a negligible number of defects to exhibit 

49 superior mechanical toughness. Here, the defects mean entanglements, loops, unreacted dangling 

50 ends, and polydispersity in the strand length. Due to the binary nature, given that the gelation time is 

51 appropriately tuned, there is no primary loop formation in tetra gels and a limited number of 

52 unreacted ends5–8. Besides, one can control the uniformity of the strand length and entanglement 

53 formation by the molecular weight of prepolymers9,10. The network uniformity is a distinguishable 

54 feature of tetra gels from the other network polymers, and the studies based on the uniformity have 

55 been made both toward fundamental and application directions11–15. 

56

57 An interesting approach is to utilize tetra gels as reference materials for studying the effects of 

58 defects. Sakai et al.16 have conducted such an attempt using tetra gels made of prepolymers with the 

59 arm length contrast. They mixed a monodisperse tetra-NHS-PEG (arm molecular weight of 5k) with 

60 bidisperse tetra-AD-PEGs (arm molecular weights of 1.3k and 5k). The mixtures realize a contrast in 

61 the strand molecular weights of 6.3:10 at the maximum. They have summarized that the examined 

62 arm length contrast does not significantly affect the toughness of resultant gels. We note that if 

63 further contrast is introduced, the inhomogeneous stretch of strands probably depresses the 

64 toughness, as suggested by earlier studies for end-linked17,18 and randomly cross-linked19 poly 

65 (dimethylsiloxane) (PDMS) elastomers. 

66

67 Although most studies have reported that the inclusion of defects suppresses the mechanical 

68 properties of polymer networks, a few studies imply that some inhomogeneity may improve the 

69 toughness. For instance, Lin and Zhao20 have theoretically proposed that the fracture energy of 

70 polymer networks increases with increasing the number of double linkages (i.e., cyclic loops in their 

71 terminology). Here, the double linkage expresses connectivity between a pair of network nodes that 

72 share two strands. They calculated the fracture energy from the required work to elongate the strand 
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73 up to its scission, assuming that double linkages are located on the crack path. The obtained fracture 

74 energy linearly increases with increasing the fraction of double linkages. Although the crack path 

75 may not propagate by selectively cutting double linkages, this direction is worth investigating. For 

76 instance, let us consider an asymmetric tetra-branched polymer having long and short arms as a 

77 prepolymer. In this case, the fraction of double linkages in the resultant gel increases with increasing 

78 the ratio between the molecular weights of long and short arms, as expected from the conformational 

79 distribution function21. (We do not consider the primal loop formation, in which two arms of a single 

80 polymer connect because the primal loop is forbidden in the reaction.) Based on the theory, the 

81 toughness of such networks may be better than that of the network made of symmetric prepolymers. 

82 One may argue that this thought contradicts the results by Sakai et al.16 mentioned above. However, 

83 their range of molecular weight contrast is rather limited, and they only examined the mixtures of 

84 symmetric prepolymers. 

85

86 Molecular simulations would be useful for the problem. There have been several simulation studies 

87 for tetra-gel-type networks. Lange et al.22 have investigated the fraction of double and higher-order 

88 linkages with respect to the prepolymer concentration via a bond-fluctuation Monte Carlo method to 

89 report that the results are qualitatively consistent with NMR measurements. Lin et al.23 have 

90 performed a similar analysis based on kinetic graph theory in addition to the Monte Carlo 

91 simulations. Nishi et al.24 have calculated the elastic modulus of a series of tetra-gel-type networks 

92 with varying the connectivity ratio between the network nodes. Sugimura et al.25 have extended the 

93 method to discuss the fracture. Wang and Escobedo26 have constructed coarse-grained models of 

94 defect-free tetra-PEG networks to exhibit stress-strain relations. Furuya and Koga27 performed 

95 bead-spring simulations to see the number of effective strands in the tetra-gel-type networks. Apart 

96 from the simulations for tetra-gel-type networks, very recently, Arora et al.28 have conducted 

97 simulations for polymer networks made of linear prepolymers and tetra-functional cross-linkers. 

98 They reported that the toughness decreases with increasing the number of primary loops. 

99 Nevertheless, these earlier studies did not discuss the effect of double linkages on mechanical 

100 properties. 

101

102 In this study, we performed Brownian dynamics simulations of tetra gel-type networks formed from 

103 prepolymers, for which the arm molecular weight is bidisperse. From such prepolymers, networks 

104 were created via Brownian simulations of gelation. The introduced bidispersity of the arm molecular 

105 weights does not affect the gelation kinetics and the conversion ratio. In contrast, the number of 

106 double linkages increases with increasing the arm length contrast. The resultant networks were 

107 uniaxially stretched, and the number of mechanically effective strands was estimated from the elastic 

108 modulus. We also examined the fracture behavior by introducing bond scission according to the 
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109 bond stretch to discuss the toughness. The results imply that the inclusion of double linkages does 

110 not improve the mechanical properties. Details are shown below. 

111

112 2. MODEL AND SIMULATIONS

113 We consider 4-arm star prepolymers represented by bead-spring chains. All the chains are phantom 

114 since we neglect the effects of excluded volume interactions, including entanglements. No solvent is 

115 considered explicitly. The bead position  obeys the standard Langevin equation of motion {𝐑𝒊}

116 written as

117 𝟎 = ―𝜁𝐑𝑖 +
3𝑘𝐵𝑇

𝑎2 ∑
𝑘

𝑓𝑖𝑘𝐛𝑖𝑘 + 𝐅𝑖

118 In RHS, the first term is the drag force, the second term is the contribution of connected springs, and 

119 the third term is the thermal random force.  is the friction coefficient,  is the average bond 𝜁 𝑎

120 length, and  is the bond vector between the connected beads.  is the spring factor 𝐛𝑖𝑘 ≡ 𝐑𝑖 ― 𝐑𝑘 𝑓𝑖𝑘

121 for finite chain extensibility. We had  for the simulations with Gaussian springs, whereas 𝑓𝑖𝑘 = 1

122  with  for the case with the finite extensibility. We have 𝑓𝑖𝑘 = (1 ― 𝐛2
𝑖𝑘/𝑏2

max) ―1 𝑏max = 3
123 confirmed that this choice of  avoids thermal degradation for the examined networks.  is the 𝑏max 𝐅𝑖

124 Gaussian random force, which obeys  and , where  is 〈𝐅𝑖〉 = 𝟎 〈𝐅𝑖(𝑡)𝐅𝑗(𝑡′)〉 = 2𝑘𝐵𝑇𝛿𝑖𝑗𝛿(𝑡 ― 𝑡′)𝐈/𝜁 𝐈

125 the unit tensor. We chose units of length, energy, and time as ,  and , and 𝑎 𝑘𝐵𝑇 𝜏 = 𝜁𝑎2 𝑘𝐵𝑇

126 quantities reported hereafter are normalized. For the numerical integration, a second-order scheme29 

127 was employed. 

128

129 We examined several star prepolymers, as shown in Table I and Figure 1. The arm molecular 

130 weights were bidispersed in two-against-two (2a2) and one-against-three (1a3) manners. The total 

131 molecular weight of polymers was fixed at 81, including one bead at the branch point and the other 

132 80 beads on the stemming arms. We mimicked the formation of tetra gels by considering two types 

133 of molecules (A and B) that react only with the other type of molecules. The prepolymer 

134 configurations were common for A and B prepolymers. For comparison, a network created by 

135 random linking of a single long chain (for which the molecular weight is 32,400) across periodic 

136 boundary conditions was also provided and subjected to mechanical tests. The number of cross-links 

137 for this case was common with the tetra systems, and the distribution of the strand length between 

138 crosslinks is given in Supporting Information.

139

140 Table I Examined systems
Code *𝑁𝑙 **𝑀𝑙 +𝑁𝑠 ++𝑀𝑠
2a2-3802 38 2 2 2
2a2-3604 36 2 4 2
2a2-3208 32 2 8 2
2a2-2713 27 2 13 2
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s2020 20 4 - -
1a3-0525 25 3 5 1
1a3-1123 23 3 11 1
1a3-3515 35 1 15 3
1a3-5010 50 1 10 3
1a3-6505 65 1 5 3
Rnd# - - - -

141 *Number of beads for the long arm.
142 **Number of long arms stemming from the branch point.
143 +Number of beads for the short arm.
144 ++Number of short arms stemming from the branch point.
145 #Created via random linking of a single long chain
146

147

148

149 Figure 1 Examined two-against-two (top) and one-against-three (bottom) type prepolymers. The 

150 sample codes from left to right are 2a2-3802, 2a2-3604, 2a2-3208, 2a2-2713 and s2020 for the 

151 two-against-two systems and are 1a3-0525, 1a3-1123, s2020, 1a3-3515, 1a3-5010 and 1a3-6505 for 

152 the one-against-three systems. 

153

154 The polymers were dispersed in a simulation box, for which periodic boundary conditions were 

155 employed. The number of molecules was 200, both for A and B polymers to attain equimolar 

156 conditions. The bead number density was fixed at 4. This density is sufficiently higher than the 

157 overlapping concentration30 of prepolymers , and we did not observe any structural (𝐶 ∗ ~0.8)

158 inhomogeneity even after the gelation. Figure 2 shows a typical snapshot of an s2020 system. Note 

159 that all the chains are phantom, and bead overlapping is allowed. For sols, equilibration was attained 

160 with  and the numerical integration time step size . The equilibration time was 𝑓𝑖𝑘 = 1 ∆𝑡 = 0.1

161 chosen at 104, which is sufficiently longer than the Rouse relaxation time of prepolymers (< 300). 
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162

163 After equilibration of sols, we performed gelation simulations with  and  We had 𝑓𝑖𝑘 = 1 ∆𝑡 = 0.1.

164 a reaction site at the end of each arm stemming from the branch point. This reaction site was 

165 connected to another one when the two reaction sites came close within a predetermined reaction 

166 distance with a certain reaction probability and only when the subjected two sites were on the 

167 different types of molecules. We chose the reaction distance at unity and the cumulative probability 

168 at 0.1, respectively. The gelation was performed until the conversion ratio became more than 99% as 

169 shown later. 

170

171 The mechanical properties of created networks were examined as follows. To see the elastic 

172 modulus, we uniaxially stretched the network with  and . The stretch rate was 𝑓𝑖𝑘 = 1 ∆𝑡 = 0.1 𝜀

173 , which is sufficiently lower than the relaxation rate of the single strand. We also = 2 × 10 ―5

174 performed stretch simulations considering bond scission to discuss the toughness of networks. In this 

175 case, we employed the non-linear spring with finite extensibility to avoid bond scission due to 

176 thermal fluctuations. (One may argue that such a thermal degradation does not occur if the critical 

177 bond length of scission is set at a large value. However, in such a case, we have to apply an 

178 impractical magnitude of stretch to achieve the scission.) The length of each bond was monitored, 

179 and the bond was broken when  (with  as mentioned above). The result of |𝐛𝑖𝑗| > 0.9𝑏max 𝑏max = 3

180 the fracture simulation strongly depends on the stretch rate, as shown in Supporting Information, 

181 because of large-scale structural relaxations following every single bond scission. We empirically 

182 chose the stretch rate at , below which the result is practically insensitive to the stretch 𝜀 = 2 × 10 ―5

183 rate.  for the breakage simulations was chosen at 0.002 according to the tests reported in ∆𝑡

184 Supporting Information.

185

186

187 Figure 2 Snapshot of an equilibrated sol for the s2020 system and one of the involved 800 

188 molecules. Red and blue beads represent the segments on type-A and B prepolymers, respectively. 
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189

190 3. RESULTS AND DISCUSSION

191 3.1 Gelation Kinetics and Network Structures

192 Figure 3 shows the time development of the arm number fractions for different connectivity for 

193 2a2-3802 and s2020.  is the fraction of unreacted arms. Because all the arms are unreacted at 𝜑𝑎

194 ,  decays from unity. In the long-time region,  exhibits a power-law decay with the 𝑡 = 0 𝜑𝑎 𝜑𝑎

195 exponent of -1. This behavior is consistent with the mean-field theory31,32. In most experimental 

196 studies, the exponent is larger than -1 due to the retardation induced by several reasons, including 

197 entanglement between polymers33,34. We do not consider such effects for simplicity. In the resultant 

198 network at , the conversion rate is more than 99%. The entire behavior of  is not 𝑡 = 105 𝜑𝑎

199 sensitive to all the examined prepolymers regardless of the arm length contrast. This result is rational 

200 in the late stage because the molecular weight is common, and the diffusion constant of the 

201 prepolymers is identical.  and  are the fractions of reacted arms forming the single and 𝜑𝑠 𝜑𝑑

202 double linkages. Here, a single linkage means that two network nodes are connected only by a single 

203 network strand. As mentioned above, a double linkage is referred to as a cyclic loop or a secondary 

204 loop in earlier studies.30  is apparently larger for the case with the arm length contrast 2a2-3802 𝜑𝑑

205 (black broken curve) than that for the symmetric arm length s2020 (red broken curve). Due to this 

206 difference, the number of single links (solid curves) depends on the arm length contrast, though it is 

207 not visible in the log plot. We do not discuss triple and quad linkages27 because the fraction is quite 

208 small. 

209

210 Figure 3 Time development of number fraction of the arms. Dotted, solid, and broken curves are 

211 unreacted dangling ones , the fraction involved in single linkages , and those contributed as 𝜑𝑎 𝜑𝑠

212 double linkages , respectively. Black and red curves are for 2a2-3802 and s2020, respectively. 𝜑𝑑

213

214 Figure 4 shows , , and  in the resultant network plotted against the arm length contrast. 𝜑𝑎 𝜑𝑠 𝜑𝑑

215 Hereafter,  is the bead number ratio of the short arms to the long arms for 2a2 systems, and 𝑁2𝑠/𝑁2𝑙

216  is that of the minor arms to the major arms for 1a3 systems. As seen in Fig 4, most of the 𝑁1/𝑁3
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217 strands form single linkages, and the arm fraction involved in such strands, , is close to unity for 𝜑𝑠

218 all the examined cases (see filled circle). The fraction of unreacted arms, , is independent of the 𝜑𝑎

219 arm length contrast and less than 0.4% (see cross). In contrast, the arm fraction in double linkages 

220  (unfilled circle) depends on the arm length contrast. Both panels exhibit that the double link 𝜑𝑑

221 formation is enhanced when the contrast becomes large. 

222

223 For the symmetric case ( ), Lange et al.22 have reported  as a function of 𝑁2𝑠/𝑁2𝑙 = 𝑁1/𝑁3 = 1 𝜑𝑑

224 the prepolymer concentration  normalized by the overlapping concentration . According to 𝐶 𝐶 ∗

225 their Monte Carlo simulations, the value of  at our concentration ( ) is ca. 0.05. This 𝜑𝑑 𝐶/𝐶 ∗ ~5

226 value is close to but slightly larger than our result ( ). The discrepancy is probably due to 𝜑𝑑 = 0.04

227 the excluded volume effect neglected in our simulations and the difference in the employed models 

228 for the reaction kinetics. The other simulations23,27 suggest similar values of , though a direct 𝜑𝑑

229 comparison is difficult. 

230

231 Figure 4 Arm fractions in dangling ends  (cross), single linkages  (filled circle), and double 𝜑𝑎 𝜑𝑠

232 linkages  (unfilled circle) in the resultant networks for 2a2 and 1a3 systems.𝜑𝑑

233

234 Figure 5 shows the number fraction of strands formed by two short arms , long arms , and long 𝜑𝑠𝑠

235 and short arms . For 2a2 systems (left panel),  (triangle) and  (square). 𝜑𝑠𝑙 𝜑𝑠𝑙~1/2 𝜑𝑠𝑠~𝜑𝑙𝑙~1/4

236 For 1a3 systems (right panel),  and  are  or  (filled and unfilled square), 𝜑𝑙𝑙 𝜑𝑠𝑠 1/16 9/16

237 depending on which arm is dominant.  (triangle). These results are consistent with the 𝜑𝑠𝑙~6/16

238 expected values from the number ratio between short and long arms. The effect of the unreacted 

239 portion is negligible.

240

Page 8 of 21Soft Matter



241

242 Figure 5 Strand fractions formed with two short arms (unfilled square), two long arms  𝜑𝑠𝑠 𝜑𝑙𝑙

243 (filled square), and short and long arms (triangle)  for 2a2 and 1a3 systems. For 2a2 systems, 𝜑𝑠𝑙

244  and  overlap with each other; thus,  is not visible. 𝜑𝑙𝑙 𝜑𝑠𝑠 𝜑𝑙𝑙

245

246 Figure 6 shows the fractions of double linkages formed by two short arms , two long arms , 𝜑𝑑𝑠𝑠 𝜑𝑑𝑙𝑙

247 and a pair of short and long arms .  is also plotted for comparison. 𝜑𝑑𝑠𝑙 𝜑𝑑( = 𝜑𝑑𝑠𝑠 + 𝜑𝑑𝑙𝑙 + 𝜑𝑑𝑠𝑙)

248 Note that  cannot be decomposed for the symmetric case ( ). For 2a2 𝜑𝑑 𝑁2𝑠/𝑁2𝑙 = 𝑁1/𝑁3 = 1

249 systems (left panel),  (green filled circle) is dominant when  is small. With increasing 𝜑𝑑𝑠𝑠 𝑁2𝑠/𝑁2𝑙

250 ,  decreases and becomes smaller than  (blue unfilled circle). In contrast,  𝑁2𝑠/𝑁2𝑙 𝜑𝑑𝑠𝑠 𝜑𝑑𝑠𝑙 𝜑𝑑𝑙𝑙

251 (red filled circle) increases with increasing . For 1a3 systems (right panel), due to the 𝑁2𝑠/𝑁2𝑙

252 asymmetry of the arm number,  is much larger than  when . In contrast, 𝜑𝑑𝑙𝑙 𝜑𝑑𝑠𝑠 𝑁1/𝑁3 < 1

253 double linkages for  are formed mainly by the short-short connection, and  𝑁1/𝑁3 > 1 𝜑𝑑𝑙𝑙

254 becomes negligible.  is not that sensitive to the arm length contrast for both cases.𝜑𝑑𝑠𝑙

255

256

257 Figure 6 Strand fractions in double linkages formed by the arm combinations of short-short  𝜑𝑑𝑠𝑠

258 (green filled circle), long-long  (red filled circle), and short-long  (blue unfilled circle). 𝜑𝑑𝑙𝑙 𝜑𝑑𝑠𝑙
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259 The total fraction of double linkages  (unfilled black circle) is also shown for comparison. Note 𝜑𝑑

260 that for the monodisperse case (s2020, for which ), the strand length is 𝑁2𝑠/𝑁2𝑙 = 𝑁1/𝑁3 = 1

261 uniform, and  cannot be decomposed. 𝜑𝑑

262

263 3.2 Elastic modulus of Gaussian Networks

264 To evaluate the fraction of effective strands that contribute to the mechanical response, we stretched 

265 the networks with . Figure 7 shows the stress-stretch ( ) relation and the Mooney plot. 𝑓𝑖𝑘 = 1 𝜎 ― 𝜆

266 In the latter, we normalize the stress by  (where  is the strand number density 𝜐(𝜆2 ― 𝜆 ―1) 𝜐

267 calculated from the number of prepolymers) and plot it against  to see if the ( ) relation 𝜆 ―1 𝜎 ― 𝜆

268 follows the neo-Hookean prediction. As seen for the large  region (i.e., the small  region), the 𝜆 𝜆 ―1

269 normalized stress exhibits a horizontal line consistent with the neo-Hookean behavior. We note that 

270 the stress fluctuations are large in the small  region even though the presented results are 𝜆

271 ensemble-averaged for eight different networks, and the fluctuations are not visible in the top panel.

272

273 Nevertheless, assuming the neo-Hookean behavior, we can determine the elastic modulus 𝐺 = 𝜎/𝜐(

274  by averaging the value in the range , where the -independent behavior is 𝜆2 ― 𝜆 ―1) 𝜆 ―1 ≤ 0.5 𝜆

275 clearly seen in Fig 7. The value of  is slightly smaller than the theoretical value of 0.5 for the 𝐺

276 defect-free network35,36. As discussed earlier22,24,27, this reduction of  is due to defects that do not 𝐺

277 sustain the stress. (Note that the strand number density  introduced above is calculated from the 𝜐

278 number of dispersed prepolymers, and inactive strands and double linkages are not excluded.) As we 

279 see that the modulus of the symmetric case (s2020, red curve) and that of a 2a2 system (2a2-3802, 

280 black curve) are similar, the fraction of defects is not drastically affected by the arm length contrast. 

281 Meanwhile, the randomly connected network (Rnd, blue curve) exhibits a modulus significantly 

282 smaller than the tetra-branched networks. 

Page 10 of 21Soft Matter



283

1.0

0.8

0.6

0.4

0.2

0.0

σ
/ν

(λ
2 -λ

-1
)

1.00.80.60.40.20.0
1/λ

4

3

2

1

0
σ

1086420
λ

284 Figure 7 Stress-strain relation under uniaxial stretch with a constant stretch rate for s2020 (red 

285 broken), 2a2-3802 (black solid), and Rnd (blue solid). The broken horizontal line indicates the value 

286 of 0.5.

287

288 Figure 8 top panel shows the spatial distribution of stretched segments for a s2020 network at the 

289 applied stretch of 5. This snapshot exhibits no clear force chain formation37, implying that the stress 

290 is not localized. Although not shown, the distribution for the other tetra systems is similar even for 

291 the systems formed by highly asymmetric prepolymers. In contrast, in the bottom panel for Rnd, 

292 there exist some long, colored chains that indicate stress localization along the dominant force 

293 chains. This result is consistent with the modulus shown in Fig 7.  

294

295
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296

297

298 Figure 8 Distribution of stretched segments (red cylinders) in resultant gels for s2020 (top) and Rnd 

299 (bottom) under the applied stretch . The stretched segments are highlighted when consecutive 𝜆 = 5

300 segments are stretched. For the colored segments, the squared segment length is larger than 3. The 

301 dispersed beads are also shown by light blue spheres.

302

303 Figure 9 shows the modulus  as functions of the arm length contrast for 2a2 and 1a3 systems. As 𝐺

304 the difference is within the error-bar, the modulus is essentially insensitive to the arm length 

305 contrast. Since the modulus is more than 0.45, 90% of the strands carry the stress for the examined 

306 tetra-branched networks. Meanwhile, the modulus is ca 0.38 for Rnd, indicating that the fraction of 

307 effective strands is less than 80%. Since Rnd systems were created from single chains, there are 

308 neither isolated clusters nor dangling ends. As such, the small modulus reflects inhomogeneity due 

309 to the widely dispersed strand length. In this respect, modulus of tetra-branched networks would 

310 become lower if further contrast is introduced for the strand length.

311
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313 Figure 9 Modulus plotted against the arm length contrast for 2a2 (top) and 1a3 (bottom) systems. 

314 The horizontal broken line indicates the value for Rnd. The error bar shows the standard deviation 

315 among 8 different systems for s2020. 

316

317 3.3 Fracture

318 Figure 10 shows stress-stretch relations for 2a2 systems with bond scission. (The results for 1a3 

319 systems are available in Supporting Information.) The stress  grows up to a certain maximum 𝜎

320 , it decays following the peak. The stretch at the peak  is located around  for s2020. This 𝜎max 𝜆𝑝 16

321  is consistent with the maximum stretch  for a single network strand containing 40 bonds 𝜆𝑝 𝜆max

322 with the maximum bond stretch of 3 . The curves for 8 independent (𝜆max = 3 × 40/√40~19)

323 simulation runs are rather similar to each other for s2020, whereas the curves become diverse for the 

324 networks with asymmetrical strand lengths. For instance, the curves largely scatter for the random 

325 networks (Rnd) to exhibit similar  and different mitigation behaviors. This variation of  𝜎max 𝜆𝑝

326 implies that the bond scission happens at network strands with various segment numbers. Indeed, for 

327 the tetra-networks with asymmetrical strand lengths, we see a few bundles of curves that reflect the 
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328 strand length subjected to the scission. Takahashi et al.19 have shown that for PDMS gels the 

329 elongation at break is significantly reduced when they introduced the strand length distribution. Our 

330 result is in harmony with this report, though a direct comparison is difficult since our polydispersity 

331 index is only 2 for Rnd, whereas it was ca. 600 for their study. 

332

333 We note that the simulated stress-strain curves are different from typical experimental data. Namely, 

334 in most of mechanical experiments, the stress immediately drops to zero when the specimen is 

335 broken, and the stress exhibits a sharp-edged peak. In contrast, the simulated stress mitigates with a 

336 certain duration after a dull peak. This discrepancy is due to structural relaxations induced by every 

337 single bond scission. The structural relaxation takes place with a long relaxation time, when the 

338 fragmented dangling domains become large. If we choose a stretch rate smaller than the slowest 

339 relaxation rate of the entire system, it should be smaller than  as we have 32,800 𝜀 = 3 × 10 ―8

340 Rouse beads in total. Such a stretch rate is significantly smaller than the employed rate chosen at 𝜀

341 , being hardly achieved with practical computation costs. One may argue that this = 2 × 10 ―5

342 problem can be solved if the network structure is immediately relaxed at each bond scission 

343 according to the energy minimization25,38. For example, Lei et al.38 have reported such a calculation, 

344 in which obtained stress-strain relations are close to typical experiments. However, they neglect 

345 thermal fluctuations at the network nodes, and thus, the model construction is rather macroscopic. 

346 Arora et al.28 have very recently reported another simulation scheme to discuss the effect of primary 

347 loops on the mechanical properties of the network. Although they cleverly implemented relaxation 

348 process during the network fracture in their numerical scheme, their stress-strain curves are similar 

349 to ours with exhibiting dull peaks. As such, at the best of our knowledge, no impeccable simulation 

350 scheme for the targeted problem is available at the present. Nevertheless, we have confirmed that the 

351 result does not strongly depend on the stretch rate below the employed value as shown in Supporting 

352 Information, and we note that the presented results include the effect of structural relaxations. 

353

354
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356 Figure 10 Stress-stretch curves for 2a2 systems. The results from 8 independent simulation runs are 

357 shown. The results for the random network (Rnd) are also shown for comparison. The results for 1a3 

358 systems are available in Supporting Information.

359

360 We evaluated the toughness from the obtained stress-strain curves by numerically integrating the 

361 curve to obtain the required work for fracture. (Note that the curves in Fig 10 exhibit true stress 

362 versus stretch, and the work for fracture was calculated from the relation between true stress versus 

363 true strain.) Figure 8 shows the apparent fracture energy , which is the required work for the 𝐹𝑎

364 network fracture calculated from the stress-strain curve. Note that we refer to  as the apparent 𝐹𝑎

365 energy because the stress-stretch curve includes the contribution of structural relaxation as 

366 mentioned above. The examined tetra-networks exhibit higher  values than the random network 𝐹𝑎

367 (shown by broken horizontal line) being essentially independent of the arm length contrast of 

368 prepolymers. This result is in harmony with the experiment by Sakai et al.16 

369

370 One may argue that our result is different from earlier studies for end linked PDMS gels, for which 

371 the toughness is significantly dependent on the bimodality of the network strand18,39–42. The 

372 discrepancy is highly probably due to the difference in the short strand fraction. The basic strategy 

373 proposed by Mark39 for the improvement of mechanical properties is the inclusion of a small number 

374 of long strands in a network mainly composed of short prepolymers. For example, in the case of 

375 Llorente et al.40, the fraction of short strand is 90% for the network that exhibits a superior 
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376 mechanical property. Our examined cases for the 2a2 networks are opposite; long strands are the 

377 majority. For the 1a3 systems, the network strands are trimodal (see Supporting Information). 

378 Nevertheless, the volume fraction of the shortest strand is not the largest. The strand length contrast 

379 is also different from each other. For the study by Llorente et al.40, the molecular weights of 

380 prepolymers are 660 and 220g/mol for the short chains and 18500g/mol for the long chain. The 

381 ratios of the short strand lengths to that of the long chain are 0.035 and 0.012, respectively. These 

382 ratios are smaller than our smallest ratio  realized for 2a2-3802.4/76 = 0.053

383
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386 Figure 11 Apparent fracture energy obtained from the stress-stretch curves plotted against the arm 

387 length ratio for 2a2 (top) and 1a3 (bottom) systems. Horizontal broken lines indicate the value for 

388 Rnd. Error bars correspond to the standard deviation for 8 independent simulation runs. 

389

390 Figures 4 and 11 demonstrate that the inclusion of double linkages does not improve the toughness 

391 of tetra-networks. We rationalize this result by exhibiting the scission rate of linkages. Figure 12 

392 shows a typical example of the fraction of broken strands during the stretch for one of the 1a3-6505 

393 networks. The stress and the broken fraction of double linkages are also shown for comparison. The 

394 network does not sustain stress after the broken strand fraction reaches ca. . Meanwhile, for 𝜑𝑏~0.13

395 this specific case, we observe the scission of double linkages up to . Note that  is the 𝜑𝑑𝑏 = 0.08 𝜑𝑑𝑏
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396 ratio of broken double linkages to all the embedded double linkages. Because the number of double 

397 linkages is not large as shown in Fig 4, the evolution of  is discrete. 𝜑𝑑𝑏

398

399 Figure 12 Evolution of the broken strand fraction  (red curve) during stretch for a 1a3-6505 𝜑𝑏

400 network. Blue line indicates the broken double linkage fraction . Gray curve shows the stress for 𝜑𝑑𝑏

401 comparison. 

402

403 Figure 13 shows the broken strand fraction  and  observed at the final broken networks. For 𝜑𝑏 𝜑𝑑𝑏

404 all the examined tetra-networks,  is ca. , irrespective of the arm length contrast. This value 𝜑𝑏 0.12

405 is larger than that for Rnd, originating the toughness shown in Fig 8. Concerning double linkages, 

406 the broken fraction  is less than 1/4 of  for the examined cases. This result demonstrates that 𝜑𝑑𝑏 𝜑𝑏

407 double linkages are relatively tougher than single linkages. In this respect, our results are in harmony 

408 with the theory by Lin and Zhao20. However, double linkages survive, and they do not contribute to 

409 toughness of the network, since the fracture propagates mainly through single linkages. 

410 Consequently, the inclusion of double linkages does not improve the mechanical properties of the 

411 examined tetra-networks. 

412

Page 17 of 21 Soft Matter



413

0.15

0.10

0.05

0.00

φ b
,φ

bd

10
-1

2 4 6 8

10
0

2 4 6 8

10
1

2

N1 / N3

0.15

0.10

0.05

0.00
φ b

,φ
bd

4 6 8

10
-1

2 4 6 8

10
0

N2s / N2l

414 Figure 13 Broken strand fraction in the final fractured networks  (red) and the fraction of broken 𝜑𝑏

415 double linkages to all the embedded double linkages  (blue) against the arm length ratio for 2a2 𝜑𝑑𝑏

416 (top) and 1a3 (bottom) systems. Horizontal broken lines indicate the value for Rnd. Error bars 

417 correspond to the standard deviation for 8 independent simulation runs. 

418

419 4 CONCLUSIONS

420 To discuss the effect of arm length distribution of prepolymers for tetra gels, we performed 

421 Brownian simulations for a series of tetra prepolymer mixtures with various bidispersed prepolymer 

422 arm lengths, without considering the solvent explicitly. Since we did not consider the excluded 

423 volume effect, the gelation kinetics followed the mean-field theory, and the conversion ratio was 

424 more than 99% for all the examined cases. For the resultant networks, number of ineffective strands 

425 involved in dangling and isolated clusters was estimated from the elastic modulus. The obtained 

426 modulus indicated that more than 90% of the strands contributed to the stress, irrespective of the arm 

427 length contrast of prepolymers. Besides, we observed the formation of double linkages, and their 

428 number increased with increasing the arm molecular weight contrast. To the resultant networks, we 

429 applied large stretch to observe the network fracture by introducing bond scission. From the 

430 observed stress-stretch curves, we calculated the apparent work for fracture to discuss the toughness 
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431 of networks. The obtained fracture energy does not depend on the arm length contrast of 

432 prepolymers. This insensitivity of toughness to the strand length distribution is in harmony with the 

433 earlier experimental study16. The result also implies that the toughness is not sensitive to the 

434 inclusion of double linkages, contrary to the recent theoretical prediction20. This inconsistency is 

435 indeed due to the toughness of double linkages, which are rarely broken in comparison to single 

436 linkages. As such, to be fair, we note that the double linkages may improve network toughness as 

437 theoretically suggested, if the fraction of double linkages becomes higher than the examined range, 

438 and/or the double linkages are installed to the network by different strategies from the present work. 

439

440 Concerning the employed model and the simulation scheme, the present results include some effects 

441 of network relaxation during the fracture. Besides, we did not consider non-bonded interactions and 

442 solvent molecules, which may change the results via the effects of entanglement and network 

443 swelling. For a quantitative comparison to a specific experiment, a coarse-grained model 

444 systematically constructed as proposed earlier26 is necessary. Studies toward such directions are 

445 ongoing and the results will be reported elsewhere.
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