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Tethered tracer in a mixture of hot and cold Brownian
particles: can activity pacify fluctuations?

Michael Wanga,b, Ketsia Zingaa,c, Alexandra Zidovskaa, Alexander Y. Grosberg∗a

We study how an interacting mixture of components with differing levels of activity can affect the
fluctuations of an embedded object such as a tracer. In particular, we consider a simple model of
a tracer that is harmonically bound within a mixture of hot and cold Brownian particles, which, like
a mixture of active and passive particles, can phase separate. By measuring the fluctuations of
the tracer, we find that this collective behavior gives rise to an effective temperature for the tracer.
Additionally, we find that there is an increased tendency for cold particles to accumulate on the
surface of the tracer due to the hot particles, potentially dampening its fluctuations and decreasing
its effective temperature. These results suggest that the phase separation of a mixture of hot/cold
or active/passive particles may have strong effects on the fluctuations of an embedded object. We
discuss potential implications of these results for experiments on fluctuations of nuclear envelope
affected by the activity in the chromatin.

1 Introduction
Active systems, driven by consuming and dissipating energy from
some source, such as ATP hydrolysis in biological systems, or
other chemical reactions and/or light in experimental systems,
usually exhibit some non-thermal fluctuations in addition to the
regular thermal ones. For thermal fluctuations close to equi-
librium, the familiar fluctuation dissipation theorem holds (see,
e.g.,1) which states that(
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The often followed temptation for driven active systems is to
imagine that equations (1) are still valid, albeit with an effective
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and perhaps frequency-dependent “temperature”. This is indeed
tempting, because formulas (1) nicely support physical intuition
that power of fluctuations must be increasing with intensity of the
driving source. For thermal fluctuations, this source is kBT , while
for non-thermal it is something else, but the expectation is that
more intense activity should lead to increased fluctuations.

Indeed, this is exactly what is observed in many experiments.
For example, the flickering of the red blood cells is stronger at
low frequencies than what can be caused by thermal fluctuations
alone, indicative of active biological processes in these cells2.
Similarly, the velocity fluctuations in chromatin are stronger than
those due to thermal fluctuations at small wavenumbers, again
due to activity. These fluctuations are reduced to purely thermal
levels if active processes are artificially inhibited3,4.

It is against the background of these ideas that we were so sur-
prised by recent experiments examining how the fluctuations of
the nuclear envelope are affected by the active processes both
inside and outside the cell nucleus5. It was found that the cy-
toskeletal activity, for example of microtubules and myosins, en-
hances the nuclear shape fluctuations from the outside of the nu-
cleus, while the genome-related activity inside the nucleus damp-
ens those fluctuations. Reducing the cytoskeletal activity led to
decrease of these fluctuations, whereas reducing the genome-
related activity increased them. Put another way, increasing the
motor activity within the genome inside the nucleus can coun-
terintuitively suppress the fluctuations of the nuclear envelope.
How can activity reduce fluctuations? We hypothesize that one
possible source of this dampening is the active phase separation
of chromatin into regions of passive heterochromatin and active
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euchromatin, and in particular, the tendency for heterochromatin
to accumulate on surfaces such as the nuclear envelope or nucle-
oli6–10.

To address this idea in the simplest setting imaginable, we ask
here how a mixture of components with differing levels of activity
may affect the behavior of an embedded object such as a mem-
brane or tracer. Specifically, we present here a simple model of a
large tracer that is harmonic trapped in a suspension of hot and
cold Brownian particles. These hot and cold particles are sim-
ilar to active and passive particles in that hot particles diffused
more rapidly than cold ones just like how active particles propel
more strongly than passive ones. Both types of systems exhibit
phase separation into regions of hot/active and cold/passive par-
ticles11–15. This model of hot and cold Brownian particles can
often give us useful insights through both analytical theory and
simulations (see16–31) and is thus a useful model for our present
purposes. It should be noted that in many models of active sys-
tems, such as active Brownian particles or run-and-tumble parti-
cles, an important feature is some level of directional persistence
of their motion. Our system of hot and cold particles lacks that.
But really the defining property of an active system should be
that it has a source of energy that is input to the system on a lo-
cal scale. We therefore employ the hot-and-cold model to explore
the possibility that locally inserted energy may lead to dampening
rather than enhancing of fluctuations.

In particular, to characterize the fluctuations of the tracer, we
focus on its mean-squared displacement (MSD)

〈
R2〉, from which

we can extract the effective temperature kBTeff of the tracer due
to its interactions with the surrounding suspension of hot and
cold particles. This effective temperature tells us how the coop-
erative effects such as phase separation influence the behavior of
the tracer.

2 The model

The model that we study is sketched in Figure 1. It consists of
a tracer that is harmonically attached to an immobile pivot and
submerged within a suspension composed of Nh hot particles and
Nc cold particles. Suppose the tracer is driven by a thermostat
with temperature Ttr while the hot and cold particles are driven
by thermostats with temperatures Th and Tc, respectively. The
overdamped Langevin equations describing this system are

0 =−ΓṘ−KR−∇RU(R,{rh,i},{rc,i})+
√

2kBTtrΓξtr(t) , (2a)

0 =−γ ṙh,i −∇rh,iU(R,{rh,i},{rc,i})+
√

2kBThγξh,i(t) , (2b)

0 =−γ ṙc,i −∇rc,iU(R,{rh,i},{rc,i})+
√

2kBTcγξc,i(t) , (2c)

where U(R,{rh,i},{rc,i}) is the total potential energy of the system
which is assumed to be pairwise additive, and includes purely re-
pulsive central potentials Utr,h(|R−rh,i|) and Utr,c(|R−rc,i|) for the
interactions between the tracer and the hot/cold particles (with
indices standing for the tracer tr, hot h, and cold c), as well as the
potentials Uh,h(|rh,i − rh, j|), Uc,c(|rc,i − rc, j|), and Uh,c(|rh,i − rc, j|)
for the interactions between the hot and cold particles them-
selves. K is the stiffness of the harmonic trap or spring that tethers

the tracer. Γ and γ are the friction coefficients of the tracer and
hot/cold particles, respectively.

We are interested in the fluctuations of the tracer which we
characterize by determining its MSD

〈
R2〉. In whatever space di-

mension d, the Cartesian components of vector R are statistically
independent (because trap is harmonic), and so we measure MSD
in only one of the spatial directions, say x. Thus, we determine〈
x2〉, from which we can extract the effective temperature Teff of

the tracer through the relation〈
x2
〉
=

kBTeff
K

,
〈

R2
〉
=
〈

x2
〉

d . (3)

We use this effective temperature to characterize the fluctuations.
In other words, we can think of the tracer as a thermometer in-
serted into a non-equilibrium mixture of hot and cold particles.

This system is difficult to address analytically for an arbitrary
potential U(R,{rh,i},{rc,i}), and so we will resort to the use of
Brownian Dynamics simulations, the details of which we relegate
to the Appendix section B. Only when the interaction potentials
are all harmonic does our system allow for an analytic solution
which we present in Appendix section C.

There is one obvious case when we know the answer in ad-
vance: if the temperatures are all equal, that is, Ttr = Th = Tc = T .
In this case, the system is in equilibrium and we know what we
should get. By the equipartition theorem, we should have exactly
equations (3) with Teff = T . We can go even further to say that
positions of the tracer should follow the Boltzmann distribution
given by

ρ(R) ∝ exp
(
− KR2

2kBT

)
. (4)

Note that this equilibrium limit is independent of the surround-
ing particles and will be extremely useful for thinking about the
simulation results later.

In what follows we report the results of Brownian Dynamics
simulations based on the Langevin equations (2). In each run,
we measure the position vector R(t) of the tracer as a function of
time, square-averaging it over several runs. Two representative
examples of the resulting

〈
R2〉(t) traces are shown in Figure 2.

As expected, R2(t) in steady state fluctuates around some average
value

〈
R2〉, which serves as a measure of the effective tempera-

ture according to the equation (3). As regards to the distribution
of R2(t) around its mean, we do not have general statement for a
nonequilibrium system with different temperatures that it should
follow a Gaussian distribution. However, we check this distribu-
tion numerically and find that in most cases, to within numerical
errors, it is pretty close to Gaussian. We will use this distribution
to assess the quality of using a tracer as a thermometer. Further-
more, we will test if Teff determined from the average value of〈
R2〉 using equation (3) is consistent with Teff determined from

the width of the distribution.

3 Hot tracer in a cold bath
We start with the case when all of the particles except the tracer
are cold and look at how the effective temperature depends on
the temperature and density of the surrounding cold particles. We
assume that the tracer is in contact with a thermostat at tempera-

2 | 1–23Journal Name, [year], [vol.],

Page 2 of 23Soft Matter



ture TTr = Th ≥ Tc. The tracer interacts with nearby cold particles
through a purely repulsive potential (see Appendix section B for
details of the model). As regards to the interactions between cold
particles, we consider two cases–when cold particles repel one
another through a short range excluded volume type potential,
and when they do not interact at all.

Figure 3 shows the dependence of the effective temperature of
the tracer, determined from the amplitude of fluctuations using
formula (3), on the temperature of the cold particles, at a par-
ticular area fraction φ = 0.4 (a note of caution: area fraction is
conveniently defined for interacting particles having an excluded
volume (area); for non-interacting particles we mean the same
number density that corresponds to φ = 0.4 for interacting ones).
We can make sense of this dependence by considering two limits.

First, consider the case when Tc is very low. Let us start with
Tc = 0. In this case, cold particles do not undergo any Brownian
motion at all. When the moving tracer pushes them away, they
do not come back. As a result, the tracer over time builds around
itself a cold-particles-free zone as big as allowed by its harmonic
tether. Within this zone, the tracer’s fluctuations are governed by
its own thermostat, and we therefore should expect Teff = Th, in
agreement with observations. If Tc is not quite 0 but small, the
cold particles slowly diffuse back into the void. Consequently, the
void becomes somewhat smaller, and so does Teff.

In the second limit, when Tc is only moderately lower than Th,
we can think of the situation in the following way. Normally, the
Langevin equation describes the motion of a particle, such as our
tracer, as a result of two forces, friction and random molecular
kicks. Our tracer can be thought of as moving through two flu-
ids simultaneously. One is the regular molecular solvent, already
present in the equation (2a), and the other is the liquid of cold
particles. The forces exerted by those cold particles on the tracer
are written down explicitly in the equation (2a), but we can re-
cast them phenomenologically by saying that all cold particles
together conspire to provide an effective friction force −ΓcṘ and
random kicks

√
2ΓcTcξeff(t). Here we introduced the friction co-

efficient Γc due to the cold particles, which is the same in both
terms, because the cold particles themselves obey the fluctuation-
dissipation relation. The resulting effective Langevin equation for
the tracer reads

0 =−ΓṘ−ΓcṘ−KR+
√

2kBTtrΓξtr(t)+
√

2ΓcTcξeff(t) , (5a)

It is worth emphasizing that the above equation is phenomeno-
logical in nature, and we do not offer any systematic procedure
to derive it from first principles. Accordingly, we view the co-
efficient Γc as a phenomenological parameter to be determined
from simulations. Physically, we expect this equation to be ap-
plicable when tracer particle is significantly larger in size than
cold particles. Since the noises ξtr(t) and ξeff(t) are statistically
independent, the last two terms can be combined to yield

0 =−(Γ+Γc) Ṙ−KR+
√

2kBThΓ+2kBTcΓcξ (t) . (5b)

This looks exactly like a regular Langevin equation for a single
particle in a harmonic trap KR2/2 with a friction coefficient Γ+Γc

and an effective temperature

Teff =
ThΓ+TcΓc

Γ+Γc
. (6)

A similar expression for the effective temperature’s linearly de-
pendence on Tc is also found by a more explicit but model-
dependent calculation in the Appendix section C (see formula
(12)). There, we assumed that all the particles interact with
the tracer via harmonic springs and expressed Γc in terms of the
spring constants and numbers of connected cold particles. Thus,
one way or another, we expect the effective temperature to be a
linear function of Tc, consistent with our numerical observations.
Figure 3 shows also that the slope, obviously controlled by the
phenomenological parameter Γc, is somewhat different for inter-
acting and non-interacting cold particles; it makes intuitive sense
that this quantity is somewhat smaller for the non-interacting cold
particles.

Next we examine the distribution of R2 at various values of Tc,
and find that it is indistinguishable from the Gaussian within the
accuracy of our simulations, as shown in Figure 4 for interacting
cold particles and in the Appendix Figure 12 for non-interacting
ones. This accurate collapse of the distributions onto a single
Gaussian master curve at several values of Tc supports the ansatz
leading to formula (6).

Figure 5, left panel, shows the effective temperature and its
dependence on the packing fraction of the cold suspension. Not
surprisingly, the effective temperature decreases as the density
of cold particles increases. As the number of cold particles sur-
rounding the tracer increases, more and more of the tracer’s en-
ergy is transferred to the cold particles through work. To gain
a better insight, we resort again to equation (6); there, the de-
pendence on cold particles density must be hidden in the friction
coefficient Γc = Γc(φ). We solve equation (6) for Γc and use the
data of Figure 5 left panel to obtain Γc(φ); it is plotted in the
right panel in Figure 5. Not surprisingly, the friction coefficient
increases with increasing density. For non-interacting cold parti-
cles, the dependence on the density is linear, which is very natu-
ral, as every particle acts independently of others; the fitted slope,
Γc/Γ ≈ 2.8φ , looks superficially similar to Einstein’s prediction of
2.5φ 32,33; this closeness is, however, just fortuitous, because our
system is 2D and our particles experience friction against an im-
mobile background, while Einstein’s is due to real hydrodynamics
in 3D. For interacting cold particles, the friction is the same in the
very dilute limit, but then grows faster with density, leading to
the larger tracer friction coefficient. In that case, the dependence
Γc(φ) fits rather well to the expression Γc/Γ ≈ 2.8φ + 33.9φ 3, as
shown by the line in the figure. Intriguingly, this cubic function
of density fits better than a quadratic one; why it is cubic is not
entirely clear to us. One possibility is related to the fact that
suspensions of spherical particles often exhibit strong shear thick-
ening behavior (see, e.g.,34) which might be relevant in our case
given the significant difference between temperatures.

In Figure 6 for interacting cold particles (and in the Appendix
Figure 13 for noninteracting ones) we check again that the distri-
bution of R2 remains Gaussian at all densities tested, and has a
width consistent with effective temperature obtained in Figure 5.
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4 Tracer particle in a mixed bath of cold and
hot particles

We now turn our attention to a mixture of hot and cold particles.
The interactions between the hot and cold particles are responsi-
ble for the possible activity-based phase separation, as shown pic-
torially in Figure 7. There, we show representative snapshots of
the system at several values of the global fraction of hot particles,
defined as fh =Nh/(Nh+Nc), where Nh and Nc are the global num-
bers of hot and cold particles, respectively. As expected, phase
separation is observed at for intermediate values of fh.

To get a sense of how interactions within the surrounding mix-
ture of hot and cold particles affect the tracer, we consider two
cases when the surrounding mixture is interacting and when it
is noninteracting. The effective temperatures for the interacting
and noninteracting cases are shown in Figure 8.

First of all, we see in Figure 8 that the overall increase of the
fraction of hot particles leads to increase of the effective temper-
ature of the tracer. This is by no means surprising, because the
tracer drains energy to the cold particles, but not to the hot ones.
A slightly more subtle fact is that the interactions between the
hot and cold particles decrease the effective temperature or fluc-
tuations of the tracer. For a small fraction of hot particles, we
find that increasing the fraction of hot particles has a relatively
weaker effect on the effective temperature for interacting hot and
cold particles, as indicated by the smaller slope compared to the
noninteracting case. On the other hand, when there is a small
fraction of cold particles (near fh = 1), increasing the fraction of
cold particles slightly can significantly decrease the effective tem-
perature of the tracer in the interacting case. This is indicated by
the steeper slope compared to the noninteracting case.

To make sense of this and subsequent observations, we can re-
sort again to a phenomenological argument similar to formula
(6). The simplest and most naive assumption here would be to
imagine that the friction experienced by the tracer is the sum of
frictions against hot and against cold particles, and similarly that
random kicks from hot and cold particles simply add up. This
would lead to the expression

Teff =
ThΓ+ fhThΓh + fcTcΓc

Γ+ fhΓh + fcΓc
, (7)

where fc + fh = 1. In reality, the additivity of forces behind for-
mula (7) should be approximately valid only for non-interacting
particles. Moreover, in that case we additionally assume Γh = Γc

for noninteracting particles, because the particles in our model
are the same in all respects except temperatures. Under this ad-
ditional assumption, formula (7) predicts a linear dependence of
effective temperature on the fraction of hot particles fh. This pre-
diction is consistent with the data for non-interacting particles
(shown in green in Figure 8). This result is qualitatively consis-
tent with the intuition, outlined above in the introduction, that
fluctuations should in general be proportional to the power of the
driving source, which for noninteracting particles can be thought
of as a weighted averaged temperature of particles. An explicit
calculation for a warm-up model where particles are connected
to the tracer by harmonic springs yields a similar formula (see

Appendix equation (11)), but only for particles that do not inter-
act themselves. In fact, even for particles that do not interact to
one another directly, formula (7) is not exact, because particles in
any case interact indirectly, via exchanges of energy and momen-
tum with the tracer. For directly interacting hot and cold particles,
we do not expect this formula to hold as it is too naive. Not sur-
prisingly, Figure 8 definitely shows a non-linear dependence on
the hot fraction fh. The most dramatic deviation from linearity
is observed in the range where activity-induced phase separation
is most pronounced. In particular, in the vicinity of that range,
fluctuations are noticeably below the level predicted by the naive
linear theory (7), thus giving at least a hint on how activity can
reduce fluctuations.

Since effective temperature Teff of tracer fluctuations is con-
trolled by how much energy is dumped out from the tracer to
cold particles, we found it useful to look at how many cold parti-
cles are, on average, located within the interaction distance of the
tracer. Indeed, the effect of interactions is very noticeable when
we look at the number of particles touching the tracer, and in par-
ticular the fraction of those that are hot or cold. We refer to this as
the local fraction of hot or cold particles, which is different from
the global fraction of hot or cold particles in the entire system.
These are shown in Figure 9, for two characteristic temperature
ratios. When Tc/Th = 0.8, i.e., when the system is not very far
from equilibrium, local fractions are hardly different from global
ones for both interacting and non-interacting cases. The situation
is very different when Tc/Th = 0.05, and strong phase separation
becomes possible. In the noninteracting case, the fraction of local
cold particles decreases, and turns out significantly smaller than
global, meaning that cold particles are being pushed away from
the tracer. Our current interpretation of this is that the cold par-
ticles diffuse too slowly and are unable to fill any voids created
by the moving tracer, similar to the mechanism discussed above
in connection with Figure 3. By contrast, in the interacting case,
local fraction of cold particles is greater than global, suggesting
that cold particles have an increased tendency to stay near the
tracer. This recruitment of cold particles to the surface of the
tracer could be responsible for dampening its fluctuations. Thus,
increasing the activity of the suspension has the effect of keeping
cold/passive particles from being pushed away. In the Appendix
Figure 15 we present the same data in terms of local numbers
(rather than fractions) of local cold and hot particles.

To check the consistency of our results, we analyze the distri-
butions of R2 for the tracer submerged in the mixture of hot and
cold particles, and establish that it remains Gaussian within the
accuracy of our simulations, as show in Figure 10 for interacting
particles and in the Appendix Figure 14 for non-interacting ones.

5 Discussion and conclusions
In this article, we studied the properties of a suspension of
hot/active and cold/passive particles by measuring the fluctua-
tions or effective temperature of a tracer harmonically trapped
within the suspension. A simple observation is that the effec-
tive temperature of the tracer is essentially a weighted average
of the temperatures of the tracer, hot, and cold particles. Thus,
the presence of particles with a lower temperature or activity has
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the potential to dampen the fluctuations of another more active
object. A more subtle and more interesting observation, which
is the key result of this work, is made using Brownian dynamics
simulations of a tracer in a suspension of hot and cold Brown-
ian particles. We found that interactions between hot and cold
particles had a tendency to push cold particles near the tracer.
This increases the local fraction of cold particles relative to the
global fraction and effectively diminishes the influence of the hot
particles. We observed that interactions between hot and cold
particles – something that leads to phase separation between ac-
tive (hot) and passive (cold) particles – may have an especially
strong dampening effect on tracer fluctuations, by exposing it to
a disproportionally large number of cold particles.

In some way, the activity-driven pacifying of fluctuations can be
compared to some mechanical systems, such as, e.g., Kapitza pen-
dulum35 (see also a textbook presentation36), where rapid oscil-
latory vertical drive of the pivot leads to stabilization of the other-
wise unstable “upside-down” position. This analogy, however at-
tractive, is nevertheless rather superficial, because in Kapitza pen-
dulum case what drive does is it modifies the dynamics to make
a state stable against fluctuations, while in our case the drive can
rather be thought of as suppressing the source of fluctuations.

Another interesting parallel of our results has to do with ther-
modynamic restrictions on the amount of dissipation associated
with measuring information (see, e.g., recent work37 and refer-
ences therein).

Although our work was motivated by a certain observations on
nuclear dynamics, that nuclear envelope fluctuations could be re-
duced by the active processes in the nucleoplasm, it is worth em-
phasizing that our results may be also considered on their own
merit, and may potentially find other applications. Our model
with the tracer is designed to analyze the possibility of reducing
fluctuations by activity, but it should not be viewed as a sugges-
tion to employ our tethered particle as a reporting probe in a mi-
crorheology style experiment to examine the far-from-equilibrium
properties of an active medium, because it strongly affects and
perturbs the medium. This fact can be clearly seen in the simula-
tions snapshots shown in our paper. One easy observation is that
our tracer is very frequently found at the interface between hot
and cold. One related question that we hope to be able to address
in the future would be if the presence of a tracer facilitates the
formation of such interface and helps nucleate a new phase out
of a uniform mixture. Another view on the same problem would
be to frame the issue in terms of wetting. Indeed, pacifying the
fluctuations in our model, of course, occurs when (and because)
the tracer comes in contact with cold particles, and therefore, the
effect will be enhanced if the tracer was well wetted by the cold
particles, which can be achieved by introducing, for example, an
attractive short range interactions, or thin potential well along the
tracer surface for cold particles. In addition, it would be interest-
ing to study if different surfaces, such as the inner surface of a
membrane, may have different wetting properties with respect to
the cold particles due to the geometry. For example, a concave
inner surface of a membrane could potentially have enhanced
wetting compared to the convex outer surface of a tracer. It is
worth noting, simply as a loose analogy, that an active system of

self-propelled or Ornstein-Uhlenbeck particles shows a tendency
to have enhanced accumulation on concave surfaces rather than
convex ones38–41.

In this work, we described the fluctuations of the tracer par-
ticle in terms of the effective temperature which we determined
from the long time mean squared average position of the tracer.
One may potentially seek a more detailed description using an
approach that would be the direct computational counterpart of
the experimental procedure employed in the work on red blood
cells2. This would require two separate simulations: first, record-
ing a time dependent fluctuation of the tracer position and finding
its power spectrum; second, driving the tracer (still surrounded
by the same mixture of hot and cold particles) by an external force
at various frequencies and measuring the corresponding response
function. With these two parts separately determined, one could
use the fluctuation-dissipation relation (1a) to define a new ef-
fective temperature, Teff(ω), which will be frequency-dependent
since the system is out of equilibrium.

Returning to the nuclear envelope, we should emphasize that
our model is at most a possible scheme as it is in no way a the-
ory of nuclear envelope fluctuations. Nevertheless, we can spec-
ulate that maybe the interactions between the more active and
less active elements of chromatin and nucleoplasm can lead to
the envelope being disproportionally exposed to the less active
component. To this end, we can only mention that the segre-
gation between euchromatin and heterochromatin is at least not
independent of their different levels of activity42. The question
that remains to be answered is how much lower can the local ac-
tivity be. In the case of the nuclear envelope, the motor activity
in the genome can lead to fluctuations that are actually smaller
than thermal fluctuations, observed in absence of cytoskeletal ac-
tivity5. This peculiar phenomenology occurs due to presence of
active systems, the genome and cytoskeleton, on either side of
the nuclear envelope. The combined active processes enable fluc-
tuations, which can be both lower or higher than the thermal
fluctuations, which may be of critical importance for cellular pro-
cesses such as the nuclear transport or gene regulation. Obvi-
ously, we may even need to consider a different system geometry
such as a membrane surrounded by hot and cold particles, which
will require further simulations. But the most tantalizing gen-
eral question is whether one could come up with some general
thermodynamic bound on the possible level to which activity can
dampen fluctuations.
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A Additional figures
Figures 12, 13, 14, and 15 are referred to and explained in the
main text.

B Simulation details
B.1 Setup
As mentioned, we perform Brownian dynamics simulations using
the Langevin equations given by Eqs. (2a), (2b), and (2c). The
Langevin equations are integrated using a basic Euler-Maruyama
scheme. Unless otherwise mentioned, we assume that Ttr = Th = 1
and Tc = 0.05, which corresponds to Th/Tc = 20. We choose the
temperature of the tracer to be the same as the hot particles so
that it is “active”, much like how a nuclear membrane is active
due to nuclear pores and the surrounding cell. All the particles
interact through a Weeks-Chandler-Andersen (WCA) potential43

given by

U(r) =

4ε

[(
σi j
r

)12
−
(

σi j
r

)6
]
+ ε, r ≤ 21/6σi j

0, r ≥ 21/6σi j

(8)

where σi j = (σi + σ j)/2, which is the average of the diameters
of the interacting pair i, j. We set ε = 50 so that the hot and
cold particles see essentially the same sized tracer. We set the
diameter of the tracer to σtr = 20 and the diameter of the hot
and cold particles to σh = σc = 2. The friction coefficients are
then set at Γ = 20 and γ = 2 to reflect these sizes. The stiffness
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of the spring that tethers the tracer is K = 0.1. The simulation
region has dimensions 150×150 and is periodic in both directions.
Unless otherwise stated, the Brownian particles fill the simulation
region with a packing fraction of roughly φ = 0.4. The timestep is
dt = 0.0005 and each simulation is run for 109 steps. For each set
of parameters, we perform several independent runs and average
the results.

To obtain the
〈
R2〉, we simply average multiple realizations of

R2(t). Figure 2 shows the trajectory for fh = 0 and fh = 1. When
the tracer is by itself in a viscous solvent, we should expect〈

R2
〉
(t) =

2Th

K

(
1− e−

K
Γ

t
)
. (9)

For our choice of spring constant and friction coefficient, the re-
laxation time of the tracer should be of order τ ∼ Γ/K, corre-
sponding to roughly 105 − 106 steps, which is much shorter than
the timescales we are looking at. Thus the system has equili-
brated. As we see for the case of fh,

〈
R2〉(t) fluctuates about

2Th/K, which is expected from the equipartition theorem. We ob-
tain

〈
R2〉 by averaging the last 90% of the data. Finally, the effec-

tive temperature Teff is obtained from the relation
〈
R2〉= d

K Teff.

C Simple example: particles connected to
the tracer via quadratic interactions

To get a better feel for how a tethered tracer might behave in a
mixture of hot and cold Brownian particles, we here consider the
exactly solvable case when the particles in the mixture interact
with the tracer through a pairwise quadratic potential. In other
words, the tracer is tethered to the origin and the particles in the
mixture are tethered to the tracer with spring constants K and k,
respectively. A schematic is shown in Figure 11. Suppose there
are Nh hot particles, Nc cold particles, and a tracer driven by ther-
mostats with temperatures Th, Tc, and Ttr, respectively. Let R and
rh,i,rc,i denote the positions of the bead and hot/cold particles in
the mixture, respectively. The Langevin equations for this system
are given by

ΓṘ =−KR−
Nh

∑
i=1

k(R− rh,i)−
Nc

∑
i=1

k(R− rc,i)+
√

2kBTtrΓξtr,

(10a)

γ ṙh,i =−k(rh,i −R)+
√

2kBThγξh,i, (10b)

γ ṙc,i =−k(rc,i −R)+
√

2kBTcγξc,i, (10c)

where Γ and γ are the friction coefficients of the bead and
hot/cold particles, respectively. ξtr, ξh,i, and ξc,i are independent
zero-mean, unit-variance Gaussian white noises. There are nu-
merous ways of determining

〈
R2〉. The main result is that the

effective temperature takes on the form of the weighted average

Teff =
K
〈
R2〉
d

=
kΓ+Kγ

kΓ+Kγ +Nkγ
Ttr

+
Nhkγ

kΓ+Kγ +Nkγ
Th

+
Nckγ

kΓ+Kγ +Nkγ
Tc,

(11)

where N = Nh +Nc is the total number of particles.
For our present purposes, let us assume that the tracer has the

same temperature or activity as the hot particles, that is, Ttr =

Th. There are two extremes. When there are no cold particles
(Nc = 0), the system is in equilibrium and we get Teff = Th or〈
R2〉= dTh/K as expected from the equipartition theorem. On the

other hand, when there are no hot particles (Nh = 0), the effective
temperature of the tracer is brought down to a lower temperature
Tc < Teff|Nh=0 < Th. Assuming that N is fixed, a mixture of hot and
cold particles will bring the tracer to an intermediate temperature
Teff|Nh=0 < Teff < Th. This is clearer if we take N to be large such
that Nkγ ≫ kΓ+Kγ, then the effective temperature becomes the
simple average

Teff|N large =
NhTh +NcTc

Nh +Nc
. (12)

It is worth looking at the effective dynamics of the tracer when
the rest of the particles are integrated out. Eliminating rh,i and
rc,i from the Langevin equations, we obtain∫ t

−∞

Γeff(t − τ)Ṙ(τ)dτ =−KR+Ξeff, (13)

where the effective friction kernel Γeff and effective noise Ξeff are

Γeff(t − τ) =

{
Γδo(t − τ)+Nke−

k
γ
(t−τ)

, t − τ > 0

0, t − τ < 0
(14a)

Ξeff(t) =
√

2kBTtrΓξtr(t)

+
Nh

∑
i=1

k
γ

√
2kBThγ

∫ t

−∞

e−
k
γ
(t−τ)

ξh,i(τ)

+
Nc

∑
i=1

k
γ

√
2kBTcγ

∫ t

−∞

e−
k
γ
(t−τ)

ξc,i(τ),

(14b)

Here, δo(t − τ) denotes a one-sided delta function, which is re-
quired for causality. The noise has correlation

〈
Ξeff,α (t)Ξeff,β (t

′)
〉
= 2δαβ kBTtr

[
Γδ (t − t ′)+

(ThNh +TcNc)k
2Ttr

e−
k
γ
|t−t ′|

]
.

(15)
Note that when Th = Tc = Ttr, we have

〈
ξeff,α (t)ξeff,β (t

′)
〉
=

δαβ kBTtr[Γ(t − t ′) + Γ(t ′ − t)], which means that fluctuation-
dissipation is satisfied and the system should be equilibrium44.

If we assume that the relaxation time for the interaction be-
tween the hot and cold particles and the tracer is much shorter
than the relaxation time of the tethered tracer itself or

γ

k
≪ Γ

K
, (16)

which may be true for short-range interactions, we obtain approx-
imately

(Γ+Nγ)Ṙ =−KR+
√

2(TtrΓ+NhThγ +NcTcγ)Ξ, (17)

where Ξ is a zero mean Gaussian white noise with
〈
Ξα (t)Ξβ (t

′)
〉
=
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δαβ δ (t − t ′). Thus, under the condition Eq. (16) the tracer be-
haves as though it has an effectively larger friction Γ+Nγ due to
the surrounding hot and cold particles and is driven at an effec-

tive temperature

Teff =
TtrΓ+NhThγ +NcTcγ

Γ+Nγ
. (18)
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Fig. 1 The tracer is connected to an immobile pivot by a harmonic spring
with spring constant K. It is surrounded by a mixture of two types of
Brownian particles with different diffusivities or equivalently, with different
temperatures Th and Tc; for brevity, we call these particles hot and cold,
respectively. There are Nh hot particles and Nc cold particles. The tracer
itself is connected to yet another thermostat at temperature Ttr; in most
cases below, we assume Ttr = Th. We examine how the tracer fluctuates
around the pivot driven by interactions with particles.
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Fig. 2 Plot of the mean-squared displacement of the tracer in contact
with a thermostat at temperature Th surrounded by an interacting bath of
Brownian particles with packing fraction φ ≈ 0.4 all in contact with a ther-
mostat at temperature Tc for two temperature ratios Tc/Th = 0.05 (blue)
and Tc/Th = 1.0 (red). Each point for Tc/Th = 0.05 (blue) and Tc/Th = 1.0
(red) is averaged over 5 and 10 independent runs, respectively.
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Fig. 3 Plot of the effective temperature of the tracer Teff as a function
of the temperature Tc of the surrounding bath of cold Brownian particles,
which is at packing fraction φ = 0.4. When Tc is only moderately below
Th, the effective temperature is approximately linear which we explain in
Eqs. (5) in terms of the friction coefficient of the tracer against solvent Γ

and the effective friction coefficient Γc against the cold particles, the latter
having different values for interacting and non-interacting cold particles.
The insets show that for Tc/Th ≪ 1, the tracer pushes the cold particles
away and a void forms around the tracer. As a result, the tracer has
more room to diffuse without interacting with the cold particles. This is
responsible for the nonmonotonic behavior of Teff for temperatures less
than Tc/Th ∼ 0.1.
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Fig. 4 Plot of the distribution of the x positions of the tracer as a function
of the temperature Tc of the surrounding cold particles (interacting) with a
packing fraction φ ≈ 0.4. Rescaling the distributions and positions using
the effective temperature Teff obtained from Teff vs Tc figure 3, we find that
all of the distributions collapse to a single Gaussian distribution.
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Fig. 5 Upper: Plot of the effective temperature Teff of the tracer as a
function of the packing fraction of the surrounding cold Brownian parti-
cles. The temperature ratio of the cold particles to the tracer is set to
Tc/Th = 0.05. Interacting cold particles (orange) lower the effective tem-
perature of the tracer more efficiently than when they are noninteracting
(green). Lower: Plot of the friction Γc due to the surrounding cold parti-
cles. The values for Γc(φ) were obtained by solving equation for Γc(φ) in
terms of Teff(φ). Fitting Γc, we obtained a linear dependence Γc/Γ ≈ 2.8φ

for noninteracting cold particles (green) and an extra cubic dependence
Γc/Γ ≈ 2.8φ +33.9φ 3 for interacting cold particles (orange).
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Fig. 6 Plot of the distribution of the x positions of the tracer as a function
of the packing fraction φ of the surrounding cold particles (interacting)
with a temperature ratio Tc/Th = 0.05. Rescaling the distributions and po-
sitions using the effective temperature Teff obtained from Teff vs φ figure
5, we find that all of the distributions collapse to a single Gaussian distri-
bution.
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Fig. 7 Snapshots of the simulations for different fractions of hot and cold
particles. The global fraction fh is defined as fh = Nh/(Nh +Nc) where Nh
and Nc are the total numbers of cold and hot particles in the system. The
temperature ratio used in these simulations is Tc/Th = 0.05.
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Fig. 8 Plot of the effective temperature Teff of the tracer as a function
of the global fraction fh of interacting (orange) or noninteracting (green)
hot and cold Brownian particles in the system. The dashed green line
indicates a linear dependence on fh as expected from Eq. (7) under
the assumption Γh = Γc. There is a hump in Teff for an interacting bath
over the range 0.3 < fh < 0.7. Over this range, there is a strong phase
separation and it can be seen that the tracer tends to be located near the
surface of the cluster of cold particles, allowing it to also contact many
hot particles.
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Fig. 9 Plot of the local fractions of hot and cold particles as a function
of the global fractions for temperature ratios Tc/Th = 0.05,0.8. “Local”
particles are defined as those within a Lennard-Jones cutoff distance
r < 21/6(atr+a) of the tracer, where atr and a are the radii of the tracer and
bath particles, respectively. We average over many frames to determine
the average numbers of cold and hot particles interacting with the tracer
in order to determine the local fractions. The packing fraction of hot and
cold particles is φ ≈ 0.4. For a noninteracting mixture (left), there is a
tendency for the cold particles to be pushed away by the tracer. For an
interacting mixture (right), however, the interactions between the hot and
cold particles tends to keep cold particles near the tracer, leading to more
interactions with the cold particles.
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Fig. 10 Plot of the distributions of the x positions of the tracer as a func-
tion of the global fraction fh of interacting hot and cold particles. The tem-
perature ratio is Tc/Th = 0.05 and the packing fraction is φ ≈ 0.4. Rescal-
ing the distributions and positions using the effective temperature Teff ob-
tained from Teff vs fh figure 8, we find that all of the distributions collapse
onto a Gaussian distribution.
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Fig. 11 Schematic for the warm-up example in Section C, when the
tracer interacts with the hot and cold particles through pairwise quadratic
potentials or ideal springs.
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Fig. 12 Plot of the distribution of the x positions of the tracer as a function
of the temperature Tc of the surrounding cold particles (noninteracting)
with a packing fraction φ ≈ 0.4. Rescaling the distributions and positions
using the effective temperature Teff obtained from [Teff vs Tc figure], we
find that all of the distributions collapse to a single Gaussian distribution.
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Fig. 13 Plot of the distribution of the x positions of the tracer as a function
of the packing fraction φ of the surrounding cold particles (noninteracting)
with a temperature ratio Tc/Th = 0.05. Rescaling the distributions and po-
sitions using the effective temperature Teff obtained from [Teff vs φ figure],
we find that all of the distributions collapse to a single Gaussian distribu-
tion.
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Fig. 14 Plot of the distributions of the x positions of the tracer as a
function of the global fraction fh of noninteracting hot and cold particles.
The temperature ratio is Tc/Th = 0.05 and the packing fraction is φ ≈ 0.4.
Rescaling the distributions and positions using the effective temperature
Teff obtained from [Teff vs fh figure], we find that all of the distributions
collapse onto a single Gaussian distribution.
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Fig. 15 Plot of the local numbers of hot and cold particles interacting
with the tracer. “Local” means particles that are with the Lennard-Jones
cutoff distance of the tracer (r < 21/6(atr +a)). For a noninterating mixture
(left), increasing the global fraction of hot particles simple decreases the
local number of cold particles linearly. For an interacting mixture (right),
however, increasing the global fraction of hot particles actually increases
the local number of cold particles over the range fh < 0.3, suggesting
the the hot particles tend to push the cold particles to the surface of the
tracer.
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