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Abstract

Faceted nanoparticles can be used as building blocks to assemble nanomaterials with

exceptional optical and catalytic properties. Recent studies have shown that surface

functionalization of such nanoparticles with organic molecules, polymer chains, or DNA

can be used to control the separation distance and orientation of particles within their

assemblies. In this study, we computationally investigate the mechanism of assembly

of nanocubes grafted with short-chain molecules. Our approach involves computing

the interaction free energy landscape of a pair of such nanocubes via Monte Carlo

simulations and using the Dijkstra algorithm to determine the minimum free energy

pathway connecting key states in the landscape. We find that the assembly pathway

of nanocubes is very rugged involving multiple energy barriers and metastable states.

Analysis of nanocube configurations along the pathway reveals that the assembly mech-

anism is dominated by sliding motion of nanocubes relative to each other punctuated

by their local dissociation at grafting points involving lineal separation and rolling

motions. The height of energy barriers between metastable states depends on factors

such as the interaction strength and surface roughness of the nanocubes and the steric

repulsion from the grafts. These results imply that the observed assembly configura-

tion of nanocubes depends not only on their globally stable minimum free energy state

but also on the assembly pathway leading to this state. The free energy landscapes

and assembly pathways presented in this study along with the proposed guidelines for

engineering such pathways should be useful to researchers aiming to achieve uniform

nanostructures from self-assembly of faceted nanoparticles.
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INTRODUCTION

Self-assembly of faceted nanoparticles (NPs) offers an attractive approach for fabricating

unique and complex nanostructures.1–7 In cases where these NPs are made of noble met-

als, the NP assemblies can exhibit intriguing plasmonic, optical, and catalytic properties

that are highly sensitive to the local arrangement of NPs within the structure.1–3,8–10 Hence,

controlling both the translational and rotational order of faceted NPs within their higher-

order assemblies is crucial for creating the next generation of nanodevices and materials

with desired properties. A simple yet versatile strategy for inducing NPs into specific in-

terparticle distances and orientations involves grafting of ligands such as polymer chains,

organic molecules, or DNA onto the NP surfaces.1–4 While bare NPs, especially those made

of materials with large Hamaker constants, tend to assemble into close-packed structures

with face-face contacts so as to maximize attractive van der Waals (vdW) interactions be-

tween particles, surface functionalization induces the formation of more open structures with

spaced out or slanted faces that reduces the confinement of the grafted ligands between the

NP surfaces, leading to lower steric repulsion between the grafts. By modulating this com-

petition between vdW and steric forces through factors such as the length and chemistry of

the tethered molecules, the size and material of the NPs, and solvent quality,1–5 experiments

have successfully assembled NP structures with exceptional properties such as plasmonic

hotspots1,11,12 and orientationally disordered crystals.13,14

Recently, we investigated the assembly behavior of nanocubes grafted with short-chain

molecules. In particular, we used Monte Carlo simulations to compute the free energy land-

scape of a pair of surface-functionalized nanocubes treated using a coarse-grained model.15

Analyses of the minimum free energy (MFE) configurations obtained from these landscape

revealed that the nanocubes exhibit one of three possible globally stable configurations

(“phases”), namely the edge-edge, face-face, and intermediate phases that are distinguished

by the amount of grafted ligands they enclose between their apposing faces. Additionally,

based on how the MFE configuration varied with certain material parameters, we were able
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to build a comprehensive phase diagram of nanocube configurations in this parameter space.

While the simulations correctly predicted and explained many of the experimentally observed

interparticle configurations in assemblies of polymer-grafted nanocubes, two important as-

pects of the assembly mechanism were not addressed. First, experiments have demonstrated

that nanocubes do not assemble into a single configuration but exhibit multiple different

configurations.1–3 This suggests that not all of the nanocubes may have assembled into their

global MFE or stable configuration and that some may have assembled into local MFE or

metastable configurations. Second, some experiments have reported that nanocubes which

initially assemble into edge-edge configurations transitioned into face-face configurations af-

ter they were thermally annealed.1 This implies that, while the face-face configuration was

the more energetically favored state, the nanocubes first assembled into a metastable edge-

edge state and required higher thermal energy to transition into their globally stable state.

Both sets of experimental results suggest that a full understanding of the metastable config-

urations exhibited by our nanocubes and the mechanism of transition between these states

is crucial for controlling the assembled configurations of faceted NPs.

The task of identifying metastable states and determining transition pathways is not

trivial, as the configurational free energy landscape of anisotropic NPs, even a pair of them,

is multidimensional. This is in sharp contrast to spherical NPs whose pairwise interactions

can be fully described by a single coordinate, the separation distance between NPs. This

difficulty can be overcome through the minimum free energy pathway (MFEP) analysis

commonly employed in biophysics to understand how proteins undergo functionally relevant

transitions across metastable and stable states. While a pair of such states can be connected

by an infinite number of pathways, there usually exists a unique pathway which minimizes

the path-integral of free energy amongst all possible pathways. This pathway, termed the

MFEP, represents the most probable pathway taken by the system to transition between the

two states. By analyzing the conformational changes and the energetic barriers associated

with this pathway, the kinetics and mechanism of the transition between two metastable
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states or between a metastable and a stable state can be obtained.

In this study, we employ our previously utilized simulation model of surface-functionalized

nanocubes15 and undertake a free energy landscape based MFEP analysis to investigate the

assembly mechanism of a pair of such nanocubes. Our results show that the two-particle

interaction free energy landscapes are inhabited by multiple metastable states and that

transitions between these states along the MFEPs incur large energy barriers, leading to

unusually slow transition rates. We find that the incorporation of surface roughness of

nanocubes is required to reduce the heights of these barriers and bring the transition rates

to within experimental time scales. Analysis of configurations along the MFEPs reveals that

the nanocubes transition to their globally stable configurations through association and dis-

sociation steps involving a combination of sliding, rolling, and lineal motions. Importantly,

the MFEPs are able to explain the experimentally observed phenomena of nanocubes ex-

hibiting a distribution of configurational states within assemblies and of thermal annealing

inducing transitions from metastable to stable states.

COMPUTATIONAL METHODS

System configuration. The experimental system of interest consists of nanocubes

embedded in a thin liquid film, where confinement and interfacial effects cause the NPs to

lie flat and parallel to the air-liquid interface.1–3 Thus, in our model, we assume that the

nanocubes cannot exhibit translational or rotational motion in the z direction normal to

the film surface. To describe the interparticle configuration of two nanocubes constrained

to such quasi-2D environment, we consider that one of the nanocubes is at the origin with

its facets parallel to the Cartesian axes and use the following three coordinates to describe

the position and orientation of the other nanocube (Fig. 1a): the minimum distance of

approach ds between the surfaces of the nanocubes along the x axis, the lateral offset dy of

the nanocubes in the y axis, and the relative orientation θ of the nanocubes. This coordinate

system was chosen as it conveniently represents the mechanism of nanocube assembly (see
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Fig. 1b). For example, the association and dissociation of the nanocubes through a sliding

motion can be completely described by changes in a single variable, dy. Similarly, variations

in ds and θ represent lineal (head-on translation) and rolling motions, respectively.

Coarse-grained model. To obtain the interaction energy between the nanocubes in

a computationally efficient manner, we utilized a simple coarse-grained model of surface-

functionalized nanocubes employed in our previous study that captured sufficiently well the

geometry and interactions of ligand-grafted nanocubes.15 Briefly, the nanocubes were treated

as rigid bodies carved out of a simple cubic lattice of beads representing groups of atoms, and

the grafted ligands were treated using a bead-spring model, where each bead represented a

short segment of the ligand. In addition to these nanocubes that we termed ideal nanocubes,

we also studied rough nanocubes with a topography consistent with that measured experi-

mentally.16 These rough nanocubes were modeled by attaching an extra 24% surface beads

at random positions on each face of the nanocubes. All beads in the system interact with

each other via the Lennard Jones (LJ) potential ULJ = 4εij
[
(σij/rij)

12 − (σij/rij)
6], where

εij, σij, and rij represent the LJ energy and size parameters and the separation distance

of the interacting beads i and j. The intramolecular interactions of the tethered chains

were described by harmonic bond stretching and bending potentials Us = 1
2
ks(l − l0)2 and

Ub = 1
2
kb(θ − θ0)2, where ks and kb represent force constants, l and θ the bond length and

angle, and l0 and θ0 their corresponding equilibrium values. The ligands were attached to

each nanocube face in a square pattern, also via harmonic springs of parameters ks and l0.

The solvent molecules were treated implicitly and their effects on the interaction between

nanocubes is embedded in the interaction parameters εij of the ligands and nanocubes. We

note that our model accounts only for weak vdW interactions and steric hindrance between

ligands and is not suitable for nanocubes grafted with ligands exhibiting strong attractive

interactions, such as hydrogen bonding, π-π stacking, or electrostatic interactions. Exper-

iments4,6,17 and simulations18 on DNA-grafted NPs, where such interactions play a larger

role, have shown that they exhibit novel assembly behavior including reconfigurable or chiral
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nanostructures that cannot be captured by our model.

Following previous work,15 the LJ size parameter σcc for interactions between nanocubes

was set equal to 0.4σ and the nanocube side length D = 10σ, where σ represents an ar-

bitrary length scale. The LJ energy parameter εcc was varied between 0.25 to 3ε to probe

the role of vdW interactions, where ε represents an arbitrary energy scale. Unless indicated

otherwise, we fixed the temperature to T = ε/kB, where kB is the Boltzmann constant;

thus, ε effectively varies between 0.25 to 3kBT . The LJ size parameter σlig for ligand-ligand

interactions was varied between 0.25 to 1σ to probe the effects of ligand segment excluded

volume, and l0 and θ0 were set equal to σlig and 180◦. The LJ size parameter σlc for the

interactions between nanocube and ligand beads was obtained using the Lorentz-Berthelot

mixing rule:19 σlc = (σcc + σlig)/2. The LJ energy parameters εlig and εlc for ligand-ligand

and ligand-nanocube interactions were kept fixed at 0.1ε to model weak interactions medi-

ated by the ligands in good solvent.1–3 To reduce computational cost, we employed a cutoff

distance of 3σ for LJ interactions between ligands or those between ligands and nanocubes,

as these interactions were calculated on the fly at each simulation step due to changing ligand

conformations. However, no such cutoff was needed for LJ interactions between nanocube

beads, which remained fixed during simulations and were therefore calculated only once be-

fore each simulation. The intramolecular force constants ks and kb were set equal to 10ε/σ

and 0.1ε/rad2 to describe flexible chains. The length L and grafting density Γ of the ligands

were fixed to 4 beads and 0.04 chains/σ2 to model short chains to ensure that the steric

repulsion between chains remains weaker than the vdW interactions to allow the nanocube

assembly. A detailed description of the model is provided elsewhere.15

Minimum free energy pathway. The MFEPs were obtained through the steps illus-

trated in Fig. 1d. First, we calculated the free energy landscape F ≡ F (ds, dy, θ), which

is essentially the potential of mean force (PMF) of two nanocubes obtained as a function

of their interparticle configuration. To obtain the PMF, we first computed 〈fx(ds, dy, θ)〉,

the ensemble average of the x-component force acting between the two nanocubes, at all
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separation distances ds within a cutoff distance of dcut where the force has decayed to zero.

To compute these forces, the nanocubes were held fixed at each configuration while lig-

and conformations were sampled through configurational-bias Monte Carlo methods.20 The

forces were then integrated according to F (ds, dy, θ) = −
∫ ds
dcut
〈fx(ξ, dy, θ)〉dξ to obtain the

PMF. The free energy landscape was obtained for the range ds ∈ (0, 8σ), dy ∈ (0, 10σ), and

θ ∈ (0◦, 45◦) at a resolution of 0.1σ × 0.4σ × 1◦. We refer readers to our previous study for

more detailed explanation of this procedure.15

Next, we located the minima in this free energy landscape corresponding to the phases

reported earlier.15 In particular, we showed that nanocubes can assemble into three types of

configurations — face-face (FF), intermediate (I), or edge-edge (EE) states — depending on

the amount of ligands enclosed by the interacting faces of the nanocubes. Specifically, the

FF, I, and EE states represent nanocubes that confine all, a fraction, or none of the ligands,

respectively. In the coordinate system employed in this study (Fig. 1a), these phases are

captured well by a single variable, dy: configurations with dy ≥ 0.75D for Γ = 0.04/σ2

nanocubes are in the FF state as they lead to all of the grafted ligands being enclosed by

the interacting surfaces of the nanocubes; configurations with 0.75D > dy ≥ 0.25D belong

to the I state; and those with dy < 0.25D are in the EE state as the interacting faces do

not confine any ligand. Therefore, to obtain the energetically stable configuration of the

nanocubes for each phase, we identified the local free energy minimum within these specified

dy bounds corresponding to each of the three phases.

Lastly, the MFEPs between the identified free energy minima were obtained by finding

the path of least action21 connecting the minima. In general, such pathways are obtained

either through chain-of-states type of methods, such as nudged elastic band22,23 or string24

methods, or algorithms based on graph theory.25–29 For this study, the graph theory approach

was used as it is more appropriate for extracting the MFEP from a pre-computed free energy

landscape. Specifically, we treat the free-energy landscape as a weighted network in which

each configuration is represented as a node that is connected to its adjacent nodes (i.e.,
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configurations at the adjacent grid point in either ds, dy, or θ) with weights equal to the

differences in their free energies. The MFEPs were then computed by finding the shortest

paths between the nodes corresponding to the local MFE configurations through the Dijkstra

algorithm implemented in MATLAB.30,31

Reaction coordinate and transition rates. To facilitate analysis of the MFEPs, we

defined a reaction coordinate that represents the MFEP as a 1D pathway. In this reaction

coordinate, changes in nanocube configuration due to the different modes of displacement

(ds, dy, or θ) are equalized in terms of the cumulative distance by which the atoms of the

nanocube get displaced via each mode (Fig. 1c). For instance, a ∆ds change in separation

distance between the nanocubes would lead to a cumulative displacement of natom∆ds, where

natom is the number of atoms in the nanocube. Similarly, rotation of the nanocubes by an

angle ∆θ would lead to a cumulative displacement of ∆θ
∑

atom ratom equal to the sum of the

arc lengths travelled by all atoms, where ratom is the radial distance of each atom from the

nanocube center along the x-y plane. Using this definition, the reaction coordinate which

we denote by χ is given by the cumulative distance travelled by the nanocube atoms due

to changes in nanocube configuration as they progress through the MFEP starting from a

suitable initial configuration:

χ ≡
∑

i∈MFEP (natom|∆ds,i|+ natom|∆dy,i|+ |∆θi|
∑

atom ratom)

natomD
. (1)

Here, the outer summation runs over the traversed nanocube configurations and the cu-

mulative distance is normalized by natomD so that nanocubes undergoing transition from

a tip-to-tip to a FF configuration through purely sliding motion would lead to a reaction

coordinate value of 1.

The transition rates between the free energy minima in the MFEPs were obtained using

Kramers’ theory, which provides a closed-form solution to the rate of escape of a thermally

equilibrated system over an energy barrier.32,33 The theory is applicable when the system

9

Page 9 of 28 Nanoscale



dynamics are well described by a 1D free energy landscape and the energy barrier is much

larger than thermal energy kBT . If the position-dependent free energies of the system along

coordinate x is given by F (x), the barrier crossing rate k from one energy minimum to

another is given by

k =

√
F ′′(xmin)|F ′′(xmax)|

2πγ
exp
(
−∆F/kBT

)
, (2)

where xmin and xmax are the positions of the free energy minimum and barrier along the

reaction coordinate, ∆F ≡ F (xmax) − F (xmin) is the barrier height, and F ′′ ≡ d2F/dx2

is the curvature of the free energy landscape computed through second-order central finite

differences. γ represents the friction constant, which was calculated as γ = 1.384 × 3πηD

according to the translational friction factor of cube-shaped particles.34 The solvent viscosity

η was assumed to be that of water at room temperature, i.e., 0.89 mPa·s.

RESULTS AND DISCUSSION

Assembly mechanism of bare nanocubes. As a first step to understanding the as-

sembly pathway of surface-functionalized nanocubes, we studied the assembly behavior of

bare nanocubes. The absence of ligand interactions makes this system a good control for dis-

secting the role of vdW interactions acting between the particle cores of surface-functionalized

NPs in their assembly. The free energy landscape computed for bare nanocubes is depicted

in Fig. 2a and it reveals that their free energy F is negligible across the vast majority of

the configurational space compared to its value at the FF configuration (ds = 0, dy = D,

θ = 0◦) representing the global minimum in the landscape. This is even more apparent in the

2D representations of the 3D landscape shown in Fig. 2b and Fig. 2c, where the portrayed

energies represent F values at the indicated two coordinate values minimized with respect

to the third coordinate; for instance, in Fig. 2b, we have plotted F (dy, θ) at values of ds that

yield the lowest free energy at those (dy, θ). Both sets of results show that bare nanocubes

assemble in the FF configuration and that their free energy decays sharply with deviations
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from this configuration.

To gain insight into the assembly mechanism of bare nanocubes, we analyzed the free

energy pathway of bare nanocubes as they transition from a dissociated state to the FF state,

first purely through a single association mechanism (Fig. 2d). Specifically, the change in F

through a purely lineal association (LA) mechanism was examined by varying ds from D to 0

while the other two coordinates were kept fixed at dy = D and θ = 0◦. The sliding association

(SA) mechanism was probed by changing dy from 0 to D with fixed ds = 0 and θ = 0◦. Lastly,

the rolling association (RA) mechanism was examined by changing θ from 90◦ to 0◦ with

ds = 0 and dy = D. To make the comparison of the three mechanisms more convenient, the

changes in the configuration of the nanocubes are normalized so that the fully dissociated

state has a value of 0 and the FF state a value of 1 in the normalized coordinate system. The

results demonstrate that the magnitude of F increases linearly with respect to dy throughout

the SA mechanism. However, for both the RA and LA mechanisms, F is negligible for most

configurations except near the FF configuration where the free energies change drastically.

In addition, the energetic penalty for deviating from the FF configuration is greater through

lineal motion than through rolling motion. This is because lineal dissociation (LD) involves

dissociation of atoms across the entire surface of the nanocubes while rolling dissociation

(RD) leads to separation of only a fraction of the atoms, as the atoms on the edges of the

nanocubes remain associated.

In the above analysis, both the SA and RA mechanisms start from the same tip-to-tip

configuration of nanocubes, but follow distinct paths towards the same FF configuration—

the global MFE state of bare nanocubes. While the free energy profiles plotted in Fig. 2d

clearly suggest that SA would be the favored pathway over RA, it is unclear if SA also is the

MFEP between these two configurations. We therefore determined the MFEP between the

tip-to-tip and FF configurations in the free energy landscape and found that the SA indeed

represents the MFEP between the two states (see Fig. 2a).

Assembly mechanism of surface-functionalized nanocubes. As observed in our
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previous study,15 surface-functionalized nanocubes exhibit stable FF, EE, and I states, with

the globally stable (global MFE) state switching between the three states depending on

the strength εcc of the vdW interactions between the nanocubes and the excluded volume

σlig of the ligand segments (Fig. 3a). In particular, increasing σlig causes the nanocubes to

transition from the FF to the I to the EE states, while increasing εcc causes the opposite

sequence of transitions. We previously showed that these transitions occur because both the

attractive vdW interactions between nanocubes and the repulsive steric interactions between

ligands are the strongest for the FF state and the weakest for the EE state. This means that

the FF state is energetically favored when the system is dominated by attractive interactions

(large εcc and small σlig) and the EE state is favored when repulsive interactions dominate

(small εcc and large σlig), while the I state is favored at intermediate conditions. Thus,

to properly study the assembly pathway of surface-functionalized nanocubes, we examined

nanocube systems with different vdW interaction strengths and ligand segment excluded

volumes, as indicated by rectangles in Fig. 3a, which gave us access to all three varieties of

nanocubes, i.e., FF-, I-, and EE-forming nanocubes. For MFEP analyses, we again chose

the tip-to-tip configuration (ds = 0, dy = 0, θ = 0◦) to be the initial state, as this was the

configuration with the most favorable free energy among all the dissociated configurations

shown in Fig. 2d. We then determined the MFEP from the tip-to-tip configuration to the

local energy minimum state in the EE phase, then MFEP from EE to I, and finally the

MFEP from I to FF.

We first examined nanocubes with weak vdW interactions (εcc = 0.75ε) that formed the

FF phase when σlig = 0.5σ (blue rectangle in Fig. 3a) and the EE phase when σlig = 0.75σ

(red rectangle). The free energy landscapes and MFEPs computed for these two systems are

depicted in Figs. 3b and 3c. Compared to bare nanocubes (Fig. 2a), surface-functionalized

nanocubes exhibit weaker attraction and more complex variations in free energy with respect

to configuration, especially for nanocubes grafted with ligands of larger segments (Fig. 2c).

Fig. 3d–f plot the progression of free energy and configuration of the nanocubes along the
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MFEP of the FF-forming nanocubes, where dy/D < 0.25 indicates the EE phase, dy/D ≥

0.75D signifies the FF phase, and 0.25 ≤ dy/D < 0.75D corresponds to the I phase. Similar

to the assembly of bare nanocubes, the association mechanism involves mainly SA (Fig. 3e).

As the nanocubes slide toward the FF configuration, the free energy varies almost linearly

with respect to dy. However, unlike bare nanocubes, the MFEP here harbors several energy

barriers as the nanocubes transition from the EE to the I to the FF phase (Fig. 3d). To

help understand the origin of these barriers, we inspected nanocube configurations at the

energy barriers (transition states) and wells (metastable states), as shown in Fig. 3g. We can

observe that the metastable states labelled 2 and 4 correspond to configurations in which

the surfaces of the nanocubes attempt to maximize their interaction area (∝ dy) in the EE

and I phases without crossing over to the next phase. On the other hand, the transition

states labelled 3 and 5 occur as the surfaces of the nanocubes dissociate from each other to

incorporate more grafts. While such dissociation incurs large energy penalty, it is a necessary

step for the nanocubes to transition from one phase to another. The results plotted in Fig. 3e

indicate that the dissociation at the first transition state follows a largely LD mechanism.

This is followed by a prolonged SA concluded by a small RA leading to the I phase with a

face-edge contact. At the second transition state, the dissociation occurs via a combination

of LD and RD, which brings the nanocube surfaces to a parallel configuration. This is then

followed by another prolonged SA to the FF phase, the global MFE configuration.

The MFEP of the EE-forming nanocubes displays many similarities with that of the

FF-forming nanocubes described above. In particular, the free energy along the MFEP

(Fig. 3h) displays multiple energy wells and barriers, and the assembly mechanism is again

dominated by SA interspersed with combinations of LD, RA, and RD motions (Figs. 3i and

3k). However, the nanocubes are less parallel and involve larger rolling motions compared

to the FF-forming nanocubes (Fig. 3e). For example, the EE-forming nanocubes are parallel

only in the EE state (labelled 2 in Fig. 3h–k) and remain in slanted configurations with face-

edge contacts (θ > 0◦ and ds = 0) in contrast to the parallel, surface-separated (θ = 0◦ and
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ds > 0) configurations observed for the FF-forming nanocubes in Fig. 3d. This distinction

in the assembly mechanism arises because the rolling motion affects the edge atoms and

the rest of the atoms of the nanocubes differently depending on σlig. As ds is large when

σlig is large, the gain in vdW interaction energy by atoms on the edge of the nanocube as

the nanocubes transition from parallel to the slanted configuration is larger than the loss in

vdW energy by the rest of the atoms on the interacting surfaces of the nanocubes. However,

for FF-forming nanocubes where σlig is small, the vdW energy gained by the edge atoms is

smaller and the energy loss by the rest of the surface atoms is larger. Thus, the degree of

involvement of rolling and lineal mechanisms in the dissociation of the nanocubes depends

on the strength of repulsive interactions mediated by the grafted ligands.

In addition to weakly interacting nanocubes, we also investigated the FF-forming (σlig =

0.5σ) and I-forming (σlig = 0.75σ) nanocubes with strong vdW interactions (εcc = 2ε) marked

by purple rectangles in Fig. 3a. The shape of the free energy profile along the MFEP as well

as the assembly mechanism of the FF-forming nanocubes with strong interactions shown

in Fig. 4a–d are very similar to those with weak interactions depicted in Fig. 3d–g, except

for two notable differences. First, the magnitude of free energies are obviously much larger

in nanocubes with strong interactions. Second, no energy barrier exists between the I and

FF states. This is because the vdW interactions are now even more dominant and the

increased free volume available to the grafts from the rolling motion does not outweigh the

reduction in vdW energy. Consequently, the nanocubes prefer to remain parallel throughout

the transition from the I to the FF state.

Lastly, the I-forming nanocubes with strong vdW interactions also assemble similarly to

EE-forming nanocubes with weak interactions, except that the the MFE state now is the I

rather than the EE phase. This is clearly a result of the stronger vdW interactions being able

to overcome the steric repulsion from the grafts enclosed between the nanocube surfaces in

the I phase. Since vdW interactions dominate steric repulsion in these I-forming nanocubes,

the free energy is also consistently larger in magnitude across the MFEP.
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While we have compared the strongly and weakly interacting nanocubes by modifying εcc,

the above results also provide insight into the effect of nanocube size on their assembly behav-

ior. Experimentally, Klinkova et al. have shown that polystyrene-grafted silver nanocubes

tend to form homogeneous FF structures when the particles are large (D = 45 nm) whereas

they form less uniform configurations consisting mostly of I and EE configurations for smaller

D (25 nm).3 Our previous calculations15,35 have shown the interaction free energy between

nanocubes scales more sharply with size for the FF state (∝ D2) compared to the I state

(∝ D). Therefore, the larger the nanocube, the greater its preference for the FF configura-

tion. In addition, because the interaction strengths are weaker for smaller nanocubes, the

height of free-energy barriers between metastable states will also be reduced, resulting in

less uniform configurations for smaller nanocubes.

Effect of surface roughness. While the MFEPs presented in Figs. 3 and 4 provide use-

ful insights into the assembly mechanism of surface-functionalized nanocubes, the predicted

energy barriers between metastable states are O(100kBT ). As most assembly experiments,

such as those involving Ag nanocubes,1,2 are conducted at temperatures of 270–400 K and

over time scales of hours, the large barriers imply that the nanocubes would not be able to

transition between different stable phases within observable time scales. While this result

could well be valid for many experimental cases in which thermal annealing does not alter

the assembly configuration of nanocubes, it cannot explain the thermally-induced transi-

tion from EE to FF phases observed by Gao et al.1 One possible cause of this discrepancy

could be the overestimation of the vdW interaction energy between nanocubes due to our

assumption of “ideal” nanocubes. In particular, our model assumes that the nanocubes are

defectless, so their surfaces are atomically smooth. However, atomic force microscope imag-

ing of Ag nanocubes revealed that their surface is not perfectly flat but has a root mean

squared deviation of one to two atomic diameters.16 Such surface roughness can lead to a

drastic reduction in the vdW interactions energy between faceted NPs as only a fraction of

the surface atoms can be in contact with the other NP. Indeed, computational studies have
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shown that NPs transition from an associated percolating gel to a dissociated fluid phase

when surface roughness is incorporated.36

To investigate the effects of roughness, we also obtained the MFEP of atomically cor-

rugated “rough” nanocubes as introduced earlier. Fig. 5 presents the results obtained for

such nanocubes with parameters (σlig = 0.5σ, εcc = 0.75ε) and (σlig = 0.5σ, εcc = 2ε), which

lead to the FF phase in case of ideal nanocubes (see Fig. 3a). Similar to the MFEP of ideal

nanocubes, the FF phase is the global MFE state for rough nanocubes. The mechanism

of assembly from the I phase (labelled 3 in Figs. 5d and 5h) to the FF phase (labelled 4)

also is dominated mostly by the SA mechanism. Furthermore, as was the case with ideal

nanocubes, the assembly mechanism is very similar between rough nanocubes with large and

small εcc.

However, two key differences emerge between the MFEPs of rough and ideal nanocubes.

First, the overall magnitude of the free energy of rough nanocubes is ≈ 30% of that of ideal

nanocubes. Consequentially, the energy barriers between different states are also significantly

smaller. For example, for the MFEP obtained with parameters of (σlig = 0.5σ, εcc = 0.75ε),

the energy barrier between the EE and the I phase is ≈ 25kBT (Fig. 5a) while it is ≈ 115kBT

for ideal nanocubes (Fig. 3d). Second, the assembly mechanism of rough nanocubes involves

much more lineal and rolling motions. This is because the energy loss of the nanocubes from

LD and RD is greatly reduced as less number of atoms are in contact with each other due

to surface roughness.

A consequence of reduced interaction energies between nanocubes is that the kinetics of

many of the transitions across phases are now within experimental time scales. In fact, using

Kramer’s theory we can estimate the rate of transition from the EE to the I phase (labelled

1 → 2 in Fig. 5c) for rough nanocubes with εcc = 0.75ε at T = 1ε/kB to be O(10−4/s),

indicating that this transition now occurs within experimental time scales. On the other

hand, the rate of the I → FF transition (labelled 3 → 4) is O(10−7/s), indicating that

the probability of this transition occurring within experimental time scales is still very low.
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However, these results change drastically when thermal annealing is applied, for instance,

when T is increased to 1.5ε/kB, which is equivalent to changing the temperature from 270 K

to 400 K in experiments. Now, the transition rates between all three phases are larger than

O(10−5/s). Therefore, the nanocubes are expected to spontaneously assemble into their

global MFE configuration, the FF phase, within experimental time scales. In contrast, the

transition rate for rough nanocubes with εcc = 2ε are all less than O(10−10/s), indicating

that a large fraction of these nanocubes are likely to be observed trapped in one or more of

its metastable states (Fig. 5g). From these results, one can infer that the thermally-induced

EE→ FF transition experimentally observed by Gao et al.1 likely belongs to the case where

the energy barriers are such that thermal annealing is necessary for the transition to take

place in experimental time scales, similar to the computational results shown in Fig. 5c.

CONCLUSIONS

We have computationally investigated the assembly mechanism of surface-functionalized

nanocubes by carrying out MFEP analyses of their interaction free energy landscape. Our

results show that the nanocubes exhibit multiple metastable states related to the FF, I, and

EE phases reported earlier, and that the MFEP connecting these metastable states contains

transition states with large free energy barriers. Analysis of nanocube configurations along

the MFEP revealed that the transition between metastable states requires slight dissocia-

tion of the nanocubes, which allows them to incorporate more grafted ligands between their

interacting faces. In general, the dissociation mechanism involves lineal separation of the

nanocubes, while their ensuing progressive association towards the next metastable state

follows a combination of sliding and rolling motions. In the future, it would be important

to experimentally test these assembly pathway predictions using new, powerful spectroscopy

techniques such as multimodal single-molecule FRET37 and fluorescence correlation spec-

troscopy,38 which can measure spatiotemporal changes in the relative location of fluorescent

molecules strategically tagged onto the system of interest.
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We also demonstrated that, similar to the globally stable state, the assembly pathway too

is determined by the competition between attractive vdW interactions and repulsive steric

interactions mediated by the nanocube cores and grafts, respectively. Specifically, increasing

the strength of vdW interactions leads to more parallel configurations of the nanocubes

and reduced rolling motions throughout the MFEP, whereas increasing the magnitude of

steric interactions leads to more slanted configurations and pronounced rolling motions.

Incorporation of surface roughness to the nanocubes greatly reduces the overall magnitude

of vdW interactions between the nanocubes. Apart from making the lineal and rolling

motions of the assembly pathway more pronounced, roughness leads to significant lowering

of energy barriers that can cause some prohibitively slow transitions across metastable states

to become more kinetically accessible. In some cases, thermal annealing is required to make

transitions between metastable and stable states more kinetically accessible.

On the whole, this work suggests that the design of surface-functionalized NPs to target

a specific assembly configuration needs to consider not only the globally stable state but

also the MFEP leading to this state. For example, while our previous study15 suggested

that strong attractive interactions between the nanocube cores will always lead to the FF

state being favored, the results of this study indicate that the transition towards the FF

state from the I or EE configurations might not occur within experimental time scales if

the linear and rolling dissociative motions required between states incur large energetic

penalties. Therefore, the interaction strength between the NPs needs to be adjusted so that

the activation energy between metastable states is relatively weak while the energy well

at the targeted configuration is much deeper compared to those of the metastable states.

Such insights not only help explain the heterogeneity in interparticle configurations and

thermally-induced transitions between them observed experimentally,1–3 but they should

also help engineer experimental systems that lead to more uniform assembly of nanocubes

into targeted nanostructures.
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Figure 1: Schematics of the computational approach. (a) Coarse-grained model of surface-
functionalized nanocubes with the coordinate system for describing their interparticle con-
figration. (b) Mechanism of nanocube association and dissociation involving lineal, sliding,
and rolling motions. (c) Definition of the reaction coordinate based on total displacement of
nanocube atoms. (d) Procedure for obtaining the MFEP, which involves computation of the
free energy landscape, identification of the local energy minima corresponding to the EE,
I, and FF phases, and determination of the MFEP by connecting local energy minima via
the Dijkstra algorithm. Solid black circles represent the MFE configurations corresponding
to the three phases and the purple planes represent boundaries between the three phase
domains.
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Figure 2: Assembly of bare nanocubes with εcc = kBT . (a) Free energy landscape F (ds, dy, θ)
showing the FF configuration as the global MFE state. The solid black line is the MFEP
between the tip-to-tip and FF configurations depicted by solid black circles. (b) Free energy
with respect to dy and θ for values of ds that minimize F . (c) Free energy with respect to
dy and ds for values of θ that minimize F . (d) Free energy as nanocubes transition from the
dissociated state to the ideal face-face state (ds = 0, dy = D, θ = 0◦) with purely a single
type of association mechanism. Color bar at the bottom applies to (a)–(c).
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Figure 3: Assembly pathway of surface-functionalized nanocubes with weak vdW inter-
actions. (a) Phase diagram with respect to σlig and εcc. (b–k) Results corresponding to
[σlig, εcc] = [0.5σ, 0.75kBT ] (b, d–g) and [0.75σ, 0.75kBT ] (c, h–k). (b, c) Free energy land-
scapes F (ds, dy, θ) showing the MFEPs as black lines and the local or global MFE configura-
tions as solid black circles. (d, h) Free energy along the MFEP. (e, i) Nanocube configuration
coordinates along the MFEP. (f, j) Free energy with respect to dy and θ minimized with re-
spect to ds. (g, k) Representative nanocube configurations at specific points along the MFEP
indicated in (d, h) and (e, i). Configurations at the tip-to-tip, metastable/stable, and tran-
sition states are distinguished by purple, red, and blue grafts. Green rectangle denotes the
globally stable state. Color bars in (f) and (j) also apply to (b) and (c), respectively.26
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Figure 4: Assembly pathway of surface-functionalized nanocubes with strong vdW interac-
tions. (a–h) Results corresponding to [σlig, εcc] = [0.5σ, 2kBT ] (a–d) and [0.75σ, 2kBT ] (e–h).
(a, e) Free energy along the MFEP. (b, f) Nanocube configuration coordinates along the
MFEP. (c, g) Free energy with respect to dy and θ minimized with respect to ds. (d, h)
Representative nanocube configurations at specific points along the MFEP indicated in (a,
e) and (b, f). Configurations at the tip-to-tip, metastable/stable, and transition states are
distinguished by purple, red, and blue grafts. Green rectangle denotes the globally stable
state.
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Figure 5: Assembly pathway and transition rates of nanocubes with rough surfaces. (a–h)
Results corresponding to [σlig, εcc] = [0.5σ, 0.75kBT ] (a–d) and [0.5σ, 2kBT ] (e–h). (a, e)
Free energy along the MFEP. Transition states between energy minima are marked by blue
circles. (b, f) Nanocube configuration coordinates along the MFEP. (c, g) Transition rates
between energy minima at the two specified temperatures. (d, h) Representative nanocube
configurations at specific points along the MFEP indicated in (a, e) and (b, f).
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