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An Exact Inversion Method for Extracting Orientation Ordering 
from Small-Angle Scattering  

Guan-Rong Huang*, 
a
 Jan Michael Carrillo,

b
 Yangyang Wang,

b
 Changwoo Do,

a
 Lionel Porcar,

c
 

Bobby Sumpter*b and Wei-Ren Chen*a 

We outline a nonparametric inversion strategy for determining the orientation distribution function (ODF) of sheared 

interacting rods using small-angle scattering techniques. With the presence of direct inter-rod interaction and fluid 

mechanical forces, the scattering spectra are no longer characterized by the azimuthal symmetry in the coordinates 

defined by the principal directions of simple shear condition, which severely compounds the reconstruction of ODFs based 

on currently available methods developed for dilute systems. Using a real spherical harmonic expansion scheme, the real -

space ODFs are uniquely determined from the anisotropic scattering spectra and their numerical accuracy are verified 

computationally. Our method can be generalized to extract ODFs of uniaxially anisotropic objects under different flow 

conditions in a properly transformed reference frame with suitable basis vectors.

Introduction 

For scientific as well as technological reasons, the motion and 

alignment of flowing rods has been a subject of intense study 

during the past decades. Extensive computational effort has been 

dedicated to investigating how the interplay of hydrodynamic 

forces, Brownian motion, and direct inter-particle interaction 

influences the orientational ordering of elongated particles under 

different flow fields. In many industrial processes, anisotropic 

macromolecules such as stiff polymers1, nanostructured films2,3, 

fibers4,5, and non-spherical nanoparticles6,7, are brought into the 

flow state to create products with specific properties like high 

modulus or parts with geometrically complex shapes. The effect of 

flow on the structure–property relationships is an important issue 

to consider in processing this class of materials. 

On the theoretical side, there has been much interest in 

describing the configuration of suspensions of aligned rods, such as 

the density functional theory calculation proposed by Onsager.8 

Constitutive modelling or Smoluchowski equation has later been 

applied to address rod suspensions undergoing flow and 

deformation.9-13 In this context, the quantity of interest, through 

which the effect of orientation entropy, inter-rod exclusion, and 

long-range interactions on the phase behaviour and rheological 

response can be delineated, is the orientation distribution function 

(ODF) of aligned rods,9-17 partially due to the fact it can be related 

to a number of important quantities such as the shear and 

hydrodynamic stresses.10,18-23 In other words, ODF is of fundamental 

importance for characterizing the properties and alignment of rod 

suspensions from the perspective of statistical mechanics.  

Various scattering techniques, which render the structural 

information in terms of two-point spatial correlation functions in 

reciprocal space, are prominent among the array of experimental 

tools for measuring ODFs.4,23-39 Although the experimental protocol 

can now be routinely implemented under different flow conditions, 

it is not always straightforward to inversely determine ODFs from 

the anisotropy of corresponding scattering spectra. It has been 

recognized that a unique determination of the three-dimensional 

(3D) real-space ODF can be facilitated by taking advantage of 

certain angular symmetry of two-dimensional (2D) scattering 

spectra in reciprocal space in data analysis.39,40 For example, by 

analysing the angular symmetry of scattering intensity collected 

from the plane normal to the incoming beam, determining the 

preferred orientation of particles in the nematic phase can be 

conveniently simplified by the axial symmetry with respect to the 

direction of the flow field.39-41 However, when suspensions of 

rodlike objects are subjected to other flow conditions with lower 

symmetry which are commonly encountered in various industrial 

processes, the corresponding scattering spectra are known to be 

characterized by a lower degree of angular symmetries. As a result, 

extraction of ODFs based on the currently available methods of 

special analysis is severely compounded. This challenge provides 

the motivation for this work.  

Series expansion is a mathematical scheme for solving 

mathematical problems whose related functions cannot be 

expressed explicitly. The approach of spherical harmonics 

expansion has been commonly adopted by existing experimental 

and computational studies to facilitate the structural investigation 

of deforming soft materials.40-57 Earlier based on the real spherical 

harmonics expansion (RSHE) we have developed a model-free 

approach to determine the real-space ODF of suspensions of dilute 

rods with negligible inter-rod interaction in extensional flows.
40
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this study this facile approach is further generalized to 

quantitatively determine ODFs of interacting rigid rods aligned by 

simple steady shear flows. Because of the influence of 

thermodynamic and hydrodynamic interactions, azimuthal 

symmetry of scattering spectra collected from the relevant flow 

planes are no longer preserved. By expanding both scattering 

intensity and intra-particle spatial correlation in a transformed 

coordinate system, our nonparametric methodology was able to 

extract ODFs of aligned rods within the probed range of shear rate 

without a priori assumption of ODF, such as its functional form and 

boundary condition. The numerical accuracy was further verified by 

particle-based computer simulations. In related scattering studies, 

different order parameters are used to provide a quantitative 

measure of ODF. In what follows we first express the order 

parameter of ODF (ODF-OP) and scattering order parameter (SOP) 

in terms of RSHE and show that they can only be related by the 

RSHE of intra-particle correlation in sufficiently small length scale. 

We further mathematically demonstrate that reconstruction of 

ODFs and extraction of the associated ODF-OP can only be achieved 

by analysing the scattering signal collected from the velocity-

velocity gradient plane in a properly rotated reference frame. 

Complementary dissipative particle dynamics (DPD) simulations 

were carried out to test the numerical accuracy of our proposed 

methodology. Our result shows that neither SOP nor the commonly 

used alignment factor is equal to the ODF-OP for the sheared 

interacting rods and none of them can provide a quantitative 

description of ODFs. 

Real spherical harmonics expansion (RSHE) 

RSHE of orientation distribution function (ODF) 

In this study ODF is denoted as 𝑓(𝜃, 𝜙). Conventionally, 𝜃 and 𝜙 are 

respectively the polar and azimuthal angles in a right-handed frame.  

By RSHE the logarithm of ODF can take the following expression in 

real space:  

ln 𝑓(𝜃, 𝜙) = ∑ ∑ 𝜆𝑙
𝑚

𝑙

𝑚=−𝑙

𝑌𝑙
𝑚(𝜃, 𝜙)

∞

𝑙=0

,  

𝑓(𝜃, 𝜙) = exp[∑ ∑ 𝜆𝑙
𝑚

𝑙

𝑚=−𝑙

𝑌𝑙
𝑚(𝜃, 𝜙)

∞

𝑙=0

], (1) 

where 𝜆𝑙
𝑚 are expansion constants, 𝑌𝑙

𝑚(𝜃, 𝜙) are the real spherical 
harmonics (RSH) of order 𝑙 and degree 𝑚 satisfying the orthogonal 

condition: ∫𝑑Ω𝑌𝑙
𝑚𝑌𝑙′

𝑚′

= 4𝜋𝛿𝑙,𝑙′𝛿𝑚,𝑚′  and Ω is the solid angle at 
(𝜃, 𝜙). 𝛿𝑙,𝑙′ and 𝛿𝑚,𝑚′  are the Kronecker delta functions, which are 

equal to one if subscripts are identical and zero otherwise. For 
simplicity, 𝑌𝑙

𝑚(𝜃, 𝜙) is denoted as 𝑌𝑙
𝑚. Because simple shear flow is 

symmetrical and it is mathematically convenient, in this work, 𝜃 and 
𝜙 are defined as the angles with respect to 𝑥- and 𝑦-axes, 
respectively. The directions of flow, velocity gradient, and vorticity 
are labelled respectively as 𝑥, 𝑦, and 𝑧. From the order parameter 
of ODF,  

𝑆𝑙
𝑚 =

1

4𝜋
∫𝑑𝛺 𝑓(𝜃, 𝜙). (2) 

A series of integral equations can be generated from Eqn. (2) given 
the values of 𝑺𝒍

𝒎. 𝝀𝒍
𝒎 can thus be uniquely determined by these 

equations when Eqn. (1) is truncated at a finite 𝒍 value. As shown in 
the appendix, Eqns. (1) and (2) are equivalent to the ODF with the 
largest probabilistic entropy subject to certain constraints, and their 
validity was verified by reconstructing the analytical ODFs in the 
case studies of uniaxial extension homogenous flow, Kramer’s shear 
flow, and the theory by Doi and Edward.10 Equation (2) is equivalent 
to the RSHE of ODF,40  

𝑓(𝜃, 𝜙) = ∑ ∑ 𝑆𝑙
𝑚

𝑙

𝑚=−𝑙

𝑌𝑙
𝑚

∞

𝑙=0

. (3) 

When ODF is axially symmetrical along one direction, Eqn. (1) 

can further be simplified as 

𝑓(𝜃′) = exp[∑𝜆′
𝑙
0𝑌𝑙

0(𝜃′)

∞

𝑙=0

] , (4) 

where 𝜃′ is the polar angle in the reference frame where ODF is 
axially symmetrical to its 𝑥-axis and independent of 𝜙′, and the 

relation between (𝜆′
𝑙
0 , 𝜆𝑙

𝑚) can be determined by the rotation 
transformation of RSH basis.40 For simplicity, we denote the lab 
frame and axially symmetrical ODF frame in Eqn. (1) and Eqn. (4), as 
“𝐿” and “𝐹”, respectively. And the variables with the prime symbol 
“ ′ ” are calculated in 𝐹, and those without “ ′ ” are calculated in 𝐿.  

RSHE of coherent scattering intensity 

In this section, we derive the relationship between the anisotropic 
scattering intensity 𝐼(𝑸), order parameter of ODF 𝑆𝑙

𝑚, and 
scattering order parameter by RSHE, where 𝑸 is the momentum 
transfer of scattered beam. Similarly, 𝐼(𝑸) of rigid rods can be 
expanded as40-42,56,57 

𝐼(𝑸) = ∑ ∑ 𝐼𝑙
𝑚(𝑄)

𝑙

𝑚=−𝑙

𝑌𝑙
𝑚

∞

𝑙=0

, (5) 

where 𝐼𝑙
𝑚(𝑄) = ∫𝑑Ω𝐼(𝑸)𝑌𝑙

𝑚/(4𝜋). Because 𝑌𝑙
𝑚 form an 

orthogonal basis of the Hilbert space of square integrable functions 
of (𝜃, 𝜙),58-60 Eqn. (5) is valid for particles with arbitrary shape due 
to this completeness of 𝑌𝑙

𝑚.58-61 It is instructive to indicate the 
mathematical merits of RSHE for the analysis of 𝐼(𝑸): Because ODF 
is concealed in the angular component of 𝐼(𝑸), the spectral analysis 
can be facilitated by separating the angular variables in terms of 
𝑌𝑙

𝑚. In addition, the parity and angular symmetry of 𝐼(𝑸) can be 
conveniently addressed by 𝑌𝑙

𝑚 due to the periodic nature of 
trigonometric functions. In scattering experiments, the ODF can be 
obtained from the angular distribution of 𝐼(𝑸), which are 
𝐼𝑙
𝑚(𝑄)𝑌𝑙

𝑚. For axially symmetrical and elongated particles under 
uniaxial field, earlier we have demonstrated that the corresponding 
ODF can be unbiasedly reconstructed from the two-dimensional 
anisotropic spectra of relevant planes via RSHE.40  

Scattering order parameter 

The scattering order parameter 𝑆𝑙
𝑚(𝑄) has been used to account 

for the orientational ordering.4,32,36,62-64 In terms of 𝐼𝑙
𝑚(𝑄), it can be 

expressed as 

𝑆𝑙
𝑚(𝑄) =

∫ 𝑑Ω𝐼(𝑸)𝑌𝑙
𝑚

∫ 𝑑Ω𝐼(𝑸)𝑌0
0 =

𝐼𝑙
𝑚(𝑄)

𝐼0
0(𝑄)

. (6) 
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It should be noted that 𝑆𝑙
𝑚(𝑄) is generally not identical to 𝑆𝑙

𝑚. 

𝑆𝑙
𝑚(𝑄) defined by  𝐼𝑙

𝑚(𝑄) in Eqn. (6) is a function of 𝑄 while 𝑆𝑙
𝑚 

defined by ODF in Eqn. (2) is a constant. Without translational 
periodicity, the scattered intensity from the inter-particle spatial 
correlation approaches constant in the high 𝑄 limit, where the 
collected scattered intensity is essentially only contributed by the 
intra-particle correlation. Thus, the experimentally measured 𝐼(𝑸) 
is proportional to the anisotropic single-particle form factor 𝑃(𝑸), 
which is the average of the particle form factor at a specific 
orientation Ω, 𝑃(𝑸,Ω), with respect to 𝑓(𝜃, 𝜙),40 

𝑃(𝑸) = ∑ ∑ 𝑆𝑙
𝑚𝑃𝑙

𝑚(𝑄)𝑌𝑙
𝑚(𝜃, 𝜙)

𝑙

𝑚=−𝑙

,

∞

𝑙=0

 (7) 

where  

𝑃𝑙
𝑚(𝑄) =

1

16𝜋2
∫𝑑�̂�𝑑Ω𝑃(𝑸,Ω)𝑌𝑙

𝑚(Ω)𝑌𝑙
𝑚(�̂�). (8) 

�̂� is the orientation of 𝑸. From Eqns. (6) and (7), we can therefore 
show that in the high 𝑄 regime 

𝑆𝑙
𝑚(𝑄) =

𝐼𝑙
𝑚(𝑄)

𝐼0
0(𝑄)

≈
𝑃𝑙

𝑚(𝑄)

𝑃0
0(𝑄)

𝑆𝑙
𝑚. (9) 

In general, 𝑆𝑙
𝑚(𝑄) cannot be uniquely determined from two-

dimensional small-angle scattering (SAS) spectra because it is a 

three-dimensional variable. Unique determination of 𝑆𝑙
𝑚(𝑄) 

requires additional symmetry or constraints.
40,42

 A mathematically 
tractable approach to circumvent this difficulty is to conduct 
spectral analysis in a coordinate where the 𝑥-axis is along the 
orientational direction of particles to introduce desired axial 
symmetry. In this new reference frame 𝐹, 𝜙 is no longer a relevant 
variable. Only the RSH terms of 𝑚 = 0 in Eqns. (5) and (8) are 
required for spectral analysis. Therefore, through Eqns. (2) and (4) 
and the extracted order parameter of ODF from their SAS spectra 
via Eqns. (8) and (9), ODF of flowing elongated particles can be 
determined. 

ODF reconstruction from coordinate transformation between  𝑳 
and 𝑭 frames 

Here we demonstrate mathematically that the reconstruction of 
axially symmetrical ODF from RSHE is only feasible by analysing the 
scattering signal collected from the plane normal to the average 
orientation of the elongated particles. Considering the 

configuration in Fig. 1, it can be envisioned that 𝐼(𝑸) is axially 
symmetrical in the reference frame with 𝑥’-axis being 𝑹. This means 
that we can describe the ODF as a function of only one angular 
variable, 𝜃′. In high 𝑄 regime it can be expressed as 

𝐼(𝑸) = 𝐴∑𝑆′
𝑙
0𝑃𝑙

0(𝑄)

𝑙

𝑌𝑙
0(Ω′), (10) 

where 𝐴 is a constant and 

𝑓(𝜃′) = ∑𝑆′𝑙
0

∞

𝑙=0

𝑌𝑙
0(Ω′). (11) 

𝑌𝑙
0(Ω′) is only a function of cos𝜃′ and is proportional to the 

Legendre polynomial of degree 𝑙 in terms of cos𝜃′. The inner 
product of 𝑌𝑙1

0(Ω′) and 𝑌𝑙2
0(Ω′) satisfies the identity 

∫ 𝑑𝜙′∫ 𝑑𝜃′ sin𝜃′
𝜋

0

2𝜋

0

𝑌𝑙1
0(Ω′)𝑌𝑙2

0(Ω′) = 4𝜋𝛿𝑙1,𝑙2
, (12) 

where 𝑙1 and 𝑙2 are some integers running from 0 and 𝛿𝑙1,𝑙2
 is again 

the Kronecker delta function. This means that the orthonormal 
property is preserved on 𝑥′𝑦′-plane of 𝐹. We can see that 𝐹 is 
simply the rotation of 𝐿, about the 𝑧-axis at an angle 𝜃𝑡. Therefore, 
(𝜃′,𝜙′) and (𝜃, 𝜙) satisfies the identities: 

cos𝜃′ = cos𝜃𝑡 cos𝜃 + sin𝜃𝑡 sin𝜃 cos𝜙, 

sin 𝜃′ cos𝜙′ = −sin𝜃𝑡 cos𝜃 + sin𝜃 cos𝜙 cos𝜃𝑡 , (13) 

sin 𝜃′ sin𝜙′ = sin𝜃 sin𝜙. 

To reconstruct ODF, we at first need to extract 𝑆′𝑙
0 from SAS spectra 

based on Eqns. (9, 10-13). Conventionally, for a simple shear flow, 
scattering experiments use the Couette flow cell, which can access 
the spectra on the 𝑥𝑦-, 𝑥𝑧-, and 𝑦𝑧-planes.42,62 For the sake of 
simplicity, we denote 𝐼(𝑸)’s on the 𝑥𝑦-, 𝑥𝑧-, and 𝑦𝑧-planes as 
𝐼𝑥𝑦(𝑸), 𝐼𝑥𝑧(𝑸), and 𝐼𝑦𝑧(𝑸), respectively. Via the Eqns. (10) and 

(13), we can express 𝐼𝑥𝑧(𝑸) and 𝐼𝑦𝑧(𝑸) as 

𝐼𝑥𝑧(𝑸) = 𝐴∑𝑆′𝑙
0

∞

𝑙=0

𝑃𝑙
0(𝑄)𝑌𝑙

0(Ω′) 

= 𝐴 ∑𝑆′𝑙
0

∞

𝑙=0

𝑃𝑙
0(𝑄)𝑌𝑙

0(cos𝜃𝑡 cos𝜃), (14) 

𝐼𝑦𝑧(𝑸) = 𝐴∑𝑆′
𝑙
0

∞

𝑙=0

𝑃𝑙
0(𝑄)𝑌𝑙

0(Ω′) 

= 𝐴∑𝑆′𝑙
0

∞

𝑙=0

𝑃𝑙
0(𝑄)𝑌𝑙

0(sin 𝜃𝑡 cos𝜙). (15) 

Recall that Legendre polynomials are orthogonal functions defined 
in the domain, cos 𝜃 = [−1,1]. The orthogonal properties are only 
maintained when 𝜃𝑡 = 0 or 𝜋 on the 𝑥𝑧-plane and  𝜃𝑡 = 𝜋/2 or 
3𝜋/2 on the 𝑦𝑧-plane. These happens when the 𝑹 of elongated 
particles is along the 𝑥- or 𝑦-axis. For more general cases, where 

𝜃𝑡 ∈ (0,𝜋) \ 𝜋/2 , 𝑆′𝑙
0 cannot be extracted on both the 𝑥𝑧- and 𝑦𝑧-

planes. Meanwhile, on the 𝑥𝑦-plane we have 

𝐼𝑥𝑦(𝑸) = 𝐴∑𝑆′𝑙
0

∞

𝑙=0

𝑃𝑙
0(𝑄)𝑌𝑙

0(Ω′) 

 
Figure 1. Schematic representation of the 𝑥𝑦𝑧-frame (𝐿) 
and the 𝑥′𝑦′𝑧′-frame (𝐹), where 𝑣 is the flow direction. 
Without loss of generality, we assume the average 
orientation, 𝑹, is on the 𝑥𝑦-plane with a tilting angle 𝜃𝑡  
with respect to the 𝑥-axis.   
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= 𝐴∑𝑆′𝑙
0

∞

𝑙=0

𝑃𝑙
0(𝑄)𝑌𝑙

0(cos(𝜃 ± 𝜃𝑡)). (16) 

In Eqn. (16), the orthogonal properties are kept when 𝑙 is an even 
integer. Since most of scattering signatures carry parity symmetry, 
only the 𝑙 = 0, 2, 4, … terms remain in the expansion. Subsequently, 

we can obtain 𝑆′𝑙
0 by integrating on the 𝑥𝑦-plane 

𝑆′𝑙
0 =

1

𝐴𝑃𝑙
0(𝑄)

∫ ∫ 𝑑𝜙𝑑𝜃 sin𝜃

𝜋
2
+𝜃𝑡

𝜃𝑡

2𝜋

0

𝐼𝑥𝑦(𝑸)𝑌𝑙
0. (17) 

To obtain the 𝑃𝑙
0(𝑄) in Eqn. (17), for the case of rigid rods we can 

use the following form factor 

𝑃rod(𝑸,Ω) = [𝑗0 (
𝑄𝐿𝑅

2
cos𝛽) ]

2

, (18) 

where 𝑗0 is the spherical Bessel function of order 0 and 𝛽 is the 
angle between the scattering vector 𝑸 and the principal axis of a 
rod. In general, the rod length 𝐿𝑅 can be extracted by the model 
fitting with the scattering intensity of sheared rod suspensions in 
the quiescent state.  

In summary, the step-by-step procedure of ODF reconstruction 

is given as follows. First, it is to obtain 𝑃𝑙
0(𝑄) via the spectral 

decomposition of anisotropic form factor using Eqns. (8) and (18). 

With 𝑃𝑙
0(𝑄), we can extract the 𝑆𝑙

′0 via Eqns. (9), (14), and (17). 

Second, calculate 𝜆′𝑙
0 by solving Eqn. (4) with the obtained 𝑆𝑙

′0 
values to reconstruct 𝑓(𝜃′). Finally, through the coordinate 

transformation Eqn. (13), the 𝜆𝑙
𝑚 and 𝑓(𝜃, 𝜙) can be reconstructed 

by Eqn. (1). 

Dissipative particle dynamics (DPD) simulations of 
rod suspensions 

To demonstrate the validity of the proposed methodology, we 
perform a series of explicit solvent nonequilibrium molecular 
dynamics simulations of rods suspensions (see Fig. A2 in the 
Appendix). Molecular dynamics simulations allow us to access the 
microstructure evolution of the rods in solution and thereby 
establish a direct connection to the ensemble-averaged quantities 
probed in small-angle scattering experiments. It enables us to 
compare real and reciprocal space analysis of system properties, 
such as orientational alignment of rods under simple shear. In all 
the simulations, each rod is modelled by bonded Lennard-Jones (LJ) 
beads with bead diameter 𝜎 and its rigidity is achieved adding a 
bending potential along its contour. The solvent is made up of non-
bonded LJ beads and the concentration of the rod is low enough 
such that the equilibrium rod orientation distribution is still 
isotropic (see Fig. A3(b) in the Appendix). The system consists of 
rods with diameter 𝐷~𝜎 and length 𝐿𝑅~25𝐷. The reduced 

concentrations 𝑐 explored in this work ranged from 0.02 ≤ 𝑐𝐿𝑅
2 𝐷 ≤

0.51, which spans the dilute solution to the semi-dilute regimes 

(see Table A4 in the Appendix). For dilute case 𝑐 ≪ 𝐿𝑅
−3 while for 

semidilute case 𝐿𝑅
−3 ≤ 𝑐 ≪ 𝐷−1𝐿𝑅

−2.22 The investigation of different 
concentration regimes is carried out by coupling the system to a 

 
Figure 2. Snapshot of semi-dilute solution of randomly oriented rods with diameter 𝐷 and length 25𝐷 in its quiescent state 
(a) and its corresponding scattering spectra (e). The system consists of 216 rigid rods (blue cylinders) and solvent beads are 
not shown for clarity. Snapshot of the same solution under high shear with Pe = 106.3 at different projections; flow-
vorticity (𝑥 − 𝑧; b), flow-velocity gradient (𝑥 − 𝑦; c), and velocity gradient-vorticity (𝑦 − 𝑧; d) planes. Their corresponding 
scattering spectra are presented in (f-h), respectively. All the reported scattering spectra are based on ensemble average of 
4001 snapshots and were computed through numerical fast Fourier transform. The finite size effect starts to appear 

around 𝑄𝐿𝑏 ≈ 2𝜋 and is insignificant when 𝑄𝐷 ≥ 1, where 𝐿𝑏  is the size of the simulation box. 
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dissipative particle dynamics (DPD) thermostat. The DPD 
thermostat ensures linear and angular momentum conservation, 
preservation of hydrodynamic interactions on large length scales, 
and it avoids a temperature profile bias in boundary-driven 
nonequilibrium simulations of shear flow (see Fig. A4 in the 
Appendix).65-69 Shear boundary condition is applied to the system 
by deforming the triclinic simulation box in the 𝑥𝑦-plane, where the 
shear direction is along the 𝑥-axis whereas the velocity gradient is 
along the 𝑦-axis, at different constant shear rates relative to the 
characteristic time from which a single rod loses its orientational 
correlation, 𝜏𝑅𝑒 (See Table A4 and Fig. A3 for details on 𝜏𝑅𝑒 in the 
Appendix). The applied shear rates, �̇�, is varied from 10−6𝜏−1 to 
10−2𝜏−1 where 𝜏 is the characteristic time unit in the simulations. 
In this study, a dimensionless Peclet number Pe, which is defined as 
the product of the characteristic end-to-end vector relaxation time 
of a rod 𝜏𝑅𝑒 and the shear rate �̇�, is used to specify the strength of 
shear flow and ranged from 10−2 ≲ Pe ≲ 102. All simulations are 
performed using LAMMPS.70-72 Further details of the simulations 
are presented in the Appendix. 

Results and discussion 

Small-angle scattering spectra generated from DPD simulations 

Figure. 2(a) presents a snapshot of a solution of rods in the semi-

dilute regime (𝐿𝑅
−3 < 𝑐 < 𝐿𝑅

−2𝐷−1) consisting of 216 randomly 
oriented rigid rods at its quiescent state. Under shear, the flow field 
disturbs the spatial distribution of rods. Because of the competition 
between the imposed torque by flow field and rotational diffusion, 
the alignment of rods driven by the viscous flow would depend on 
the magnitude of Pe. In Figs. 2(b)-2(d) we present the 
configurational snapshots of the same system subjected to a shear 
flow applied along the 𝑥 direction. Significant orientational ordering 
at Pe = 106.3 is easily discerned from the projections of the three-
dimensional structure on the flow-vorticity (𝑥 − 𝑧; b), flow-velocity 
gradient (𝑥 − 𝑦; c), and velocity gradient-vorticity (𝑦 − 𝑧; d) planes. 

In Figs. 2(e)-2(h) we show the scattering spectra corresponding to 
the conformational snapshots given in Figs. 2(a)-2(d).  

Analysis of and comparison between 𝑆2
0 and 𝑆2

0(𝑄) 

In the theoretical calculation of uniaxial nematic phases 

characterized by azimuthal symmetry, 𝑆2
0 is an important parameter 

to characterize the system’s free energy in predicting the phase 
transition.8-17 On the other hand, in many existing SAS 

experiments4,32,36,62-64, 𝑆2
0(𝑄) has been calculated from spectral 

analysis to qualitatively characterize the orientation of rod-like 
objects aligned by shear flow. It is important to indicate that in 
diffraction experiments of uniaxial nematic phases of liquid 
crystals,38,73 the intensity magnitude is only significant within a 
narrow 𝑄 range. Under this situation, the radial part of intra-

particle correlation, 𝑃0
0(𝑄) and 𝑃2

0(𝑄) in Eqn. (9), can be 
adequately approximated as a delta function. The effect of form 

factor is therefore negligible and the dependence of 𝑆2
0(𝑄) on 𝑄 is 

weak. In this asymptotic condition, it is found that |𝑆2
0| ≈ |𝑆2

0(𝑄) |. 

However, this equality is generally not held for SAS experiments. In 
the related studies4,32,36,62-64 both 𝐼𝑥𝑦(𝑸) and 𝐼𝑥𝑧(𝑸) are used to 

calculate 𝑆2
0(𝑄) since both spectra render information of rod 

alignment with respect to the flow direction 𝑥, as indicated by the 
configurational snapshots given in Figs. 2(b) and 2(c). In Fig. 3 we 

present the 𝑆2
0(𝑄) obtained from both 𝐼𝑥𝑦(𝑸)  and 𝐼𝑥𝑧(𝑸) spectra 

which were directly generated from the trajectories at different Pe. 
Except for the case of Pe = 1.06, a discernible difference between 

these two 𝑆2
0(𝑄) is observed within the probed 𝑄 range. It is also 

noticeable that this discrepancy exhibits a non-monotonic 
dependence on Pe. Moreover, upon increasing Pe, the dependence 

of 𝑆2
0(𝑄) on 𝑄 becomes progressively significant. Two factors 

 
Figure 3. Scattering order parameters 𝑆2

0(𝑄) calculated from 
the scattering spectra through the trajectories of dissipative 
particle dynamics simulations consisting of 216 semi-dilute 
rigid rod suspensions under shear at different values of Pe. 
Based on Eqn. (6), the blue and red curves were calculated 

from 𝐼𝑥𝑦(𝑸) and  𝐼𝑥𝑧(𝑸) spectra, respectively. 

 

Figure 4. Extracted order parameters of semi-dilute solution 
consisting of 216 rigid rods under shear at different values of 

Pe: 𝐼0
0(𝑄𝐷) (a), 𝐼2

0(𝑄𝐷) (b), 𝑃0
0(𝑄𝐷) and 𝑃2

0(𝑄𝐷) (c) using 

Eqns. (4) and (7). The results of 𝑆′
2
0 obtained from spectral 

analysis, independently obtained from real-space trajectory 

analysis, and 𝑆′
2
0
= −2𝑆′

2
0
(𝑄)  (obtained from 𝐼𝑥𝑧(𝑸)) at the 

limit of 𝑄 → ∞ from Eqn. (6) are shown in (d), where 𝑆′
2
0
(𝑄) 

were calcualted at the largest probed 𝑄 values, 𝑄𝐷 ≈ 5.  
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account for these observations: As indicated in Eqn. (9), 𝑆2
0 is a 

dimensionless scalar constant and the dependence of 𝑆2
0(𝑄) on 𝑄 

comes from the intra-particle spatial correlation. Secondly, as 
indicated by Figs. 2(d) and 2(h), the azimuthal symmetry of ODF 
with respect to the flow direction 𝑥 is no longer preserved, 
suggesting that the spectra on 𝑥𝑦- and 𝑥𝑧-planes are not 
equivalent. Namely, 𝐼(𝑸) would be a function of both (𝜃,𝜙). This is 
different from the case of axially symmetrical 𝐼(𝑸), which is 
independent of 𝜙. To quantitatively reconstruct ODF in real space 
from the corresponding spectral analysis, these two factors need to 
be taken into consideration.  
 To address these issues, we can carry out the spectral analysis 
in 𝐹, where both the ODFs and 𝐼(𝑸) are axially symmetrical. 𝐹 can 
be obtained by rotating 𝐿 about 𝑧-axis at an angle such that the 
principal axis of flowing rods coincides with the 𝑥-axis of 𝐹. This 
angle is the tilted angle of 𝐼𝑥𝑦(𝑸) with respect to the 𝑄𝑦-axis. As 

demonstrated by Eqn. (16), 𝐼𝑥𝑦(𝑸) can indeed be expressed as a 

linear combination of Legendre polynomials in terms of new polar 
angle 𝜃′, and accordingly order parameters of ODF can be 
determined via spectral analysis based on Eqns. (9, 16-18). In Fig. 4 
we give the results of spectral decomposition using Eqns. (5) and (6) 
in 𝐹. Figure 4(a) presents the extracted 𝐼0

0(𝑄𝐷), the isotropic 
component of 𝐼𝑥𝑦(𝑸), obtained at different shear rates. 𝐼0

0(𝑄𝐷) are 

presented in a dimensionless unit 𝑄𝐷, and the behaviour of 𝐼0
0(𝑄𝐷) 

at different Pe values remains almost unchanged within the probed 
𝑄 range. This observation is expected since 𝑌0

0(Ω′) basis is 
independent of angular variables and therefore remains invariant 
under any rotational operation. The corresponding 𝐼2

0(𝑄𝐷) as a 

function of Pe are given in Fig. 4(b). Unlike 𝐼0
0(𝑄𝐷), 𝐼2

0(𝑄𝐷) is seen 
to develop progressively. From Eqns. (6) and (9), this observation 

indicates a steady increase in 𝑆′
2
0. Figure 4(c) presents the isotropic 

component of intra-rod spatial correlation 𝑃0
0(𝑄𝐷) and angular 

component 𝑃2
0(𝑄𝐷) obtained by using Eqns. (8) and (18). For large 

arguments, 𝑄𝐿𝑅 cos𝛽 ≫ 1, in the function 𝑃rod(𝑸,Ω), one can 

show that 𝑆′
2
0
≈ −2𝑆′

2
0
(𝑄).28,74 Note that this equality holds only 

when 𝑄 → ∞. From the results given in Figs. 4(a) and (c), 𝑆′
2
0
(𝑄) 

can be uniquely determined. The results of 𝑆′
2
0 obtained from our 

proposed approach along with that obtained directly from 

trajectory analysis and 𝑆′
2
0 = −2𝑆′

2
0
(𝑄) are presented in Fig. 4(d), 

where 𝑆′
2
0
(𝑄) were calcualted at the largest probed 𝑄 values, 

𝑄𝐷 ≈ 5.  

 A quantitative agreement is found between the 𝑆′
2
0 obtained 

from 𝐼𝑥𝑦(𝑸) by our methodology and that independently obtained 

from configurational calculation of trajectories. This observation 
demonstrates the rigor and robustness of our methodology in 

determining 𝑆′
2
0 from two-dimensional spectral analysis. We also 

notice that in the semi-logarithmic plot, the results follow a straight 
line. Moreover, as expected, a systematic deviation is found in the 

𝑆′
2
0 calculated from 𝐼𝑥𝑧(𝑸) in comparison to the ground truth 

rendered by real space trajectory analysis. Since𝐼𝑦𝑧(𝑸) given in Fig. 

2(h) also partially contains the information of axial tilt on the 𝑥𝑦-

plane, whether 𝑆′
2
0  can be quantitatively calculated based on the 

information of 𝐼𝑥𝑧(𝑸) and 𝐼𝑦𝑧(𝑸) presents an intriguing question. 

However, as demonstrated in Eqns. (14) and (15), due to the lack of 

 

Figure 5. The orientation distribution functions, in the axially symmetrical frame, from dissipative particle dynamics simulations 

consisting of 216 rigid rods in semi-dilute solution under shear at different values of Pe (a-e). These results were obtained from 

Onsager trial function (orange dashed lines), real-space trajectory analysis (red circles), and Eqn. (4) (blue solid lines). The inserts in (a-

e) are the corresponding 𝐼𝑥𝑦(𝑸) scattering spectra. The tilt angles 𝜃𝑡 as a function of Pe for dilute and semi-dilute rod solutions are 

presented in (f), and the dash line is the best fit straight line. Note that no practical disagreement around 𝜃′ = 0, since the factor 

sin 𝜃′ needs to take into consideration in a three-dimensional orientation. 
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suitable orthogonal basis for spectral expansion, coupling between 

𝑆′
2
0 and other even-order 𝑆′

𝑙
0 is inevitable and therefore generally 

𝑆′
2
0 cannot be uniquely determined without the information from 

𝐼𝑥𝑦(𝑸). 

Compare alignment factor 𝐴𝑓(𝑄) with 𝑆2
0 

In this section, we show that it is not possible to connect 𝑆2
0 to 

commonly used alignment factor 𝐴𝑓(𝑄), which has been proposed 

as a measure of molecular orientation for rod-like objects.
75-78

 It 

was claimed that lim𝑄→∞ 𝐴𝑓(𝑄) = −𝑆2
0. According to its definition, 

𝐴𝑓(𝑄) is found to take the following expression on the 𝑥𝑦- and 𝑥𝑧-

planes: 

𝐴𝑓(𝑄) =
∫ 𝑑𝜙𝐼(𝑸)cos(2𝜙)

2𝜋

0

∫ 𝑑𝜙
2𝜋

0
𝐼(𝑸)

. (19) 

Note that in the definition75-78, 𝜙 is the azimuthal angle with 
respect to 𝑥-axis, which is different from the definition of this study. 
Considering the case, where 𝐼(𝑸) is axially symmetric to 𝑥-axis, the 
integrand of 𝐴𝑓(𝑄) can be reduced to [0,𝜋]. On the 𝑥𝑦-plane 𝜙 is 

the angle between 𝑸 and the flow. Therefore, 𝐼(𝑸) can be 
expressed as 

𝐼(𝑸) = ∑ 𝐼𝑙
0(𝑄)𝑌𝑙

0(cos𝜙)

∞

𝑙=0,𝑙∈𝑒𝑣𝑒𝑛

, (20) 

where 𝐼𝑙
0(𝑄) = ∫ 𝑑𝜙 sin𝜙

𝜋

0
𝐼(𝑸)𝑌𝑙

0(cos𝜙)/2. Substituting Eqn. 

(20) to Eqn. (19), one finds 

𝐴𝑓(𝑄) = 1 − 2∑ (
1/2 

𝑛
)

∞

𝑛=0

∫ 𝑑𝜙sin𝜙 𝐼(𝑸)(−cos2 𝜙)𝑛𝜋

0

∫ 𝑑𝜙
𝜋

0
𝐼(𝑸)

, (21) 

where (1/2 
𝑛

) is the binomial coefficient. The contribution from 

(−cos2 𝜙)𝑛 in the integrand on the RHS of Eqn. (21) inevitably 

contains the information of all 𝐼𝑙
0(𝑄) with 𝑙 ≤ 2𝑛. For example, for 

𝑛 = 1, it is found to be 

∫ 𝑑𝜙 sin𝜙 𝐼(𝑸)cos2 𝜙
𝜋

0

∫ 𝑑𝜙
𝜋

0
𝐼(𝑸)

=
2

15

5𝐼0
0(𝑄) − 2𝐼2

0(𝑄)

∫ 𝑑𝜙
𝜋

0
𝐼(𝑸)

. (22) 

Equation (21) clearly demonstrates that, without imposing a specific 
functional form of ODF, mathematically it is not possible to 

uniquely determine 𝑆2
0 from 𝐴𝑓(𝑄). This calculation evidences that 

𝐴𝑓(𝑄) is unable to provide quantitative information about the 

orientational ordering of aligned rods. It only renders qualitative 
information as visual inspection of anisotropic spectra. 

Comparison between Onsager trial functions and ODFs from the 
trajectory analysis in simulation 

Having demonstrated that our approach produces reliable 

estimates of 𝑆′
2
0 by taking full advantage of angular symmetry via 

transformation of coordinates, we now can readily examine the 

connection between 𝑆′
2
0 and ODF as a function of Pe. Such results 

are presented in Fig. 5. In this figure, each ODF is presented in 

terms of the polar angle distribution function 

𝑓(𝜃′) ≡ ∫ 𝑑𝜙′𝑓(𝜃′ ,𝜙′) along the principal axis. Note that (𝜃′ , 𝜙′) 

are the angles in 𝐹. From the corresponding 𝐼𝑥𝑦(𝑸) given in the 

insert, a steady decrease of ODFs in 𝜃′ upon increasing in Pe is 

clearly seen. In addition, the spectrum becomes more anisotropic. 

In existing studies of rigid rod systems under field alignment or 

shear flow, 𝑆2
0 has been used as a dominant parameter to 

characterize the ODF of aligning rods, including Onsager Theory8, 

Smoluchowski theory39,62, Maier-Saupe theory62,63,79, and Doi-

Edwards theory10. In theoretical cases, their ODFs can be expressed 

analytically as a function of 𝑆2
0. For a given value of 𝑆2

0, the 

functional behaviors of those ODFs are similar to each other. 

Therefore, we choose the Onsager’s trial function Ψ𝑂(𝜃) =

𝛼 cosh(𝛼 cos𝜃)/(4𝜋sinh𝛼) as a comparison with the ODFs of 

aligned rods obtained from our simulation results. The parameter 𝛼 

is related to 𝑆2
0 by: 𝑆2

0 = 1 + 3𝛼−2 − 3𝛼−1 coth𝛼. With those 

corresponding 𝑆′
2
0 given in Fig. 4, 𝑓(𝜃′) at different Pe calculated 

from Ψ𝑂(𝜃′) is given by the dashed lines in Fig. 5. In comparison to 

the 𝑓(𝜃′) directly obtained from trajectory analysis given by the 

circle symbols, the difference becomes more significant at higher 

shear rates. The validity of Ψ𝑂(𝜃′) is to describe the transition of 

nematic phase in terms of the alignment of dilute rigid rod 

suspensions, where the orientation of any tagged rod is nearly 

independent from that of other constituent rods in the system. 

Under such a condition, 𝑆′
2
0 alone is adequate for capturing the 

transition characteristics. However, in our simulated semi-dilute rod 

suspensions undergoing steady simple shear flow, the orientation 

of a single rod is profoundly influenced by its interactions with 

other rods. Therefore, the observed disagreement in Fig. 5 is 

therefore not a surprise.  

Reconstruction of ODF from anisotropic SAS spectra by RSHE 

Instead of proposing an alternative theory of ODF, the focus of this 
work is placed on extracting ODF from spectral anisotropy. The 

harder question of whether under the shear flow condition 𝑆′
2
0 is 

sufficient to determine the corresponding ODF of aligned rods in 
real space has not been answered unambiguously. In fact, we have 
found that dependence of anisotropic spectra around the principal 
axis on polar angle 𝜃′ cannot be satisfactorily described by 
(3cos2𝜃′ − 1)/2 alone, which suggests higher-order components of 

 

Figure 6. The orientation distribution functions, in the lab 

frame, obtained from real-space trajectory analysis (symbols) 

and from the coordinate transformation of 𝑓(𝜃′) in Fig. 5 into 

Eqn. (1) (solid lines). 𝑓(𝜃) (a) and 𝑓(𝜙) (b) are obtained by 

∫ 𝑑𝜙𝑓(𝜃, 𝜙) and ∫ 𝑑𝜃sin 𝜃 𝑓(𝜃, 𝜙), respectively. 
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𝑆′
𝑙
0 are required to quantitatively determine ODF of sheared rods 

from 𝐼𝑥𝑦(𝑸) through Eqns. (8), (9) and (17). Based on the 

logarithmic expansion of ODF in terms of RSH basis, we propose an 
approach to quantitatively determine ODF from spectral analysis 
through Eqns. (4), (8), (9), (17), and (18).  In Fig. 5, the 𝑓(𝜃′) 
determined from our proposed methodology of spectral analysis 
(solid curves) indeed agrees well with the ground truths determined 
from the real-space trajectory analysis of simulation data within the 
probed range of Pe. Note that no practical disagreement around 
𝜃′ = 0, since the scale factor sin 𝜃′ in a solid angle needs to take 
into consideration. The universal quantitative agreement verifies 
the feasibility of our approach. The results presented in Fig. 5 
clearly show that for a system of interacting rigid rods subjected to 

shear stresses, 𝑆′
2
0 only reflects qualitative information of averaged 

rod alignment. By transforming the 𝑓(𝜃′) in Fig. 5 from 𝐹 to 𝐿 
coordinate, using Eqns. (1) and (13), the information of ODFs can be 
presented as a function of 𝜃 and 𝜙 angles (Fig. 6). The overall 
agreement is consistent with Fig. 5, except for the small deviation in 
𝜙 orientation. Moreover, from the semi-logarithmic plot presented 
in Fig. 5(f), the tilt angle 𝜃𝑡, which is the angle between the average 
direction of rods and flow direction, exhibits a nearly logarithmically 
decay on Pe, which is intrinsically different from the expectation of 
an isolated rod rotating affinely in a shear flow. We attribute this 
difference to the influence of various inter-rod interactions 
including excluded volume and hydrodynamic interactions. This also 

shows that the high order 𝑆𝑙
𝑚 cannot be ignored and 𝑆2

0 is 
insufficient for quantitatively determining the ODF of aligned rods 
observed in this study. 

Conclusions 

In summary, this work demonstrates the validity of ODF 
reconstruction by RSHE through a direct comparison with the DPD 
simulations of semi-dilute rigid rod suspensions undergoing a 
simple shear flow at different values of Pe. We clarify that the 

commonly used scattering parameter 𝑆𝑙
𝑚(𝑄) and alignment factor 

𝐴𝑓(𝑄) cannot provide quantitative information of orientational 

ordering.  Our proposed methodology successfully reconstructs the 
ODFs from spectral analysis of the anisotropic scattering spectra. 
Furthermore, we show that the commonly used order parameter of 
ODF 𝑆2

0 is inadequate for providing a quantitative description of 
ODF due to the presence of strong interactions at the molecular 
level and intra-particle spatial correlation. Because of the 
orthogonality loss of basis functions on the detector plane, three-

dimensional ODF can only be determined from the flow planes on 
which the axial symmetry of spectra can be retrieved by rotating 
the coordinate axis. For particles with irregular shapes, this specific 
flow plane may not be accessible by the current Couette shear flow 
cells, therefore, it is helpful to construct a shear flow apparatus 
allowing for assessment of SAS spectra on multiple planes. Finally, 
with the availability of suitable sample environments and access to 
the relevant flow planes, the current methodology could be 
generalized to quantitatively address other collective orientational 
motions such as kayaking, wagging, and rolling observed in shear 
flow or other orientational phenomena occurring in other flows 
conditions. Thereby this work provides a valuable benchmarking to 
facilitate the related studies of deforming soft materials in theory 
and simulation computation, using scattering techniques. 

Appendix 

Benchmark between the ODF reconstruction by Eqns. (1) and (2) 

and analytical ODFs 

The expression of Eqn. (1) also can be obtained by maximizing the 
probabilistic entropy,55,80 which can be defined as 

−〈ln𝑓(𝜃, 𝜙)〉 = −∫𝑑Ω𝑓(𝜃,𝜙) ln 𝑓(𝜃,𝜙) , (A1) 

where 〈… 〉 pertains to the average with respect to 𝑓(𝜃, 𝜙). Based 
on the method of Lagrange multiplier, we can maximize the 
objective function, 

𝐻 = −〈ln 𝑓(𝜃,𝜙)〉 + ∑𝜆𝑙
𝑚[〈𝑌𝑙

𝑚(𝜃, 𝜙)〉− 𝑆𝑙
𝑚]

𝑙,𝑚

, (A2) 

where the constant 𝜆𝑙
𝑚 is the Lagrange multiplier for the 𝑆𝑙

𝑚 
constraint. To maximize 𝐻, we can perform functional derivatives 
on 𝐻 with respect to 𝑓 and set it to zero 

0 =
𝛿𝐻

𝛿𝑓(𝜃, 𝜙)
= 〈−1 − ln 𝑓(𝜃, 𝜙) + ∑𝜆𝑙

𝑚𝑌𝑙
𝑚(𝜃, 𝜙)

𝑙,𝑚

〉 . (A3) 

This equality clearly holds when the quantity inside the bracket 〈… 〉 
is zero, and 𝑓(𝜃, 𝜙) satisfies the constraint equations of 𝑆𝑙

𝑚. 
Therefore, the ODF reproduces the expression of Eqn. (1) subject to 
Eqn. (2) constraints. 
 Here we benchmark the ODF reconstruction via Eqn. (1) and 
Eqn. (2) constraints with some case studies of flowing rods whose 

 

Figure A1. The comparison between the ODFs of the uniaxial extension homogeneous flow, Doi-Edwards theory, and Kramer’s 

simple homogeneous flow, and the ODF reconstruction based on information theory. The symbols and solid lines are the results of 

ODF reconstruction by Eqns. (1, 2) and Eqn. (A4), respectively. 𝜆𝑙
𝑚, 𝑎1, 𝑎2, and 𝑆33 are listed in the following tables A1, A2, and A3. 
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ODFs can be expressed analytically in the flow fields: uniaxial 
extension homogeneous flow, Doi-Edwards ODF, Kramer’s shear 
flow. These ODFs take the following forms, respectively, 

𝑓(𝜃, 𝜙) =
1

𝐽
exp[

3𝑎1

√5
𝑌2

0(𝜃, 𝜙)],  

𝑓(𝜃, 𝜙) =
1

𝐽
exp[

3𝑈

2
𝑢𝛼𝑢𝛽𝑆𝛼𝛽] , (A4) 

𝑓(𝜃, 𝜙) =
1

𝐽
exp[

3𝑎2

√15
𝑌2

−2(𝜃, 𝜙)],  

where 𝐽−1 is the normalization constant, 𝑎1 = 𝜖̇/(6𝐷𝑟), 𝑎2 =

�̇�/(6𝐷𝑟), 𝐷𝑟  is the rotation diffusion coefficient, 𝜖̇ and �̇� are shear 
rate and tensile rate, 𝑈 is a constant related to inter-rod 
interaction,  𝑢𝛼 is the 𝛼 component of unit vector along rod 
direction, and 𝑆𝛼𝛽 = 〈𝑢𝛼𝑢𝛽 − 1/3〉 is the second rank order tensor. 

Noted that for the case of Doi-Edwards ODF we only take the 
diagonal terms since one can always rotate the reference and make 
𝑆𝛼𝛽 diagonal. Figure A1 gives the results of ODF reconstruction, 

where red cross markers and blue lines are calculated by Eqns. (1, 

2) and (A4), respectively. We integrated 𝑓(𝜃, 𝜙) with respect to 𝜃 

or 𝜙 for the ease of comparison. Namely, 𝑓(𝜃) ≡ ∫ 𝑑𝜙𝑓(𝜃, 𝜙) and 

𝑓(𝜙) ≡ ∫ 𝑑𝜃 sin 𝜃  𝑓(𝜃, 𝜙). Overall, there is no discernible 
difference observed between them. The reconstruction data for 𝜆𝑙

𝑚 
are also given in the following Tables A1, A2, and A3. It is clearly 
that for all the case studies of ODFs in Eqn. (A4) 𝜆𝑙

𝑚 terms with 
𝑙 > 2 are negligible and consistent with their functional form. Since 
𝜆𝑙

𝑚 is inside the exponential function in Eqn. (1), ODF will be always 
dominated by the 𝜆𝑙

𝑚 terms with largest values. 

Simulation details and trajectory  

Below, we describe the molecular dynamics simulations of rods 
under simple shear. The simulation consists of 𝑁𝑅 number of rods 
with explicit solvent. We modeled a rod as 50 connected Lennard-
Jones (LJ) beads connected by anharmonic bonds and kept straight 
and rigid by imposing a bending potential to two neighbouring 
bonds. The solvent is represented as a single LJ bead. The non-
bonded pair-wise interaction is described by a truncated and shifted 
LJ potential, 

𝑈𝐿𝐽(𝑟)

= {
4휀𝐿𝐽 [(

𝑏

𝑟𝑖𝑗
)

12

− (
𝑏

𝑟𝑖𝑗
)

6

− (
𝑏

𝑟𝑐𝑢𝑡
)
12

+ (
𝑏

𝑟𝑐𝑢𝑡
)
6

] 𝑟 < 𝑟𝑐𝑢𝑡

0 𝑟 ≥ 𝑟𝑐𝑢𝑡

,

(A5) 

𝑎1 0.05 0.35 0.65 0.95 1.25 
𝜆0

0 -2.30e-3 -1.19e-1 -4.19e-1 -8.89e-1 -1.46e0 

𝜆2
0 6.71e-2 4.70e-1 8.72e-1 1.27e0 1.68e0 

𝜆4
0 9.20e-9 1.09e-7 7.32e-12 8.20e-8 1.76e-8 

𝜆6
0 8.84e-9 9.94e-8 -4.60e-12 3.01e-10 -1.10e-8 

𝜆8
0 7.77e-9 1.25e-7 -2.08e-11 -3.24e-9 4.07e-9 

Table A1. Uniaxial extension homogenous flow. The 
parameters of ODF reconstruction calculated by Eqn. (1) 
subject to Eqn. (2) constraints with order parameters of 

ODF, 𝑆0
0, 𝑆2

0, 𝑆4
0, 𝑆6

0 and 𝑆8
0, obtained from Eqn. (A4). 

𝑆33 0.05 0.35 0.65 0.95 1.25 
𝜆0

0 -5.21e-3 -2.72e-1 -9.23e-1 -1.83e0 -2.87e0 

𝜆2
0 1.01e-1 7.04e-1 1.31e0 1.91e0 2.52e0 

𝜆4
0 9.36e-10 4.27e-14 -1.03e-8 1.30e-12 2.87e-13 

𝜆6
0 8.99e-10 3.61e-14 -2.37e-8 -8.73e-13 -1.35e-13 

𝜆8
0 8.11e-10 6.09e-14 1.65e-8 3.52e-13 4.04e-14 

Table A2. Doi-Edwards ODF. The parameters of ODF 
reconstruction calculated by Eqn. (1) subject to Eqn. (2) 

constraints with order parameters of ODF, 𝑆0
0, 𝑆2

0, 𝑆4
0, 𝑆6

0, 
and 𝑆8

0, obtained from Eqn. (A4), 𝑆11 = 𝑆22 = −𝑆33/2 and 
𝑈 = 1. 

 𝑎2  0.05 0.35 0.65 0.95 1.25 
𝜆0

0 -2.53e0 -2.54e0 -2.56e0 -2.59e0 -2.63e0 

𝜆2
0 4.43e-11 4.34e-9 1.21e-9 3.91e-10 -1.20e-10 

𝜆2
−2 3.87e-2 2.71e-1 5.0e-1 7.36e-1 9.68e-1 

𝜆4
0 4.93e-11 4.64e-9 1.37e-9 3.40e-10 -2.31e-10 

𝜆4
−2 1.10e-9 3.38e-8 6.61e-9 -3.96e-10 4.91e-10 

𝜆4
4 1.08e-6 -1.61e-7 -6.01e-8 -3.29e-8 4.13e-9 

𝜆6
0 4.71e-11 4.44e-9 8.10e-10 3.32e-12 -1.87e-11 

𝜆6
−2 2.55e-9 5.79e-8 1.09e-8 -8.54e-10 6.72e-10 

𝜆8
0 4.07e-11 4.13e-9 8.42e-10 5.25e-12 -6.68e-12 

𝜆8
−2 7.92e-10 8.20e-8 1.80e-8 1.04e-11 6.26e-12 

Table A3. Kramer’s simple homogeneous flow. The 
parameters of ODF reconstruction calculated by Eqn. (1) 
subject to Eqn. (2) constraints with order parameters of ODF, 

𝑆0
0, 𝑆2

0, 𝑆2
−2, 𝑆4

0, 𝑆4
−2, 𝑆4

4, 𝑆6
0, 𝑆6

−2, 𝑆8
0 and 𝑆8

−2, obtained from 
Eqn. (A4). 

 

Figure A2. Molecular dynamics (MD) simulation protocol of rods (blue beads) in solution (red beads). The initial configuration is 

compressed to a final total number density of 0.85𝜎3(step 1), then NPT simulation was performed at a set pressure of 8.45𝑘𝐵𝑇/

𝜎3(step 2), then NVT simulation is performed at the volume equal to the average volume of the NPT simulation (step 3). Finally, 

NEMD simulation is performed by deforming the simulation box at a constant shear rate, �̇� (step 4). 
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where 𝑟𝑖𝑗, is the distance between the 𝑖𝑡ℎ and 𝑗𝑡ℎ bead, 휀𝐿𝐽 is the 

well depth and 𝑟𝑐𝑢𝑡 is the cutoff and equal to 𝑏21/6. The bead size, 
𝑏, for the rod-to-rod is 𝑏 = 𝜎, for the rod-to-solvent is 𝑏 = 0.9𝜎 
and for the solvent-to-solvent is 𝑏 = 𝜎, where 𝑏 is expressed in 
units of 𝜎. The 휀𝐿𝐽  between all LJ interactions is set to 1 𝑘𝐵𝑇 where 

𝑘𝐵𝑇 is the thermal energy. The connectivity of rod beads was 
maintained by the finite extension nonlinear elastic (FENE) 
potential,81  

𝑈𝐹𝐸𝑁𝐸(𝑟) = −
1

2
𝑘𝑠𝑅𝑚

2 ln (1 −
𝑟2

𝑅𝑚
2 ) + 4휀𝐿𝐽 [(

𝜎𝑓

𝑟𝑖𝑗
)

12

− (
𝜎𝑓

𝑟𝑖𝑗
)

6

] , (A6) 

with the spring constant 𝑘𝑠 = 30𝑘𝐵𝑇/𝜎2 , maximum bond length 
𝑅𝑚 = 1.5𝜎, and 𝜎𝑓 = 0.4753𝜎 such that the minimum of 𝑈𝐹𝐸𝑁𝐸(𝑟) 

is at 𝑟 = 0.5𝜎. A bending potential,   

𝑈𝑖,𝑖+1
𝑏𝑒𝑛𝑑 = 𝑘𝐵𝑇𝐾𝑎(1 − (�⃗� 𝑖 ∙ �⃗� 𝑖+1)), (A7) 

was included to promote rod rigidity, with  𝐾𝑎 = 2000 for 

consecutive unit bond vectors  �⃗� 𝑖 and �⃗� 𝑖+1. In this model, the 
persistence length of the rod, 𝑙𝑝,  is very much higher than its 

length (𝑙𝑝 ≫ 〈𝑅〉
1

2~25𝜎). The pair-wise interaction, 𝑈𝐿𝐽(𝑟), was 

evaluated for all beads except for bead-to-bead interactions that 
are bonded and those that are within two bonds away. A constant 
temperature of 𝑇 = 1.0 was maintained by coupling the system to 
a dissipative particle dynamics (DPD) thermostat implemented in 

LAMMPS.70-72 In this case, the force on the 𝑖𝑡ℎ particle exerted by 
the 𝑗𝑡ℎ particle is 

𝑚
𝑑𝑣𝑖⃗⃗⃗  (𝑡)

𝑑𝑡
= (𝐹(𝑡)𝐶 + 𝐹(𝑡)𝐷 + 𝐹(𝑡)𝑅)𝑟𝑖�̂� , (A8) 

where 𝑚 is the mass of a particle and is set to 1; 𝑟𝑖�̂� is a unit vector 

in the 𝑟𝑖 − 𝑟𝑗 direction; 𝐹(𝑡)𝐶  is the conservative force defined in 

Eqns. (A5-7); 𝐹(𝑡)𝐷 is the dissipative force with 𝐹(𝑡)𝐷 =

−𝛾 (1−
𝑟𝑖𝑗

𝑟𝑐
)
2
(𝑟𝑖�̂� ∙ 𝑣𝑖𝑗⃗⃗ ⃗⃗ ), where 𝑣𝑖𝑗⃗⃗ ⃗⃗  is the difference in velocities of 

the two particles, 𝑟𝑐 = 2.5𝜎 is the cutoff, and 𝛾 = 𝑘𝐵𝑇𝜏/𝜎2  is the 
dissipation coefficient; and 𝐹(𝑡)𝑅 is a random force with 

𝐹(𝑡)𝑅 = (2𝑘𝐵𝑇𝛾)
1

2 (1−
𝑟𝑖𝑗

𝑟𝑐
) 𝛼(∆𝑡)−1/2, where ∆𝑡 is the integration 

timestep and is equal to 0.005𝜏, 𝜏 is the characteristic time and 

defined as 𝜏 = 𝜎(𝑚/𝑘𝐵𝑇)1/2, 𝛼 is a Gaussian random number with 
zero mean and unity variance. The velocity-Verlet algorithm is used 
for the time integration. 
 The simulation protocol consisted of four steps: (1) Initial setup 
and compression of the simulations box, (2) Isobaric-isothermal 
(NPT) ensemble simulation, (3) Canonical (NVT) ensemble 
simulation, and (4) Non-equilibrium MD simulation – simulations 
under constant shear rate. In step (1), rods are initially arranged in a 
square lattice with random orientation and then the simulation box 
is compressed for a time interval of 5 × 103 𝜏 such that the final 
total number density is 0.85𝜎3. In step (2), NPT ensemble 
simulation is performed using a Berendsen barostat with a setpoint 
pressure of 8.45𝑘𝐵𝑇/𝜎3 and a time interval of 5 × 104 𝜏. In step 

𝑁𝑅 𝑁𝑠𝑜𝑙𝑣𝑒𝑛𝑡 𝑁𝑡𝑜𝑡𝑎𝑙 𝐿(𝜎) 𝑐𝐿𝑅
2 𝐷 𝜏𝑅𝑒(𝜏) 𝛽𝑅𝑒 

8 240150 240550 65.44 0.02 9126 0.982 

27 235996 237346 65.10 0.06 8040 1.065 

64 243340 246540 65.83 0.14 8498 0.998 

125 236323 242573 65.30 0.27 10594 0.925 

216 222558 233358 64.19 0.51 10629 1.067 

432 218015 239615 64.16 1.02 16816 0.991 

512 213530 239130 63.88 1.22 19828 0.967 

729 197576 234026 62.51 1.83 57929 0.840 

1000 189249 239249 61.66 2.58 465875 0.804 

Table A4. System sizes and characteristic times. 𝑁𝑅 is the 
number of rods, 𝑁𝑠𝑜𝑙𝑣𝑒𝑛𝑡 is the number solvent beads, 𝑁𝑡𝑜𝑡𝑎𝑙 
is the total number of beads, 𝐿 is the equilibrium box 

size, 𝑐𝐿𝑅
2 𝐷 is the normalized concentration, 𝜏𝑅𝑒 is the 

characteristic time of the stretch exponential decay function, 
and 𝛽𝑅𝑒 is the stretching exponent. 

 Figure A3. End-to-end vector autocorrelation function, 
〈�⃗� (0)∙�⃗� (𝑡)〉

〈�⃗� 2(0)〉
 (a) and snapshots of simulations at different rod 

concentrations (b). 

Figure A4. Velocity profile of NR=216 system at different shear 

rates. 
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(3), rods are allowed to relax at a time interval of 2 × 105 𝜏, and we 
determined the characteristic time from which the end-to-end 
vector loses correlation, 𝜏𝑅𝑒, based on the decay of its 
autocorrelation function. In step (4), we deform the simulation box 

at a constant shear rate ranging from �̇� = 1 × 10−6 𝜏1/2 to 

�̇� = 1 × 10−2 𝜏1/2 at a time interval of 5 × 105 𝜏. The simulation 
steps are illustrated in Fig. A2 and the system sizes and equilibrium 
box sizes in step 3 are listed in Tab. A4.  
 In step (3) of Fig. A2, we determine the characteristic time from 

which the end-to-end vector of a rod, �⃗� , loses correlation by 

calculating 〈�⃗� (0) ∙ �⃗� (𝑡)〉/〈�⃗� 2(0)〉 and then we fit the data points 

with a stretched exponential 
〈�⃗� (0)∙�⃗� (𝑡)〉

〈�⃗� 2(0)〉
= exp (−(𝑡/𝜏𝑅𝑒)

𝛽𝑅𝑒). The 

results of these procedures are shown in Fig. A3(a) and tabulated in 
Tab. A4. Note that in Fig. A3(a), there is a sudden increase in the 

characteristic time of 〈�⃗� (0) ∙ �⃗� (𝑡)〉/〈�⃗� 2(0)〉 for NR=512 to NR=729 
suggesting a change from an isotropic to a nematic phase in the 
solution as seen in the snapshots of Fig. A3(b). We limited our non-
equilibrium MD simulation (step 4) to systems that are in the 
isotropic phase. In step 4, the simulation box is deformed where 
shearing is done in the 𝑥𝑦-plane, the direction of the velocity is 
along the 𝑥-axis and the velocity gradient is along the 𝑦-axis. In Fig. 
A4, the velocity profile of the beads follows a linear profile with the 
velocity at the bottom and at the top are −𝐿�̇�/2 and 𝐿�̇�/2, 
respectively. 
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