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We perform path-integral molecular dynamics (PIMD) simulations of H2O and D2O using the q-
TIP4P/F model. Simulations are performed at P = 1 bar and over a wide range of temperatures
that include the equilibrium (T ≥ 273 K) and supercooled (210 ≤ T < 273 K) liquid states of water.
The density of both H2O and D2O calculated from PIMD simulations are in excellent agreement
with experiments in the equilibrium and supercooled regimes. We also evaluate important ther-
modynamic response functions, specifically, the thermal expansion coefficient αP(T ), isothermal
compressibility κT (T ), isobaric heat capacity CP(T ), and static dielectric constant ε(T ). While
these properties are in excellent [αP(T ) and κT (T )] or semi-quantitative agreement [CP(T ) and
ε(T )] with experiments in the equilibrium regime, they are increasingly underestimated upon fur-
ther cooling. It follows that the inclusion of nuclear quantum effects in PIMD simulations of (q-
TIP4P/F) water is not sufficient to reproduce the anomalous large fluctuations in density, entropy,
and electric dipole moment characteristic of supercooled water. It has been hypothesized that
water may exhibit a liquid-liquid critical point (LLCP) in the supercooled regime at P > 1 bar and
that such a LLCP generates a maximum in CP(T ) and κT (T ) at 1 bar. Consistent with this hypoth-
esis and in particular, with experiments, we find a maximum in the κT (T ) of q-TIP4P/F light and
heavy water at T ≈ 230−235 K. No maximum in CP(T ) could be detected down to T ≥ 210 K. We
also calculate the diffusion coefficient D(T ) of H2O and D2O using the ring-polymer molecular dy-
namics (RPMD) technique and find that computer simulations are in remarkable good agreement
with experiments at all temperatures studied. The results from RPMD/PIMD simulations are also
compared with the corresponding results obtained from classical MD simulations of q-TIP4P/F
water where atoms are represented by single interacting sites. Surprisingly, we find minor differ-
ences in most of the properties studied, with CP(T ), D(T ), and structural properties being the only
(expected) exceptions.

1 Introduction
Water is one of the most important substances on Earth; it is the
solvent of life as we know it1,2 and it plays a fundamental role
in numerous scientific and engineering applications3. Yet, after
centuries of being a target of scientific scrutiny, water’s thermo-
dynamic and dynamical properties remain puzzling, particularly,
in the supercooled and glassy state4–10. One of the main open
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questions in the field of water is whether there is a liquid-liquid
critical point (LLCP) in its phase diagram at supercooled tempera-
ture4,5,11–13. The so-called LLCP hypothesis for water was formu-
lated in 1992, based on results from classical molecular dynamics
simulations using the ST2 water model14. In this scenario, water
at low temperatures exists in two different liquid states that are
separated by a liquid-liquid phase transition (LLPT). In the P-T
plane, the LLPT line ends at a LLCP, estimated to be located at T
≈ 220 K and P ≈ 100 MPa15–17; at low temperatures, the LLPT
line extends into the glass state leading to two different glass
states. The presence of two different glass states in water is con-
sistent with experiments6,18–23 and computer simulations24–30.
The LLCP hypothesis has been controversial from its early times
and numerous studies have been published in favor (see, e.g.,
Refs.11,12,25,29,31–36) and against it (see, e.g., Refs.37–42). At
present, it is fair to say that, from the computer simulations per-
spective, the evidence in favor of the existence of the LLCP is
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well-established. Popular models such as the ST2, TIP4P/2005,
TIP4P/ice water models exhibit a LLCP14,31,43–51 while others,
such as the mW and SPC/E models, do not52,53. In this regard,
we stress that the TIP4P/2005 and TIP4P/ice water models are
among the best rigid classical models that reproduce the proper-
ties of water54. Proving the existence of a LLCP in water has been
challenging due to rapid crystallization at low temperatures. A re-
cent experiment indicates that, indeed, water exhibits a LLPT23

and strong support to the LLCP hypothesis for water can also be
found in the recent experiments of Refs.11,12,55–57.

While the postulated LLCP has not been observed in exper-
iments due to rapid crystallization, the LLCP scenario predicts
some anomalous signatures at temperatures that can be tested.
Specifically, the existence of a LLCP in supercooled water at P > 1
bar requires that both CP(T ) and κT (T ) exhibit a maxima at low
pressures. This implies that upon cooling at 1 bar, both properties
should increase and reach a maximum at a specific temperature,
and then decrease upon further cooling. At present, experiments
have confirmed that both CP(T ) and κT (T ) increase upon cooling
at low pressures, including 1 bar. A maximum in κT (T ) has been
recently observed in two independent experiments performed at
normal and negative pressures11,56. A maximum in CP(T ) has
also been recently observed in experiments performed at normal
pressure58.

At present, most of the computational studies that find a LLCP
in supercooled water are based on the ST2, TIP4P/2005 and
TIP4P/ice models where molecules are treated as rigid bodies.
These computational studies are based on classical computer sim-
ulations where fluctuations due to nuclear quantum effects (NQE)
are omitted. In principle, this can be problematic since water is a
light molecule and the delocalization of the H atoms due to NQE
can occur at relatively high temperatures59. Indeed, NQE are
responsible for the well-known difference in the melting temper-
ature of H2O and D2O (δT ≈ 4 K) as well as in the corresponding
temperature of maximum density (δT ≈ 7 K) and glass transi-
tion temperature (δT ≈ 10 K)60. Interestingly, early experiments
in the glassy/crystalline domain indicate that the location of the
LLCP in D2O is ≈ 10 K below the LLCP of H2O (at a similar pres-
sure)61,62. Computer simulations of water-like models confirm
that the inclusion of NQE can shift the location of the LLCP in the
P-T phase diagram and shift the location of the associated CP(T )
and κT (T ) maxima lines63,64. The inclusions of NQE can also
change the shape/slope of the coexistence LLPT line and super-
critical CP maxima line in the P-T plane64.

In this work, we perform path-integral molecular dynamics
(PIMD) simulations of water using the q-TIP4P/F water model65,
a realistic model for water explicitly parameterized for PIMD sim-
ulations. One of the aims of this work is (i) to test whether
PIMD simulations using the q-TIP4P/F model are able to repro-
duce relevant thermodynamic properties of water (density ρ(T )),
thermal expansion coefficient (αP(T )), CP(T ), κT (T ), dielectric
constant (ε(T )) and dynamics (diffusion coefficient, D(T )) at P
= 1 bar and supercooled conditions. This model has been val-
idated against experiments in liquid water mostly at room tem-
perature and based on a few properties (density, ε, CP and D)
but its thermodynamic behavior in the low-temperature regime

is mostly unexplored. As shown in Ref.65 and in this work, the
performance of the q-TIP4P/F model in PIMD simulations, rel-
ative to experiments, seems to be as good as the performance
of (a) the TIP4P/2005 water model in classical MD simulations
(one of the best rigid, classical model for water), (b) advanced
water models such as the MB-pol model66, and (c) water models
obtained by combining density functional theory with machine
learning techniques43,67 or PIMD simulations68. We also (ii) test
whether NQE, as introduced in PIMD simulations, can reproduce
the differences in the target thermodynamic and dynamical prop-
erties upon isotope substitution (H2O and D2O) over a wide range
of temperature. The most important goal of this work is (iii) to
test whether the signatures of the LLCP hypothesis, i.e., maxima
in CP(T ) and κT (T ), can be reproduced in PIMD simulations of
q-TIP4P/F water at 1 bar. As far as we know, the LLCP scenario
has not been tested in the supercooled regime using computer
simulations that include NQE, such as PIMD techniques.

This work is organized as follows. In Sec. II we present the
computer simulation details. In Sec. III we discuss the results of
our quantum (and classical) simulations for H2O and D2O using
the q-TIP4P/F water model. A summary is included in Sec. IV.

2 Simulation Method
Our results are based on PIMD simulations of a system composed
of N = 512 light/heavy water molecules in a cubic box with
periodic boundary conditions at constant temperature and pres-
sure. H2O/D2O molecules are represented using the q-TIP4P/F
model65. This water model is based on the popular TIP4P/2005
model for water, commonly used in classical computer simula-
tions. The q-TIP4P/F water model is optimized to be used in
path integral computer simulations and is able to reproduce re-
markably well the properties of water at normal conditions, in-
cluding water structure (OO, OH and HH radial distribution func-
tions), thermodynamic properties (including the density and spe-
cific heat), dynamics (diffusion coefficient) and infra-red spec-
tra65. In the ice domain, the q-TIP4P/F reproduces successfully
the heat capacity at temperatures from 50 K to 250 K69,70.

All PIMD simulations are performed using the OpenMM (ver-
sion 7.4.0) software package71 at P = 1 bar and for tempera-
tures T = 210, 220, 230, 240, 250, 260, 280, 300, 325, 350,
375 K. This temperature range includes the equilibrium liquid
state and extends into the supercooled liquid regime of q-TIP4P/F
water since the melting temperature of q-TIP4P/F in quantum
simulations is TM = 251 K (the melting temperature of the clas-
sical version of the q-TIP4P/F model is 259 K)65,72. A stochas-
tic (local) path integral langevin equation (PILE) thermostat73

is used to keep the temperature of the system constant while a
Monte Carlo barostat is used to maintain the pressure at P = 1
bar71. In our PIMD simulations, O and H are represented by
nb = 32 beads which is not uncommon for PI computer simula-
tions of water at approximately T > 200 K59,65,74. Short-range
(Lennard-Jones pair potential) interactions are calculated using a
cutoff rc = 1.0 nm; long range electrostatic interactions are com-
puted using the PME (Particle Mesh Ewald) method with the same
cutoff rc.

At a given T, the system is equilibrated for a time interval teq,
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Table 1 Equilibration and production simulation times used for H2O in
PIMD and classical MD simulations.

H2O (Quantum)
T[K] teq [ns] tprod [ns]
210 20 30
220 4 8
230 2 8
240 1 4
250 1 4
260 1 3
280 0.5 2
300 0.5 2
325 0.5 2
350 0.5 2
375 0.5 2

H2O (Classical)
T[K] teq [ns] tprod [ns]
200 1100 3000
210 200 800
220 25 100
230 10 10
240 10 10
250 10 10
260 10 10
280 2.5 2.5
300 2.5 2.5
325 2.5 2.5
350 2.5 2.5
375 2.5 2.5

Table 2 Equilibration and production simulation times used for D2O in
PIMD and classical MD simulations.

D2O (Quantum)
T[K] teq [ns] tprod [ns]
210 50 50
220 8 16
230 2 8
240 1 4
250 1 4
260 1 3
280 0.5 2
300 0.5 2
325 0.5 2
350 0.5 2
375 0.5 2

D2O (Classical)
T[K] teq [ns] tprod [ns]
210 100 250
220 20 100
230 20 30
240 20 20
250 20 20
260 10 10
280 5 5
300 5 5
325 5 5
350 5 5
375 5 5

followed by a production run of time length tprod . The values of teq

and tprod vary with temperature and are given in Table I and II, for
the case of H2O and D2O, respectively; the simulation time step
is dt = 0.25 fs. To confirm that the system reaches equilibrium,
we monitor the mean-square displacement (MSD) of the system
and extend the PIMD simulations to satisfy that (i) teq, tprod > τ,
where τ is the time it takes for the MSD of the water molecules
to reach 1 nm2. This roughly indicates that molecules diffuse over
≈ 0.3 nm, i.e., approximately the OO distance between neighbor-
ing water oxygens. In addition, we confirm that (ii) the system
obeys the Einstein-Smoluchowski result, MSD(t) ∝ t, in the diffu-
sive regime. Conditions (i) and (ii) are satisfied in all our classical
MD and PIMD simulations; see SM. Equilibrium simulations are
run independently at T ≥ 260 K while, at T < 260 K, simulations
are run sequentially, e.g., the equilibrium run at T = 240 K starts
from the last configuration obtained at T = 250 K. The thermostat
collision frequency γ used during the equilibration and produc-
tion runs is set to γ = 0.001 ps−1; we confirm that this value of γ

does not affect the dynamics of the system (see SM).
PIMD simulations can be very sensitive to technical parameters

such as the simulation time step and the number of beads per
ring-polymer considered75. In order to test the robustness of our
results to variations of dt and nb, we also perform additional PIMD
simulations using dt = 0.1,0.25,0.50 fs and nb = 32,72,128 (see

SM). Briefly, we find that water structure (e.g., radial distribu-
tion functions and local tetrahedral order) and diffusion coeffi-
cients are independent of dt, nb, and γ. While some thermody-
namic properties, such as density, are also robust to variations
in these parameters, other properties such as the enthalpy of the
system can vary with the time step and number of beads used.
As we show below, such a sensitivity in the enthalpy can result in
large variations in the isobaric heat capacity (see SM). Classical
MD simulations of q-TIP4P/F water are also performed for com-
parison; this is done by collapsing the ring polymer to a single
bead (i.e., by setting nb = 1). For the classical simulations, a time
step dt = 0.50 fs is used and the collision frequency is also set to
γ = 0.001 ps−1.

3 Results
Our results are organized as follows. In Sec. 3.1, we discuss the
thermodynamic properties of light/heavy water. Sec. 3.2 focuses
on the diffusion coefficient of light/heavy water while structural
properties are discussed in Sec. 3.3.

3.1 Thermodynamics

3.1.1 Liquid Density at normal pressure

The densities of H2O and D2O at P = 1 bar are shown in Fig. 1 for
temperatures ranging from T = 210 K to 375 K. For comparison,
included are densities reported from independent computational
studies. The densities obtained from our PIMD simulations for
H2O (blue circles in Fig. 1a) are in good agreement with the
densities obtained from PIMD simulations of q-TIP4P/F water re-
ported by Habershon et al. (magenta squares)65 and Herrero and
Ramirez (red up-triangles)69. Similarly, our densities for D2O
(red circles in Fig. 1b) are in good agreement with the value
reported by Habershon et al. (black square) at T = 298 K65.

Experimental densities for H2O and D2O are also included in
Fig. 1. Overall, the densities of light and heavy q-TIP4P/F water
are remarkably close to the corresponding experimental densities
over the equilibrium and accessible supercooled liquid regimes,
at approximately T ≥ 240− 250 K (crystallization becomes very
difficult to overcome in experiments at lower temperatures and
data is not available in the literature). The densities of q-TIP4P/F
light and heavy water are larger than the experimental data by
only ≈ 0.005− 0.01 g/cm3 (representing a relative error of 0.5−
1.0%).

H2O and D2O are anomalous liquids with a well-known den-
sity maxima at TM,H2O = 277 K and TM,D2O = 284 K (see Fig. 1).
The corresponding values for light/heavy q-TIP4P/F water are
TM,H2O = 280 K and TM,D2O = 282 K. These values are reasonable
close to the corresponding experimental temperatures. However,
the temperature difference in the location of the density maxima
of H2O and D2O is ∆TM = TM,D2O−TM,H2O ≈ 7 K in experiments
while in our PIMD simulations, ∆TM ≈ 2 K.

In order to compare the differences between PIMD simulations
and classical MD simulations, we also include in Fig. 1a the den-
sities of TIP4P/2005 water (obtained from classical simulations;
green squares) as well as the densities of the classical q-TIP4P/F
model for H2O (obtained by setting nb = 1). We note that these
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classical models consist of four interacting sites. However, while
the TIP4P/2005 water model is rigid, the classical version of the
q-TIP4P/F model is flexible. As shown in Fig. 1a, the differ-
ences in density between the classical and quantum q-TIP4P/F
water models (black and blue circles) are negligible (and over-
lap within error bars). These densities are marginally larger than
the densities of the (parent) TIP4P/2005 water (green squares).
Similarly, as shown in Fig. 1b, the densities between the classical
and quantum q-TIP4P/F model for D2O are practically identical
within error bars. It follows that, at least for the densities of
liquid water, the classical flexible q-TIP4P/F water model can re-
produce the experimental data of H2O and D2O relatively well for
T ≥ 240 K. The similarities between the properties of the classical
(nb = 1) and quantum (nb ≥ 32) q-TIP4P/F light water have been
noticed in the past65 and have been used as a motivation to study
the phase diagram of ice using the classical (as opposite to quan-
tum) q-TIP4P/F model72. It has been noticed that the similarities
between the classical and PIMD version of the q-TIP4P/F mod-
els are due to the competition between intramolecular zero point
fluctuations in the OH bond length, which weakens the strength
of the hydrogen bonds, and fluctuations in the molecular dipole
moment, which strengthens intermolecular interactions. These
effects nearly cancel out in PIMD simulations of the q-TIP4P/F
water, leading to a small NQE in this model65,68,76. Thermody-
namic properties of the classical and quantum q-TIP4P/F water
are also similar in the supercooled regime as well as for the case
of D2O (see next sections).

3.1.2 Thermal expansion coefficient

Next, we discuss briefly the thermal expansion coefficient of wa-
ter,

αP(T ) =
1
V

(
∂V
∂T

)
P

(1)

which is a relevant thermodynamic response function used to
characterize liquids. Fig. 2 shows αP(T ) at P = 1 bar for H2O and
D2O from PIMD simulations based on the q-TIP4P/F model. For
comparison we have also included computer simulation results
based on the corresponding classical version of the q-TIP4P/F wa-
ter model. The values of αP(T ) (dashed lines) are obtained by
definition, using Eq. 1. The inset of Fig. 2 shows the volume of the
systems studied as function of T; the dashed-lines are third-order
polynomials fit of the data which is then used in Eq. 1. The results
shown in Fig. 2 for the classical and quantum q-TIP4P/F water are
practically indistinguishable (blue and black lines) and overlap
with the results reported for TIP4P/2005 water in Ref.54 (green
squares). Similarly, the same values of αP(T ) follow from the clas-
sical/quantum q-TIP4P/F heavy water (green and red lines). The
experimental values of αP(T ) for supercooled H2O and D2O are
also included in Fig. 2 (blue and black triangles)79. It follows that
the q-TIP4P/F model is able to reproduce the experimental αP(T )
down to T = 250− 260 K. Below T = 260 K, in the supercooled
regime water, the classical/quantum q-TIP4P/F models overesti-
mate αP(T ) (by up to 50%).
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Fig. 1 (a) Density of H2O as a function of temperature (P = 1 bar). Re-
sults from our PIMD simulations using the q-TIP4P/F water model are
indicated by blue circles. These densities are in agreement with the den-
sities obtained by Habershon et al. 65 (magenta squares) and Herrero
and Ramriez 69 (red up-triangles) from PIMD simulations using the same
water model. For comparison, we also include the water densities ob-
tained from classical MD simulations using the q-TIP4P/F (flexible) wa-
ter model (nb = 1, this work; black circles) and the TIP4P/2005 (rigid)
water model 54 (green squares). Experimental data in the equilibrium
(T > 273 K) and supercooled regimes are taken from Ref. 77 (black up-
triangles) and 78 (blue left-triangles). (b) Density of D2O as a function
of temperature (P = 1 bar) obtained from PIMD (red circles, this work;
black square, Ref. 65) and classical MD simulations (green circles). Ex-
perimental densities in the equilibrium and supercooled regimes are from
Ref. 79 (blue right-triangles). Dashed-lines are guides to the eye and are
obtained by interpolating the densities of H2O and D2O using a third or-
der polynomial. Error bars are the standard deviation of the densities
obtained by using block-averaging.
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Fig. 2 Thermal expansion coefficient αP(T ) as a function of tempera-
ture at P = 1 bar. Results from PIMD simulations obtained using the
q-TIP4P/F model for H2O and D2O are indicated by blue and red lines,
respectively. Also included are the αP(T ) for H2O and D2O obtained from
classical MD simulations using the q-TIP4P/F model (black and green
lines, this work) and TIP4P/2005 (green squares, Ref. 54). Experimental
values of H2O and D2O in the equilibrium and supercooled regime are
indicated by blue left-triangles and black right-triangles 79. αP(T ) is cal-
culated from the volume of the system as function of temperature (inset).
The volumes are fitted to a third order polynomial and then analytically
differentiated (see Eq. 1).

3.1.3 Isothermal Compressibility

The isothermal compressibility

κT (T ) =−
1
V

(
∂V
∂P

)
T

(2)

can be calculated from the volume fluctuations of the system80,

κT (T ) =
〈V 2〉−〈V 〉2

kBT 〈V 〉
(3)

where 〈..〉 indicates average over configurations and kB is the
Boltzmann’s constant. In this work, we calculate κT (T ) (at
P = 1 bar) using Eq. 3. We confirm that similar results are ob-
tained by using Eq. 2.

Fig. 3a and 3b show, respectively, κT (T ) for H2O and D2O.
The distinction between the classical and PIMD simulations are,
again, negligible within error bars (T ≥ 210 K); error bars shown
in Fig. 3 are calculated using block-averaging to obtain κT (T ) and
represent the corresponding standard deviation.

The isothermal compressibilities of q-TIP4P/F water (blue and
black circles) practically overlap with the experimental data at ap-
proximately T > 270 K, corresponding to equilibrium water. In the
supercooled regime, however, deviations between the simulation
and experimental results become relevant and more pronounced
upon supercooling. This is the typical behavior observed in classi-
cal water models, such as in the case of TIP4P/2005 water (green
squares). It is apparent that introducing nuclear quantum effects
via PIMD simulations is not sufficient to generate the density fluc-
tuations occurring in real supercooled water. This indicates that
the fluctuations in the hydrogen-bond network of q-TIP4P/F wa-
ter need to be, somehow, enhanced at low-temperatures.

An important point of Fig. 3 is the presence of a minimum in
the isothermal compressibility of classical/quantum H2O and D2O
which are also found in experiments. In the case of PIMD and
classical MD simulations, a clear maximum can also be observed
in H2O and D2O. The minimum and maximum in κT are two well-
known anomalous properties of light/heavy water that play a fun-
damental role in elucidating the phase behavior of supercooled
and glassy water (see e.g., Refs.5,27,48,81). Specifically, their pres-
ence is a strong indication that water may have a liquid-liquid crit-
ical point at low-temperatures and positive pressures5,6,12,14,56.
In this regard, it is particularly relevant to find that including
nuclear quantum effects does not eliminate the extrema in the
isothermal compressibility. We note that in the case of H2O, the
isothermal compressibility reaches a minimum for the quantum
and classical simulations at a temperature around T κ

m ≈ 310 K,
which is close to the experimental value T κ

m = 319 K4. The max-
imum in κT (T ) from PIMD and classical simulations occurs at
T κ

M ≈ 230 K, which is very close to the experimental T κ
M = 228 K

reported by Kim et al.11. Similarly, in the case of D2O, we find
that T κ

m ≈ 315 K and T κ
M ≈ 235 K, close to the experimental values,

T κ
m ≈ 322 K and T κ

M ≈ 233 K11.

3.1.4 Enthalpy and Isobaric Heat Capacity

Fig. 4 shows the enthalpy H(T ) and isobaric heat capacity

CP(T ) = (∂H/∂T )P (4)
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Fig. 3 (a) Isothermal compressibility κT (T ) as a function of tempera-
ture at P = 1 bar. Results from PIMD simulations using the q-TIP4P/F
model for H2O are indicated by blue circles. Compressibilities obtained
from classical MD simulations using the q-TIP4P/F and TIP4P/2005 wa-
ter models are indicated by black circles (this work) and green squares
(from Ref. 82). Values for κT (T ) are calculated by evaluating the volume
fluctuations in the system. Experimental data for the κT (T ) of water is
also included (blue left-triangles from Ref. 4, orange right-triangles from
Ref. 11). The κT (T ) obtained from simulations and experiments (orange
triangles) exhibit an anomalous maximum at T ≈ 230 K, consistent with
the possibility of a LLCP at low temperatures. (b) Results from PIMD and
classical MD simulations using the q-TIP4P/F model for D2O (red and
green circles, respectively). Experimental data for the κT (T ) of heavy
water is also included (blue left-triangles; from Ref. 11 and black right-
triangles from Ref. 83). The experimental data from Kim et al. (left-blue
triangles) also exhibits a maximum at T = 229 K.

for H2O and D2O obtained from our PIMD simulations using the
q-TIP4P/F model. Since the energy of the system may be sensitive
to nb, in this section, we also include results obtained with nb = 72
(results with nb = 128 are included in the SM). Also included are
results from MD simulations based on the classical version of the
q-TIP4P/F model for H2O and D2O as well as the corresponding
experimental data. CP(T ) is calculated using Eq. (4) where H(T )
is obtained directly from the PIMD simulations performed at dif-
ferent temperatures, and then fitted by using a third-order poly-
nomial. It follows from Fig. 4 that nuclear quantum effects are
relevant for the calculations of both H(T ) and CP(T ). As shown in
Fig. 4b and 4c, the classical values of CP(T ) are much larger from
those obtained using PIMD simulations for both light and heavy
water, and from the experimental data. The failure of classical
models to reproduce the experimental CP(T ) is well-known84 and
it is expected since the estimators for the energy (and enthalpy)
of the ring-polymer system and the associated quantum liquid are
different85. For example, the CP values for the TIP4P/2005 wa-
ter model are larger than the experimental values by 10 J/mol/K
(green squares)54. In the case of the classical q-TIP4P/F model
for light and heavy water, the values of CP(T ) are further off from
the experimental values by 20 - 50 J/mol/K for T > 250 K.

The q-TIP4P/F model is able to reproduced relatively well the
experimental CP(T ) for both H2O and D2O once nuclear quantum
effects are included in PIMD simulations. Our valueâĂŹs of CP(T )
for H2O at T = 273 K using nb = 32 (blue line) are slightly larger
than the corresponding value reported by Herrero et al. (red tri-
angle in Fig. 4b69). However, CP(T ) decreases considerably if one
uses nb = 72. Evidently, the values of CP(T ) are very sensitive to
the parameters employed in the PIMD simulations. As shown in
the SM, variations in the simulation time step (dt = 0.1− 0.5 fs)
and number of beads per polymer (nb = 32− 128) can lead to
changes in CP(T ) of 5 - 50 J/mol/K (yet, PIMD simulations should
converge to the correct values of CP for sufficiently large nb and
small dt). In this regards, it would be desirable to employ PIMC
simulations, instead of PIMD simulations, to calculate CP since,
in PIMC simulations, parameters such as dt and γ are not needed.
In this context, we note that PIMC simulations employing the
(rigid) TIP4PQ/2005 water model show that the values of CP for
this model (blue down-triangle in Fig. 4b) are in extremely good
agreement with experiments, at least at T ≥ 260 K84.

Regardless of the water model employed (rigid/flexible), nei-
ther classical MD nor PIMD simulations (including NQE) are able
to reproduce the sharp increase of CP(T ) in the supercooled do-
main at T < 260 K. It is probable that other sources of entropy
fluctuations, beyond the quantum fluctuations already considered
in PIMD simulations, are needed in order to reproduce the appar-
ent divergency in the experimental CP(T ) (at T < 240 K). This
is consistent with Fig. 3 where the compressibility of q-TIP4P/F
water is shown to be smaller than the compressibility of real wa-
ter. In other words, our simulations show smaller density and
entropy fluctuations than those occurring in real water (at low
temperatures). Similarly, the recent experimental values of CP re-
ported by Pathak et. al.58 for the case of H2O show a maximum
at T ≈ 229 K. However, a maximum in CP is not detectable in our
MD and PIMD simulations at T ≥ 210 K.
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Fig. 4 (a) Enthalpy as a function of temperature for H2O and D2O at
P = 1 bar. Blue and magenta circles are the enthalpies of H2O ob-
tained from PIMD simulations using nb = 32 and 72 beads for all tem-
peratures, respectively (q-TIP4P/F model). The enthalpies of D2O are
shown by red and cyan circles for nb = 32 and 72 beads, respectively
(q-TIP4P/F model). Black and green circles are results from classical
MD simulations using the q-TIP4P/F model. Lines are obtained using
third-order polynomial fits. (b) Heat capacity of H2O as a function of tem-
perature CP(T ) calculated by differentiation from (a) using Eq. 4 (black,
magenta, and blue lines). For comparison, we also include the CP(T )
obtained from PIMD simulations of q-TIP4P/F water from Ref. 69 (red
up-triangles) and TIP4PQ/2005 water from Ref. 84 (blue down-triangles).
Green squares indicate the CP(T ) of water from classical MD simulations
using the TIP4P/2005 model 54. Experimental values of CP(T ) for H2O are
also shown for comparison (black up-triangles, left-orange triangles; from
Refs. 58,86, respectively). (c) Heat capacity of D2O as a function of tem-
perature calculated from (a) (green and red lines). For comparison, we
also include the CP(T ) obtained from PIMD simulations of TIP4PQ/2005
water in Ref. 84 (black right-triangles). Experimental values of CP(T ) for
heavy water from Ref. 86 (orange left-triangles).

3.1.5 Dielectric Constant

The static dielectric constant ε(T ) is shown in Fig. 5 and is calcu-
lated from the fluctuations in the total electric dipole moment of
the system, ~M,

ε(T ) = 1+
4π

3〈V 〉kBT εo
(〈~M2〉−〈~M〉2) (5)

The error bars in Fig. 5 are calculated using block-averaging to
obtain ε(T ) and the corresponding standard deviation. The rela-
tively large error bars are not surprising since the dielectric con-
stant usually exhibits large fluctuations.

Figs. 5a and 5b show, respectively, ε(T ) for H2O and D2O cal-
culated from PIMD simulations using the q-TIP4P/F model. The
ε(T ) of H2O and D2O as obtained from classical MD simulations
(q-TIP4P/F model) and from experiments are also included. In
both H2O and D2O, the static dielectric constant of (classical and
quantum) q-TIP4P/F water is shown to be in qualitative agree-
ment with the experimental results, i.e., the dielectric constant
increases as the temperature decreases. We note that the ex-
perimental results from Angell et al.87 show that the dielectric
constant seems to diverge at Ts ≈ 228 K. Instead, our computer
simulations from PIMD and classical MD predict that the dielec-
tric constant should have a maximum, avoiding any divergency.
It follows that the situation regarding ε(T ), may be analogous
to the case of κT (T ) where early works suggest an apparent di-
vergency at Ts ≈ 228 K88 but more recent works indictate that,
instead, κT (T ) exhibits a maximum at lower temperatures11. As
for the case of the compressibility maximum in water, a maxi-
mum in ε(T ), which indicates a maximum in the fluctuations of
the dipolar moment of water, could also be explained by the LLCP
hypothesis scenario.

Interestingly, the values of ε(T ) obtained from simulations are
increasingly underestimated with increasing supercooling. As for
the case of density fluctuations (κT ) and entropy fluctuations
(CP), we find that dielectric dipole moment fluctuations (ε) can-
not be reproduced by our PIMD simulations. This, again, suggests
that the model employed and/or the inclusion of NQE in path in-
tegral simulations is, somehow, missing sources of fluctuations in
the hydrogen-bonded network of water.

3.2 Dynamics

Next, we focus on the diffusivity of light and heavy water. Our re-
sults are based on the ring-polymer molecular dynamics (RPMD)
methodology91. The RPMD approach to quantum dynamics uses
the classical evolution of the ring-polymers in constant (N, V, E)
PIMD simulations to calculate, approximately, the Kubo trans-
formed correlation functions of the quantum system. In the
RPMD approximation, the Kubo-transformed velocity autocorre-
lation function is given as92

c̃~v·~v ≈ 〈~v(0) ·~v(t)〉=
1
∆

∆

∑
i=1

~v(i) ·~v(i+ t) (6)

where ~v(t) is the bead-averaged velocity of the ring polymer and
∆ is the total length of the RPMD trajectory. The self-diffusion
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coefficient D(T ) can be obtained from65

D =
1
3

∫
∞

0
c̃~v·~v(t)dt (7)

Alternatively, it has been suggested93 that the diffusion coef-
ficient of the quantum liquid can be obtained from the mean-
square displacement of the ring-polymer centroids, i.e.,

lim
t→∞

d
dt
〈|~ri(t)−~ri(0)|2〉= 6D (8)

where ~ri(t) is the position of the ring-polymer centroid associate
to the O atom of molecule i at time t. It follows from Eq. 8 that
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Fig. 5 (a) Dielectric constant of H2O as a function of temperature at
P = 1 bar. Blue and black circles are, respectively, results obtained from
PIMD and MD simulations using the q-TIP4P/F model. Green and or-
ange triangles are experimental values of the dielectric constant of water
from Refs. 87,89, respectively. As for the case of κT (T ), an anomalous
maximum in the dielectric constant in q-TIP4P/F water develops at low
temperatures, consistent with the possibility of a LLCP in the deep su-
percooled regime. (b) The red circles are results obtained from PIMD
simulations using the q-TIP4P/F model for the case of D2O; green circles
are results from classical MD simulations using the same model. Experi-
mental values for D2O are taken from Ref. 90 (magenta squares).

one can evaluate D(T ) from the slope of the mean-square dis-
placement of the molecules at long times in the so-called diffusive
regime (see, e.g., Ref.93).

In this work, the diffusion coefficient D is calculated from Eq. 8.
However, instead of working in the NVE ensemble, we keep the
local PILE thermostat on, alike thermostated RPMD (T-RPMD)94.
Yet, our method is not strictly T-RPMD. In T-RPMD using the
local PILE thermotat, one should set the friction coefficient of
the zero-frequency mode to zero (γ = 0)94, while in our case,
γ = 0.001 ps−1. Nonetheless, as shown in Fig. S6 of the SM, our
results are independent of γ and hence, the thermostat has no
effect on the dynamics. In the SM (Fig. S8), we show that the
values of D(T ) obtained from Eq. 8 are identical (within error
bars) to the values obtained using the NVE ensemble and Eq. 7.

The values of D(T ) for H2O and D2O are shown in Fig. 6. In-
cluded are results for the classical MD and PIMD simulations us-
ing the q-TIP4P/F model, available data from independent works
(q-TIP4P/F model) as well as experimental data. Our results at
T = 300 K for H2O and D2O are consistent with the values of D
reported by Habershon et al.65, obtained by using the RPMD tech-
nique and Eq. 7. Self-diffusion coefficients can be sensitive to the
finite size of the system95. The values of D(T ) shown in Fig. 6 do
not include finite size effects. The corrections due to the system
finite size are estimated following the procedure of Ref.95 and are
found to be minor (< 10−15 %).

The results from computer simulations underestimate the ex-
perimental diffusivities of H2O at approximately T > 320 K
(Fig. 6a). For example, at T ≈ 373 K, the classical and quantum
diffusivities for q-TIP4P/F water deviate by ≈ 0.15− 0.20 Å2/ ps
from the experimental value (a relative error of ≈ 19− 25%). At
low temperatures, T < 320 K, diffusivites in all models decrease
and apparently converge to the experimental values of D, see
Fig. 6a and 6b. To compare the experimental and computer simu-
lations diffusivities at low temperature, we plot D(T ) as function
of 1/T in Fig. 7. Experiments99 show that water’s diffusivity at
T ≥ 240 K is consistent with the prediction from mode coupling
theory (MCT)100, i.e.,

D = D0(T −TMCT )
γ0 (9)

where γ0 = 2.2, TMCT = 221 K, and D0 = 1.43−13m2/s. The solid
lines in Fig. 7 are the fit of the D(T ) obtained from our classi-
cal MD and PIMD simulations of q-TIP4P/F water. It follows that
MCT applies to classical and quantum q-TIP4P/F water at T ≥
220 K. The corresponding fitting parameters are (TMCT = 200 K,
γ0 = 2.27) for the PIMD simulations and (TMCT = 209 K, γ0 = 2.25)
for the classical MD simulations. These values of γ0 are remark-
ably close to the corresponding experimental value while the val-
ues for TMCT are somewhat smaller than the corresponding ex-
perimental value.

Fig. 7 indicates that the diffusion coefficient of q-TIP4P/F wa-
ter obtained from classical MD is always smaller than the corre-
sponding values obtained from PIMD simulations. In other words,
NQE enhance the mobility of water molecules. While this is ex-
pected, previous studies disagree on the quantitative effects that
NQE have on water’s diffusion coefficient. Specifically, early com-
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Fig. 6 (a) Diffusion coefficient of H2O as a function of temperature
(P = 1 bar) from PIMD simulations using the q-TIP4P/F model (blue cir-
cles); black circles represent the diffusion coefficient of q-TIP4P/F water
from classical MD simulations (nb = 1). The diffusion coefficient of q-
TIP4P/F water at T = 300 K from PIMD simulations (black square) and
classical MD simulations (magenta right triangle) reported in Ref. 65 are
included for comparison. The experimental diffusion coefficients are in-
dicated by green up-triangles 96 and cyan left-triangle 97. (b) Same as (a)
for D2O. Results from PIMD simulations using the q-TIP4P/F model are
shown with red circles. Green circles indicates the diffusion coefficient
for the same water model from classical MD simulations. For compar-
ison, we include the diffusion coefficient of q-TIP4P/F heavy water at
T = 300 K from PIMD simulations (red square) reported in Ref. 65. The
experimental diffusion coefficients for heavy water are indicated by or-
ange up-triangles, from Ref. 98. The insets in (a) and (b) are the ratio of
the diffusion coefficients obtained from PIMD and MD simulations.
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Fig. 7 Diffusion coefficient of q-TIP4P/F water as a function of temper-
ature at P = 1 bar from PIMD simulations (black) and classical MD sim-
ulations (red). Solid lines are the best fit using Eq. 9, as predicted from
MCT. The corresponding fitting parameters are (TMCT = 200 K, γ = 2.27)
from PIMD simulations (for T ≥ 220 K) and (TMCT = 209 K and γ = 2.25)
from classical MD simulations (for T ≥ 220 K). Inset: Same as main panel
in a log-log scale plot.

putational works using various water models suggest that the ra-
tio R = DNQE/DnoNQE = 1.15− 1.50 at T = 300 K65, where DNQE

(DnoNQE) is the water diffusion coefficient when NQE are (are
not) included. However, Habershon et. al. find that for q-TIP4P/F
water R is much smaller, R = 1.15 at T = 300 K (in Ref.101, it was
found that R = 1.07 for a small system of N = 125 molecules). As
shown in the inset of Fig. 6, our results at T = 300 K are consis-
tent with this value, R ≈ 1.04. However, at lower temperatures,
R increases considerably, e.g., R > 3 at T ≤ 220 K. Indeed, it fol-
lows from the MCT fits shown in Fig. 7 that R should exhibit
an apparent divergency as the MCT temperature of the classical
model is approached (T ≈ 209 K). However, since MCT fails at
approximately T ≤ TMCT , the apparent divergency in R does not
occur.

3.3 Structure
To characterize the structure of H2O and D2O from our PIMD
simulations, we focus on the following properties, (i) OO, OH,
and HH radial distribution functions (RDF), (ii) water molecules
OH length and HOH angle distributions, and (iii) the correspond-
ing local tetrahedral order parameter q defined in Ref.102. In
order to interpret these properties appropriately, it is important
to understand how delocalized the H/D and O atoms are. Ac-
cordingly, first, we calculate the distance rbc from the bead of a
given ring-polymer to the corresponding ring-polymer center of
mass. Fig. 8, shows the probability distribution of rbc for the O
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Fig. 8 Probability distribution P(rbc) to find a bead of a given ring poly-
mer at a distance rbc from the corresponding centroid. Probability distri-
butions are calculated for H2O and D2O oxygen and hydrogen/deuterium
atoms. Hydrogen atoms can be considerably delocalized with the associ-
ated ring-polymer beads being displaced by as much as 0.4 Å (40% of the
OH covalent bond length) from the corresponding ring-polymer center of
mass. The area under each curve is normalized to unity.

and H/D atoms of the water molecules. As expected, the lighter
the atom, the more delocalized it is. Specifically, the beads of
the ring-polymer associated to the O atom can spread up to only
0.1 Å (10 % of the OH covalent bond length) from the correspond-
ing ring-polymer center of mass. Instead, in the case of H atoms,
beads can be found as far as 0.35− 0.4 Å away from the corre-
sponding ring-polymer center of mass. This implies that the H
atoms can be thought of a "cloud" with diameter d ≈ 0.7−0.8 Å,
comparable to the OH covalent bond length (in the case of D
atoms, d ≈ 0.55− 0.60 Å). Not surprisingly, nuclear fluctuations
should play a relevant role in atomic interactions involving H and
D. Interestingly, the atoms delocalization due to NQE is mildly
dependent on temperature for T = 350−220 K.

(i) The HH, OH, and OO RDF of q-TIP4P/F water are shown in
Fig. 9 for selected temperatures. For comparison, we also include
the RDF of the classical version of q-TIP4P/F water (nb = 1). Our
RDF at T = 300 K are consistent with those reported by Haber-
shon et. al. in Ref.65 and, in particular, with experiments. For
example, the first and second peaks of the OO RDF are located
at ≈ 0.28 nm ≈ 0.45 nm, which are characteristic of the tetrahe-
dral local structure of water. Similarly, the first peak of the OH
RDF is located at ≈ 0.18 nm which is characteristic of the water-
water hydrogen bond. In addition, as expected, the main effect
of lowering the temperature is to enhanced the local structure of
water, making water a more tetrahedral liquid (see below). Re-
garding the NQE, Fig. 9 shows that adding NQE tends to smooth
out the maxima of the RDF, relative to the classical version of
q-TIP4P/F water. In other words, as shown in previous PIMD sim-
ulations103,104, adding NQE to a classical water model makes wa-
ter less structured. Indeed, consistent with Ref.105, the RDFs of
H2O at temperature T = 300 K from PIMD simulations practically
overlap with the RDFs obtained from classical MD simulation at

temperature T +∆T where ∆T =+25 K.
The structure of heavy water is shown in Fig. 10. Briefly,

the structures of D2O and H2O are very similar. As shown in
Figs. 10(a) and 10(b), the RDF of heavy water are slightly sharper,
i.e., D2O is more structured than H2O. This is consistent with the
fact that D atoms are more localized than H atoms (Fig. 8).

(ii) Figs. 11(a) and 11(b) show the probability distribution of
the OH covalent bond length rOH and HOH angle θHOH of the
q-TIP4P/F water molecules at different temperatures. The OH
length and HOH angle distributions are obtained by averaging
(over all molecules and time) the following estimators

d̃OH =
1
nb

nb

∑
k=1

dOH,k and θ̃HOH =
1
nb

nb

∑
k=1

θHOH,k (10)

where dOH,k and θHOH,k, are the OH distance and HOH angle of
molecules in replica k. When the centroids of the oxygen and
hydrogen ring-polymers are used, the OH and HOH distributions
practically coincide with those obtained from the classical MD
simulations.

The probability distributions for rOH , P(rOH), is centered at
rOH ≈ 0.97 nm (blue lines) for quantum H2O and≈ 0.95 nm (black
lines) for classical H2O. Hence, NQE tend to stretch the OH dis-
tance covalent bond length. Interestingly, the classical and quan-
tum distributions in Fig. 11a have the same shape meaning that
the fluctuations of rOH for the quantum and classical case for q-
TIP4P/F water are remarkably similarly.

Surprisingly, the P(θHOH) distribution functions for quantum
and classical q-TIP4P-F water are practically identical, i.e., NQE
do not change the fluctuations or average value of the HOH angle.
The average θHOH for the quantum and classical case is 1050.
Since the average rOH distance is different in the quantum and
classical case, while θHOH is not, it follows that NQE must affect
the molecular dipole moment µ; see Fig. 11(c). NQE shift the
maximum of the dipole moment in classical q-TIP4P/F water from
≈ 2.3 to ≈ 2.35. The small differences in µ, may also explain why
the dielectric constant ε (see Fig. 5) is very similar for quantum
and classical q-TIP4P/F water.

Fig. 11 also shows the results obtained from our PIMD simula-
tions of D2O using the q-TIP4P/F model. Overall, the differences
in rOH , θHOH , and µ between H2O and D2O are rather minor. For
both (quantum and classical) H2O and D2O, the corresponding
distributions show minor variations with temperature; decreas-
ing the temperature leads to sharper distribution functions.

(iii) An important property of supercooled water is its rapid in-
crease of tetrahedrality upon supercooling at P = 1 bar. To quan-
tify the local tetrahedrality of q-TIP4P/F light and heavy water,
we calculate the local order parameter q defined in Ref.102. For
a classical system, the local order parameter qi of molecule i is
defined as

qi = 1− 3
8

3

∑
j=1

4

∑
k= j+1

(
cosψi jk +

1
3

)2
(11)

where ψi jk is the angle formed by the lines joining the oxygen
atom of molecule i and the O atoms of its nearset neighbors j
and k. The local order parameter of the system q is obtained
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Fig. 9 (a) Oxygen-oxygen, (b) oxygen-hydrogen and (c) hydrogen-
hydrogen RDF of H2O obtained from PIMD (blue lines) and classical MD
simulations (black lines) using the q-TIP4P/F model. With decreasing
temperatures, the maxima in the OO, OH, and HH RDF become more
pronounced in the classical case meaning the water molecule atoms are
less structured as NQE are included.
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Fig. 10 (a) Oxygen-oxygen, (b) oxygen-hydrogen and (c) hydrogen-
hydrogen RDF of H2O (blue lines) and D2O (red lines) obtained from
PIMD simulations using the qTIP4P/F model. H2O is less structured than
D2O since atom delocalization due to NQE are more pronounced for hy-
drogen atoms than for deuterium atoms.
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Fig. 11 Probability distribution function for (a) the OH/OD covalent-bond
length of H2O and D2O molecules, (b) HOH/DOD bond angle, and (c) the
molecular dipole moment, at selected temperatures. Results are from
PIMD simulations (H2O, blue lines; D2O, red lines) and classical MD sim-
ulations (H2O, black lines). Distributions calculated using the centroids of
the water atoms practically coincide with the classical results (not shown).
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Fig. 12 Probability distribution of the tetrahedral order parameter q for
H2O and D2O. Results from PIMD simulations for H2O and D2O using the
q-TIP4P/F model are shown by blue and red lines; black lines are results
for H2O from classical MD simulations using the same water model. At
low temperatures, H2O and D2O are highly tetrahedral and P(q) exhibits a
maximum at large q. As the temperature increases, a shoulder develops
at low q, indicating the appearance of a new family of molecules with
weakly tetrahedral local arrangements.

by averaging qi over all the molecules. For a perfect tetrahedral
network (e.g., hexagonal ice), q = 1; for a random distribution
of molecules, the average value of q is zero. We use the same
definition of q for the case of PIMD simulations. However, the
local tetrahedral order parameter for molecule i is calculated by
averaging over all the replicas,

qi =
1
nb

nb

∑
k=1

qi,k (12)

where qi,k is given by Eq. 11 with all O atoms belonging to replica
k.

The probability distribution of the tetrahedral order parame-
ter P(q) for H2O and D2O, from classical MD and PIMD simula-
tions using the q-TIP4P/F model, are shown in Fig. 12. Con-
sistent with early classical MD simulations of water, in all cases,
P(q) indicates the presence of two local arrangements of water
molecules at high temperature. The large-q (low-q) family of
molecules are in highly-tetrahedral (weakly-tetrahedral) environ-
ments. In addition, upon cooling, the large-q peak grows and
shifts towards larger values of q, while the low-q family of water
disappears, suggesting that water becomes more tetrahedral as
defects of the hydrogen-bond network of water vanish. The pic-
ture that emerges from Fig. 12 is consistent with scenarios where
water is composed of two distinct local arrangements (see, e.g.,
Refs.5,6,8,106) and, in particular, with the LLCP hypothesis sce-
nario. Hence, the presence of NQE does not exclude the LLCP hy-
pothesis scenario as a possible framework to explain the anoma-
lous behavior of water at low temperatures.
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4 Conclusions
We studied the properties of H2O and D2O at atmospheric pres-
sure and for temperatures extending from the equilibrium to the
supercooled liquid states. Our study is based on PIMD simulations
using the q-TIP4P/F flexible water model where nuclear quan-
tum effects are included. Computational studies of the thermo-
dynamic and dynamical properties of water in equilibrium and
supercooled liquid states are available at P = 1 atm. However,
most of these studies are based on classical computer simulations
employing rigid water models where nuclear quantum effects are
omitted. The few studies based on PIMD simulations (and other
quantum simulation techniques) have been limited to a few prop-
erties evaluated usually at a few equilibrium states (e.g, T = 300 K
and P = 1 atm). Accordingly, it is unclear from the available stud-
ies whether PIMD simulations can reproduce the thermodynamic
and dynamic properties of water in the P-T phase diagram. In this
work, we focus on various (a) thermodynamic, (b) dynamical,
and structural properties of H2O and D2O.

(a) From the thermodynamic point of view, our results show
that PIMD simulations of H2O and D2O based on the q-TIP4P/F
model reproduce successfully the available experimental ρ(T )
(for approximately T ≥ 240 K). Deviations relative to experiments
are < 0.005 and < 0.01 g/cm3 for H2O and D2O (0.5 % and 1.0 %).
We also study the following thermodynamic response functions
αP(T ), κT (T ), CP(T ), and ε(T ). These thermodynamic properties
quantify, respectively, cross-correlations in entropy and volume,
and fluctuations in volume, entropy, and dipole moment107,108.
We find that, in equilibrium (T ≥ 273 K in the case of H2O), PIMD
simulations are in remarkably good quantitative agreement with
experiments for the case of αT (T ) and κT (T ) (with deviations rel-
ative to experiments of 1 - 10 %), while qualitative agreement is
found in the case of CP(T ) and ε(T ) (deviations relative to exper-
iments can be as large as 5 - 30 %). The case of CP(T ) should be
taken with caution since, as shown in the SM, the evaluation of
CP(T ) from the corresponding enthalpy is very sensitive to details
of the PIMD simulations, including the simulation time step (dt)
and number of beads per ring-polymer (nb ≥ 32) employed. Over-
all, our PIMD simulations of H2O and D2O based on the q-TIP4P/F
model provide thermodynamic properties that are quantitatively
or semi-quantitatively consistent with experiments in the equilib-
rium state.

The situation is different in the supercooled domain (T < 273 K
in the case of H2O). At these temperatures, PIMD simulations
show a systematic underestimation of αT (T ), κT (T ), CP(T ), and
ε(T ) for both H2O and D2O which become more pronounced
upon supercooling. This indicates that the PIMD simulations of q-
TIP4P/F water, although including nuclear quantum effects, are
not able to reproduce the fluctuations in volume, entropy, and
electric dipole moment observed in real water. Some sources of
fluctuations are missing in the flexible q-TIP4P/F model; similar
conclusions were obtained in Ref.109 for the case of classical wa-
ter models. It is not clear whether these problems can be solved
by introducing polarizability to the q-TIP4P/F model or whether
other contributions, such as three-body interactions are needed.
The underestimation of fluctuations in classical water models is

common, however, we show here that nuclear quantum effects,
alone, may not be sufficient to reproduce the fluctuations in real
water.

One of the most important open questions in supercooled light
and heavy water is whether they exhibit a LLCP at low tempera-
tures. A LLCP is found in classical computer simulations of H2O
using the ST2, TIP4P/ice, and TIP4P/2005 water at P > 1 bar.
These studies also show that the presence of a LLCP in water leads
to a maximum in κT (T )32,82 at P = 1 bar and simulations show
that a maximum in CP(T ) at P = 1 bar should exist as well81. The
TIP4P/2005 and TIP4P/ice model are among the (rigid) models
that best reproduce the properties of liquid water and ice in the
P-T plane. Since the (flexible) q-TIP4P/F model used in this work
has been parameterized based on the TIP4P/2005 model [61],
one would expect to find a maximum in κT (T ). Indeed, we find
a maximum in κT (T ) in PIMD and classical MD simulations. The
maximum from our PIMD and classical MD simulations for H2O
and D2O occurs at T ≈ 230 K and T ≈ 235 K, respectively, con-
sistent with the experimentally observed maximum (T = 228 K
and T = 233 K11). We also note that a maximum in CP(T ) at
P = 1 bar is not found either in the classical MD (T ≥ 200 K) or
PIMD simulations (T ≥ 210 K) of q-TIP4P/F light and heavy wa-
ter, while such a maximum in CP has been reported in a recent
experiment58. Overall, the present simulations show a picture
that is not inconsistent with the LLCP scenario for water although
additional simulations are required to confirm the existence of
a LLCP in supercooled q-TIP4P/F water from PIMD simulations.
Interestingly, we find that the ρ(T ), κT (T ), and αP(T ) obtained
from classical MD and PIMD simulations of q-TIP4P/F H2O and
D2O water practically overlap.

(b) From the dynamical point of view, we find that the diffu-
sion coefficients of H2O and D2O obtained from PIMD simulations
are in excellent agreement with experimental values (T > 230 K);
see Fig. 6. Interestingly, compared to classical MD simulations,
NQE practically do not enhance the diffusion coefficient of water
at T > 270 K. For example, DQ(T )/DC(T ) ≈ 1.05 at T = 300 K,
where DQ(T ) and DC(T ) are the diffusion coefficients of wa-
ter from PIMD and classical MD simulations; Habershon et al.
find similar values, DQ(T )/DC(T )≈ 1.07−1.1565. However, NQE
play a relevant role in the dynamics of supercooled water with
DQ(T )/DC(T )> 3 at T ≤ 220 K. Such an increase in the diffusivity
of supercooled water due to NQE may be important in the deter-
mination of the glass transition temperature of H2O and D2O in
computational/theoretical studies.

(c) We also discussed the NQE effects on the structure of H2O
and D2O. As shown in previous works, relative to classical MD
simulations, including NQE makes H2O and D2O less structured
with smaller maxima in the radial distribution functions. This
is because NQE make the H and D atoms delocalized. For ex-
ample, the ring-polymer beads associated to the H (D) atom are
displaced by as much as ≈ 0.4 Å(≈ 0.3 Å) from the correspond-
ing centroid. These are relevant distances compared with the OH
covalent bond length ≈ 1 Å.

Our results also show that water molecules seems to exist in
two different kinds of local arrangements. At high temperatures,
molecules are in two kinds of local arrangements with low and
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high degree of tetrahedrality. However, with decreasing temper-
atures, molecules can be found mostly in highly-tetrahedral local
arrangements. The presence of two kinds of local structural en-
vironments is postulated by different scenarios to explain water
anomalous behavior and it is supported by most computer simu-
lations of rigid (classical) water models8,31,106,110. The existence
of two "kinds of water" is consistent with the LLCP hypothesis
scenario for water5.
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