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A ring-shaped carbon allotrope was recently synthesized for the first time, reinvigorating theo-
retical interest in this class of molecules. The dual π structure of these molecules allows for the
possibility of novel electronic properties. In this work we use reduced density matrix theory to study
the electronic structure and conductivity of cyclo[18]carbon and its boron nitride analogue, B9N9.
The variational 2RDM method replicates the experimental polyynic geometry of cyclo[18]carbon.
We use a current-constrained 1-electron reduced density matrix (1-RDM) theory with Hartree-Fock
molecular orbitals and energies to compute the molecular conductance in two cases: (1) conductance
in the plane of the molecule and (2) conductance around the molecular ring as potentially driven by
a magnetic field through the molecule’s center. In-plane conductance is greater than conductance
around the ring, but cyclo[18]carbon is slightly more conductive than B9N9 for both in-the-plane
and in-the-ring conduction. The computed conductance per molecular orbital provides insight into
how the orbitals—their energies and densities—drive the conduction.

I. INTRODUCTION

The structure and properties of ring-shaped carbon
allotropes, known as cyclo[n]carbons, have been of the-
oretical interest for many years, first appearing in the
literature more than fifty years ago [1]. As a result of
their sp hybridization, cyclo[n]carbons have two orthog-
onal π systems, allowing for the possibility of double aro-
matic stabilization [2, 3]. Their high reactivity, however,
means that their synthesis was not possible until very
recently. Last year, the first of these carbon allotropes,
cyclo[18]carbon, was synthesized and characterized using
high-resolution atomic force microscopy [4].

Prior to its synthesis, two possible structures had
been hypothesized for cyclo[18]carbon, a cumulenic form,
without bond length alternation, and a polyynic form,
with alternating single and triple bonds. The cumulenic
structure, which is predicted by Hückel theory, is gener-
ally found to be the lowest in energy by density functional
theory (DFT) [5–7] and Møller-Plesset second-order per-
turbation theory [8] calculations. The polyynic structure,
on the other hand is supported by Hartree-Fock [9, 10],
Monte-Carlo [11], and coupled cluster calculations [12].
Recent experimental work confirmed the polyynic geom-
etry to be correct [4, 13, 14].

Boron nitride (BN) forms hexagonal lattices which
are isoelectric to those formed by carbon. Its two-
dimensional hexagonal lattice is analogous to graphene
and has high thermal and chemical stability [15].
Theoretical work on boron nitride analogues to cy-
clo[n]carbons has shown that they may have similar novel
properties with higher stability [16–18].

Here we study the electronic structure and molecular
conductivity of the cyclo[18]carbon and B9N9 molecules
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using reduced density matrix (RDM) theory [19–25].
Computations with the variational two-electron reduced
density matrix (2-RDM) method [19–23], which can treat
fractionally filled orbitals and strong electron correlation
if present [26–28], reveal that neither molecule is strongly
correlated and support the experimental polyynic struc-
ture of cyclo[18]carbon. Using a current-constrained 1-
electron reduced density matrix (1-RDM) theory with
the Hartree-Fock molecular orbitals and energies [24, 25],
we compute the intrinsic molecular conductance of both
molecules in two cases: (1) conductance in the plane of
the molecule and (2) conductance around the molecular
ring as potentially driven by a magnetic field through the
molecule’s center.

We find for both cyclo[18]carbon and B9N9 that con-
ductance in the plane of the molecule is greater than con-
ductance around the ring. Furthermore, cyclo[18]carbon
is slightly more conductive than B9N9 for both (1) and
(2). The intrinsic conductance provides information
about the intrinsic ability of a molecule to support con-
ductance that does not consider the resistance from the
junction or lead. Intrinsic conductance is useful for as-
sessing whether a molecule is a potentially good molec-
ular conductor or insulator prior to optimization of the
lead and/or junction. The conductance per molecular
orbital is also obtained, providing insight into how the
orbitals—their energies and densities—drive the conduc-
tion.

II. THEORY

The idea of creating single molecule circuit elements
has been of scientific interest for nearly fifty years [29],
with a great deal of progress being made in the past
twenty years [30–32]. Traditional theories of molecular
conductivity add a voltage to the molecule to compute
the current [33–42]. In the current-constrained RDM the-
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FIG. 1. Ball and stick representations of C18 (top) and B9N9

(bottom)

ories the current is added as a constraint to compute
the reorganization energy and the voltage [24, 25]. This
change in paradigm allows us to compute an intrinsic con-
ductance (or resistance) for each molecule that depends
only upon a molecule’s energetic response to the imposed
current constraint, as well as its intrinsic properties such
as length and polarization. The intrinsic resistance re-
flects key qualitative features of molecular conductivity,
features that are determined mainly by the electronic
properties of the molecule.

To define a 1-RDM theory of molecular conductivity,
we begin with the variational principle in the absence of
electron transport. The energy of the system, given by

E = Tr(1K1D), (1)

where 1K is the matrix form of the one-electron reduced
Hamiltonian, which we approximate as the Fock matrix
and 1D is the 1-RDM. This energy is minimized subject
to ensemble N -representability conditions on the 1-RDM
known as the 1-positivity constraints, which ensure that
the 1-RDM generated in the minimization arises from the
integration of at least one N -electron ensemble density
matrix [23, 43–47]. These conditions have the form,

1D � 0 (2)
1Q � 0 (3)

where 1D and 1Q are the one-particle and one-hole re-
duced density matrices and the symbol � indicates that
they must remain positive semidefinite, that is, they
must have non-negative eigenvalues. These conditions
are equivalent to the Pauli exclusion principle, which re-
stricts the occupation of each spin orbital to lie between
0 and 1. This method of energy minimization is a spe-
cial type of convex optimization known as semidefinite
programming (SDP) [20, 22, 23, 48].

To set the current for the system, we define the one-
electron current matrix as the matrix representation of
the one-electron gradient in a specified direction κ̂, given
by

1Jp
q =

1

L

∫
dr

φp(r)(∇ · κ̂)φq(r)dr, (4)

where L is the length of the molecule, r represents the
electronic coordinates, κ̂ is the vector direction of the
current, and φp are the molecular orbitals [24]. We add
this to the energy minimization by requiring that

Tr(1J Im(1D)) = I, (5)

where I is the current.
In order to investigate the conductivity in the ring

rather than across it, changes are made to the form of
the one-electron current matrix. For the ring current
calculations,

1J̃p
q =

( M∑
i

L−1

∫
dr

φp(r)(∇ · κ̂i)φq(r)dr

)
M−1, (6)

where M is the number of atoms in the ring and κi is the
unit vector tangent to the center of each atom.

III. RESULTS AND DISCUSSION

A. Electronic Structure

Å

Molecular geometries of C18 and B9N9 as shown in 
Fig. 1 are obtained by optimization at the v2RDM-
CASSCF/cc-pVDZ level of theory [19–23, 49] with an ac-
tive space of 18 electrons in 18 orbitals, using the SNOPT 
sequential quadratic programming algorithm [50] with 
analytical gradients [51] implemented in the Quantum 
Chemistry Package [52] in Maple [53]. The v2RDM 
method predicts the experimental polyynic structure, 
with alternating carbon-carbon bond lengths of 1.50 
and 1.22 Å. The calculated structure of B9N9 agrees well 
with the DFT structure from recent previous work [18], 
with a boron-nitrogen bond length of 1.32 Å. The Carte-
sian coordinates of the optimized geometries are provided 
in the Supporting Information.

One of the key features of C18 is its dual π system, 
which is well represented in the v2RDM results, with π-
type active molecular orbitals which lie either in the plane 
of the molecule or perpendicular to it. A representative
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FIG. 2. NO occupations of C18 (left) and B9N9 (right)

FIG. 3. A sample of the active space molecular orbitals for 
C18

subset of the active orbitals is shown in Fig. 3. Our 
calculations indicated that this dual π system is shared 
by B9N9, with a representative subset shown in Fig. 4.

We also find that these molecules do not have a high 
level of static correlation. The natural orbital occupa-
tions in the active space, as shown in Fig. 2, do not di-
verge much from a completely filled (2) or empty (0) 
state. The occupation of the highest occupied natural 
orbital (HONO) is 1.85 and the occupation of the low-
est unoccupied natural orbital (LUNO) is 0.15. B9N9 
displays even less static correlation than C18, with a oc-
cupation of 1.97 in the HONO and occupation of 0.03 
in the LUNO. The minimal static correlation in these 
molecules supports the computation of their molecular 
conductivity within a 1-RDM theory.

B. Molecular Conductivity

We investigate the intrinsic conductance both around 
the molecular ring and in the plane of the molecule for 
cyclo[18]carbon and B9N9. All molecules are centered at 
the origin and the vector direction κ̂ of the current is set 
as the x-axis for the calculation of the in-plane current 
and as described in the theory section for the ring cur-
rent. We generate the Hamiltonian using the Fock matrix 
from a minimization of the Hartree-Fock energy of each 
molecule in the cc-pVDZ basis set. The energy of the

FIG. 4. A sample of the active space molecular orbitals for
B9N9
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FIG. 5. Voltage plotted as a function of current for C18 ring 
(red circle), C18 in-plane (red plus), B9N9 ring (blue circle), 
B9N9 in-plane (blue plus).

current-constrained steady state is minimized subject to 
the conditions given in Eqs. (2-4) using semidefinite pro-
gramming. The current constraint generates a complex-
valued SDP that can be mapped to a real-valued SDP by 
representing the complex matrix by a larger real-valued 
matrix. Solving this semidefinite program generates the 
reorganization energy due to the current constraint. The 
voltage is calculated from this energy by analogy with the 
molecule’s energetic response to an electric field, as 
described in previous work by the authors [25]. All cal-
culations are performed at 0 K. Since we are interested in 
a qualitative description of the conductivity which arises 
only from the molecule itself, we compute the intrinsic 
conductance of the molecule, omitting the thiol linkers 
and metal leads present in an experimental molecular 
junction.

As shown in Fig. 5 we find that cyclo[18]carbon is 
the more conductive of the two molecules, with a ring 
conductance of 97.42 µS and a in-plane conductance 
of 130.64 µS compared to a ring conductance of 72.14 
µS and a in-plane conductance of 112.73 µS for B9N9.
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The lower conductance of B9N9 is expected based on the 
larger energy gap between its highest occupied molec-
ular orbital (HOMO) and lowest unoccupied molecular 
orbital (LUMO), with a gap of 13.28 eV compared to the 
2.97 eV gap for C18. For both molecules, the in-plane 
conductance through the center of the molecule is greater 
than the ring conductance. The difference in the sizes of 
HOMO-LUMO gap for these two molecules is illustrated 
in Fig. 6. The current-constrained steady state is gener-
ated by the mixing of the HOMO and LUMO, so a larger 
energy gap between these orbitals increases the reorgani-
zation energy due to the current constraint. While exper-
imental conductance values for these molecules are not 
available, the conductance of cyclo[18]carbon connected 
to graphene leads was recently studied using an NEGF-
DFT method, though conductance values were not ex-
plicitly reported. Direct comparison to this work is also 
difficult as a result of the inclusion of leads in the calcu-
lations and the differing treatment of the HOMO-LUMO 
gap in NEGF-DFT [54].

We are also able to investigate the conductance per 
molecular orbital for the molecules in question, as shown 
in Fig. 6. For both molecules a small number of molec-
ular orbitals near the HOMO-LUMO gap are the most 
involved in conductance. Ten percent of the orbitals con-
tain thirty-nine percent of the current in C18 and thirty-
seven percent of the current in B9N9. These orbitals are 
a mix of π and σ orbitals which are symmetric or nearly 
symmetric. The core orbitals and the high-energy virtual 
orbitals are much less involved in conductance than those 
near the Fermi level, with the core orbitals carrying on 
average an order of magnitude less current and the high-
energy virtual orbitals carrying as much as four orders of 
magnitude less current. While implementations of many 
traditional theories like NEGF-DFT require the selec-
tion of an energy range for the conductivity, the current-
constrained RDM theory predicts the energy (orbital) 
channels that support the molecular conductivity.

IV. CONCLUSIONS

In the current-constrained 1-RDM theory the current 
is added as a constraint to compute the voltage, the op-
posite of traditional theories, which impose a voltage on 
the molecule to compute the resulting current. As a re-
sult of this change in paradigm, we compute an intrin-
sic conductance for each molecule, a quantity which de-
pends only upon a molecule’s energetic response to the 
imposed current and its electronic structure. As shown 
in the results, the intrinsic conductance provides a good 
starting point for the determination of molecular species 
which may be useful for molecular electronic applica-
tions, as molecules without good intrinsic conductance 
will not be good experimental conductors. In contrast 
to the quasiparticle description of NEGF-DFT methods, 
the current-constrained 1-RDM theory directly imposes 
the necessary boundary conditions for electron trans-

FIG. 6. Current per MO as a function of MO energy for C18 
(top) and B9N9 (bottom). In both cases a total of 100 µA of 
current is imposed on the system. The dashed lines denote 
the HOMO and LUMO energies.

port [55]. This paradigm gives more control over the 
barrier height and allows electronic correlation to be in-
cluded if necessary.

The current-constrained RDM theory also allows for 
the study of facets of the conductivity which are not eas-
ily accessible using traditional theories, including the ring 
conductance and the orbital and energy localization of 
the current. The direct computation of the 1-RDM allows 
us to construct the equivalent of a molecular-orbital dia-
gram in molecular conductivity where the conductance of 
each orbital is presented as a function of energy. Just as 
molecular-orbital diagrams provide an intuitive picture 
for molecular bonding, these molecular-orbital conduc-
tion diagrams provide an intuitive picture for molecular 
conductivity.

In the this work we investigate the electronic struc-
ture of cyclo[18]carbon and its boron nitride analogue 
using the v2RDM-CASSCF method. We find that the 
molecular geometry of C18 obtained from v2RDM opti-
mization agrees with that found in a recent experiment,
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and that the key features of its electronic structure are
well-described. We apply the current-constrained theory
for molecular conductivity to study the ring and in-plane
conductivity of these molecules. We find that they have
higher in-plane conductivity than ring conductivity and
that C18 is more conductive than B9N9.
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