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Cuboidal liquid crystal phases under multiaxial geo-
metrical frustration†

Viviana Palacio–Betancur,a Julio C. Armas–Pérez,b Stiven Villada–Gil,c,d Nicholas L.
Abbott,e Juan P. Hernández–Ortiz,a,c‡ and Juan J. de Pabloa, f∗

Cuboidal liquid crystal phases - the so-called blue phases - consist of a network of topological
defects arranged into a cubic symmetry. They exhibit striking optical properties, including Bragg
reflection in the visible range and fast response times. Confining surfaces can interfere with the
packing of such a network, leading to structures that have not been explored before. In this work,
a Landau–de Gennes free energy formalism for the tensor alignment field Q is used to investigate
the behavior of chiral liquid crystals under non-isotropic confinement. The underlying free energy
functional is solved by relying on a Monte Carlo method that facilitates efficient exploration of
configuration space. The results of simulations are expressed in terms of phase diagrams as a
function of chirality and temperature for three families of spheroids: oblate, spherical, and prolate.
Upon deformation, blue phases adapt and transform to accommodate the geometrical constraints,
thereby resulting in a wider range of thermal stability. For oblate spheroids, confinement interferes
with the development of a full blue phase structure, resulting on a combination of half skyrmions.
For prolate spheroids, the blue phases are hybridized and exhibit features of blue phases I and II.
More generally, it is shown that mechanical deformation provides an effective means to control,
manipulate and stabilize blue phases and cholesterics confined in tactoids.

1 Introduction
Blue phases arise spontaneously in chiral liquid crystals. they con-
sist of networks of defect lines that organize themselves into space
filling lattices with cubic symmetry1. Technological applications
include low–energy consumption displays2, optical sensors3–5,
and photonic crystals6–9. Blue phases (BPs) have attracted at-
tention for their fast response to external stimuli10,11, but their
narrow range of thermal stability poses challenges to their use.
Past efforts to stabilize BPs have focused on addition of dopants
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to nematic phases12–19, and little work has been devoted to the
study of geometrical confinement as a means to manipulate their
structure.

Geometrical frustration can be used to generate new families
of defect configurations. More specifically, one can engineer the
balance between the surface and elastic contributions to the free
energy20, and favor anchoring driven transitions over bulk mor-
phologies. For instance, cholesteric liquid crystals (ChLCs) con-
fined in channels form structures similar to skyrmions 21–24, and
the orientation of the cholesteric can be changed through surface
functionalization25–27 . Under spherical confinement, BPs repro-
duce their lattice order and may be manipulated to take advan-
tage of the intrinsic topology of the chiral nematics to form knots
or to braid nanoparticles28–35.

A phase diagram for micron-sized droplets of chiral LCs has
been reported previously by Martínez-González et al.33. In that
work, the stability of each region was determined by minimizing
the total free energy using a Ginzburg–Landau relaxation from
initial ansatze configurations. A wide variety of configurations
was reported, including twisted cylinders (TC), radial spherical
structures (RSS), and blue phases one (BPI) and two (BPII). Some
regions of the phase diagram correspond to the phases formed in
bulk36,37, and others do not.

Particle-based molecular simulations have shown that a freely
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Fig. 1 Schematic of the types of tactoids. (a) Oblate, ϕ < 1. The in-
sert shows an schematic of the behavior of a chiral nematic, where p0 is
the cholesteric pitch and n is the mean molecular orientation or director
vector. (b) Sphere, ϕ = 1. The insert shows the planar alignment of the
molecules at the surface. (c) Prolate, ϕ > 1. The aspect ratio ϕ is defined
by the lengths c and a which are aligned with the Cartesian directions z
and y. The cartoons next to each spheroid will be used throughout this
paper to represent the geometry.

suspended LC droplet adopts a prolate geometry due to the elon-
gated shape of the molecules38. The formation of non–spherical
droplets has also been reported in lyotropic liquid crystals39–42.
The anisotropy of these shapes induces chiral morphologies with
a certain range of stability. For instance, mechanical deformation
of a BPI has been used to tune optical response through an applied
strain43,44, providing options for the fabrication of low–voltage
electro–optical devices. More recently, cellulose nanocrystal sus-
pensions have been shown to form chiral nematic tactoids, which
offer the possibility to reach greater lengths and higher aspect ra-
tios, and can aid in separation processes for nanoparticles 45,46.
Building on these past studies, the central questions that we ad-
dress here are whether it is possible to stabilize BPs by means
of an external asymmetric physical constraint, as opposed to a
chemical alteration, and whether the resulting phases undergo
significant changes that may alter their optical properties.

A model chiral LC is confined into spheroids of different aspect
ratios. We consider oblate, spherical, and prolate geometries. The
reference geometry is a sphere with a radius of 500 nm; its axes
are stretched to obtain isochoric geometries with different aspect
ratios ϕ = c/a, where c and a are the lengths of the semi-principal
axes aligned with the z and x Cartesian axes, respectively. An
oblate is described by ϕ < 1, while a prolate is described by ϕ > 1.
Accordingly, a sphere corresponds to ϕ = 1. Figure 1 shows the
three type of spheroids and the orientation of the axes. The sur-
face imposes a degenerate planar orientation on the LC material,
and the pitch p0 is defined in terms of N, which denotes the num-
ber of π–turns along the major axis. Note that for all geometries
the cross section parallel to the xy-plane is a circle of radius R.

2 Thermodynamic model

The degree of positional and orientational order is described us-
ing a second-rank tensor order parameter defined by47,48:

Q(x, t) = MII(x, t)−
δ

3
, (1)

where δ is the 3×3 identity tensor and the second moment MII is
obtained from the average molecular orientation u and the prob-
ability density of molecular orientations ψ(u,x, t), i.e.

MII(x, t) =
∫

uuψ(u,x, t)du. (2)

The symmetric and traceless tensor order parameter may be writ-
ten in terms of its eigenvalues and eigenvectors49,50 as

Q = S
(

nn− δ

3

)
+η

[
n′n′−

(
n×n′

)(
n×n′

)]
, (3)

where S(x) is the scalar order parameter related to the maximum
eigenvalue, and the biaxiality η(x) is connected to the other two
eigenvalues. The order parameters are bounded by S ∈ [−1/2,1],
and η ∈ [−1/3(1−S),1/3(1−S)]. The eigenvectors, n and n′, define
an orthonormal basis {n,n′,(n×n′)} for the LC orientation.

The thermodynamic state is described in terms of a phe-
nomenological free energy functional through the Landau–de
Gennes formalism, that contains three contributions: a short–
range Landau free energy fL, which captures the isotropic–
nematic transition, a long–range free energy that penalizes elas-
tic distortions from an homogeneous state fE , and a surface free
energy that quantifies surface anchoring fS. The free energy func-
tional is defined in terms of Q as follows47,48,51:

F(Q) =
∫

d3x [ fL(Q)+ fE(Q,∇Q)]+
∮

d2x fS(Q). (4)

The Landau density is expressed as a polynomial expansion of
the tensor invariants. We use Doi’s notation47,52, which considers
a unique scale for the energy:

fL(Q) =
A
2

(
1− U

3

)
tr(Q2)− AU

3
tr(Q3)+

AU
4

tr(Q2)2, (5)

where A and U are phenomenological coefficients that are mate-
rial specific; with A the energy scale and U the parameter that
controls the isotropic–nematic transition47.

The elastic free energy density is modeled using Oseen–Frank’s
theory53,54 and it is written in terms of the alignment tensor and
its gradients48,55,

fE(Q,∇Q) =
1
2

L1
∂Qi j

∂xk

∂Qi j

∂xk
+

1
2

L5εiklQi j
∂Ql j

∂xk
, (6)

where Li are the elastic constants related to the different elastic
moduli. For a uniaxial system these are defined by

L1 =
K

2S2 , (7)

and
L5 =

2
S2 q0K. (8)

Where K is the elastic moduli. In this work we adopt the one–
elastic constant approximation48,51, in which all elastic deforma-
tions are penalized equally resulting in non-zero L1 and L5. L5

quantifies the chirality of the LC with the inverse pitch q0 = 2π/p0,
and εikl is the Levi–Civita tensor.

The surface free energy density describes the interaction of the
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liquid crystal with the confining surface; the condition for degen-
erate planar anchoring is imposed by the 4th order degenerate
potential proposed by Fournier and Galatola56:

fS(Q) =
W
2
(
Q̄− Q̄⊥

)2
+

W
4

(
Q̄ : Q̄−S2

)2
, (9)

where Q̄ = Q+Sδ/3, Q̄⊥ = p · Q̄ ·p is the tensor projection on the
surface, and p = δ −νν .

The free energy functional is minimized using a theoretically-
informed Monte Carlo (MC) relaxation method described in the
literature57–59. During a MC simulation, Metropolis criteria are
adopted to sample the free energy by proposing trial changes
to the tensor order parameter Q. In order to perform uniform
sampling over its five independent components, Q is expressed
in terms of an orthonormal tensor basis as presented by Hess et
al.60,

Q =
5

∑
ν=1

aν (x, t)Tν , (10)

where the five scalar components aν are projections of the tensor
basis defined as follows:

T1 =
√

3/2 [zz]ST =
√

3/2
(
δ3iδ3 j−δi j/3

)
,

T2 =
√

2 [xy]ST =
√

2
(
δ1iδ2 j +δ2iδ1 j

)
/2,

T3 =
√

2 [xz]ST =
√

2
(
δ1iδ3 j +δ3iδ1 j

)
/2, (11)

T4 =
√

1/2(xx−yy) =
√

1/2
(
δ1iδ1 j−δ2iδ2 j

)
,

T5 =
√

2 [yz]ST =
√

2
(
δ2iδ3 j +δ3iδ2 j

)
/2,

where [A]ST is the symmetric and traceless projection operator, x,
y, and z are the canonical ℜ3 basis, and δi j is the Kronecker delta.

The sequence of accepted trial moves forms a Markov chain of
configurations, where each transition is accepted with a probabil-
ity given by

Pacc (o→ n) = min [1,exp(−β∆F)] , (12)

with β−1 = kBT̂ where kB is the Boltzmann constant and T̂ is an
artificial temperature that we use for simulated annealing; ∆F is
the change in the free energy after a trial move has been per-
formed. For more information on the choice of T̂ , we refer the
reader to previous work57–59.

The numerical integration of the free energy functional is calcu-
lated with a Gauss–Legendre quadrature over a mesh of quadratic
tetrahedral elements created with Cubit (version 14.1)61 and op-
timized through libMesh62. The Finite Element mesh is able to
capture the nuances of the geometries beyond the limits of tra-
ditional rectangular discretization techniques. This method has
been proven to be versatile when studying intricate geometries
and more complex systems 5,26,63,64, and it is consistent with
other relaxation techniques57–59,65.

3 Results
The chiral liquid crystal’s nematic coherence length is ξN =√

L1/A = 10 nm; the elastic constant is k11 = 16 pN. The sur-

faces impose degenerate planar anchoring; we consider high
(W = 1×10−3J/m2), intermediate (W = 1×10−4J/m2), and low
(W = 1× 10−5J/m2) anchoring strengths. The chirality is con-
trolled through the dimensionless parameter N = 4R/p0, indicat-
ing the number of π–turns the director makes along a distance R.
In order to build consistent phase diagrams for all geometries, we
calculate the pitch necessary to keep N constant as ϕ varies. The
phase diagrams are built in terms of the inverse reduced temper-
ature τ = 9(3−U)/U and the chirality parameter N.

3.1 Free energy analysis
We begin by examining different contributions to the free energy
functional as the aspect ratio is changed. We restrict this analysis
to the strong anchoring conditions, W = 1× 10−3J/m2, and U =

2.9. Moderate and weak anchoring as well as lower temperatures
follow similar trends. The consequences of changing W , U and
N are reflected the phase diagrams, which are discussed in the
following sections.

Figure 2 shows the total free energy as a function of the aspect
ratio for different values of N. At first sight it appears that the
free energy decreases monotonically as the aspect ratio increases;
note, however, that as ϕ increases the chirality also increases.
Recall that the chiral contribution to the free energy is negative,
implying that the formation of defects stabilizes the system as L5

increases. The behavior of the total free energy in Fig. 2 helps
explain the effects of N: for N < 2 the dependence of the free
energy on ϕ is less than when N > 3, and N = 3 serves to de-
lineate different morphologies, where the strong decrease of the
total free energy is accompanied by a change of the nature of the
underlying defect structure.

Fig. 2 Total free energy as a function of the aspect ratio, ϕ and different
chiral systems distinguised by N. The free energy is calculated for strong
anchoring conditions with W = 1× 10−3J/m2 and U = 2.9. The cartoons
in the top of the figure indicate the type of spheroid.

Figures 3 and 4 show the different contributions to the free
energy density as a function of ϕ for different values of N. Ac-
cording to Fig. 3, the Landau and surface free energy densities
follow the same trend when the chirality and ϕ are modified.
The monotonic behavior of these contributions as the chirality
increases (purple arrow in Fig. 3) is a consequence of the forma-
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tion of defects. Note that for all cases with N < 2, where the pitch
values vary between 850 nm and 6 µm, these contributions are
almost constant. Therefore, the system exhibits a nematic–like
morphology, free of inner defects, or a cholesteric configuration,
identified by the continuous twist of the director field; i.e. the dis-
tribution of the scalar order parameter in the bulk is uniform. For
highly chiral systems, N > 3, the defect density increases dramat-
ically and the local nematic order changes abruptly. The effect of
ϕ (blue arrow in Fig. 3) translates into an increase in the tactoid
axes along the z-direction, resulting in more space for nematic
defects and increasing the Landau energy. The surface free en-
ergy penalties when N < 2 come from the surface boojums. For
shorter pitches, the network of disclination lines is distributed
throughout the bulk and touches the surface, forming a texture
or patterns composed of various λ−1/2 and λ+1 rotations of the
director field, which are related to half skyrmions. The number
of regions where there are surface penalties is therefore greater.
The inset in Fig. 3 shows the surface area as a function of ϕ. Note
that the surface area is minimized when ϕ = 1, and even though
the oblate has the maximum surface area, it also exhibits larger
patterns when compared to the prolate, contributing in a lesser
manner to the energy penalties at the surface.

The total elastic free energy and the gradients of the chiral term
are shown in Fig. 4. The decreasing character of this contribution
is caused by the dominance of the chiral term, quantified by the
elastic constant L5. The elastic constant L5 is proportional to the
inverse pitch q0, so smaller values of the pitch contribute to a de-
crease in the free energy by generating elastic deformations. The
chiral term is therefore more dominant in prolates than oblates.
Similar to the Landau and surface contributions, for high vales of
N the distortions are stronger, resulting in higher contributions to
the total free energy. In Fig. 4(Bottom) we show the contribution
of the chiral elastic term normalized by the value of L5, i.e. the ef-
fect of the pitch is removed. As ϕ increases these elastic gradients
reach a plateau. Therefore, after removing the changing value of
p0, there is a specific aspect ratio, according to the value of N,
where the contribution of the elastic free energy density does not
change considerably. This behavior is an indication that freely
suspended chiral droplets would not increase their aspect ratio
indefinitely, and instead the final shape will be determined by the
balance between elasticity and confinement, and additional con-
tributions from the surface tension.

3.2 Phase diagrams

Three sets of diagrams are presented for ϕ = 1 (droplet), ϕ > 1
(prolate) and ϕ < 1 (oblate). The diagrams include strong an-
choring conditions with W = 1× 10−3J/m2 and moderate with
W = 1× 10−4J/m2. The morphologies for weaker anchoring
strengths W < 1× 10−4J/m2 are similar to those for moderate
conditions. As the geometry and anchoring are modified, some
phases persist and others rearrange, leading to an expanded fam-
ily of possible configurations. Figure 5 shows the phase diagram
for a chiral LC in a spherical droplet as a function of τ and N.
Strong anchoring conditions are used for Figure 5A, while moder-
ate anchoring conditions are used for Fig. 5B. On the right of the

Fig. 3 (a) Landau and (b) surface free energy contributions as a function
of the aspect ratio, ϕ, for different chiralities, N, under strong anchoring
conditions, W = 1× 10−3J/m2, and U = 2.9. The cartoons on the top
indicate the type of confining geometry. The arrows in (a) serve as guide
for increasing aspect ratio (blue) and increasing q0 (purple). The insert in
(b) shows the surface area for the tactoids.

Fig. 4 (a) Elastic free energy and (b) chiral gradients as a function of the
aspect ratio, ϕ, for different chiral system distinguished by N under strong
anchoring W = 1×10−3J/m2 and U = 2.9.

4 | 1–13Journal Name, [year], [vol.],

Page 4 of 14Soft Matter



diagrams we depict the characteristic morphologies correspond-
ing to each region.

One can observe two families of phases: one dictated by the
surface ordering and the other governed by the bulk elasticity.
When the surface dominates, Bipolar (B), Twisted Bipolar (TwBs),
and Radial Spherical Structures (RSS) are observed. On the other
hand, blue phases (BPI and BPII) are observed when the bulk
dominates over the surface, thereby forming defect structures
within the droplet. Surface anchoring and N serve as the control
variables for the interplay between surface and bulk free energy
contributions. Phase diagrams for blue phase droplets with strong
anchoring conditions have been reported by Martínez-González et
al.33. The morphologies presented there coincide with our results
in figure 5A. Additionally, they introduce the idea of controlling
and expanding the stability of the blue phase through spherical
confinement and corroborated with experimental information. As
we will show, this phenomena is not exclusive to droplets and in
turn deforming the droplet results in interesting new features in
the family of chiral tactoids.

For strong anchoring conditions, in the absence of chirality, the
bipolar phase is observed with its two characteristic surface boo-
jums. With increasing chirality, the boojums remain in the oppo-
site poles as the director field twists inside the droplet following
a helical pathway: this phase is the TwBs. As chirality increases
at low temperature, the boojums approach each other in order to
satisfy the high induced twist of the director field. They are not
located in opposite poles and eventually merge to form one single
surface defect, which ties a knot defect similar to the Frank-Prize
structure. This phase is the RSS.

For high chirality and temperature (τ > 0), the LC morpholo-
gies are characterized by a network of disclination lines. These
are the BPs. For non-confined systems, the defect networks form
cubic lattices ( BPII with a O2 symmetry and BPI with O8 sym-
metry). For confined systems, the periodicity of the BP structures
is interrupted, and the defect lines bend and deform to conform
with the geometry. We identify the BPII when the defect lines
merge in the center of the cell (blue highlights in the red mor-
phologies in Fig. 5). On the other hand, the BPI defect network is
such that they don’t interact with each other (green defect lines
in Fig. 5). For the rest of the manuscript, BPII is shown in red
and blue colors, while the BPI is colored in green. Although the
BP defects are highly bent, the surface structure forms a regular
hexagonal pattern with penta–hepta defects composed of an array
of λ−1/2 and λ+1 disclinations. These surface structures are typ-
ical of cholesteric phases where there is no abrupt change in the
molecular orientations. The pattern is better defined for a narrow
interval of temperatures that coincide with the stability region of
the BPII. At lower temperatures, more regions obey the planar
anchoring conditions, thereby narrowing the surface pattern and
presenting more red regions, where molecules satisfy the planar
anchoring conditions.

For moderate and weak anchoring conditions (Fig. 5B), the
surface-dominated morphologies are only found in the low chi-
rality regime. For non-chiral systems, the bipolar phase trans-
forms into a Uniaxial (U) phase, where the two surface boojums
no longer exist. At low chirality, the director field twists and forms

a Twisted Cylinder (TC) structure. The TC morphology can be in-
terpreted as a stack of layers, each with a λ+1 disclination, which
is discussed in more detail later on. For intermediate chirality
(N = 2,3), the resulting phases are precursors of fully developed
BPs. At low temperatures, we find a τ–Cholesteric phase (τ-Ch)
that exhibits a single τ−1/2 defect across the bulk and a trefoil pat-
tern on the surface. On the other hand, at higher temperatures,
defects across the bulk become unstable, leading to formation of
two u-shaped defects in what we call a pre-BPI morphology. The
location and orientation of these line defects are similar to a de-
fective joint on a BPII; however, the pitch values and temperature
range of this morphology are more fitting of a BPI. At high chiral-
ity we encounter BPs. While the stability region for the BPII is not
altered, once the anchoring is decreased, the BPI is now stable for
a wider interval of temperatures and chiralities. The regular peri-
odic structure in the bulk is only found at temperatures near the
isotropic transition. The defect lines at low temperatures show
a propensity to form tangles and knotts, thus creating highly de-
formed lattice cells.

The prolate is formed by “pulling" two opposite poles of the
droplet. The surface area and curvature are changed and the
boundaries within the droplet phase diagram move according to
the value of ϕ. The prolate phase diagrams are shown in Fig. 6
for 1.1< ϕ < 1.5. As a general trend, the morphologies are similar
to those from Fig. 5.

For strong anchoring conditions, Fig. 6A, the BPI phase is sta-
bilized and the regions for the TwBS and the RSS phases shrink
as ϕ increases. For the TwBs, the boojums are now located at the
ends of the major axis of the spheroid and the director twists in
the same helical pathway from the spherical case. The attraction
of the boojums in the RSS morphology occurs in the region with
higher curvature. Consequently, the surface-induced morpholo-
gies are stable at lower temperatures. For instance, we show how
the RSS morphology that is observed for ϕ = 1 turns into a well
defined BPI for ϕ = 1.1 under the same conditions of τ and N.

The destabilization of the droplet morphologies is more evident
as the anchoring is weakened, Fig. 6B. For low chirality, the bipo-
lar phase becomes a uniform phase that is oriented along the ma-
jor axis, while the TwBs becomes a TC. The RSS structure is not
observed and the τ-Ch phase appears, where the trefoil pattern
covers the surface with parallel orientation domains that avoid
the high-curvature regions. This phase is destabilized as ϕ in-
creases, and is replaced by a BPI.

An interesting effect is observed in the region where the BPII is
usually found. As the droplet is stretched, a combination of the
two BP defect structures is generated. The tetrahedral structure of
the BPII defects is kept and stretched, and long disclination lines,
characteristic of a BPI, cross the lattice along the newly opened
spaces. The BP hexagonal pattern on the surface is not altered.
We call these phases hybridized BP (hBP). They are shown using
red, blue, and green colors for the defect morphologies in the
figure.

An oblate is formed by pressing down on two opposite points
of the droplet. The oblate phase diagrams are shown in Fig. 7
for 0.5 < ϕ < 0.9. Under strong anchoring conditions, Fig. 7A,
the only destabilization occurs in the transition from TwBs to
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Fig. 5 Phase diagrams with the corresponding stable morphologies for a chiral LC droplet under (A) strong surface anchoring W = 1×10−3J/m2 and
(B) moderate anchoring W = 1×10−4J/m2 conditions. On the left we present the phase diagrams in terms of τ = 9(3−U)/U and N, and representative
configurations are shown on the right. Bipolar, Twisted Bipolar (TwBs), Radial Spherical Structure (RSS), Blue Phase II (BPII), and Blue Phase I (BPI)
are shown for strong anchoring and Uniaxial, Twisted Cylinder (TC), τ–Cholesteric (τ-Ch), Blue Phase II (BPII) and Blue Phase I (BPI) for moderate
anchoring. Iso-surfaces of the scalar order parameter are shown in red, blue and green. Streamlines of the director field are represented by the
gray lines. The surface colormaps indicate the orientation of the LC molecules with respect to the surface: red for parallel and blue for perpendicular
alignment.
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Fig. 6 Phase diagrams with the corresponding stable morphologies for a chiral LC prolate under (A) strong surface anchoring W = 1× 10−3J/m2

and (B) moderate anchoring W = 1× 10−4J/m2 conditions. On the left we present the phase diagrams in terms of τ vs. N, while representative
configurations are shown on the right. Shaded regions correspond to changes in the phase diagram with respect to ϕ = 1. Bipolar, Twisted Bipolar
(TwBs), Radial Spherical Structure (RSS), Blue Phase II (BPII), and Blue Phase I (BPI) are shown for strong anchoring and Uniaxial, Twisted Cylinder
(TC), τ–Cholesteric (τ-Ch), Blue Phase II (BPII) and Blue Phase I (BPI) for moderate (low) anchoring. Iso-surfaces of the scalar order parameter are
shown in red, blue and green. Streamlines of the director field are represented by the gray lines. The surface colormaps indicate the orientation of the
LC molecules with respect to the surface: red for parallel and blue for perpendicular alignment.
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Fig. 7 Phase diagrams that summarize stable morphologies for a chiral LC oblate under (A) strong surface anchoring W = 1× 10−3J/m2 and (B)
moderate anchoring W = 1×10−4J/m2 conditions. On the left we present the phase diagrams τ vs. N, while on the right representative configurations
are highlighted for completeness. Shaded regions correspond to changes in the phase diagram with respect to ϕ = 1. Bipolar, Twisted Bipolar (TwBs),
Radial Spherical Structure (RSS), Blue Phase II (BPII), and Blue Phase I (BPI) are shown for strong anchoring and Uniaxial, Twisted Cylinder (TC),
τ–Cholesteric (τ-Ch), Blue Phase II (BPII) and Blue Phase I (BPI) for moderate (low) anchoring. Iso-surfaces of the scalar order parameter are shown
in red, blue and green. Streamlines of the director field are represented by the gray lines. The surface colormaps indicate the orientation of the LC
molecules with respect to the surface: red for parallel and blue for perpendicular alignment.
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Fig. 8 Progression of blue phases as ϕ increases for high temperature and moderate anchoring conditions. Derived blue phases (dBP) are observed
for oblates with ϕ < 0.5. Defect lines join and form BPII structures as the geometry resembles a droplet. For ϕ > 1 the hybridization of BPs occur. The
defect structure is colored in red, tetrahedral joints are highlighted in blue and defect lines typical of BPI are colored in green. Surface patterns are
colored according to the director orientation with respect to the imposed boundary conditions, red signifies parallel and blue is perpendicular alignment.
For clarity we only show a section of the bulk defect structure.
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RSS, when ϕ is lowered. The bipolar and TwBS phases show
the two surface boojums aligned with the minor axis of the ge-
ometry when ϕ < 0.7. If the sphericity is not strongly altered, the
boojums are displaced from the z-axis towards the region with
higher curvature and are not necessarily antipodal. This predis-
poses the TwBS to form the RSS. The BPs are stable in the same
temperature and chirality intervals than in the spherical droplet.

For moderate and weak anchoring conditions, Fig. 7B, the τ-Ch
phase is stabilized as a precursor of the BPI. The stable region for
the BPII moves to higher chirality as ϕ decreases. The original BP
morphologies are deformed to create defect structures without
an identifiable symmetry; we call these new phases derived BP
(dBP). The disclination lines cross through the oblate and touch
the surface. They form hexagonal patterns of λ disclinations sim-
ilar to the half-skyrmion structures observed in nanochannels.

3.3 Additional discussion on chiral tactoids

The are three particular phenomena that merit additional discus-
sion: (i) the progression of BP morphologies as ϕ is modified from
0.3 to 1.5, (ii) the specifics of the Twisted cylinder structure, and
(iii) the multiple orientations of the cholesteric phases.

As can be seen in the phase diagrams, Figs. 5–7, the regions of
stability are affected by the confining geometry. However, simula-
tions show that cholesteric morphologies are not modified drasti-
cally by geometrical frustration. At the other end of the chirality
spectrum, we find an intriguing behavior at high temperatures.
We consider tactoids under moderate and low anchoring with
N = 4,5 and τ ∈ [0.5,1]. In Figure 8, we delineate how the BP
changes from the dBP to the hBP as ϕ is increased from 0.3 to
1.5. For oblates (ϕ < 1), the formation of a BP is hindered by the
narrow space along the z-direction. This causes an interruption in
the symmetry and periodicity of the defect network, which makes
it impossible to distinguish between BPII and BPI. The defects
are tubes that touch the surface of the oblate and, together, they
form structures similar to those found in nanochannels, namely
2D skyrmions shown in22. As the oblate loses its eccentricity
(ϕ → 0.7), the defects join and form a precursor for BPII which
later develops in a spherical geometry (droplet, ϕ = 1).

As the droplet is stretched (ϕ > 1), we observe a hybridization
of the blue phases. The defect structure exhibits tetrahedral junc-
tures typical of BPII (in blue) and long disconnected defect lines
characteristic of BPI (in green). As the geometry starts resembling
a spindle, more BPI-like disclination lines appear, thus obtaining
a heavily populated bulk. When defects reach the boundary of
the prolate, they imprint the hexagonal pattern of surface defects
characteristic of confined BPs. In practice, the heavily populated
bulk implies a change in the lattice parameter, which affects the
color of the sample that ensues from Bragg’s law. Simulations for
prolate systems that start from the ansatz for BPI and BPII show
higher energies than the Hybrid Blue Phase identified here in MC
simulations. However, it has only been possible to observe this
new morphology by starting from an initial random orientation.
This suggests that hBPs are stable but rare.

Although cholesteric morphologies do not undergo severe
transformations, we would like to expand on the nature of the

Fig. 9 Twisted cylinder structure in (a) a droplet (ϕ = 1) and (c) a prolate
(ϕ) with N = 1 and W = 1×10−4J/m2. Three concentric cylindrical shells
indicating different orientations of the director field. (b) Cross section
view of the director field at z = 0. The color map indicates the molecular
orientation relative to the z-axis: blue is parallel and red is perpendicular.

Twisted cylinder structure. The TC is stable in all geometries for
low chiralities and under moderate to weak surface anchoring.
This phase is a derivative of the TwBs when the director field is
virtually unbounded. Notice that for both phases, TwBs and TC,
the director follows a helical trajectory. However, the crucial dif-
ference lies in the presence of boojums. From these features, the
TC is better described as consisting of concentric cylindrical shells
with unique orientations of the director with respect to the major
axis of the geometry. The TC is shown in Fig. 9 for a droplet and a
prolate, illustrating how the cylindrical shells are stretched along
the z-direction as ϕ increases. A cross-sectional view of the mor-
phology shows how the outer shell follows the surface alignment,
while the director twists gradually until it is parallel to the z-axis
at the core of the geometry.

For systems with ϕ 6= 1, the cholesteric axis may adopt a tilt
without a particular preferred angle. We discovered this behav-
ior by realizing that out of multiple simulations, all started from
random isotropic phases, the final cholesteric morphology was
oriented in different angles with respect to the major axis.

To expand and explain this behavior, we studied systems with
two chiralities N = 0.5,1 and four different aspect ratios, ϕ =

0.5, 1.1, 1.3, 1.5. We used two different initial configurations:
uniaxial and TC, both oriented at an angle θ with respect to the
z-axis. Figure 10 shows the total free energy as a function of θ

for a prolate with ϕ = 1.5 for N = 0.5 and 1. This free energy
plot is representative of the other geometries. Note that the to-
tal free energy is practically independent of the orientation of the
cholesteric. Figure 10 also includes the cholesteric morphologies,
and shows surface orientation contours and the director field in-
side the prolate. The only energetic resistance to reorientation
of the cholesteric along a particular direction is the surface free
energy; however, the penalties from θ = 0 to π/2 are of order
200 kBT , which can be neglected given the magnitude of the elas-
tic free energy. Although there is no difference from the energetic
point of view, there is a distortion of the TC as the cholesteric
aligns with the minor axis of the geometry. This is evidenced by
the torsion of the region parallel to the surface (red color) of the
prolate as θ approaches π/2, similar to a lemniscate. These pat-
terns of the surface contours are typical of a cholesteric phase as
reported in57. On the other hand, for θ = 0, the parallel regions
form a perfect ring along the equator of the geometry.
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Fig. 10 Rotated TC in a prolate. (a) Total free energy versus inclination of the cholesteric rotation axis for N = 0.5 and N = 1 on a prolate (ϕ = 1.5)
with moderate anchoring W = 1× 10−4J/m2. (b) Final configurations of tilted cholesterics at an angle θ respect to the z-axis. The top row shows the
orientation of the molecules respect to the surface, red indicates parallel orientation and blue is perpendicular. The bottom row shows streamlines of
the director field in the bulk of the prolate.

4 Conclusions
A systematic study of chiral nematics in spheroids has been car-
ried out by resorting to a continuum description of the free en-
ergy. Simulations were implemented by minimizing the free en-
ergy through a theoretically informed Monte Carlo relaxation and
a finite element discretization. The corresponding phase dia-
grams were determined in terms of temperature and chirality for
three families of spheroids under strong, moderate and low an-
choring conditions. The droplet phase diagram was consistent
with those reported in the literature. As the anchoring is weak-
ened, some phases transform into precursors to the BPs in the
intermediate chirality regime, a feature that had not been appre-
ciated in the past.

Geometric frustration helps stabilize and engendere new BP-
like morphologies. The main consequence on changing the ge-
ometry is the widening or narrowing of some regions in the phase
diagram. The high curvature on the spheroid becomes a region
where surface defects are most stable, and facilitates the forma-
tion of structures like the RSS. The constriction in one dimension
hinders the formation of symmetric defect networks, and lead to
structures similar to those reported for BPs confined in nanochan-
nels. As the spheroid takes a more spherical shape, the truncated
BP transforms into a BPII. In the prolate shape, the bulk is highly
populated by defects typical of BPI. The hybridization of both BPs
provides a new region that has a distinct optical response, and
serves to stabilize the BPs over wider ranges of temperature.
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Cuboidal liquid crystal phases under multiaxial geometrical
frustration

V. Palacio–Betancur, J.C. Armas–Pérez, S. Villada–Gil,
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Figure 1: Chiral LCs confined in spheroids exhibit new families of morpholo-
gies as a result of geometrical frustration.
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