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Abstract:
In this paper, we develop a theory to quantify the electrokinetic energy conversion in electrolyte-
filled nanochannels grafted with pH-responsive polyelectrolyte (PE) brushes. A pressure-driven flow
drives the mobile electrolyte ions of the electric double layer (EDL) supported by the charged PE
brushes leading to the generation of a streaming current, a streaming electric field and eventually
an electrical energy. The salient feature of this study is that the brushes are described using our
recently developed augmented Strong Stretching Theory (SST) model. In all the previous theo-
retical studies on liquid transport in PE-brush-grafted nanochannels, the brushes have either been
assumed to be of constant height (independent of salt concentration or pH) or modelled using the
Alexander-de-Gennes model that considers uniform monomer distribution along the brush height.
Such simplifications have meant that the salt and the pH dependence of the brush height, the
monomer distribution, and the resulting electrostatics have not been appropriately accounted for
in the transport calculations. This paper addresses these limitations and provides a much more
detailed description of the brushes while capturing the corresponding electrokinetic energy conver-
sion. The results establish that the presence of the PE brushes ensures a localization of the average
EDL charge density away from the grafting surface, thereby enabling the migration of the EDL ions
with a larger background flow velocity; as a consequence, there is an enhancement of the streaming
current, streaming electric field, and the resulting electrical energy generation under certain grafting
densities of the PE brushes.

I. INTRODUCTION

Functionalizing nanoscale surfaces (e.g., inner walls of a nanochannel or the surface of a nanoparticle) by graft-
ing them with polyelectrolyte (PE) brushes that are sensitive to environmental stimuli (e.g., pH, salt concentration,
etc.) has been widely employed for applications such as nanoscale sensing of ions, analytes, and biomolecules [1–5],
fabrication of devices like nanofluidic diodes, current rectifiers, and nano-actuators [6–9], nanoparticle-based targeted
drug delivery [10–13], oil recovery [14], water harvesting [15], emulsion stabilization [16], and many more. All these
applications rely on the changes in the configurations and structures of the PE brushes in response to these environ-
mental stimuli and the manner in which these changes affect the quantities dictated by the brushes (e.g., the ionic
current, mobility of the brush-grafted nanoparticles, etc.). On the other hand, the liquid transport in PE-brush-
grafted nanochannels has rarely been considered as the basis of any application. This has stemmed from the universal
notion that the presence of the brushes will invariably reduce the flow in PE-brush-grafted nanochannels due to the
enhanced drag imparted by the brushes [17].

A recent set of papers by Das and co-workers have led to a paradigm shift in this universal notion of reduced
transport in brush-grafted nanochannels [18–21]. In these papers, the authors studied the transport of an electrolyte
solution in nanochannels grafted with end-charged PE brushes containing charges at their non-grafted ends, which
localized the electric double layer (EDL) at locations away from the grafting surface. Under such conditions, the
effect of the body force on water resulting from the interaction of the EDL charge density with the applied electric
field gets augmented, leading to an augmented electroosmotic transport in PE-brush-grafted nanochannels under
certain conditions of the PE grafting density [18]. Similarly, this condition of the EDL being localized away from the
nanochannel wall meant that the background velocity with which the counterions of the EDL are advected is also
enhanced. This, in turn, was responsible for enhanced electrokinetic energy conversion in presence of a background
pressure-driven flow [19] and enhanced diffusioosmotic [20] and thermoosmotic transport [21]. A key limitation of
these papers [18–21] is that they consider a somewhat idealistic system where the charge is localized at the non-
grafted end of the brushes, while the rest of the brush is uncharged and hence likely to be hydrophobic due to the
alkane chain. Such a system will make the penetration of the flow within the brushes difficult, which implies that
there is rarely any interaction between the brushes and the flow. These papers [18–21], however, in addition to being
studies that demonstrate a positive influence of the brushes on the liquid transport, are also among the first studies
that have considered a thermodynamic description of the brushes, albeit through the simplified Alexander-de-Gennes
model that considers a uniform monomer distribution, in the calculation of the liquid transport in PE-brush-grafted
nanochannels. In such a thermodynamic description, the brush height is quantified by the balance of the energy of
a brush (consisting of the elastic, excluded volume, and the electrostatic contributions) and the electrostatic energy
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of the EDL. Accordingly, these calculations are far more rigorous than a large number of previous studies, including
those by the present authors, where the brush height has been assumed to be an apriori constant and independent
of the salt concentration [17, 22–36].

(a) (b)

FIG. 1: Schematic depicting the generation of the streaming electric field (Es) and streaming current (is) (the electrokinetically
generated electric power Pout and the resultant energy conversion efficiency (ξ) are proportional to the product of is and Es).
in a) brush-free nanochannel b) backbone charged PE brushes grafted nanochannel. In the schematic, we highlight the manner
in which the presence of the brushes localizes the average EDL charge density further away from the grafting surface enforcing
the EDL ions to be advected by a larger background flow velocity, which in turn will lead to an enhanced is, Es, Pout, and ξ
in brush-grafted nanochannels.

In this paper, we make two major advancements over and above the calculations of the papers by Das and coworkers
[18–21]. First, we consider a much more realizable and practical set up where a pressure-driven water flow is occurring
in a nanochannel grafted with backbone-charged, pH-responsive PE brushes (i.e., the ionization of the brushes depend
on the local pH). More importantly, such a configuration ensures that the entire PE brush is hydrophilic (that
supports a charge and an EDL) and accordingly, will be completely wetted by the flow enforcing a flow-PE-brush
interaction that might be absent for the cases of end-charged brushes [18–21]. Second, the brushes are modelled by the
augmented Strong Stretching Theory or SST model. The SST model is a much more improved and complete model
for describing the polymer and the PE brushes [37–40] that does not require enforcing a restrictive condition like the
uniform monomer distribution along the length of the polymer brush. Very recently, the present authors provided
an improvement of the SST model where the effects of the PE excluded volume interactions and an expanded form
of the mass action law were considered [41]. In this paper, by employing such augmented SST for modelling the
brushes, we ensure that we are developing possibly the most rigorous continuum description of liquid transport in
PE-brush-grafted nanochannels till date. For the sake of completeness, we first describe the thermodynamics of the
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problem, where the brush height, the monomer density and the EDL electrostatics are quantified. The EDL variation
clearly points out that the presence of the brushes localize the EDL charge density away from the walls. Accordingly,
in presence of the background pressure-driven transport, the presence of the brushes ensure that the average flow
velocity with which the EDL ions are getting advected is much larger as compared to the brush-free nanochannels (this
is illustrated in Fig. 1) leading to an enhanced streaming current and streaming electric field. As a consequence, the
output power as well as the efficiency of the electrokinetic energy conversion is significantly enhanced in comparison to
the brush-free nanochannels, despite the presence of the brush-induced enhanced drag. We report efficiency values of
as large as 5% for brush-grafted nanochannels and establish that the efficiency improves (in comparison to the brush-
free nanochannels) by several folds for both the cases of nanochannels with weakly and densely grafted pH-responsive,
PE brushes. In summary, therefore, through the most rigorous theoretical description for studying electrokinetic
transport in brush-grafted nanochannels till date, we establish that the functionalization by pH-responsive, charged
PE brushes can significantly enhance the electrokinetic energy conversion efficiency in nanochannels.

II. THEORY

We consider a pressure driven flow in a nanochannel with half-channel height h grafted with backbone-charged,
pH-responsive polyelectrolyte (PE) brushes [see Fig.1(b)]. The brushes are negatively charged, have a degree of
polymerization N , a Kuhn length a, a grafting density (number of chains per unit area) of σ = 1/`2 (where ` is the
lateral space between two adjacently grafted PE brushes), and a polyelectrolyte chargeable sites (PCS) density of
γ. The surrounding fluid has a dielectric constant εr, a bulk salt number density n∞ and a bulk pH value of pH∞.
Here the PE brushes are described by our recently developed augmented Strong Stretching Theory (SST) model [41].
Below we summarize the key equations of this model.

A. Augmented Strong Stretching Theory Model for pH-responsive PE brushes

Our augmented SST model for the PE brushes improves the existing SST models for the PE brushes [37–40] by
considering the excluded volume effects and a generic value of of γ (with γa3 6= 1, where a is the Kuhn length). Here
we summarize the key findings of this augmented SST model; for details, kindly refer to our previous paper [41].
In this theory, we first express the energy functional (F ) of a given PE molecule as:

F

kBT
=
Fels
kBT

+
FEV
kBT

+
Felec
kBT

+
FEDL
kBT

+
Fion
kBT

, (1)

where Fels, FEV , Felec, FEDL and Fion are the elastic (entropic), excluded volume, electrostatic, electric double layer
and ionization free energies (per PE molecule), respectively. For the expressions of these different energy components
please refer to our previous paper [41].
We carry out a variational minimization of the above energy functional in presence of the following constraints:

N =

∫ y′

0

dy

E(y, y′)
, (2)

N =
1

σa3

∫ H

0

φ(y)dy, (3)

where N is the PE size (i.e., number of monomer per PE chain), E(y, y′) = dy/dn quantifies the local stretching of
the PE chain at a distance y from the grafting surface with the end of the PE chain being located at a distance y′,
φ(y) is the dimensionless monomer distribution, and H is the brush height. This minimization eventually yields the
following governing equations that dictate the brush thermodynamics. These equations are:

nA− =
K ′aγ

K ′a + nH+,∞ exp
(
− γa3 eψ

kBT

) , (4)

ε0εr

(d2ψ

dy2

)
+ e
(
n+ − n− + nH+ − nOH− − nA−φ

)
= 0 (−h ≤ y ≤ −h+H),

ε0εr

(d2ψ

dy2

)
+ e(n+ − n− + nH+ − nOH−) = 0 (−h+H ≤ y ≤ 0),

(5)
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n± = n±,∞exp
(
∓ eψ

kBT

)
, (6)

nH+ = nH+,∞exp
(
− eψ

kBT

)
, (7)

nOH− = nOH−,∞exp
( eψ

kBT

)
, (8)

φ(y) =
ν

3ω

[{
1 + κ2

(
λ− y2 + β

K ′aγ

K ′a + nH+,∞ exp
(
− γa3 eψ

kBT

)ψ
−ρ
(

1− K ′a

K ′a + nH+,∞ exp
(
− γa3 eψ

kBT

))ln(1− K ′a

K ′a + nH+,∞ exp
(
− γa3 eψ

kBT

))
−ρ K ′a

K ′a + nH+,∞ exp
(
− γa3 eψ

kBT

) ln( K ′a

K ′a + nH+,∞ exp
(
− γa3 eψ

kBT

))

−ρ K ′a

K ′a + nH+,∞ exp
(
− γa3 eψ

kBT

) ln(nH+,∞

K ′a

))}1/2

− 1

]
,

(9)

E(y, y′) =
π

2N

√
y′2 − y2, (10)

(
qnet

)
H=H0

= 0, (11)

qnet =
e

σ

∫ h

0

(n+ − n− + nH+ − nOH− − φnA−)dy, (12)

g(y) =
y

σNa3

[
φ(H)√
H2 − y2

−
∫ H

y

dφ(y′)

dy′
dy′√
y′2 − y2

]
. (13)

Eq.(4) expresses the number density (nA−) of the A− ion – the PE brush becomes negatively charged by producing A−

ions on their backbone via the acid-like dissociation, i.e., HA � H+ + A−. In eq.(4), K ′a = 103NAKa (where NA is
the Avogadro number and Ka is the ionization constant for the reaction HA� H+ +A−), nH+,∞ is the bulk number
density of the hydrogen ion concentration, kBT is the thermal energy, e is the electronic charge, and ψ is the EDL
electrostatic potential. Eq.(5) is the Poisson equation expressing the distribution of the EDL electrostatic potential
ψ. While expressing this equation, we consider only the bottom half of the nanochannel (−h ≤ y ≤ 0). Also, in
eq.(5), ε0 is the permittivity of free space, εr is the relative permittivity of the electrolyte solution (assumed identical
for locations within the brushes and outside the brushes) and ni is the number density of ion i (i = ±, H+, OH−).
Eqs.(6,7,8) provide the Boltzmann distributions expressing the ion number densities ni in terms of the corresponding
bulk number densities ni,∞ (i = ±, H+, OH−). Eq.(9) expresses the monomer distribution profile. In eq.(9), ν and

ω are the virial coefficients quantifying the excluded volume effects, κ2 = 9π2ω
8N2a2ν2 , ρ = 8a2N2

3π2 , λ = −λ1ρ = −λ1
8a2N2

3π2

[λ1 is the Lagrange multiplier associated with the constraint expressed in eq.(3)], and β = 8N2ea5

3π2kBT
. Eq.(10) expresses

the profile of the local stretching. Eq.(11) helps to obtain the equilibrium brush height H0. Eq.(11) is based on
the net unbalanced charge qnet in the system, which in turn is expressed through eq.(12). Finally, eq.(13) expresses

the normalized chain end distribution function that can be written as
∫H

0
g(y′)dy′ = 1. The brush thermodynamics,

configuration and electrostatics are obtained by solving eqs.(4-13) in a coupled fashion in presence the following
boundary condition for the EDL electrostatics (assuming an uncharged grafting surface)

(ψ)y=(−h+H)− = (ψ)y=(−h+H)+ ,
(dψ
dy

)
y=(−h+H)−

=
(dψ
dy

)
y=(−h+H)+

,
(dψ
dy

)
y=−h

= 0,
(dψ
dy

)
y=0

= 0. (14)
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B. Liquid Transport in PE brush Grafted Nanochannels

We apply a pressure gradient along the length of the nanochannel to drive the flow. The flow is assumed to be
steady, fully developed, and one-dimensional. Due to the pressure driven flow, there is a downstream advection of the
charged mobile ions present within the EDL, which in turn results in the generation of a streaming current is and a
streaming electric field Es. The velocity profile for the bottom half of the nanochannel (due to the pressure driven
flow described above) is governed by the following incompressible, steady-state Stokes equations:

η
d2u

dy2
− dp

dx
+ eEs(n+ − n− + nH+ − nOH−)− η

κd
u =0 (−h ≤ y ≤ −h+H0),

η
d2u

dy2
− dp

dx
+ eEs(n+ − n− + nH+ − nOH−) =0 (−h+H0 ≤ y ≤ 0).

(15)

In eq.(15), h is the nanochannel half-height, u is the velocity profile, η is the dynamic viscosity of the fluid, − dp
dx is

the applied pressure gradient, Es is the induced streaming electric field, κd = a2/φ2 = a2
(

H0

σa3Nφ̄

)2
, and φ̄ = φH0

σa3N

[φ̄ is the normalized monomer distribution profile and φ is the monomer distribution profile expressed through eq.(9)
in our augmented SST formulation]. As has been described in our previous paper [17], the term κd, which varies
inversely as the drag coefficient (see above), can be derived from the works of de Gennes [42] and Freed and Edwards
[43]. These studies [42, 43] considered the flow field within the polymer coil in a semi-dilute solution. They considered
a screening length K−1 that screens the flow inside the polymer coil from the background flow and showed that the
drag coefficient is proportional to K2. This case studied by de Gennes [42] and Freed and Edwards [43] resembles well
with the present study, where the flow within the brushes is significantly lowered with respect to the flow outside the
brushes, thereby enabling the description of the drag coefficient through an appropriate screening length K−1. Under
these conditions, κd (which varies inversely as the drag coefficient) can be expressed as κd ∼ K−2. As K ∼ φ/a [44],
we obtain κd ∼ a2/φ2. Finally, Eq.(15) can be expressed in non-dimensional form as:

d2ū

dȳ2 + 1 +
Ēs

2λ̄2
D

[
n̄+,∞ exp(−ψ̄)− n̄−,∞ exp(ψ̄) + n̄H+,∞ exp(−ψ̄)− n̄OH−,∞ exp(ψ̄)

]
−
(σa2Nφ̄

H̄0

)2

ū = 0

(−1 ≤ y ≤ −1 + H̄0),

d2ū

dȳ2 + 1 +
Ēs

2λ̄2
D

[
n̄+,∞ exp(−ψ̄)− n̄−,∞ exp(ψ̄) + n̄H+,∞ exp(−ψ̄)− n̄OH−,∞ exp(ψ̄)

]
= 0

(−1 + H̄0 ≤ y ≤ 0).
(16)

In eq.(16), ψ̄ = eψ
kBT

, ū = u
up,0

, Ēs = Es

E0
, n̄i,∞ =

ni,∞
n∞

(i=±, H+, OH−), ȳ = y
h , H̄0 = H0

h , λ̄D = λD

h , where

up,0 =
(
− dp

dx

)
h2

η is the pressure-driven velocity scale, E0 =
eηup,0

ε0εrkBT
=
(
− dp

dx

)
eh2

ε0εrkBT
is the scale for the electric

field and λD =
√
ε0εrkBT/(2e2n∞) (n∞ = n+,∞) is the Debye screening length of the electric double layer (EDL)

based solely on the electrolyte concentration. Of course, λD approaches the effective Debye screening length (due to
all mobile ions) λD,eff =

√
ε0εrkBT/[2e2(n∞ + nH+,∞)] for large values of pH∞.

The velocity field is solved under the following boundary conditions:

(ū)ȳ=−1 = 0,
(dū
dȳ

)
ȳ=0

= 0, (ū)ȳ=(−1+H̄0)− = (ū)ȳ=(−1+H̄0)+ ,
(dū
dȳ

)
ȳ=(−1+H̄0)−

=
(dū
dȳ

)
ȳ=(−1+H̄0)+

. (17)

The net ionic current through the nanochannel is zero since there is no applied external voltage. This leads to

2e

∫ 0

−h
(u+n+ − u−n− + uH+nH+ − uOH−nOH−)dy = 0, (18)

where ui (i = ±, H+, OH−) are the ion migration velocities expressed as:

ui = u+
eziEs
fi

. (19)
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In eq.(19), fi is the friction coefficient (the inverse of ionic mobility) for species i (i = ±, H+, OH−). Eq. (18) can be
simplified in the presence of eqs.(6,7,8) and (19) to yield an expression for the non-dimensionalized streaming electric
field as:

Ēs =

∫ 0

−1
ū
[
− n̄+,∞ exp(−ψ̄) + n̄−,∞ exp(ψ̄)− n̄H+,∞ exp(−ψ̄) + n̄OH−,∞ exp(ψ̄)

]
dȳ∫ 0

−1
ū
[
R+n̄+,∞ exp(−ψ̄) +R−n̄−,∞ exp(ψ̄) +RH+ n̄H+,∞ exp(−ψ̄) +ROH− n̄OH−,∞ exp(ψ̄)

]
dȳ
, (20)

where Ri =
e2z2i η

ε0εrkBTfi
(i = +,−, H+, OH−) is a dimensionless parameter, identified as the inverse of the ionic Peclet

number. Substituting eq.(20) in eq.(16) we arrive at an integro-differential equation in ū which is solved numerically.
Having obtained ū, the streaming electric field can be calculated from eq.(20). The downstream migration of mobile
ions due to the flow also creates a streaming current (per unit width of the nanochannel) which can be expressed as:

is = 2e

∫ 0

−h
u(n+ − n− + nH+ − nOH−)dy. (21)

is can be calculated from the knowledge of the velocity field u. The knowledge of is and Es allows us to express the
net electrical power output (per unit area) as:

Pout =
∣∣∣1
4
isEs

∣∣∣. (22)

On the other hand, the input power supplied (per unit area) to the system as a result of the applied pressure gradient
is:

Pin =
(
− dp

dx

)
Qin. (23)

In eq.(23), Qin is the volume flow rate (per unit width of the nanochannel) expressed as:

Qin = 2

∫ 0

−h
uppdy, (24)

where upp is the pure pressure velocity profile accounting for flow through the PE brush grafted nanochannel without
the effects of the EDL body force on the ions. upp can be obtained by solving the following ODE’s:

η
d2upp
dy2

− dp

dx
− η

κd
upp =0 (−h ≤ y ≤ −h+H0),

η
d2upp
dy2

− dp

dx
=0 (−h+H0 ≤ y ≤ 0),

(25)

in presence of the following boundary conditions:

(upp)y=−h = 0,
(dupp
dy

)
y=0

= 0, (upp)y=(−h+H0)− = (upp)y=(−h+H0)+ ,
(dupp
dy

)
y=(−h+H0)−

=
(dupp
dy

)
y=(−h+H0)+

.

(26)
Once Pout and Pin have been quantified, the corresponding electrochemomechanical energy conversion efficiency ξ
can be expressed as:

ξ =
Pout
Pin

=⇒ ξ =

[ ∫ 0

−1
ū
[
− n̄+ exp(−ψ̄) + n̄− exp(ψ̄)− n̄H+,∞ exp(−ψ̄) + n̄OH−,∞ exp(ψ̄)

]
dȳ

]2

8λ̄2
∫ 0

−1
ūppdȳ

∫ 0

−1

[
n̄+ exp(−ψ̄) + n̄− exp(ψ̄) + n̄H+,∞ exp(−ψ̄) + n̄OH−,∞ exp(ψ̄)

]
dȳ
,

(27)

where ūpp =
upp

up,0
is the non-dimensional pure pressure-driven velocity field.
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III. RESULTS AND DISCUSSIONS

We consider four different cases in this study - Case 1: Nanochannels grafted with short loose brushes (N = 400,
` = 60 nm), Case 2: Brush-free nanochannels with an equivalent surface charge density (σc,eq) of short loose brushes
(this equivalent charge density is the charge density obtained by integrating the volume charge density of the brushes

along its length, i.e., σc,eq = e
∫H0

0
φnA−dy), Case 3: Nanochannels grafted with dense brushes (N = 400, ` = 10

nm) and Case 4: Brush-free nanochannels with an equivalent charge density of long dense brushes. The cases 1 and
2 are studied for different values of salt concentration (c∞), pH∞, and γ, while the cases 3 and 4 are studied for
different values c∞ and γ for a given pH∞. We refrain from reporting the results for larger pH∞ for cases 3 and 4,
since for such a pH∞, the brush height for case 3 became much large than the chosen half height value (100 nm) of
the nanochannel.

10
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(a) γa3 = 0.5
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(b) γa3 = 1

FIG. 2: Variation of equilibrium brush height H0 with bulk salt concentration c∞ and pH∞ for pH-responsive, PE brush
grafted nanochannels with (a) γa3 = 0.5 and (b) γa3 = 1. Here N = 400, h = 100 nm, a = 1 nm (Kuhn length), kB = 1.38 x
10−23JK−1, T = 298 K, e = 1.6 x 10−19 C (electronic charge), ε0 = 8.8 x 10−12 Fm−1(permittivity of free space), εr = 79.8
(relative permittivity of water), pKa = 3.5, ν = 0.5, ω = 0.1. pKw =14, pOH∞ = pKw - pH∞, c+,∞ = c∞, cH+,∞ = 10−pH∞ ,

cOH−,∞ = 10−pOH∞ , and c−,∞ = c∞ + cH+,∞ − cOH−,∞.

Fig. 2 provides the variation of the brush height for the loosely grafted (` = 60 nm) and densely grafted (` = 10 nm)
PE brushes as a function of the salt concentration, pH∞, and γ values. For a given pH∞ and γ, an increase in the
salt concentration decreases the brush height [see Figs. 2(a,b)]. A larger salt concentration leads to a smaller EDL
screening length; accordingly, the brush inter-segmental repulsion gets screened over a much smaller distance enforcing
a much weaker repulsion-driven stretching of the PE brushes and a much smaller value of H0. On the other hand,
a larger pH∞ signals a weaker bulk concentration of the H+ ions, which will enforce a stronger ionization of the PE
brushes as this ionization produces H+ ions. Of course, a stronger ionization leads to a larger charge on the PE
brush facilitating a larger inter-segmental repulsion induced enhanced value of the brush height H0. Finally, a larger
value of γ [results are shown in Fig. 2(b)] will signify a larger charge on the brush segments and accordingly, a larger
electrostatic-repulsion mediated enhanced brush height for a given value of salt concentration and pH∞.
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FIG. 3: Variation of monomer distribution profile φ with bulk salt concentration c∞ and pH∞ for pH-responsive, PE brush
grafted nanochannels with (a) γa3 = 0.5, ` = 60 nm, (b) γa3 = 0.5, ` = 10 nm, (c) γa3 = 1, ` = 60 nm and (d) γa3 = 1, ` = 10
nm. All the other parameters are same as those used in Fig. 2.

Fig. 3 provides the variation of the monomer distribution φ. Shorter brush height implies that the monomers are
more densely packed near the grafting wall. Accordingly, for a given grafting density (i.e., a given value of `), we find
a larger value of φ near the wall for the cases of smaller pH∞ (effect of the variation of pH∞ is shown for weakly
grafted brushes, i.e., ` = 60 nm) [see Figs. 3(a,c)] and larger salt concentration [see Figs. 3(a-d)]. Also, the smaller
brush height for these cases (smaller pH∞ and larger salt concentration) ensures that the φ profile no longer exists at
larger distances away from the grafting wall. A larger grafting density σ (or smaller `) ensures a larger value of φ at
a given y since φ ∼ σ (see eq.(3)) [compare Fig. 3(a) with Fig. 3(b) and Fig. 3(c) with Fig. 3(d)]. Finally, a larger
value of γ leads to a larger brush height, which ensures, for a given pH∞, c∞, and grafting density, a weaker value
of the monomer density at near-wall locations and the existence of the φ profile over larger distances away from the
wall [compare Fig. 3(a) with Fig. 3(c) and Fig. 3(b) with Fig. 3(d)].
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FIG. 4: Transverse variation of the non-dimensional EDL electrostatic potential ψ̄ with bulk salt concentration c∞ and pH∞
for (a) PE brush-grafted nanochannel with γa3 = 0.5, ` = 60 nm, (b) brush-free nanochannel with equivalent charge density
σc,eq identical to that of the brush-grafted nanochannels with γa3 = 0.5 and ` = 60 nm, (c) PE brush-grafted nanochannel
with γa3 = 0.5, ` = 10 nm, (d) brush-free nanochannel with equivalent charge density σc,eq identical to that of the brush-
grafted nanochannels with γa3 = 0.5 and ` = 10 nm, (e) PE brush-grafted nanochannel with γa3 = 1, ` = 60 nm, (f)
brush-free nanochannel with equivalent charge density σc,eq identical to that of the brush-grafted nanochannels with γa3 = 1
and ` = 60 nm, (g) PE brush-grafted nanochannel with γa3 = 1, ` = 10 nm and (h) brush-free nanochannel with equivalent
charge density σc,eq identical to that of the brush-grafted nanochannels with γa3 = 1 and ` = 10 nm. All the parameters are
same as those mentioned in Fig. 2.
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Fig. 4 provides the transverse variation of the dimensionless EDL electrostatic potential distribution (ψ̄) within
the nanochannel as a function of (i) the presence and the absence of the brushes, (ii) brushes with different grafting
densities, (iii) different values of pH∞ and c∞, and (iv) different values of γ. First we compare the cases of short
(weak grafting density) and tall (large grafting density) brushes for a given pH∞, c∞, and γ value [i.e., we compare
Fig. 4(a) with Fig. 4(c) and Fig. 4(e) with Fig. 4(g)]. For a given γ, a taller brush represents a larger charge content,
which leads to a larger ψ at a given transverse location. Furthermore, a larger brush height implies that ψ exists
at larger distances away from the grafting wall. For the case of a given grafting density, γ and c∞, a smaller pH∞
causes a weaker charge density of the brushes leading to a weaker value of ψ̄. Of course, this effect of the variation
in pH∞ has been portrayed for the case of weak grafting density [see Figs. 4(a,e)]. Also, an increase in c∞ for a
given grafting density, pH∞, and γ ensures a weaker ψ stemming from the fact that ψ ∼ σcλD,eff (where σc is the
charge density of the PE brushes and λD,eff , which decreases with c∞, is the EDL thickness). Also, an increase in γ
increases the charge of the PE brushes, thereby increasing ψ̄ [compare Fig. 4(a) with Fig. 4(e) and Fig. 4(c) with
Fig. 4(g)]. The most interesting comparison for ψ is between the cases of brush-free and brush-grafted nanochannels
[compare Fig. 4(a) with Fig. 4(b), Fig. 4(c) with Fig. 4(d), Fig. 4(e) with Fig. 4(f), and Fig. 4(g) with Fig. 4(h)].
For the brush-free nanochannels, the EDL electrostatic potential is entirely localized at near-wall locations – larger c∞
leading to smaller EDL thickness leads to an even larger localization. On the other hand, the presence of the charged
brushes grafted on chargeless nanochannel walls ensure that this EDL electrostatic potential gets distributed along the
length of the brushes and accordingly, ψ̄ is no longer localized at the nanochannel wall. Such a scenario obviously
leads to an EDL charge density that is localized away from the wall, which in turn will massively influence the overall
electrohydrodynamics (as discussed later). Please note that in Fig. 4 as well in Figs. 5-9, the values of γ and ` are
used for the brush-free nanochannel case as well in order to ensure that the walls of the brush-free nanochannel has an
equivalent surface charge density σc,eq of the brush-grafted nanochannels; as has been already described earlier, σc,eq is

obtained by integrating (along the brush length) the volume charge density of the PE brush, i.e., σc,eq = e
∫H0

0
φnA−dy.

Fig. 5 demonstrates the velocity field in the nanochannel as a function of (i) the presence and the absence
of the brushes, (ii) brushes with different grafting densities, (iii) different values of pH∞ and c∞, and (iv) different
values of γ. Before describing the influence of these different parameters, it is critical to identify the different
components of the velocity field. Firstly, the flow is being driven by an externally imposed pressure gradient. This
flow is retarded by the additional drag imparted by the brushes. Secondly, this pressure-driven flow induces a
streaming electric field that triggers an electroosmotic (EOS) transport that opposes the pressure-driven transport.
This retarding EOS transport itself also experiences the retarding influences of the additional drag imparted by
the presence of the brushes. However, more importantly, the streaming electric field and the streaming current are
favored by the presence of the brushes stemming from the fact that the brushes localizes the average EDL charge
density away from the wall (evident from the significantly large ψ values away from the wall, which is not the case
for brush-free nanochannels, see Fig. 4), which ensures that the liquid velocity with which the EDL ions gets advected
downstream (this downstream advection of the EDL charge density gradient induces the streaming current and the
streaming electric field, see Fig. 1 for a schematic illustration) is much larger as compared to the case of the brush
free nanochannel. We first consider the effect of salt and pH∞ for a given type of (brush-grafted or brush-free)
nanochannel and a given γ. Decrease in salt concentration or an increase in pH∞ increases ψ and therefore will
increase the EDL charge density. An increase in this EDL charge density will increase the body force (which is
proportional to this charge density) that drives the EOS transport. Hence the overall velocity decreases with an
increase in pH∞ and a decrease in salt concentration. Next we compare the velocity fields for the brush-free and
brush-grafted (weakly grafted) nanochannels [i.e., we compare Fig. 5(a) with Fig. 5(b) and Fig. 5(e) with Fig.
5(f)]. The presence of the brushes decreases the overall velocity due to the additional drag and also due to the
enhanced streaming electric field due to the EDL charge density localization away from the wall. For the case of the
weakly grafted brushes, the effect of the enhanced drag is rather weak; on the other hand the effect of the enhanced
streaming electric field and the consequent enhanced back EOS transport is larger. Accordingly, for cases where
the streaming electric field is weak (results discussed later), i.e., for large c∞ and small pH∞, we do not find a
significant difference between the flow fields for the cases of brush-free and brush-grafted nanochannels. However,
for the case of large pH∞ (=4) and small c∞ (= 10−3 M), the large streaming electric field and the resultant large
retarding EOS transport significantly reduces the overall velocity. On the other hand, if we compare the cases of
brush-free and brush-grafted (larger grafting density, ` = 10 nm) nanochannels [i.e., we compare Fig. 5(c) with Fig.
5(d) and Fig. 5(g) with Fig. 5(h)], the enhanced brush-induced drag plays the dominant role causing a significant
reduction in the velocity for the brush-grafted nanochannels. For the case of the larger γ, a larger charge of the
brush leading to a larger ψ and hence a larger streaming electric field causes an even more noticeable reduction in
the velocity field for the case of nanochannels with weakly grafted brushes at large pH∞ and small c∞ [compare
Fig. 5(a) with Fig. 5(e) and Fig. 5(c) with Fig. 5(g)]. Finally, we shall like to point out the generation of negative
velocities at near-wall locations for the cases of nanochannels with densely grafted brushes [cases described in Figs.
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5(c), Fig. 5(g)]. As has been already pointed out, for the case of the densely grafted brushes, there is a significant
reduction of the original pressure-driven velocity. This reduction is obviously most prominent at near wall locations.
Consequently, the presence of a substantial induced streaming electric field (which is not a local near-wall effect
and is obtained by integration across the nanochannel cross section) causing a substantial electroosmotic transport
in a direction opposite to the pressure-driven flow will imply that at such near-wall locations the net local velocity
becomes negative (i.e., opposite to the direction of the pressure-driven flow).
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FIG. 5: Transverse variation of the non-dimensional velocity profile ū with bulk salt concentration c∞ and pH∞ for (a) PE
brush-grafted nanochannel with γa3 = 0.5, ` = 60 nm, (b) brush-free nanochannel with equivalent charge density σc,eq identical
to that of the brush-grafted nanochannels with γa3 = 0.5 and ` = 60 nm, (c) PE brush-grafted nanochannel with γa3 = 0.5,
` = 10 nm, (d) brush-free nanochannel with equivalent charge density σc,eq identical to that of the brush-grafted nanochannels
with γa3 = 0.5 and ` = 10 nm, (e) PE brush-grafted nanochannel with γa3 = 1, ` = 60 nm, (f) brush-free nanochannel
with equivalent charge density σc,eq identical to that of the brush-grafted nanochannels with γa3 = 1 and ` = 60 nm, (g)
PE brush-grafted nanochannel with γa3 = 1, ` = 10 nm and (h) brush-free nanochannel with equivalent charge density σc,eq

identical to that of the brush-grafted nanochannels with γa3 = 1 and ` = 10 nm. Here Ri = 1 (i = +,−, H+, OH−). All other
parameters are same as those mentioned in Fig. 2.
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FIG. 6: Variation of streaming current is with bulk salt concentration c∞ and pH∞ for (a) brush-grafted nanochannels (with
γa3 = 0.5, ` = 60 nm) and brush-free nanochannels with equivalent charge density σc,eq identical to that of the brush-grafted
nanochannels with γa3 = 0.5 and ` = 60 nm, (b) brush-grafted nanochannels (with γa3 = 0.5, ` = 10 nm) and brush-
free nanochannels with equivalent charge density σc,eq identical to that of the brush-grafted nanochannels with γa3 = 0.5
and ` = 10 nm, (c) brush-grafted nanochannels (with γa3 = 1, ` = 60 nm) and brush-free nanochannels with equivalent
charge density σc,eq identical to that of the brush-grafted nanochannels with γa3 = 1 and ` = 60 nm and (d) brush-grafted
nanochannels (with γa3 = 1, ` = 10 nm) and brush-free nanochannels with equivalent charge density σc,eq identical to that
of the brush-grafted nanochannels with γa3 = 1 and ` = 10 nm. Here η = 8.9×10−4 Pa.s, dp

dx
= -5×108 Pa/m. All other

parameters are identical to those used in Fig. 5.

We next consider the different height-averaged quantities, namely the streaming current (is), streaming electric
field (Es), power output (Pout) and the overall energy conversion efficiency (ξ). Fig. 6 provides the variation of the
streaming current for the same set of parameters for which the other variables have been considered. The streaming
current is induced by the downstream advection of the EDL charge density (or the EDL ions). Thus either an
increase in the EDL charge density or an increase in the strength of the driving liquid flow will increase is. For a given
nanochannel (brush-grafted or brush-free), an increase in pH∞ or a decrease in salt concentration typically increases
is, which can be directly attributed to a corresponding increase in ψ and hence the EDL charge density at such
pH∞ and c∞ values. Let us now consider the case of brush-free and brush-grafted (short brushes or weakly grafted
brushes) nanochannels [see Figs. 6(a,c)]. For such weak grafting densities, the brush-induced drag is not significant
(as evidenced from the velocity profiles in Fig. 5). On the other hand, the effect of the brush induced localization

Page 13 of 21 Soft Matter



14

of the EDL charge density away from the wall, which enforces the EDL charge density (or the EDL mobile ions) to
be advected by a larger non-near-wall velocity, is significant. This scenario has been pictorially explained by Fig. 1:
the charge on the brush being distributed along its length, the EDL that develops in response to this charge on the
brush is also distributed along the length of the brush. In comparison, for the brush-free system, all the charges are
localized on the wall; accordingly the EDL that develops in response to this wall charge is also localized near the wall.
Therefore, the average location of the EDL charge density is very close to the wall (or significantly away from the wall)
for the case of brush-free (brush-grafted) nanochannels. The velocity profiles being very similar (as we are considering
the cases of brush-free and weakly grafted brushes, see Fig. 5), this will imply that for the nanochannel with the
brushes, the EDL charge density is advected with a much larger velocity (or a velocity that exists at locations away
from the wall), while for the brush-free nanochannel the EDL charge density is advected with a much smaller velocity
(or a velocity that exists at near-wall locations). As a result, for a given pH∞ and c∞, is for the weakly brush-grafted
nanochannel is always larger than the brush-free nanochannels. The most intriguing result is the comparison of is
for brush-free and brush-grafted (strongly grafted) nanochannels [see Figs. 6(b,d)]. We find that for a weaker salt
concentration, is is larger for the brush-free nanochannels, while for the larger salt concentration is is much larger
for the brush-grafted nanochannels. At a small c∞, is is primarily dictated by the magnitude of the background
flow velocity. Consequently, the extremely small (due to the combined influence of the drag from the brushes and
the streaming electric field induced retarding EOS transport) value of the background velocity for the brush-grafted
nanochannels ensures a weakened is despite the EDL charge localization away from the nanochannel wall. On the
other hand, the significant increase in the background velocity with an increase in the salt concentration for the case
of nanochannels with densely grafted brushes (see Fig. 5) ensures that the effect of localization of the charge density
away from the nanochannel wall becomes severely strong. Accordingly, at a large salt concentration is is much larger
for the nanochannels with densely grafted brushes in comparison to the brush-free nanochannels. In fact, this also
explains why is for the nanochannels with densely grafted brushes shows a massive increase with an increase in c∞.
Interestingly, the large increase in the velocity with an increase in salt concentration (from 10−3 M to 10−2 M) at
a large pH∞ (=4) for nanochannels with weakly grafted brushes [see Figs. 5(a,e)] gets reflected as a corresponding
increase in is for nanochannels with weakly grafted brushes at this pH∞ and salt concentrations [see Figs. 6(a,c)].
However, as the salt concentration is increased further, velocity increases much less so that the effect of reduced ψ
and charge density becomes important leading to a decrease in is. This explains the highly non-intuitive and non
monotonic variation of is with c∞ for nanochannels with weakly grafted brushes at this pH∞ =4. Very similar trends
are noted for the case of larger γ [compare Fig. 6(a) with Fig. 6(c) and Fig. 6(b) with Fig. 6(d)], although for larger
γ for most of the cases, is is larger due to a larger charge density of the brushes that lead to a larger ψ and a larger
EDL charge density. From these figures, we can also compare the is values for the cases of nanochannels with densely
and weakly grafted brushes. The densely grafted brushes always impart a larger drag ensuring a weakened velocity
in comparison to the case of nanochannels with weakly grafted brushes for all values of c∞ and pH (see Fig. 5). On
the other hand, the magnitude of the electrostatic potential and hence the EDL charge density is larger for the case
of densely grafted brushes in comparison to the case of nanochannels with weakly grafted brushes for all values of
c∞ and pH (see Fig. 4). For weaker salt concentrations (c∞ ∼ 10−3 M), the extent of the velocity reduction for
the nanochannels with densely grafted brushes is much larger (see Fig. 5). Accordingly, for such concentrations, is
for the case of the nanochannels with densely grafted brushes is smaller or comparable to that of the nanochannels
with densely grafted brushes. However, the velocity reduction for the case of densely grafted brushes is much lesser
for larger salt concentrations (c∞ ∼ 10−1 M). Accordingly, at such concentrations, the impact of the larger EDL
charge density for the case of nanochannels with densely grafted brushes becomes critical ensuring an is value that
is significantly larger for the case of the densely grafted brushes as compared to the case of weakly grafted brushes
[compare Fig. 6(a) with Fig. 6(b) and Fig. 6(c) with Fig. 6(d)].

Page 14 of 21Soft Matter



15

10
-3

10
-2

10
-1

c  (M)

-7

-6

-5

-4

-3

-2

-1

0

E
s (

k
V

/m
)

(a) γa3 = 0.5, ` = 60 nm

10
-3

10
-2

10
-1

c  (M)

-2

-1.5

-1

-0.5

0

E
s (

k
V

/m
)

(b) γa3 = 0.5, ` = 10 nm

10
-3

10
-2

10
-1

c  (M)

-5

-4

-3

-2

-1

0

E
s (

k
V

/m
)

(c) γa3 = 1, ` = 60 nm

10
-3

10
-2

10
-1

c  (M)

-1.5

-1

-0.5

0

E
s (

k
V

/m
)

(d) γa3 = 1, ` = 10 nm

FIG. 7: Variation of streaming electric field Es with bulk salt concentration c∞ and pH∞ for (a) brush-grafted nanochannels
(with γa3 = 0.5, ` = 60 nm) and brush-free nanochannels with equivalent charge density σc,eq identical to that of the brush-
grafted nanochannels with γa3 = 0.5 and ` = 60 nm, (b) brush-grafted nanochannels (with γa3 = 0.5, ` = 10 nm) and
brush-free nanochannels with equivalent charge density σc,eq identical to that of the brush-grafted nanochannels with γa3 = 0.5
and ` = 10 nm, (c) brush-grafted nanochannels (with γa3 = 1, ` = 60 nm) and brush-free nanochannels with equivalent
charge density σc,eq identical to that of the brush-grafted nanochannels with γa3 = 1 and ` = 60 nm and (d) brush-grafted
nanochannels (with γa3 = 1, ` = 10 nm) and brush-free nanochannels with equivalent charge density σc,eq identical to that of
the brush-grafted nanochannels with γa3 = 1 and ` = 10 nm. All other parameters are identical to those used in Fig. 6.

Fig. 7 shows the variation of the streaming electric field Es, which can be related to is as Es ∝ is/Γ [19] where
Γ is the ionic conductivity that is proportional to the sum of the local concentration of the ions. Accordingly, the
variation of Es with the different parameters show mostly a similar trend as the corresponding variation of is, except
for the variation with c∞. As Γ ∼ c∞, i.e., Es ∼ 1/c∞ (for a given is), Es invariably decreases monotonically with
an increase in c∞. This is in contrast to the variation of is, which does not show a definite trend with respect to c∞
(see Fig. 6). On the other hand, when we compare Es for the cases of brush-free and brush-grafted (weakly grafted)
nanochannels [see Figs. 7(a,c)], we invariably find that for a given value of c∞ and pH∞, Es for the brush-grafted
nanochannels is significantly more than that of the brush-free nanochannels. This behavior stems directly from the
corresponding variation of is. As Γ ∼ c∞, i.e., Es ∼ 1/c∞ (for a given is), this difference in Es between the cases
of brush-free and brush-grafted nanochannels gets much more magnified at smaller c∞. We next compare the cases
of brush-free and brush-grafted (strongly grafted) nanochannels [see Figs. 7(b,d)]. Very much like the variation of
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is, here too we find that Es is smaller (larger) for the brush-grafted nanochannels in comparison to the brush-free
nanochannels for smaller (larger) c∞ values. An interesting observation here is that, unlike the comparison between
the brush-free and brush-grafted (weakly grafted) nanochannels, the streaming potential is not significantly large at
small c∞ despite the fact that Es ∼ 1/c∞ (for a given is). For the present case of brush-free and brush-grafted
(strongly grafted) nanochannels, the magnitude of ψ̄ is much higher leading to a much larger values of counterion
concentration (c+ or equivalently n+) for a given value of c∞. This ensures that Γ ∼ c∞ exp(−ψ̄) is not lowered
significantly even at small c∞ and hence Es is not massively enhanced. Finally, in Fig. 7c and 7d we study the effect
of increasing γ on Es. Increase in γ increases is, but at the same time also increases ψ that leads to an increase
in Γ. Therefore, the change in Es with this increase in Γ is dictated by this competitive interplay of an increase in
is and Γ. Accordingly, for some parameter combination Es increases with γ, while for other it decreases with an
increase in γ. Of course, the overall trend with respect to other variables (i.e., c∞, pH∞, presence or absence of the
brushes, grafting density of the brushes, etc.) remain unchanged with an increase in γ. Fig. 7 is a key finding of this
paper. Streaming electric field (Es) has been considered as a key measure of induced electrokinetic effects in charged
nanochannels. Fig. 7 establishes that the presence of the brushes can significantly enhance Es by localizing the EDL
charge density away from the nanochannel walls and this enhancement can be witnessed across a wide range of salt
concentration, pH, and grafting density values. From these figures, we can also compare the Es values for the cases of
nanochannels with densely and weakly grafted brushes. Variation of Es directly follows the trends of is. Therefore,
for smaller (larger) salt concentrations, namely c∞ ∼ 10−3 M (c∞ ∼ 10−1 M), Es for the nanochannels with densely
grafted brushes is smaller (larger) that that for nanochannels with weakly grafted brushes [compare Fig. 7(a) with
Fig. 7(b) and Fig. 7(c) with Fig. 7(d)].
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FIG. 8: Variation of net power output Pout with bulk salt concentration c∞ and pH∞ for (a) brush-grafted nanochannels
(with γa3 = 0.5, ` = 60 nm) and brush-free nanochannels with equivalent charge density σc,eq identical to that of the brush-
grafted nanochannels with γa3 = 0.5 and ` = 60 nm, (b) brush-grafted nanochannels (with γa3 = 0.5, ` = 10 nm) and
brush-free nanochannels with equivalent charge density σc,eq identical to that of the brush-grafted nanochannels with γa3 = 0.5
and ` = 10 nm, (c) brush-grafted nanochannels (with γa3 = 1, ` = 60 nm) and brush-free nanochannels with equivalent
charge density σc,eq identical to that of the brush-grafted nanochannels with γa3 = 1 and ` = 60 nm and (d) brush-grafted
nanochannels (with γa3 = 1, ` = 10 nm) and brush-free nanochannels with equivalent charge density σc,eq identical to that of
the brush-grafted nanochannels with γa3 = 1 and ` = 10 nm. A microchip (with dimensions of 1mm x 10cm x 10cm and a
porosity of 0.5) containing multiple nanochannels of half-height h = 100 nm is considered for the calculation of output power
[19]. All other parameters are identical to those used in Fig. 6.

Fig. 8 shows the variation of the electrokinetically induced output electrical power Pout which is proportional to
the product of is and Es. Accordingly, Pout is invariably larger for the brush-grafted (weakly grafted) nanochannels
as compared to the brush-free nanochannels for any given value of c∞ and pH∞ [see Figs. 8(a,c)], since both is and
Es are larger for these parameters for the brush-grafted (weakly grafted) nanochannel. On the other hand, Pout is
smaller (larger) for brush-grafted (strongly grafted) nanochannel as compared to brush-free nanochannels for smaller
(larger) salt concentration, stemming from the exact similar variation for is and Es. The variation of Pout with c∞ for
a given type of nanochannel (brush-free or brush-grafted) for a given pH∞ and γ becomes interesting since it depends
on the relative variation of is and Es with c∞. Except for the case of nanochannels with densely grafted brushes and
nanochannels with weakly grafted brushes for large pH∞ and large γ, the decrease in Es and is (typically) with c∞
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ensures a decrease in Pout with c∞. For the nanochannels with densely grafted brushes, different trends are observed
for different values of γ. For larger (smaller) γ, the significant increase (decrease) in is (Es) becomes the dominant
factor at large c∞ leading to an increase (decrease) in Pout for c∞ ranging from 10−2 M to 10−1 M [see Figs. 8(b,d)].
Finally, for nanochannels with weakly grafted brushes and large pH∞ and large γ, the dominant role of is for small
c∞ values ensures that Pout increases with c∞ for c∞ ranging from 10−3 M to 10−2 M , while the overwhelming
influence of Es for large c∞ values ensure a decrease in Pout with c∞ for c∞ ranging from 10−2 M to 10−1 M [see
Figs. 8(a,c)]. From these figures, we can also compare the Pout values for the cases of nanochannels with densely and
weakly grafted brushes. Pout is proportional to the product of is and Es. Therefore, Pout follows the same trend as
that followed by both is and Es; hence for smaller (larger) salt concentrations, namely c∞ ∼ 10−3 M (c∞ ∼ 10−1 M),
Pout for the nanochannels with densely grafted brushes is smaller (larger) that that for the nanochannels with weakly
grafted brushes [compare Fig. 8(a) with Fig. 8(b) and Fig. 8(c) with Fig. 8(d)].
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FIG. 9: Variation of electrokinetic energy efficiency ξ with bulk salt concentration c∞ and pH∞ for (a) brush-grafted nanochan-
nels (with γa3 = 0.5, ` = 60 nm) and brush-free nanochannels with equivalent charge density σc,eq identical to that of the
brush-grafted nanochannels with γa3 = 0.5 and ` = 60 nm, (b) brush-grafted nanochannels (with γa3 = 0.5, ` = 10 nm) and
brush-free nanochannels with equivalent charge density σc,eq identical to that of the brush-grafted nanochannels with γa3 = 0.5
and ` = 10 nm, (c) brush-grafted nanochannels (with γa3 = 1, ` = 60 nm) and brush-free nanochannels with equivalent
charge density σc,eq identical to that of the brush-grafted nanochannels with γa3 = 1 and ` = 60 nm and (d) brush-grafted
nanochannels (with γa3 = 1, ` = 10 nm) and brush-free nanochannels with equivalent charge density σc,eq identical to that of
the brush-grafted nanochannels with γa3 = 1 and ` = 10 nm. All other parameters are identical to those used in Fig. 6.
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Finally, Fig. 9 shows the variation of the efficiency (ξ) of the electrokinetic energy conversion, which refers to this
generation of the electrical energy from a combined mechanical energy (associated with the pressure driven flow) and
chemical energy (associated with the EDL). ξ is proportional to Pout. Therefore, ξ is much larger for the brush-grafted
nanochannels (weakly grafted) as compared to the brush-free nanochannels for any given value of pH∞, c∞, and γ
[see Figs. 9(a,c)]. Also, for small γ, the nanochannel with weakly grafted brushes demonstrate a monotonic decrease
in ξ with c∞ for all pH∞. However, for larger γ at a large pH∞, ξ, very much like Pout is non-monotonic with c∞
for nanochannels with weakly-grafted PE brushes [see Fig. 9(c)]. A much more interesting situation arises when we
compare the cases of brush-free nanochannels and brush-grafted (densely grafted) nanochannels [see Figs. 9(b,d)].
Here too ξ for the brush-grafted nanochannels is always larger than the brush-free nanochannels (i.e., for any given
value of c∞ and γ), despite the fact that Pout for the brush-grafted nanochannels is smaller than the brush-free
nanochannels for small c∞. This deviation in the trend between Pout and ξ for small c∞ stems from the fact that
ξ = Pout/Pin and Pin is significantly reduced in presence of the densely-grafted brushes enforcing an enhancement of
ξ even for the situation where Pout is reduced. It is also worthwhile to note that for nanochannels with weakly grafted
brushes for relatively small c∞ (∼ 10−3 M), large pH∞ and small γ, we get an extremely large conversion efficiency
of 5%, which is several times larger than that obtained for the corresponding brush-free nanochannels [see Fig. 9(a)].
On the other hand for a larger γ, similar efficiency (5%) is obtained at an intermediate c∞ (∼ 10−2 M) for large
pH∞ for nanochannels with weakly grafted brushes [see Fig. 9(c)]. For the densely grafted brushes, the efficiency
numbers are slightly smaller (∼ 3%), although they are always larger than the corresponding brush-free nanochannels
and also they are witnessed for intermediate c∞ (∼ 10−2 M) and large c∞ (∼ 10−1 M) values for small and large
γ values [see Figs. 9(b,d)]. From these figures, we can also compare the ξ values for the cases of nanochannels with
densely and weakly grafted brushes. ξ is proportional to Pout; therefore following the same trend as Pout, at larger
salt concentration (c∞ ∼ 10−1 M), ξ is larger for the case of nanochannels with densely grafted brushes. However, ξ
also depends inversely on the input power Pin. The presence of the densely grafted brushes severely reduces Pin. As a
consequence, only for γa3 = 1, at smaller salt concentration (c∞ ∼ 10−3 M), ξ is smaller for the case of nanochannels
with densely grafted brushes, while for γa3 = 0.5 at the same small salt concentration (c∞ ∼ 10−3 M), the effect of
the reduced Pin becomes significant ensuring a larger ξ even for the case of nanochannels with densely grafted brushes.
Finally, it is worthwhile to mention here that while there has been no experiments on electrokinetic energy conversion
in nanochannels grafted with PE brushes, some previous experimental studies on electrokinetic energy conversion in
non-functionalized charged-wall nanochannels have reported such efficiency (3-5%) values [45–47].

IV. CONCLUSIONS

In this paper, we describe the electrokinetic energy generation in a nanochannel grafted with pH-responsive PE
brushes by modelling the PE brushes with our recently developed augmented SST model. Such advanced theoretical
description of the PE brushes ensures that to the best of our knowledge this is the most advanced and rigorous
description of electrokinetic transport in PE-brush-grafted nanochannels. Our results establish that the brushes
localize the EDL charge density away from the nanochannel wall, enforcing the advection of this charge density or
the EDL ions with a much large background liquid velocity. This advection is responsible for the generation of the
streaming current and the streaming electric field. As a consequence, depending on salt concentration, pH, γ, and
the grafting density of the brushes, there is a significant enhancement of the streaming current and streaming electric
field. In fact, this enhancement is so pronounced that it leads to an energy conversion efficiency as large as 5% for a
wide combination of system parameters and more importantly, this energy conversion for nanochannels functionalized
with both weakly-grafted and strongly grafted brushes can be several times larger than the corresponding brush-free
nanochannels. In summary, the present paper through an extremely rigorous and complete theoretical model shows
the utility of functionalizing nanochannles with PE brushes for highly efficient electrokinetic energy conversion.
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