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The effect of external shear flow on the sperm motility

Manish Kumar, Arezoo M. Ardekani a

The trajectory of the sperm in the presence of background flow is of utmost importance for the success of
fertilization, as the sperm encounter background flow of different magnitude and direction on their way to
the egg. Here, we have studied the effect of an unbounded simple shear flow as well as Poiseuille flow on
the sperm trajectory. In the presence of a simple shear flow, the sperm moves on an elliptical trajectory
in the reference frame advecting with the local background flow. The length of major-axis of this elliptical
trajectory decreases with the shear rate. As the sperm number, a dimensionless number representing the
ratio of viscous force to elastic force, increases the flexibility of the flagellum increases, which increases
the length of major axis of the elliptical trajectories. The sperm moves downstream or upstream depending
on the strength of background flow in the presence of Poiseuille flow. In contrast to the simple shear flow,
the sperm also moves toward the centerline in a Poiseuille flow. Far away from the centerline, the cross-
stream migration velocity of the sperm increases as the transverse distance of sperm from the centerline
decreases. Close to the centerline, on the other hand, the cross-stream migration velocity decreases as the
sperm further approaches the center. The cross-stream migration velocity of the sperm also increases with
the sperm number.

1 Introduction
For successful fertilization, the human sperm travel a distance
1000 times larger than their length (∼ 50µm) through highly flex-
ible tubes of diameter 200 times wider than their own length to
reach to the female eggs ( ∼ 0.1mm), which are 30 times larger
than sperm head ( ∼ 3− 5µm). Throughout their journey to the
egg, the sperm have to navigate by overcoming a complex physio-
logical environment, chemical gradient and counter flow. Due to
these complexities, only a small fraction of the initial population
is able to reach to the vicinity of human eggs (∼ 10 out of hun-
dreds of millions). In the immediate vicinity of the ovum, chemo-
taxis1,2 and thermotaxis3 provide essential guidance to sperma-
tozoa to move toward egg, but far away from the ovum rheo-
taxis4,5 and cervix contraction6,7 contribute dominantly in the
determination of sperm trajectory. During their journey the fluid
through which sperm travels is not static and the sperm encounter
flow with different velocities and different directions, even oppo-
site to way the sperm have to swim.

Rheotaxis, through which the sperm is capable of changing its
orientation in response to velocity gradient8, is a major taxic fac-
tor for long distance navigation essential for fertilization4,5. In
addition to internal fertilization, the influence of background flow
on external fertilization, e.g., marine mollusk have been reported
in the literature9,10. The positive rheotaxis of spermatozoa was
first reported by Lott 11 . Bretherton and Rothschild 12 studied the
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orientation of sperm in a Poiseuille flow and observed upstream
swimming of the motile sperm due to positive rheotaxis in the
presence of the Poiseuille flow. The study of mammalian sperm in
the Poiseuille flow5 have shown that the interplay of fluid shear,
steric surface-interaction and chirality of flagellar beat facilitate
upstream spiraling motion of sperm along the channel wall for
low shear velocity, whereas at a large shear velocity the sperm
is simply advected downstream. The theoretical and experimen-
tal study of sperm near a solid surface has been done to under-
stand the influence of a time-dependent linear flow gradient on
the rheotactic turning of sperm13. By considering competition be-
tween sperm circling due to asymmetric beating of flagellum and
shear induced rotation of sperm, a critical shear rate required for
upstream swimming has been derived14. However, the experi-
mental and theoretical studies on the sperm rheotaxis14,15 have
shown that the flagellum chirality and surface hydrodynamic in-
teraction are not necessary for rheotaxis and the sperm, even with
planar flagellar beating, can swim upstream due to rheotaxis.

Although the sperm rheotaxis in the vicinity of a solid surface
have been widely explored5,13–16, the sperm rheotaxis in the bulk
fluid still needs to be explored. Rheotaxis does not require sur-
face vicinity and it also occurs in the bulk fluid15,17. The bound-
ary accumulation of sperm does not occur once the distance be-
tween surface and flagellum becomes larger than 20% of the flag-
ellum length15. In this paper, we have studied the effect of un-
bounded simple shear flow and Poiseuille flow on the sperm mo-
tion over a wide range of shear rates by considering sperm with
an active flagellum. We model flagellum as an active elastic ele-
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ment18 and obtain hydrodynamic forces acting on the flagellum
using a Resistive Force Theory (RFT) to avoid flagellum model-
ing limitations like: small amplitude beating, infinite length and
prescribed waveform. RFT gives a good approximation of the
hydrodynamic forces on a long cylindrical filament, where hydro-
dynamic interaction due to finite filament curvature, presence of
wall or presence of neighboring filaments are not important18–32.
This work provides an insight on the movement of sperm during
external9,10 as well as internal fertilization4. During internal fer-
tilization, the sperm can overcome the wall effect in the oviduct
due to hyperactivation4,33. The oviductal fluid flow rate is com-
parable to the sperm swimming velocity. In mice, oviductal flow
rate is in the range 18±1.6µm/s which is comparable to the sperm
swimming velocity 36 − 54µm/s in viscous media4. In human,
oviductal fluid production rate is 7.92− 98.4ml/h 34 and oviduct
diameter is 1mm− 1cm, leading to an estimation of the oviductal
flow rate in the range 28µm/s− 35mm/s, which is comparable to
the swimming velocity of human sperm (58−62µm/s)35.

2 Problem statement and governing equations

Fig. 1 The schematic of sperm along with ambient flow field. r represents the
position vector for a point on the centerline of the flagellum. X-Y coordinate de-
notes a fixed frame and s represents the arc-length of flagellum. Shear force field,
leading to flagellum beating is shown by f (s, t). Unit vectors t and n are tangent
and normal vectors to the centerline, respectively. ψ(s, t) is the angle between
the tangent vector and the horizontal axis.

Here, we study the motion of sperm in the presence of a planar
unbounded simple shear flow and Poiseuille flow using a Resis-
tive Force Theory (RFT). We consider 2-D planar beating of a 3-D
cylindrical sperm flagellum, because many experimental studies
have reported that the flagellar beating of sperm of many species
are approximately planar13,24,35,36. The schematic of the back-
ground flow field and the details of the model of an active sperm
flagellum have been depicted in figure 1, where a flagellar ax-
oneme of diameter d has been represented by a pair of elastic
filaments.

We obtain the governing equations of a flagellum of length L,
bending stiffness κs and beating frequency ω in the presence of

background flow by balancing the hydrodynamic force with the
elastic force per unit length along the arc-length of the flagellum
similar to Camalet and Jülicher 28 (see figure 1):

(ξ‖tt+ ξ⊥nn).
{
∂r
∂t
−U

}
= −

δG
δr
, (1)

where U is the ambient flow field, ξ‖ and ξ⊥ are tangential and
normal resistance force coefficients of the flagellum, respectively.
The elastic force per unit length on the flagellum has been ob-
tained by taking the spatial derivative of the total elastic energy
(G) of the flagellum. The elastic energy of an active sperm flag-
ellum consists of bending energy, extensional energy and active
energy28. Therefore, the expression for the elastic energy of flag-
ellum can be given as:

G =
∫ L

0

{
κsC2

2
+Λ

���� ∂r
∂s

����2 + f∆

}
ds, (2)

where C is the local curvature of the flagellum. For an extensi-
ble flagellum Λ is the tensile stiffness, whereas it is a Lagrange
multiplier for an in-extensible flagellum and ensures local in-

extensibility constraint of the flagellum,
��� ∂r
∂s

���2 = 1. The shear
force field f (s, t), generated by the dynein motors of flagellar ax-
oneme, creates relative displacement (∆) between the doublet mi-
crotubules37–41, which leads to an additional contribution to the
elastic energy.

Here, we consider an in-extensible sperm flagellum and have

used length scale L, time scale ω−1, force density scale ωξ⊥L
2

d

and tension scale ωξ⊥L2 to make the governing equations dimen-
sionless. The governing equations of flagellar waveform can be
written as:

γ Üτ−( Ûψ)2τ+ Sp−4{(1+γ) Ûψ Ýψ+γ Üψ2}

− {γ f Üψ+ (1+γ) Ûf Ûψ}+
∂ut
∂s
= 0,

(3)

∂ψ

∂t
+ Sp−4{Þψ−γ Ûψ2 Üψ} − (1+γ) Ûτ Ûψ

− τ Üψ−( Üf −γ Ûψ2 f )−
∂un
∂s
= 0,

(4)

where τ(s, t) is the tension profile of the flagellum. The deriva-
tives of τ, ψ and f with respect to the arc-length of the flagellum
have been denoted by overdots. γ =

ξ⊥
ξ‖

is the ratio of normal
to tangential resistive force coefficient and the sperm number
Sp = L(ωξ⊥κs )

1
4 represents the relative importance of the viscous

drag force to elastic force. The tangential and normal compo-
nents of the derivative of background flow field (U) with respect
to arc length s are denoted as ∂ut

∂s and ∂un
∂s , respectively.

The boundary conditions required to solve the governing equa-
tions (3 and 4) have been derived using force and torque balance
on the flagellar front and distal end. The force and the torque
due to the presence of the sperm head balance the force and the
torque on the front end of the flagellum (s = 0), respectively. The
hydrodynamic torque on the sperm head is three orders of magni-
tude smaller compared to the hydrodynamic torque on the sperm
flagellum15, therefore, the torque due to the presence of the head
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can be neglected. The hydrodynamic drag force due to the pres-
ence of the sperm head has been approximated by introducing
the drag force coefficient ζ 28. The additional drag induced by
the sperm head reduces the sperm swimming speed as well as
the amplitude of head yawing motion. The dimensionless form
of boundary conditions at the front end of the flagellum can be
given as:

−ζ(
∂r
∂t
−U) = Fhead = (Sp−4 Üψ− f )n− τt, (5)

0 = Thead = −Sp−4 Ûψ−

∫ 1

0
f ds. (6)

The distal end of the sperm flagellum has been considered
force and torque free, which leads to the following dimension-
less boundary conditions at the flagellum distal end, s = 1:

0 = (−Sp−4 Üψ+ f )n+ τt, (7)

0 = Sp−4 Ûψ. (8)

The shear force field, f (s, t), is the driving force of the flagellar
beating and the input of the present model of the sperm flagellum.
The model based on the internal shear force field has successfully
explained the flagellar beating of the sperm18,24,26–28,31, how-
ever there is limited quantitative understanding of its form. Here,
we obtain the internal shear force by solving the governing equa-
tions (3 and 4) for shear force f (s, t) (instead of ψ(s, t)) that gener-
ates a given beating pattern in a quiescent fluid (ψ0(s, t)). We use
the following model of sperm flagellar waveform in a quiescent
fluid which provides a good representative of mammalian sperm
beating pattern in a fluid with comparable viscosity to cervical
mucus35,42 (see supplementary video 1):

ψ0(s, t) = s cos(2πs− t). (9)

The governing equations of the flagellar dynamics (3 and 4)
are highly nonlinear and coupled. We use a semi-implicit method
to solve equation (4), where only the highest order derivative
of each nonlinear term is discretized implicitly (tn+1) and the
rest are considered at previous time step (tn). The tension pro-
file τ(s, t) at time step tn is required to solve equation (4). τn
has been obtained by solving equation (3) using ψn, the wave-
form at time step tn. The spatial discretization is uniform along
the arc length of the flagellum and the spatial derivatives at
each grid point are approximated with five closest grid values.
Even though, the numerical scheme is stable even at larger time
steps, we have used ∆t ∼ (Sp ·∆s)4 to maintain the accuracy of
the results. The time advancement of sperm has been obtained
by evaluating equation 1 at s = 0, (i.e., r(0, t)). The flagellar
shape is then constructed from the local tangent angle ψ(s, t) as
r(s, t) = r(0, t)+

∫ s

0 (cos(ψ), sin(ψ))ds′.

We validate our numerical code against the numerical and ex-
perimental results of an elastic filament actuated at its end20–22.
To replicate the formulation of an end actuated elastic filament,
we assume a zero internal shear force f = 0 and head position
s = 0 subject to a periodic actuation. The propulsive force cal-
culated by the present nonlinear numerical scheme provides a

good agreement with the propulsive force obtained by Yu et al. 22

(see Appendix). To be consistent with Wiggins and Goldstein 20 ,
we also linearize the equations for small deflection and find that
the propulsive force prediction of linear and nonlinear numeri-
cal schemes match very well with published results of Wiggins
and Goldstein 20 . Furthermore, we validate the implementation
of the internal shear force against the analytical study of Camalet
and Jülicher 28 , where the leading order term of the sperm swim-
ming speed is reported to be proportional to the square of the
amplitude of the shear force (see Appendix for more details).

3 Results and Discussion

The sperm number, Sp= L(ωξ⊥κs )
1
4 , representing the ratio of hydro-

dynamic force to elastic force, takes a wide range of values as flag-
ellum size, flagellum mechanical properties and the viscosity of
medium through which sperm swim vary a lot among the species.
The resistive force coefficient ξ⊥ varies from 1.4 × 10−3Ns/m2

for low viscosity watery medium to 3.2Ns/m2 for highly vis-
cous in vitro fertilization medium35. Human sperm have length
L = 36−50µm 43, bending stiffness κs = 4×10−21Nm2 44 and beat-
ing frequency ω = 11−24Hz 35, therefore sperm number is in the
range of Sp = 1.6−19. The bending stiffness of sea urchin sperm
κs = 0.9 × 10−21Nm2 45, length L = 30 − 45µm and beating fre-
quency ω = 25−40Hz 36 lead to Sp= 2.3−4 in water. Caenorhabdi-
tis elegans, an undulatory nematode of length 1mm, bending stiff-
ness κs = 2.6× 10−15Nm2 and beating frequency ω = 1.7Hz have
sperm number Sp = 1.0 in water46. In the present study, we are
not considering very large sperm numbers, so that the sperm flag-
ellum does not buckle and beating pattern remains symmetric. By
reverse calculation, we obtain the shear force field at Sp = 1.0 in
the presence of a quiescent fluid and use it to study the effect of
Sp and shear strength on the sperm trajectory.

At small sperm numbers, the sperm flagellum doesn’t buckle.
Therefore, the beating of sperm flagellum remains symmetric and
the net motion of sperm is along a straight line in a quiescent fluid
with a yawing head trajectory (supplementary video 1). Here, we
study the swimming motion of sperm in a simple shear flow as
well as Poiseuille flow. The sperm rotates clockwise for positive
shear and counter-clockwise for negative shear along with a yaw-
ing motion of head.

3.1 The sperm navigation in a simple shear flow

Dimensionless simple shear flow velocity Us has been defined as
Us = ÛγL/usperm, where Ûγ and usperm are shear rate and sperm
average swimming speed at Sp = 1.0 in the quiescent fluid, re-
spectively.

The trajectories of sperm head, which is averaged over a flag-
ellar beating period, in a simple shear flow at different initial lo-
cations have been shown in figure 2. In the simple shear flow, the
sperm moves downstream by making a periodic trajectory with-
out net cross-stream migration (figure 2b and 2c). The trajec-
tories at different positions in the flow are related by a super-
imposed translation due to the translational invariance of simple
shear flow in the gradient direction. The local flow velocity in-
creases as the distance of sperm from the centerline of the flow
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Fig. 2 The schematic of sperm head trajectory in a simple shear flow. Solid
line represents average trajectory of sperm head. Solid circles and arrows indi-
cate initial location and initial orientation of the sperm, respectively. The small
sketches of sperm along the trajectory line represent the orientation of sperm and
the cyclic arrows at the head of sperm represent the direction of sperm rotation at
that location.

increases. Therefore, close to the centerline the sperm swims
upstream when its orientation is opposite to the flow direction
(figure 2b), whereas far away from the centerline the local flow
dominates over the sperm’s swimming velocity and the sperm
gets advected downstream irrespective of its orientation (figure
2c). The transition of sperm trajectory from figure 2b to figure 2c
takes place once the characteristic distance (Yc) of sperm satisfies
condition: UsYc > 1, where Yc is the distance of sperm from the
centerline of the flow when it points in the opposite direction of
the flow (see figure 2). The definition of Yc also implies that Yc
is the minimum distance of the sperm during a full rotation from
the centerline in a simple shear flow (figure 2) whereas it is the
maximum distance in a Poiseuille flow (see figure 5). The net dis-
placement of sperm during full-rotation decreases as the sperm
gets closer to the centerline of shear flow and eventually it gets
trapped at Y0 = 0 (figure 2a). Y0 is the average transverse distance
of the sperm from the centerline (see figure 2). In this case, the
sperm crosses the centerline and the net displacement is zero dur-
ing full-rotation. The rheotactic behavior of flagellated bacteria in
a simple shear flow has been observed both experimentally17 and
theoretically47.

Although the sperm follows multiple trajectories depending on
its initial location and orientation in the simple shear flow, it
makes a unique elliptical trajectory independent to the initial lo-
cation and orientation in the reference frame advecting with the
background flow at Y0 due to translational invariance of shear
rate (figure 3a). The velocities and trajectories reported hereafter
in this sub-section are reported in the reference frame advect-
ing with the background flow at Y0. The angular velocity of the
sperm during its rotation depends on the shear rate as well as
sperm orientation. The angular velocity of sperm increases as the
shear rate increases and for a given shear rate the angular ve-
locity is maximum when the sperm orients perpendicular to the
streamlines (see supplementary video 2). This leads to an ellipti-
cal shape of sperm trajectory with a decreasing size as the shear
rate increases (figure 3a). Although, the length of major axis of
elliptical trajectory decreases as the shear rate increases, the as-

(a)
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(b)

Fig. 3 (a) Swimming trajectory of sperm in the reference frame advecting with
the background flow at Y0 for different shear rates. (b) Major axis (a) and aspect
ratio (a/b) of elliptical trajectory of sperm at different shear rates.

pect ratio (a/b) of ellipse remains nearly invariant (figure 3b). To
quantify the size of the elliptical trajectory, we calculate eigen val-
ues (λ1, λ2) of the matrix representing the second moment of area:
Ii j =

∫
(xi − xc

i
)(xj − xc

j
)dA, where xc

i
= 1

A

∫
xidA is the centroid of

the ellipse. The aspect ratio (a/b) of the trajectory can be given
as, a/b =

√
(
λ1
λ2
) and length of major axis (a) can be estimated by

using aspect ratio and the area of ellipse.
The amplitude of the yawing motion of sperm’s head also in-

fluences the trajectory of the sperm. If the sperm orients parallel
(perpendicular) to the streamlines of the flow, the angular ve-
locity of the sperm increases (decreases) as the amplitude of the
yawing motion of sperm increases. This leads to a smaller aspect
ratio as well as smaller major-axis of the elliptical trajectory for
the sperm having larger head yawing amplitude (figure 4a). The
presence of sperm head induces elliptical trajectory with larger
aspect ratio as the presence of head reduces the yawing ampli-
tude of the sperm motion.
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Fig. 4 (a) Major axis (a) and the aspect ratio (a/b) of sperm’s trajectory at dif-
ferent head yawing amplitude (A) for ambient flow velocityUs = 1. (b) Major axis
(a) and the aspect ratio (a/b) of sperm’s trajectory at different Sp for ambient
flow velocityUs = 2.

The shear force field of sperm is generated by the dynein
motors of flagellar axoneme, whereas Sp can be changed even
through changing the viscosity of the medium. Therefore, it is
reasonable for a given sperm to assume a fixed shear force field
with varying Sp as the sperm changes its swimming medium. For
a given flagellum shear force field f (s, t), the beating pattern of
the flagellum changes with the sperm number. We have calcu-
lated the shear force field at Sp = 1.0 and have used it to study
the effect of Sp on the sperm trajectory. The effective viscosity
of the cervical mucus varies from 0.2Pa.s in day 0 of menstrual
cycle to 0.68Pa.s in day 5 of menstrual cycle35, changing the mu-
cus viscosity by 3 times. For a given f (s, t) of a particular sperm
we consider the range of Sp = 1.0−1.78, which corresponds to 10
times change in the viscosity of the medium. The length of major-
axis of the ellipse increases as Sp increases (figure 4b), because
the flexibility of the flagellum increases as the sperm number in-

creases and the net swimming velocity of sperm in the quiescent
fluid also increases with increasing flexibility of the flagellum for
a given f (s, t) (see Appendix). The flexibility of flagellum reduces
the difference between the angular velocity of sperm parallel and
perpendicular to the streamlines. Therefore, the aspect ratio of
the ellipse decrease as the flexibility of flagellum increases.

3.2 The sperm navigation in a Poiseuille flow

The sperm exhibits a more complex trajectory in the presence of
Poiseuille flow compared to a simple shear flow, because neither
shear strength nor shear direction is constant throughout the do-
main in the Poiseuille flow. Rescaled magnitude of the Poiseuille
flow has been defined as Us = (umax/usperm) 1

H , where umax is
the flow velocity at the centerline of the channel and 2H is the
dimensionless width of the channel of a Poiseuille flow. We have
used H = 10 in the present study.

Fig. 5 The trajectory of sperm head in an unbounded Poiseuille flow. Red solid
circles and arrows represent initial location and initial orientation of the sperm.
Cyclic arrows represent the direction of sperm rotation and small schematics of
sperm denote the orientation of the sperm at specified locations. Vertical dotted
line separate the zones of dissimilar trajectories from each-other. (a) The trajec-
tory of sperm head is close to the wall, where shear rate is the highest, but flow
velocity is minimum. (b) and (c) The trajectory of sperm head is in between wall
and the centerline of the flow. In (b), sperm doesn’t cross the centerline of the
flow. In (c), sperm crosses the centerline of the flow. (d) The trajectory of sperm
head is close to the centerline of the flow.

The trajectory of the sperm head, which is averaged over flag-
ellar beating period, at various locations across the cross-section
of the channel has been depicted in figure 5. The direction of ro-
tation of sperm changes from counter-clockwise in the upper half
of the channel to clockwise in the bottom half of the channel as
the sign of shear rate changes from negative in the upper half to
positive in the bottom half of the channel. In the Poiseuille flow,
the sperm travels either upstream or downstream depending on
the strength of the flow. The trajectory of sperm in the Poiseuille
flow can be divided into four distinct regimes (see figure 5). Far
away from the centerline of the flow, if the shear strength is
not too weak, the sperm makes full rotation and is not able to
cross the centerline of flow (figure 5a and 5b). This type of tum-
bling motion has also been observed for non-flagellated spherical
and elongated micro-swimmers in a Poiseuille flow away from
the centerline48,49. Close to the wall, the swimming speed of
sperm dominates over the background flow. This leads to up-
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stream swimming of the sperm when it orients against the flow
direction, however the sperm net motion is in the downstream
direction (figure 5a). The sperm travels downstream regardless
of its orientation, if it doesn’t cross the centerline and the sperm
swimming speed is less than the background flow, (figure 5b).
The value of Yc required for the transition between figure 5a to
figure 5b is 1 < UsH[1 − (Yc/H)2]. Close to the centerline, the
sperm crosses the centerline and swings without making a com-
plete rotation (figure 5c and 5d). Yc , for which the sperm aligns
with the streamlines at the centerline, is the value of Yc required
for the transition between figure 5b to figure 5c. Thus, the span
of rotation decreases monotonically from 180° for the trajectory
just after the transition (figure 5c) to 0° (figure 5d) as the sperm
reaches the centerline at a larger time in case of trajectories with-
out any inflection point. Due to small amplitude of swinging
rotation at very large time, the sperm keeps pointing upstream
(figure 5d). This leads to net upstream swimming of the sperm
in figure 5d if the sperm swimming velocity is larger than the
local ambient flow velocity (i.e., UsH < 1), otherwise the sperm
gets advected downstream even in figure 5d. Net upstream swim-
ming has been also reported in the literature for non-flagellated
micro-swimmers and helical flagellated bacteria, when they are
close to the centerline of Poiseuille flow47–49. Moreover, the pos-
itive rheotaxis of mammalian sperm has been confirmed by both
in situ and in vitro experiments4,5. Here we show that the in-
terplay of flagellar flexibility and decreasing shear rate near the
centerline leads to a net drift of sperm toward the centerline of a
Poiseuille flow. A net drift toward the centerline of Poiseuille flow
has also been observed for bacteria with a helical flagellum47,
whereas non-flagellated rigid micro-swimmers do not exhibit net
cross-stream migration toward the centerline48,49. The net drift
toward the centerline of Poiseuille flow due to the elastic flagel-
lum allows sperm to switch from tumbling motion (figure 5a and
5b) to swinging motion (figure 5c and 5d) as the sperm crosses
the centerline of the flow. Non-flagellated micro-swimmers also
exhibit tumbling and swinging behavior depending on their ini-
tial position, but the transition from tumbling to swinging is not
feasible48,49. The value of Yc required to cross the centerline
(i.e. switch from tumbling to swinging motion) increases as the
strength of flow decreases. Therefore for a weak background flow,
the value of Yc for the transition from figure 5b to figure 5c be-
comes very large and the sperm mainly exhibits trajectories like
5d.

Next, we quantify the net migration velocity of the sperm in
the Poiseuille flow, which is defined as the displacement of sperm
head during one cycle of sperm periodic motion. The plots, rep-
resenting the cross-stream migration of sperm (figure 6a,6b, 7a
and 7b), have been created using different runs with different
starting distances from the centerline (h). For all the runs, the
initial orientation of sperm is against the flow direction. Figure
6a represents the cross-stream migration velocity (v) toward the
centerline of the Poiseuille flow at different distances (h) from
the centerline. The cross-stream migration velocity of sperm in-
creases as the shear rate increases for swinging motion (the sperm
crosses the centerline of the Poiseuille flow), while decreases for
tumbling motion (the sperm makes full rotation and doesn’t cross
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Fig. 6 (a) Cross-stream migration velocity (v) vs transverse distance of sperm
from the centerline of the Poiseuille flow (h) at different background flow velocities.
(b) The ratio of cross-migration to downstream migration (v/u) of the sperm vs
distance of sperm from the centerline of the Poiseuille flow at different background
flow velocities.

the centerline of the flow). Initially, far away from the center-
line, the cross-stream migration velocity of sperm increases as the
sperm approaches the centerline, because the sperm doesn’t cross
the centerline and shear rate decreases toward the center of the
flow. After some time, the sperm starts crossing the centerline of
the flow and the cross-stream migration velocity of sperm starts
decreasing as the sperm further approaches the centerline (figure
6a). As the strength of background flow increases, the value of Yc
required to cross the centerline of the flow decreases. Therefore,
the transverse distance of sperm from the centerline, at the in-
stance of maximum cross-migration velocity, decreases as the the
strength of background flow increases (figure 6a). The maximum
cross-stream migration velocity of the sperm is nearly indepen-
dent of the strength of background flow. Figure 6b depicts the
ratio of cross-stream migration to downstream migration at dif-
ferent transverse location of the sperm. The maximum value of
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the ratio of cross-stream migration to downstream-migration de-
creases as the background flow velocity increases.
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Fig. 7 (a) Cross-stream migration velocity vs the transverse distance of sperm
from the centerline of the Poiseuille flow (h) at different Sp. (b) The ratio of cross-
streammigration to downstreammigration of the sperm vs distance of sperm from
the centerline of the Poiseuille flow at different Sp.

Figure 7a depicts the cross-stream migration velocity of the
sperm at different sperm numbers of the flagellum. The flexi-
bility of the sperm flagellum increases as Sp increases and the
swimming velocity of sperm increases with flagellar flexibility
(Appendix). Therefore, the cross-migration velocity of the sperm
increases as Sp increases. The transverse distance of the sperm
from the centerline, at the instance of maximum cross-stream mi-
gration velocity, increases as Sp increases. Because, the value
of Yc required to cross the centerline increases with Sp due to
larger orbits. The ratio of cross-stream migration to downstream-
migration has been depicted in figure 7b. Although the qualita-
tive behaviours of graphs are independent of Sp, it increases as
Sp increases (figure 7b).

4 Conclusions

We have studied the effect of planar unbounded simple shear flow
and Poiseuille flow on the sperm motility at different shear rates.
We have also studied the effect of fluid viscosity and flagellum
stiffness on the trajectory of sperm using the sperm number (Sp).
Rheotaxis leads to sperm rotation in the clockwise direction in the
presence of positive shear and counter-clockwise in the presence
of negative shear. The sperm moves downstream in a simple shear
flow on periodic trajectories of constant transverse amplitude. In
the reference frame advecting with the background flow at Y0, the
sperm moves on a closed elliptical trajectory, the size of which
decreases as the shear strength increases. In contrast to a simple
shear flow, the sperm moves downstream or upstream depend-
ing on the shear strength in a Poiseuille flow by making periodic
trajectories of different transverse amplitude. In a simple shear
flow the sperm does not have net cross-stream migration, while
in the presence of Poiseuille flow the sperm has a net motion to-
ward the centerline. Far away from the center of the Poiseuille
flow, the cross-stream migration velocity of the sperm increases
as the transverse distance of sperm from the centerline decreases.
But close to the centerline, the cross-stream migration velocity
decreases as the sperm further approaches to the center. The flex-
ibility of flagellum increases as the sperm number increases and
this leads to a larger ellipse in the simple shear flow and larger
cross-stream migration velocity in the Poiseuille flow. The non-
flagellated micro-swimmers also exhibit periodic motion similar
to flagellated micro-swimmers in a shear flow48,49. However, the
cross-stream drift of swimmers has been observed only for elastic
flagellated micro-swimmers. The tumbling motion and smaller
orbits at high shear rates lead to temporary trapping of micro-
swimmers in high shear regions, which is the possible explana-
tion of cell depletion observed in the low shear regions during
microfluidic experiments50. Although we obtain f (s, t) at Sp = 1.0
in the present study, the characteristics of the sperm trajectories
are independent of Sp as long as the flagellar beating is symmet-
ric. The method used in the present study to obtain f (s, t) for the
mammalian sperm can be easily extended to the sperm of other
species (supplementary video 3). The present results can be use-
ful for the design of microfluidic devices for sperm sorting and
analysis.

5 Appendix

5.1 Validation of numerical tool

We validated our numerical code against the study of an elastic
filament actuated at its end20–22. We assumed force field f (s, t) =
0 (equation 3 and equation 4) and head position s = 0 is subject
to an angular periodic actuation, ψ(0, t) = θ0 cos(t). This leads to
following boundary conditions at s = 0:

ψ(0, t) = θ0 cos(t), (10)

0 = (−Sp−4 Ýψ+ τ Ûψ)n+γ(Sp−4 Üψ Ûψ+ Ûτ)t. (11)

The distal end of the flagellum (s = 1) was assumed to be force
and torque free:
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0 = (−Sp−4 Üψ)n+ τt, (12)

0 = Sp−4 Ûψ. (13)

The dimensionless propulsive force F imparted to the fluid by
the filament can be written as: F = { Üψ sin(ψ)− 1

2 (
Ûψ)2 cos(ψ)}|s=0.

We also linearized the governing equation for small deforma-
tions:

∂y

∂t
= −Sp−4 ∂

4y

∂x4 . (14)

The boundary conditions at the front end (x = 0) of the filament
are given as: y = 0, ∂y

∂x = θ0 cos(t) and at the distal end of the

filament (x = 1) are given as: ∂2y
∂x2 = 0, ∂

3y
∂x3 = 0.
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Fig. 8 (a) The scaling function of the propulsive force Y(Sp) at different Sp for
the end actuated elastic filament. (b) Relative swimming speed of the sperm at
different amplitude of shear force field. urel and arel are relative swimming
speed and relative amplitude of f (s, t), respectively.

For a small curvature, the propulsive force imparted to the fluid

can be approximated as: F = { ∂
3y
∂x3

∂y
∂x −

1
2 (
∂2y
∂x2 )

2}|x=0. The time

average of propulsive force ( F ) over one period gives:

F =
1
2
θ0

2Sp2Y (Sp), (15)

where Y (Sp) is the scaling function of the propulsive force. The
trend of Y (Sp) vs Sp, obtained from linear as well as non-linear
numerical schemes, have been plotted against the result of Yu
et al. 22 in figure 8a. Our result also provides excellent agreement
with the prediction of Wiggins and Goldstein 20 . To validate the
implementation of f (s, t), we calculated the average swimming
speed of sperm at different amplitude (a) of f (s, t) by assuming
a periodic shear force field: f (s, t) = acos(2πs− t). The swimming
speed of sperm obtained from the simulation is plotted against
the theoretical prediction of Camalet and Jülicher 28 in figure 8b.

5.2 Sperm swimming velocity in the quiescent fluid

For a given f (s, t), the swimming velocity of sperm increases as
the flexibility of flagellum increases (figure 9).
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Fig. 9 Net swimming velocity of sperm at different Sp for a given f (s, t). Force
field f (s, t) has been obtained at Sp = 1.0.
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