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Long-wavelength fluctuations and static correlations
in quasi-2D colloidal suspensions†

Bo Zhang,a and Xiang Cheng a∗

Dimensionality strongly affects thermal fluctuations and critical dynamics of equilibrium systems.
These influences persist in amorphous systems going through the nonequilibrium glass transition.
Here, we experimentally study the glass transition of quasi-2D suspensions of spherical and ellip-
soidal particles under different degrees of circular confinement. We show that the strength of the
long-wavelength fluctuations increases logarithmically with system sizes and displays the signa-
ture of the Mermin-Wagner fluctuations. Moreover, using confinement as a tool, we also measure
static structural correlations and extract a growing static correlation length in 2D supercooled liq-
uids. Finally, we explore the influence of the Mermin-Wagner fluctuations on the translational and
orientational relaxations of 2D ellipsoidal suspensions, which leads to a new interpretation of the
two-step glass transition and the orientational glass phase of anisotropic particles. Our study re-
veals the importance of long-wavelength fluctuations in 2D supercooled liquids and provides new
insights into the role of dimensionality in the glass transition.

1 Introduction
Thermal fluctuations become increasingly important as the di-
mensionality of systems is reduced, which fundamentally changes
the nature of structural phase transitions in equilibrium systems.
In one dimension (1D), thermal fluctuations block the connec-
tivity of systems and therefore destroy any possible long-range
orders and finite-temperature phase transitions.1 In 2D, the clas-
sic Mermin-Wagner theory demonstrates that long-wavelength
thermal fluctuations eliminate spontaneous breaking of contin-
uous symmetries with short-range interactions.2 Although finite-
temperature phase transitions still exist, the nature of the transi-
tions is completely different from their counterparts in 3D. While
the long-range translational and rotational orders emerge simul-
taneously in the discontinuous transition of 3D crystallization, the
Kosterlitz, Thouless, Halperin, Nelson, Young (KTHNY) theory
shows that the 2D crystallization/melting occurs in two steps con-
tinuously via an intermediate hexatic phase, which shows long-
range rotational order but no long-range translational order.3–5

Glass transition is intrinsically a nonequilibrium process and infa-
mous for lacking any obvious symmetry breaking. Nevertheless,
thermal fluctuations and dimensionality may still strongly affect
the transition dynamics. Flenner and Szamel have found in sim-
ulations that the relaxation of the translation of particles decou-
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ples from the local rearrangements of particles with respect to
their neighbors in 2D supercooled liquids, fundamentally differ-
ent from the dynamics of 3D glass-forming systems.6 Later ex-
periments and simulations showed that such a decoupling arises
from long-wavelength fluctuations in 2D.7–10 Simulations further
illustrated that these fluctuations exhibit the same feature as the
Mermin-Wagner (MW) fluctuations.7,9 However, the nature of
these fluctuations has not been tested in experiments. Further-
more, although a two-step glass transition associated with the
translational and orientational relaxations of supercooled liquids
of anisotropic particles has been identified in 2D,11,12 whether
and how these different degrees of freedom of 2D anisotropic su-
percooled liquids are affected by the observed long-wavelength
fluctuations are still open questions.

In addition to the numerical and experimental findings, ther-
modynamic theories of the glass transition also predict a pos-
sible dependence of structural correlations of supercooled liq-
uids on the dimensionality of systems.13,14 The classic Adam-
Gibbs theory proposes that the super-Arrhenius growth of ma-
terial relaxation time near the glass transition temperature Tg

arises from increasingly large regions of cooperative molecular re-
arrangement.15,16 The length scale associated with such regions
is quantitatively analyzed by the Random First Order Transition
(RFOT) theory.14,17–20 In RFOT, confinement is employed inge-
niously as a tool to probe the structural correlations of bulk su-
percooled liquids.18,19 An imaginary cavity of size R is created in
a bulk supercooled liquid. Particles inside the cavity are allowed
to freely evolve to explore different amorphous states, whereas
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particles outside the cavity are frozen in an equilibrium config-
uration. The structural correlations between the particles near
the center of the cavity and those at the boundary of the cav-
ity can then be quantitatively measured. Numerical simulations
revealed a non-zero correlation when R is smaller than a certain
length ξ . This so-called point-to-set correlation length ξ increases
with decreasing temperature T .18 Later experiments on colloidal
suspensions near flat boundaries21 and inside cavities of differ-
ent sizes22 qualitatively confirmed the numerical finding. More
quantitatively, the free-energy cost due to the mismatch between
the amorphous state of particles within a cavity of R and the equi-
librium state outside R is ∆Fs = ΓRθ , where Γ is a generalized sur-
face tension with θ ≤ d−1 and d is the dimensionality. The free-
energy gain from the multiplicity of different amorphous states is
∆Fb =−T sc(T )Rd , where sc is the configurational entropy density.
sc vanishes linearly as T approaching TK , sc = k(T − TK), where
TK < Tg is the Kauzmann temperature and k is a dimensional con-
stant. Balancing the total free energy leads to a prediction of ξ ,

ξ =

[
Γ

T sc(T )

]1/(d−θ)

=

[
Γ(T )

T k(T −TK)

]1/(d−θ)

. (1)

While θ = 2 has been reported in 3D simulations,20,23,24 θ in 2D
is still inconclusive and may be model-dependent.20 This contro-
versy regarding the dimensionality dependence can potentially
be resolved experimentally by probing the structural correlation
of supercooled colloidal liquids at different dimensionalities.

Motivated by the above questions, we experimentally study the
glass transition in quasi-2D colloidal suspensions of various as-
pect ratios under different degress of circular confinement. Con-
finement is employed in our study as a tool to accomplish two
goals. First, it allows us to investigate long-wavelength fluctu-
ations in 2D systems of different sizes. Our experiments show
that the strength of the long-wavelength fluctuations increases
logarithmaically with the linear size of systems and displays a
defining feature of the Mermin-Wagner fluctuations. Second, con-
finement is also used to probe static structural correlations in
2D supercooled liquids within the framework of RFOT. We iden-
tify a structural correlation length near the ideal glass transition,
which shows a divergent power-law scaling consistent with the
prediction of RFOT. A further quantitative comparison between
the scaling relations in 2D and 3D glass-forming systems pro-
vides important insights into the glass transition in different di-
mensionalites.22 We finally explore the differential influences of
the long-wavelength fluctuations on the translational and orien-
tational relaxations of ellipsoidal particles, which leads to a new
interpretation on the two-step glass transition.11,12

2 Experiments

Colloidal particles of different aspect ratios are used to prepare
quasi-2D suspensions in our experiments. We first study the
structure and dynamics of aqueous quasi-2D colloidal suspensions
made of spherical poly(methyl methacrylate) (PMMA) particles of
two different sizes. The diameters of the small and the large parti-
cles are ds = 2.2 µm and dl = 2.8 µm, respectively, which success-
fully suppress crystallization at high area fractions, φ (Fig. 1a).

(a) (b)

Fig. 1 Confined quasi-2D suspensions of (a) binary spherical particles
and (b) ellipsoids. Two layers of particles (marked in orange) are pinned
by optical traps. The inner radius of the pinned particle layers is R = 20
µm. The aspect ratio of the ellipsoids is P = 1.9.

The polydispersity of each type of particles is less than 5%. 7 mM
of sodium dodecyl sulfate (SDS) below the critical micelle con-
centration (CMC) is added to stabilize the suspensions and re-
duce the Debye length of particles (< 20 nm).11 The suspensions
are filled into a wedge-shaped cell. We use 4 µm silica particles
as spacers at the one end of the cell, which lead to a small wedge
angle of 8×10−5. Thus, a large area of quasi-2D colloidal suspen-
sions with almost constant spacing can be selected at a fixed dis-
tance away from the end of the cell.25 We apply different degrees
of circular confinement onto the sample within the quasi-2D plane
by pinning a ring of particles at radius R using optical tweezers
(Aresis, Tweez 250si) (Fig. 1a). The tweezers use a continuous
wave infrared laser of 1064 nm with a maximal power of 5 W.
The laser power is adjusted accordingly, so that the pinning force
on individual particles is independent of R. Although two differ-
ent sizes of particles have been used in our experiments, a certain
degree of particle layering can still be observed near the confined
wall at high φ , typical for packing of hard spheres near smooth
boundaries.26 To reduce the influence of these boundary layers,
we limit our measurements to the central region of confined sam-
ples at least two particle diameters away from the pinned particle
layer. Note also that we pin the particles at a fixed distance R in
our experiments, different from the disordered equilibrium con-
figurations adopted in RFOT simulations.18

To investigate the influence of long-wavelength fluctuations on
the translational and orientational relaxations of supercooled liq-
uids, we also study the structure and dynamics of quasi-2D sus-
pensions of ellipsoidal particles. Ellipsoids of two different aspect
ratios are prepared by mechanical stretching spherical PMMA
particles of diameter ds = 2.2 µm.27,28 The method for prepar-
ing quasi-2D samples of ellipsoidal particles is similar to that
for spherical particles. For particles with the small aspect ratio
P = 1.9, optical tweezers are used to create confined samples of
different sizes (Fig. 1b). For particles with the large aspect ra-
tio P = 6.7, the pinning potential of optical tweezers is flat along
the particles’ major axis. As a result, high-aspect-ratio particles
can move freely inside an optical trap along its major axis due to
thermal fluctuations. We are not able to pin the particles using op-
tical tweezers to create confinement. Thus, we focus on the bulk
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Fig. 2 Long-wavelength fluctuations in quasi-2D supercooled liq-
uids of spherical particles. (a) Mean square displacements of
bulk samples, 〈r2〉(t). From top to bottom, the area fraction φ =

0.229,0.538,0.695,0.785,0.815,0.822 and 0.840. The black dashed line
has a slope of 1. (b) Plateaued MSDs at the inflection point, 〈r2〉P, as
a function of the system size R for φ = 0.82± 0.01. The dotted line in-
dicates a logarithmic increase. 〈r2〉P = 0.15± 0.04 µm2 for bulk sam-
ples. (c) Correlation functions Fs(t) (open symbols) and CΨ(t) (solid
symbols) for bulk samples at different φ . From left to right: φ =

0.229,0.534,0.695,0.776,0.814,0.826,0.838 and 0.851. (d) The relaxation
time ratio τC/τF as a function of R for φ = 0.82±0.01. The dotted line in-
dicates a logarithmic dependence. τC/τF = 9.26±1.97 for bulk samples.

behaviors of the high-aspect-ratio ellipsoids in our experiments.

3 Results and discussion
3.1 Long-wavelength fluctuations

We first study the structure and dynamics of spherical PMMA par-
ticles in a quasi-2D layer under different degrees of confinement.
To reveal the nature of the long-wavelength fluctuations in the
2D supercooled liquids observed in Ref. 7-10, we measure the
mean square displacements (MSDs) of particles (Fig. 2a). At high
φ , MSDs show diffusive behaviors at both short and long times
and exhibit the characteristic plateaus at intermediate times, sig-
naling the caging of particles. Since the motion of particles is
constrained locally within cages, the plateaued MSDs can be used
to quantify the strength of long-wavelength fluctuations at fixed
φ .7,9 Specifically, we measure plateaued MSDs at the inflection
point, 〈r2〉P ≡ 〈r2〉(t = t f ), where (d2〈r2〉/dt2)|t=t f = 0. 〈r2〉P as a
function of the size of confined systems, R/ds, is shown in Fig. 2b.
At high φ = 0.82, we find that 〈r2〉P increases logarithmically with
R/ds, an unmistaken signature of the Mermin-Wagner (MW) fluc-
tuations.2,29,30 The magnitude of the change of 〈r2〉P is consis-
tent with the numerical simulation of the MW fluctuations in
2D colloidal and molecular supercooled liquids.7,9 At lower φ ,
where the distances between nearest neighbors show high vari-
ances, 〈r2〉P shows the characteristic logarithmic increase only
under strong confinement but plateaus at large R/ds (Fig. 6a in
Appendix A). Although the MW fluctuations occur in high-density
amorphous systems in absence of periodicity, they cannot exist in
low-density gases.

The logarithmic dependence and the finite range of confine-

ment limit the dynamic range of 〈r2〉P. Furthermore, the MSD
plateaus disappear for sufficiently large samples at a given φ ,6

preventing the application of 〈r2〉P in quantifying the long-
wavelength fluctuations in very large systems. Hence, we should
not rely on 〈r2〉P as the sole evidence for the MW fluctuations.
To further verify the nature of the fluctuations, we quantify their
strength via the long-time relaxation of particle dynamics. Parti-
cle dynamics with and without the influence of long-wavelength
fluctuations can be quantified by the self-intermediate scattering
function, Fs, and the bond-orientational correlation function, CΨ,
respectively:8

Fs(t) =

〈
1
N ∑

j
cos
(
~Q · [~r j(t0 + t)−~r j(t0)]

)〉
t0

(2)

CΨ(t) =

〈
∑ j[ψ

j
n(t0)]∗ · [ψ j

n(t0 + t)]
〉

t0〈
∑ j |ψ

j
n(t0)|2

〉
t0

, (3)

where ~r j(t) is the location of particle j at time t and N is the
total number of particles. ~Q = Q~ix is along the x direction with
Q = 5.8/ds obtained from the position of the first peak of the
structural factor at high φ . ψ

j
n(t) = (N j

b)
−1

∑m exp(inθm), where
m = 1...N j

b is the nearest neighbor of particle j and θm is the an-
gle between the x axis and ~rm j(t) =~rm(t)−~r j(t). We fix n = 6
in our study since most particles in our binary samples have six
nearest neighbors. Quantitatively similar relaxation is observed
when the bond-orientational correlation is calculated by taking
average of n from 4 to 8 (Fig. 7 in Appendix A). Physically, Fs

depends on the net displacement of particles and is affected by
long-wavelength fluctuations, whereas CΨ measures the relative
location of particles with respect to their nearest neighbors and is
therefore immune to any large-scale fluctuations.8 It is worth of
noting that although CΨ is normally used to measure the bond-
orientation order,31 its relaxation shows a quantitatively similar
trend as the relaxation of the cage-relative translational correla-
tion function in amorphous systems (Fig. 8 in Appendix A). Thus,
CΨ has been generally used to characterize particle relaxations
in the glass transition without the influence of long-wavelength
fluctuations.6,8,9

The decays of Fs and CΨ show similar relaxation times at low φ

in absence of the long-wavelength fluctuations, but become sig-
nificantly different at high φ near the glass transition (Fig. 2c). Fs

decays much faster due to the long-wavelength fluctuations.8,9

We extract the α-relaxation times of the two different correlation
functions, τF and τC, by fitting Fs and CΨ with stretched exponen-
tial functions ∼ exp[−(t/τF,C)

β ] at long times, where β ≤ 1 is a
stretching exponent. Smaller τF relative to τC indicates stronger
fluctuations. Hence, the ratio τC/τF provides a quantitative mea-
surement on the strength of long-wavelength fluctuations as we
shall justify below.

The MSDs of particles at long times can be divided into two
contributions. One is induced by the long-wavelength MW fluctu-
ations indicated by 〈r2〉MW ; the other is due to the local structural
relaxation of supercooled liquids indicated by 〈r2〉i. Assume the
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two contributions are independent,10 we have

〈r2〉= 〈r2〉MW + 〈r2〉i. (4)

Therefore, the strength of the MW fluctuations can be written as

〈r2〉MW = 〈r2〉−〈r2〉i = Dt−Dit, (5)

where in the last step we use the fact that MSDs become dif-
fusive at long times for supercooled liquids, i.e., 〈r2〉 = Dt and
〈r2〉i = Dit when t is large. The total MSD is measured by the
self-intermediate scattering function Fs. So we have D ≈ d2

s /τF .
The local structural relaxation without the influence of the long-
wavelength fluctuations is characterized by the bond-orientation
correlation function CΨ. Thus, we have Di ≈ (αds)

2/τC, where
α < 1 reflecting the fact that a particle only needs to move a small
fraction of its own diameter to significantly change its relative ori-
entation with respect to its nearest neighbors. Replacing D and
Di in Eq. 5 and setting t = τC, the longest relaxation time of all
processes, we have

〈r2〉MW = d2
s

(
τc

τF
−α

2
)
. (6)

Hence, the strength of the MW fluctuations is linearly related to
τC/τF . When α2� τC/τF , a condition that is satisfied in our ex-
periments, the strength of the fluctuations should be directly pro-
portional to τC/τF .

We plot τC/τF against the size of systems (Fig. 2d). A logarith-
mic increase of τC/τF with R/ds is again observed at high φ . The
results directly verify the logarithmic dependence of the strength
of the long-wavelength fluctuations on system sizes in quasi-2D
supercooled fluids close to the glass transition. At low φ where
the long-wavelength fluctuations are weak, τC/τF saturates for
large systems (Fig. 6b in Appendix A), similar to the behavior
of 〈r2〉P. Qualitative similar results have also been observed for
confined systems of the low-aspect-ratio ellipsoids (Fig. 9 in Ap-
pendix A). In combination, our measurements on 〈r2〉P and τC/τF

provide direct experimental evidence of the existence of the MW
fluctuations in quasi-2D colloidal supercooled liquids.

3.2 Static correlations in 2D glass transition

Using confinement as a tool, we also measure the structural cor-
relations of quasi-2D supercooled liquids. To avoid the influence
of the MW fluctuations, we quantify the relaxation of supercooled
liquids using τC. τC as function of φ under different confinements
can be fitted using the Vogel-Fulcher-Tammann (VFT) relation
(Fig. 10 in Appendix B),

τC = τ0 exp
[

Dφ

(φc−φ)

]
, (7)

where τ0 is the microscopic time scale and D is the fragility index.
φc is the ideal glass transition area fraction, where τC diverges.
Fig. 3 shows φc and D at different confinements for suspensions
of spherical particles. Qualitatively similar to 3D supercooled
liquids,22 we find that φc is a constant, whereas D decreases
with R following D(R) = D(∞)+ c(ds/R) with c = 0.92± 0.07 and

Fig. 3 Relaxation of 2D confined supercooled liquids. The ideal glass
transition area fraction φc (open red circles) and the fragility index D (solid
green squares) as a function of the inverse system size ds/R. The dashed
line indicates a constant φc = 0.891. The solid line is a linear fit with a
slope c = 0.92.

D(∞) = 0.51± 0.04. In both 2D and 3D, bulk samples show the
most fragile behavior. At a fixed φ , relaxation slows down dras-
tically under confinement.25,32 A similar trend has also been ob-
served for low-aspect-ratio ellipsoidal suspensions under confine-
ment (Fig. 11 in Appendix B). Hence, our experiments demon-
strate that the nature of 2D and 3D glass transitions are qualita-
tively the same, a result corroborating recent studies.8,9

The constant φc and the linear increase of D with 1/R allow us
to extract a divergent structural correlation length, the so-called
pinning length ξp,33 in 2D supercooled colloidal liquids: From
the Adam-Gibbs theory,15 the α-relaxation time of supercooled
liquids can be written as

τC = τ0 exp
(

A0φ

sc

)
, (8)

where A0 is a constant and sc is the configurational entropy den-
sity. For bulk samples without confinement, sc decreases to zero
linearly at the ideal glass transition point φc, sc = k(φc−φ), where
k is another proportional constant. Thus, Eq. 8 turns into the VFT
relation (Eq. 7) if we identify D as A0/k. For a confined sample
of size R, Chakrabarty et al. proposed that the configurational
entropy density follows sc(φ ,R) = F(R)sc(φ ,∞), where F(R) is an
increasing function of R with F(∞) = 1 and F(0) = 0.33 Thus, the
relaxation time of confined systems is

τC = τ0 exp
[

A0φ

kF(R)(φc−φ)

]
, (9)

which gives the system-size-dependent fragility index D(R) =
A0/(kF(R)). Since F(R) is an increasing function of R, D decreases
with R, qualitatively agreeing with our experimental observation
(Fig. 3). The ratio of the relaxation times between the confined
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sample and the bulk sample at a fixed φ can be calculated as

ln
[

τc(φ ,R)
τc(φ ,∞)

]
= D(R)

[
φ

φc(R)−φ

]
−D(∞)

[
φ

φc(∞)−φ

]
. (10)

In general, φc could be a function of R. D(∞) and φc(∞) indi-
cate the fragility index and the ideal glass transition area fraction
of the bulk sample, respectively. We then introduce the number
density of pinned particles, i.e., the number of pinned particles
divided by the total area of the system (ignoring any order one
constant) as ρpin = (R/ds)/R2 = 1/(Rds) in the above equation,
which gives

ln
[

τc(φ ,R)
τc(φ ,∞)

]
=

[
D(R)

(
φ

φc(R)−φ

)(
R
ds

)

−D(∞)

(
φ

φc(∞)−φ

)(
R
ds

)]
d2

s ρpin. (11)

ρpin is a control parameter in the RFOT theory to reveal the struc-
tural correlation of glass transition.14,20 Here, we have extended
the definition of ρpin for random pinning in theory14,33 to pinning
walls in our experiments. Numerical simulations have demon-
strated that the growth of static correlations is qualitatively sim-
ilar under these different pinning geometries.34 Since ρpin has a
dimension of [length]−2, the prefactor in Eq. 11 must has a di-
mension of [length]2, which for convenience we can call as ξ 2

p ,
i.e.,

ln
[

τc(φ ,R)
τc(φ ,∞)

]
= ξ

2
p ρpin (12)

ξp ≡
[

D(R)
(

φ

φc(R)−φ

)(
R
ds

)
−D(∞)

(
φ

φc(∞)−φ

)(
R
ds

)]1/2
ds.

(13)
Next, we apply our experimental observations. First, our mea-
surements show that φc is independent of R (Fig. 3). Thus, Eq. 13
becomes

ξp(φ ,R) =
[
[D(R)−D(∞)]

(
R
ds

)]1/2(
φ

φc−φ

)1/2
ds. (14)

Furthermore, our experiments show that D increases linearly with
the inverse system size ds/R (Fig. 3). Thus, the term in the first
bracket on the right is a constant and equals to the slope of the
linear relation, c = 0.92±0.07. Therefore, we finally reach

ξp(φ) = c1/2
(

φ

φc−φ

)1/2
ds, (15)

which is independent of system size R. Such a length can be taken
as the static structural correlation length of bulk supercooled liq-
uids. It should be emphasized that any valid static structural cor-
relation length of glass transition must be a bulk property of su-
percooled liquids, independent of the size of confinement. The
RFOT theory uses confinement as a tool to probe the existence of
structural correlations in bulk samples.14,17,18,20

Eq. 15 shows that ξp diverges at φc following a square-root
scaling. Our direct measurements of ξp are indeed consistent
with this prediction (Fig. 4). Here, to extract ξp directly from

Fig. 4 Structural correlation length of 2D supercooled colloidal liquids.
The pinning length ξp/ds versus the rescaled area fraction φ/(φc − φ).
Different symbols are from different R. The solid line is ξp/ds = [cφ/(φc−
φ)]1/2.

experiments, we try to collapse all experimental relaxation times
τc(φ ,R)/τc(φ ,∞) at different φ and R as a function of ρpin into
a master curve by manually adjusting a single fitting parameter,
ξp(φ ,R) (Eq. 12). The resulting ξp is independent of R and shows
a power-law scaling consistent with Eq. 15 (Fig. 4). In compari-
son, ξp/ds ∼ [φ/(φc−φ)]1/3 in 3D.22

The results in both 2D and 3D samples support the hypothesis
that the configurational entropy of confined systems decreases as
sc(φ ,R)=F(R)sc(φ ,∞),20,33 where F(R)∼ 1/D(R) is an increasing
function of R between zero and one. Notice that the point-to-set
correlation length ξ ∼ [φ/(φc− φ)]1/(d−θ) from Eq. (1) when we
replace T sc = T k(T −TK) with [k(φc−φ)]/φ suitable for colloidal
suspensions.35,36 Thus, our pinning length should scale with ξ in
d dimensions as

ξp ∼ [φ/(φc−φ)]1/d ∼ ξ
(d−θ)/d , (16)

quantitatively the same as the scaling of a similar pinning length
predicted by a RFOT theory.14 However, in Ref. 14, a different
formula of the configurational entropy is assumed, where sc de-
crease with increasing confinement following sc(φ ,R) = sc(φ ,∞)−
f (φ)/R. Here, f is a function of φ and independent of R. It
is worth of checking if such a discrepancy can be explained
within the framework of RFOT20 or if alternative theories such
as dynamical facilitation theories,37 geometric frustration theo-
ries38 and models with short-ranged orientational orders39,40 are
needed.

It has been shown within RFOT, ξp ∼ ξ 1/d near the random
first order transition and ξp ∼ ξ away from the transition.41 Thus,
Eq. 16 from our experiments indicates θ = d− 1 near the transi-
tion and θ = 0 away from the transition.

Lastly, it is worth of noting that the confining boundary adopted
in our study is smooth and different from the frozen equilibrium
boundary suggested by RFOT.18,21 Nevertheless, a recent RFOT
theory has shown that confined systems with smooth boundaries
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exhibit qualitatively similar trends in the development of static
correlations and, therefore, can be used as a tool to probe static
correlation lengths in supercooled liquids.19 It would be inter-
esting to check how the relaxation dynamics of particles change
when different confining boundary conditions are applied in ex-
periments.

3.3 The effect of long-wavelength fluctuations on transla-
tional and orientational relaxations of ellipsoids

Finally, after confirming the existence of the MW fluctuations and
exploring the static correlations in 2D confined systems, we set
out to investigate how the MW fluctuations affect the glass tran-
sition of anisotropic particles in 2D. Although most works on the
translational and orientational relaxations of supercooled liquids
of anisotropic particles focus on 2D systems,11,12,42–44 very few
studies have explored the possible differential influences of the
MW fluctuations on the translational and orientational degrees of
freedom of the systems. Here, we probe the effect of the MW fluc-
tuations on the translation and orientation of quasi-2D colloidal
suspensions of ellipsoids and re-exam the established results on
the translational and orientational relaxations of 2D anisotropic
supercooled liquids.

To quantify particle orientational dynamics, we measure the
body orientational correlation function, Ln(t)11

Ln(t) =

〈
1
N ∑

j
cos
[
n
(
α j(t + t0)−α j(t0)

)]〉
t0

, (17)

where α j(t) is the orientation of the major axis of ellipsoid j with
respect to the x axis. We fix n = 6 in our analysis. Different
choices of n yield qualitatively similar results (Fig. 12 in Appendix
C).11,12 It should be emphasized that the body orientational cor-
relation of anisotropic particles defined in Eq. 17 is different from
the bond orientational correlation defined in Eq. 3 that exists even
for spherical particles in 2D as shown by the KTHNY theory and
discussed more recently in the context of glass transition.45 The
body orientational relaxation time at a given φ , τL(φ), can again
be extracted by fitting Ln(t) with stretched exponential functions
at long times.

By comparing τF from Fs with τL from Ln, Zheng et al. iden-
tified a two-step glass transition for quasi-2D suspensions of el-
lipsoids,11,12 where the glass transition of particles’ orientational
degree of freedom occurs at a lower φ than the glass transition
of the translation of particles. A phase of orientational glasses
emerges when the area fraction of a sample is larger than the
orientational glass transition area fraction φ o

g but smaller than
the translational glass transition area fraction φ t

g.11,46 The rota-
tional relaxation of an orientational glass is much slower than its
translational relaxation. The density difference ∆φ = φ o

g −φ r
g de-

creases with decreasing P and vanishes when P= 1.7 for ellipsoids
with hard-sphere potentials. Since τF is significantly affected by
the MW fluctuations in 2D supercooled liquids (Figs. 2c and d),
the nature of the two-step glass transition and the orientational
glasses may strongly depend on the MW fluctuations.

To demonstrate the influence of the MW fluctuations on the
two-step glass transition of anisotropic particles, we plot three

Fig. 5 Influence of the Mermin-Wagner fluctuations on translational and
orientational relaxations of ellipsoids. The aspect ratios of ellipsoids are
P = 1.9 (a) and 6.7 (b). There different relaxation time ratios versus area
fraction: τC/τF (green squares), τL/τF (yellow disks), and τL/τC (red trian-
gles). Yellow and green dashed lines are visual guidelines. Red dashed
lines are linear fits in the log-linear scale. Black arrows indicate the kinks
in τL/τF versus φ , marking the onset of the orientational glass phase.

different relaxation time ratios: τC/τF , τL/τF and τL/τC for
bulk samples at different φ (Fig. 5). Here, τC/τF indicates the
strength of the MW fluctuations (Fig. 2d). τL/τF captures the
two-step glass transition discussed in Ref. 12, whereas τL/τC com-
pares the orientational and transitional relaxations after the long-
wavelength fluctuations are removed. For ellipsoids of both small
and large P, the MW fluctuations emerge at high φ with their
strength increasing with φ (green squares in Fig. 5). At high
φ where the fluctuations are strong, a qualitative change in the
trend of τL/τF versus φ can be observed: the increase of τL/τF

becomes significantly faster above a threshold φ , manifesting as
upturning kinks in the curves (yellow disks in Fig. 5). The ef-
fect is most pronounced for the low-P samples. Such qualitative
changes arise from a sharp increase of τL relative to τF , signaling
the formation of orientational glasses.11,12,46 Since the regime
of orientational glasses ∆φ is small for ellipsoids of small P, the
increase of τL/τF is sharper over a narrower range of φ for the
low-P samples (Fig. 5a). Importantly, when the MW fluctuations
are removed, τL/τC shows a smooth exponential increase over
the whole range of φ of our experiments without any qualitative
change in trend for both low and high-P samples (red triangles
in Fig. 5). This Arrhenius increase of τL/τC suggests a constant
energy-barrier difference between the translational and orienta-
tional relaxations. The observation furthermore suggests that the
two-step glass transition and the orientational glasses in 2D are
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the consequence of the MW fluctuations. Translational and orien-
tational relaxations are qualitatively similar at local scales.

4 Conclusions
We experimentally studied the long-wavelength fluctuations and
structural correlations in quasi-2D suspensions of spherical and
ellipsoidal particles. Circular confinement induced by optical
traps was employed as a tool in our study to investigate two bulk
properties of colloidal supercooled liquids. First, confinement
was used to measure the dependence of long-wavelength ther-
mal fluctuations on the linear size of systems. Our experiments
provided direct evidence of the existence of the Mermin-Wagner
fluctuations in 2D supercooled liquids close to the glass transi-
tion. Second, using confinement as a probe, we also illustrated
the emergence of structural correlations in 2D supercooled liquids
near the glass transition. We extracted the corresponding static
correlation length, which follows a divergent power-law scaling,
qualitatively similar to that of 3D systems. Furthermore, we also
demonstrated the differential influences of the Mermin-Wagner
fluctuations on the translational and orientational relaxations of
anisotropic particles. The relaxations of these two degrees of
freedom show a qualitative similar trend at local scales, where
the long-wavelength fluctuations are insconsequential. Taken to-
gether, our experimental study provided new insights not only on
the structures and dynamics of 2D supercooled liquids, but also
on the role of dimensionality on the glass transition. While the
dimensionality-dependent long-wavelength thermal fluctuations
strongly affect the dynamics of glass transition at large scales,
microscopic structural relaxations are insensitive to these fluctu-
ations.

Conflicts of interest
There are no conflicts to declare.

Acknowledgements
We thank Yi Peng and Zhongyu Zheng for discussions and help
with the experiments. The research was partially supported by
the NSF MRSEC Program (DMR-1420013) and by the Packard
Foundation.

Appendix A: Characterization of long-
wavelength fluctuations

A.1 Plateaued MSDs at the inflection point, 〈r2〉P
We quantify the strength of the long-wavelength fluctuations by
measuring the plateaued mean square displacements (MSDs),
where the caging effect is most pronounced. The same approach
has been used in the numerical study of the Mermin-Wagner
(MW) fluctuations.7,9 We identify the plateaued MSDs at the in-
flection point with d2〈r2〉/dt2 = 0. At high φ = 0.82, the plateaued
MSDs, 〈r2〉P, exhibits a logarithmic increase with the system size,
the key signature of the MW fluctuations (Fig. 2b). At low φ ,
when colloidal suspensions gradually transition from dense su-
percooled fluids to low-density fluids, the fluctuations should dis-
appear. Interestingly, we find that when lowering φ , the signature
of the MW fluctuations diminishes for large systems first but per-

Fig. 6 Strength of the long-wavelength fluctuations. (a) Plateaued MSDs,
〈r2〉P, as a functions of system size R for φ = 0.80± 0.01 (yellow disks)
and φ = 0.75±0.01 (red triangles). For bulk samples, 〈r2〉P = 0.17±0.06
µm2 for φ = 0.80 and 0.51±0.07 µm2 for φ = 0.75. (b) Ratio of relaxation
times, τC/τF , as a function of R for φ = 0.80± 0.01 (yellow disks) and
φ = 0.75± 0.01 (red triangles). For bulk samples, τC/τF = 4.87± 1.09 for
φ = 0.80 and 0.98±0.17 for φ = 0.75.

sists in small systems. Specifically, 〈r2〉P shows the logarithmic
increase at small R. The increase shows the trend of saturation at
large R (Fig. 6a). It is worth noting that for systems with large R,
the plateau of MSDs becomes less distinct.6 The crossover from
the short-time diffusive regime and the long-time diffusive regime
is smooth lacking a true flat plateau. Although 〈r2〉P is still well
defined mathematically in this case, it may not serve as a good
indicator for the long-wavelength fluctuations. For the highest
φ = 0.82 we study, the value of 〈r2〉P of the bulk sample still indi-
cates the presence of saturation in the large R limit, even though
the logarithmic dependence is observed for all the confined sam-
ples (Fig. 2b).

A.2 Bond-orientational correlation function, CΨn vs. CΨ6

In the main text, we fix n = 6 in the definition of the bond-
orientational correlation functions, CΨ (Eq. 3). In amorphous
samples, particles may not have six nearest neighbors. Thus, we
also calculate the bond-orientational correlation by averaging n
from 4 to 8 to include the majority of particles with different num-
bers of nearest neighbors:9

CΨ =
〈∑8

n=4 ∑ j

[
ψ

j
n(t0)

]∗
·
[
ψ

j
n(t0 + t)

]
〉t0

〈∑8
n=4 ∑ j |ψ

j
n(t0)|2〉t0

. (18)
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Fig. 7 Different definitions of the bond-orientational correlation functions.
(a) Comparison of the six-fold bond-orientational correlation function with
n = 6, CΨ6 , and the average bond-orientational correlation function with n
ranging from 4 to 8, CΨn . Solid symbols are for CΨ6 . Empty symbols are
for CΨn . From left to right, the area fractions are φ = 0.229, 0.695, 0.776,
0.814 and 0.838. (b) Relaxation time of CΨn , τCn , versus relaxation time of
CΨ6 , τC6 . The dashed line indicates τCn = 0.6τC6 .

The six-fold configuration is a locally favored structure, which is
therefore more relaxed and shows slower relaxations. As a result,
CΨn with n ranging from 4 to 8 relaxes faster than CΨ6 with n
fixed at 6 (Fig. 7a). Nevertheless, the relaxation times extracted
from these two different correlation functions are linearly propor-
tional to each other (Fig. 7b). Hence, the conclusion of our paper
should not depend on the choice of these two different bond-
orientational correlation functions.

A.3 Local structural relaxation, CΨ vs. Fs−CR

We quantify the local structural relaxation of supercooled col-
loidal liquids without the influence of long wavelength fluctua-
tions using CΨ. The local structural relaxation can also be quanti-
fied by the cage-relative translational correlation function, Fs−CR,
which is defined as8,9

Fs−CR(t) = 〈
1
N ∑

j
cos
(
~Q ·∆~rCR, j(t0, t)

)
〉t0 , (19)

Fig. 8 Comparison of three correlation functions, Fs, Fs−CR and CΨ. (a)
Fs vs. CΨ at different area fractions. From left to right, the area fraction
φ = 0.229, 0.695, 0.776, 0.814 and 0.838. Empty symbols are for Fs. Solid
symbols are for CΨ. (b) Fs−CR vs. CΨ. The area fractions are the same as
those shown in (a). Half-empty symbols are for Fs−CR, which show similar
relaxation as CΨ. (c) The relaxation time extracted from Fs−CR, τF−CR, as
a function of the relaxation time extracted from CΨ, τC. The relaxation
times are obtained by fitting the long-time decay of the corresponding
correlation functions with stretched exponential functions. The dashed
line indicates τF−CR = 2τC.
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where ∆~rCR, j is the relative displacement of Particle j with respect
to its nearest neighbors.

∆~rCR, j =~r j(t0 + t)−~r j(t0)−
1
M ∑

i
[~ri(t0 + t)−~ri(t0)] , (20)

where i denotes nearest neighbors of Particle j at initial time t0
and the sum is over all the M neighbors. Fs−CR is the counter-
part of the self-immediate scattering function, Fs, after the re-
moval of long-wavelength fluctuations. Refs. 8 and 9 showed
that the relaxation of Fs−CR and CΨ follow a similar trend. We
confirm this result in our experiments. Figure 8 shows Fs, Fs−CR

and CΨ at different area fractions. At low area fractions, the three
correlation functions exhibit similar relaxation trends. However,
with increasing area fractions, the relaxation of Fs becomes sig-
nificantly faster due to the presence of long wavelength fluctua-
tions in 2D systems (Fig. 8a). In contrast, without the influence
of the fluctuations, Fs−CR and CΨ show similar relaxation behav-
iors (Fig. 8b). Quantitatively, the relaxation time extracted from
CΨ, τC, is linearly proportional to the relaxation times extracted
from Fs−CR, τF−CR, except at the lowest area fraction φ (Fig. 8c).
Thus, our measurements verify that both CΨ and Fs−CR measure
the same local structural relaxation without the influence of long-
wavelength fluctuations.

A.4 Relaxation time ratio, τC/τF

The logarithmic increase of τC/τF for samples of spherical PMMA
particles at high φ = 0.82 indicates the logarithmic dependence
of the strength of the long-wavelength fluctuations (Fig. 2d). For
low φ samples, τC/τF shows a similar trend as 〈r2〉P at low φ

(Fig. 6b): For φ = 0.80 samples, τC/τF increases logarithmically
for small systems and sub-logarithmically for large systems. For
even lower φ = 0.75 samples, τC/τF increases logarithmically for
small systems and saturates for large systems.

Similar behaviors have also been observed for systems com-
posed of the low-aspect-ratio ellipsoids with P = 1.9 (Fig. 9). At
high volume fractions, τC/τF increases logarithmically with sys-
tem size. At low volume fractions, it saturates when the system
size is large. For the high-aspect-ratio ellipsoids with P = 6.7, we
cannot pin the particles using optical tweezers, which prevents us
from measuring fluctuations at different system sizes.

Appendix B: Structural correlations of quasi-
2D supercooled liquids
B.1 Relaxation of suspensions of spherical particles under
confinement

We study the long-time relaxation of particle dynamics based on
the bond-orientational correlation function, CΨ. The α-relaxation
time, τC, is extracted by fitting CΨ with an stretched exponential
function at long times. Figure 10 shows τC(φ) under different de-
grees of circular confinement. The relaxation of particles slows
down dramatically as φ increases toward the glass transition. At
a given φ , the relaxation time increases with increasing confine-
ment, similar to the behavior of 3D confined suspensions.25,32 We
fit the super-Arrhenius increase of τC(φ) near the glass transition
with the classical Vogel-Fulcher-Tammann (VFT) relation (Eq. 7)

Fig. 9 Relaxation time ratio τC/τF as a function of system size R for the
low-aspect-ratio ellipsoids with P= 1.9. From top to bottom, the area frac-
tion is φ = 0.81, 0.78 and 0.75. The dotted lines indicate the logarithmic
dependence. τC/τF = 19.2 for bulk samples at φ = 0.81.

for each confinement (Fig. 10). D gives the fragility index quan-
tifying the local slope of logτC(φ) near the glass transition and
φc represents the ideal glass transition area fraction where τC di-
verges. D(R) and φc(R) for suspensions of spherical particles are
shown in Fig. 3.

B.2 Relaxation of suspensions of ellipsoids under confinement

We also measure the translational and orientational relaxations
of suspensions made of ellipsoids of aspect ratio P = 1.9. The
translational relaxation is again characterized by τC based on CΨ,
whereas the orientational relaxation is quantified by τL based on
the body orientational correlation function, Ln. Figure 11 shows
the resulting D(R) and φc(R), which exhibit qualitatively similar
trends as those of spherical suspensions. For both the transla-
tional and orientational degrees of freedom, φc(R) is a constant
independent of R. In both cases, D increases linearly with the in-
verse system size. The slope of the linear relation is slightly larger
for the orientational relaxation. The results also indicate the
translational and orientational relaxations are qualitatively sim-
ilar at local scales excluding the long-wavelength fluctuations. As
noted above, we cannot trap ellipsoids with P = 6.7 using optical
tweezers. Therefore, we cannot probe the relaxation of the high-
aspect-ratio ellipsoids under confinement in our experiments.

Appendix C: Effect of long-wavelength fluc-
tuations on translational and orientational re-
laxations of ellipsoids
C.1 Body orientational correlation function, Ln

The relaxation of the orientational degree of freedom of ellipsoids
can be characterized by the body orientational correlation func-
tion, Ln (Eq. 17). Zheng et al. has measured Ln of ellipsoids in
2D.11,12 They showed that although Ln decays faster for larger n
as expected, different choices of n yield the same glass transition
point. We verify their finding further by examining the relaxation
of Ln with n= 2, 4 and 6. The relaxation times of L2, L4 and L6 are
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Fig. 10 Relaxation of suspensions of spherical particles. The α-
relaxation time τC as a function of the area fraction φ for different con-
finements. τC is extracted from the bond-orientational correlation func-
tion, CΨ. From top to bottom, R = 3.2ds (green triangles), 9.0ds (yellow
disks) and bulk samples (red squares). Six different confinements are
measured in total (Fig. 3). We only show three here for clarity. τ0 = 1.04
s is the Brownian translational relaxation time of the small particles in the
dilute limit. The solid lines are the VFT fittings. Only data close to the
glass transition with φ > 0.5 are used for fitting.

Fig. 11 Translational and orientational relaxations of suspension of ellip-
soids with aspect ratio P = 1.9. φc (open symbols) and D (solid symbols)
from CΨ (orange disks) and Ln (green triangles) as a function of the in-
verse system size ds/R. The dashed lines indicate constant values. The
solid lines are linear fittings for D.

Fig. 12 Relaxation of the body orientational correlation function Ln. Re-
laxation time of L2, τL2 (red disks) and the relaxation time of L4, τL4 (green
squares), as a function of the relaxation time of L6, τL6. The red dashed
line indicates τL2 = 15τL6. The green dashed line indicates τL4 = 2.2τL6.

linearly proportional to each other (Fig. 12). Hence, these differ-
ent choices of n should not affect the conclusion of our paper. We
choose the large n = 6 in our study so that the body orientational
relaxation time can be measured at slightly higher area fractions.
Note that L2 decays 15 times slower than that of L6 at a given φ ,
whereas L4 decays 2.2 times slower than that of L6. At high area
fractions, the data of L2 becomes significantly more noisy due to
insufficient statistics at long relaxation times (Fig. 12).

C.2 Two-step glass transition

Zheng and co-workers identified the translational and orienta-
tional glass transition by extrapolating the corresponding transla-
tional and orientational relaxation times to infinity to extract the
ideal glass transition points.11,12 Following their procedure, we
fit the relaxation times τF and τL, which are extracted from the
translational correlation Fs and the body orientational correlation
L6 respectively, as a function of φ using power-law relations:

τ(φ) ∝ (φc−φ)−γ (21)

(see Eq. (1) of Ref. 12). Here, φc is the ideal glass transition
point, where τ diverges.

For the low aspect ratio (P = 1.9) ellipsoids, we find the differ-
ence between φc from τF (φ) and φc from τL(φ) is small: φc = 0.832
from τF (φ), whereas φc = 0.826 from τL(φ). This is consistent with
the study of Zheng and co-workers, where they found the differ-
ence in τc goes to zero when P ≤ 2.5 in experiments and when
P ≤ 1.7 in simulations. For the high aspect ratio (P = 6.7) el-
lipsoids, we find that φc = 0.85 from the translational relaxation
τF (φ) and φc = 0.77 from orientational relaxation τL(φ). The finite
difference between φc from the translational and orientational re-
laxations, ∆φc = 0.08, directly confirms the existence of the two-
step glass transition in our experiments. In comparison, Zheng
et al. found φc = 0.78 from τF (φ) and φc = 0.70 from τL(φ) with
ellipsoids of a similar aspect ratio. Thus, ∆φc = 0.08 in their study.
Although the absolute values of our φc are consistently larger, the
differences, ∆φc, are quantitatively the same in the two studies.
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Dynamics of quasi-2D colloidal suspensions of binary spherical particles (left) and ellipsoids 
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