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Abstract 

Optical emission spectroscopy (OES) imaging is often used for diagnostics for better 

understanding of the underlying mechanisms of plasmas. Typical spectral images, however, 

contain intensity maps that are integrated along the line-of-sight. A widespread method to 

extract the radial information is Abel’s inversion, but most approaches result in accumulation of 

error toward the plasma axial position, which is often the region of most interest. Here, a 

Fourier-transform based Abel’s inversion algorithm, which spreads the error evenly across the 

radial profile, is optimized for OES images collected on a push-broom hyperspectral imaging 

system (PbHSI). Furthermore, a sub-pixel shifting (SPS) sampling protocol is employed on the 

PbHSI in the direction of the radial reconstruction to allow improved fidelity from the increased 

number of data points. The accuracy and fidelity of the protocol are characterized and 

optimized with a software-based 3-dimensional hyperspectral model datacube. A systematic 

study of the effects of varying levels of representative added noise, different noise filters, 

number of data points and cosine expansions used in the inversion, as well as the spatial 

intensity distribution shapes of the radial profile are presented. A 3D median noise filter with 3-

pixel radius, a minimum of 50 points and 8 cosine expansions are needed to keep the relative 

root mean squared error (rRMSE) <8%. The optimized protocol is implemented for the first time 

on OES images of a micro-capillary dielectric barrier discharge (µDBD) source obtained via SPS 

PbHSI system and the extracted radial emission of different plasma species (He, N2, N2
+) are 

shown.  
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Introduction 

Plasma-based techniques are routinely applied in a variety of fields, including chemical analysis. 

The wide applications motivate increasing interests for diagnostics of plasma properties, 

including the identification of active plasma species, measuring electron temperature, electron 

density, and gas temperature, etc.1-6 While many plasma diagnostic techniques have been 

developed in the recent decade to measure the plasma properties mentioned above, their 

underlying mechanisms are still far from being fully understood in detail, especially the plasma-

surface interactions. Among the diagnostic techniques, OES shows particular interests because 

it allows a relatively simple and cost-effective manner for directly measuring the distribution of 

atomic and molecular excited species, without disturbing the plasma across a wide wavelength 

range..1, 7, 8  However, the detection systems used in OES integrate all the emission information 

along the line-of-sight (LOS) of the  light collection direction, which inherently lacks radial 

resolution.9 

Many techniques have been developed to extract the radial information from OES  

measurements.9-12 Abel’s inversion transform is one of such techniques that reconstruct the 

radially resolved information out of the LOS emissions when it can be assumed that the plasma 

is cylindrically symmetric. The LOS profile h(x) and radial profile f(r) can be converted to each 

other mathematically according to the following equations: 9  

ℎ(𝑥) = 2 ∫ 𝑓(𝑟)
𝑟

√𝑟2−𝑥2

𝑅

𝑥
𝑑𝑟 ,       (1) 

𝑓(𝑟) = −
1

𝜋
2 ∫

𝑑ℎ(𝑥)

𝑑𝑥

1

√𝑥2−𝑟2

𝑅

𝑟
𝑑𝑥 ,      (2) 
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Where x is the LOS distance from the plasma center, r is the radial displacement from the axis, 

and R is the plasma source radius. There are many numerical methods have been applied to 

solve the equations, including direct discretization,9 one-dimensional convolution,10 the 

Legendre polynomials approximations,11, 13 and the Nestor-Olsen method,14, 15 etc. However, 

some disadvantages are inherent for those methods: first, the accuracy of the reconstruction 

relies on the first derivative of the line-of-sight profile (𝑑ℎ(𝑥)/𝑑𝑥), which will be largely 

affected by the error during the acquisition. Second, the radial profile after the inversion shows 

the greatest error around the axial position, due to the error accumulation as the 

deconvolution starts from the outer-most layer to the axis, which may be the region of greatest 

interest. An alternative numerical method based on Fourier transform has also been proposed 

for Abel’s inversion,9, 16-19 showing advantages such as being derivative-free and minimizing 

error accumulation toward the object center, which makes it particularly suitable for revealing 

the plasma properties at the axial positions.  

Push-broom, or line scanning systems are often used for spectral imaging. They have 

advantages of high-light throughput, simultaneous coverage of a wide wavelength range, and a 

fast acquisition rate.20-24 Previously we proposed a SPS protocol to achieve geometric super-

resolution, or higher resolution compared to the geometric pixel size, in the spatial scanning 

dimension.25 This approach is particularly useful when higher resolution is needed in one 

dimension without having to rely on magnification techniques that restrict the field-of-view, 

thus requiring several images to obtain a full picture, lower light throughput, or may require 

expensive compound lenses to minimize inherent aberrations. One such case is the acquisition 

of LOS spectral images with the goal of performing Abel’s inversion to reconstruct the radially 
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resolved information because the reconstruction takes place only in the dimension where the 

cylindrical symmetry is assumed. In addition, it has been previously shown that an increase in 

the number of data points along the LOS intensity profile can lead to much better fidelity when 

performing the Abel’s inversion radial profile reconstruction.14, 18  

Here, a method that allows extracting radially resolved information with a Fourier-transform 

based Abel’s inversion algorithm from LOS spectral images obtained via SPS PbHSI is presented. 

A systematic study on the effect of the experimental conditions on the accuracy and fidelity of 

the reconstructed radial profiles is also shown. The optimized conditions are used to implement 

the protocol for obtaining radially resolved optical emission maps from a µDBD.   

 

Experimental Methods 

Abel’s Inversion Protocol Evaluation and Optimization 

In this study, a non-iterative, derivative-free, Fourier-transform based Abel’s inversion 

algorithm16, 17 was implemented for the reconstruction of radially resolved images fromLOS 

images acquired via SPS PbHSI. A  software-based 3-dimensional model spectral data cubes 

were constructed in MATLAB (R2018a, The Math Works, Inc., USA) to evaluate the performance 

of Abel’s Inversion algorithm with respect to the fidelity of the reconstructed radially resolved 

information. The schematic flow chart of the model design and the Abel’s inversion protocol is 

shown in Fig 1. The model spectral data cubes were designed to be representative of measured 

spectral data cubes, as discussed in detail below, including spatial and spectral profile shapes, 

noise addition and filtering, as well as SPS convolution and deconvolution.  
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Model Spectral Data Cube 

Spatial profile 

Supplementary information Fig. S1 shows three different types of radially resolved spatial 

intensity profiles (blue) and their corresponding LOS integrations (red), which represent the 

emission intensity profile across the plasma (x-dimension) at a certain height (y-dimension) and 

wavelength (λ-dimension). The radial intensity profiles simulate the emission that is higher at 

the axis (convex), not changing much at the axis (flat), or much lower at the axis (concave), 

respectively. According to the literature,9, 26, 27 the relationship of the radial profile ɛ(r) and the 

lateral profile, or LOS, I(x) can be expressed as follows:  

 

Figure 1. The schematic flow chart of the hyperspectral datacube model design and the Abel’s 

inversion protocol. The design is composed of two parts: the construction of the datacube (red 

arrows) and the deconvolution and reconstruction of the radial profile (blue arrows). The protocol 

details are described in step 1 to 9 in the Experimental section. Note that before the SPS convolution 

algorithm (step 3) one pixel in the profile represents 1 µm, while after the convolution step one pixel 

= 2 µm. 
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where0 1,0 1r x    , and 𝑎1 = √1 − 𝑥2,. If the radius is N pixels, the total number of pixels 

in the line profile will be 2N-1. In the present study, the N is set to 50 and 200, covering the pixel 

range of the actual plasma emission width.  

SPS Convolution 

The SPS convolution protocol simulates the optical emission spectral data cube acquired by SPS 

in the Pb-HSI system. Here, 1 pixel/data point represents 1 µm to best represent the 

experimentally acquired emission images.  

1. The width of the spectral data cube is 500 µm, so a 1D 1 x 500-pixel array is generated 

with a model intensity of 560 counts at every pixel to simulate the average background 

intensity in the experimental data. Next, the LOS profile is generated where the total 

number of data points is 2N-1 pixels, for example, 399 data points for N=200, and the 

highest intensity pixel value is set to 3000. The background array is added to the LOS 

profile so that their center pixels are aligned with each other.   

Convex 

Flat 

Concave 
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2. A 2D matrix is generated by repeating the 1 x 500 array LOS profile 250 times in the y-

dimension to make a 250 x 500 matrix. The matrix size is increased in the y-dimension 

by adding 50 rows, at the top and bottom, with background intensity values (560) to 

produce a 350 x 500 matrix.  

3. The SPS convolution algorithm is applied to the new matrix along the x-dimension, 

which consists of summing a 10–pixel window (equivalent to the entrance slit width) 

and saving the result into a new matrix. The 10-pixel window is then shifted by 2 pixel 

columns (representing the SPS scan step width) and so forth, so the new resulting 

matrix will be 350 x 246 pixels ( 
500−10

2
 +1=246, note that here 1 pixel = 2 µm because of 

the shift). The 246-pixel array contains oversampled information as opposed to the 

regular acquisition where the scan step width is equivalent to the slit width (10 um) 

resulting in only 50 pixels (500/10=50, 1 pixel = 10 µm).  

4. White Gaussian noise was added homogeneously (referred to as “homogenous 

distribution”) throughout the matrix generated in step 3 to study its generalized effect 

on the Abel’s inversion reconstruction fidelity. Subsequently, white Gaussian noise with 

a spatial distribution more representative of the spectral images measured from a µDBD 

plasma was added. The results in a previous µDBD plasma study25 show that the noise 

distribution is not uniform across the whole image area, instead, the RSD is higher at the 

edges of the plasma emission region. Thus, the model noise is designed to create a new 

matrix with higher RSD at the signal edges and 3% RSD throughout the rest of the matrix 

(referred to as “edge-focused distribution”) to better represent the experimental OES 

images.  
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5. A representative peak shape in the wavelength dimension is also implemented into the 

model data cube from both step 3 (without noise) and step 4 (with noise). The 

representative spectral peak shape profile is again obtained from the measured spectral 

data cubes here. For example, the N2
+ emission at 391 nm has a full width half maximum  

(FWHM) of 5 ICCD pixels and a full width of 17 ICCD pixels. Thus, the model spectral 

datacube matrix is expanded in the wavelength dimension with a 40-pixel array 

containing the spectral peak profile and added symmetrically to each side with 

background valued pixels.  The resulting model matrix created is a 350 x 246 x 40 array. 

SPS Deconvolution and Abel’s inversion reconstruction 

The deconvolution and reconstruction protocols simulate the data analysis procedures:  

6. First, background subtraction is applied to the model datacube. Then, a 3D noise filter is 

implemented, and its properties optimized, as discussed in the next section. The model 

array is then cropped to a 5 pixels window centered at the peak intensity and integrated 

into the wavelength dimension, which yields a 350 x 246 x 1 matrix representative of a 

monochromatic image.  

7. The SPS deconvolution algorithm discussed in previous work25 is applied to the 

monochromatic matrix, then a lowpass filter with a cutoff frequency of 0.15 is used to 

eliminate the periodic error coming from the deconvolution.  

8. The Fourier-transform based Abel’s inversion algorithm was proposed by G. Pretzier10, 17 

and was compiled to MATLAB function codes by C. Killer.16 The algorithm expands the 

undetermined radial profile into a series of cosine expansions by Fourier transform, 
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then the unknown LOS profile is calculated via the Abel’s inversion. The equations of the 

LOS profile are then least squares fitted to the measured LOS data and the amplitude of 

each expansion is calculated correspondingly. Therefore, significant input variables of 

the algorithm include the signal pixel radius and the number of cosine expansions. There 

are some requirements for the algorithm to function correctly: it is designed to work 

between the axial position and the edge of the intensity LOS profile signal. Thus, a) only 

the signal part is kept while the background region is discarded, and b) a profile axis 

auto-detection function was added to the protocol to split the profile into two parts 

from the axis and Abel’s inversion algorithm was applied to each half independently. 

The axis auto-detection function calculated the FWHM of the profile first, then 

determined the middle-point of the FWHM row as the axial position. Finally, the two 

reconstructed half-profiles (1 × 100 array) were put together into a whole profile (1 × 

199 array, 1 pixel = 2 µm).  Here, both half-profiles shared the same middle point by 

averaging the axial point of each one, leading to a 1 × 199 array instead of 1 × 200 array.  

9.  The comparison between the reconstructed radial profile with and without noise was 

used to evaluate the reconstruction fidelity of the protocol, as explained below. First, a 

proof-of-principle test was performed to compare the original model radial profile to 

one reconstructed from the corresponding noiseless LOS profile with the Abel’s 

inversion algorithm protocol (Fig. S2). Second, the relative root-mean-sqaure error 

(rRMSE) between radial profiles reconstructed  from corresponding noiseless vs noisy 

LOS profiles was used to evaluate the deconvolution and reconstruction protocol fidelity 

robustness in the presence of noise. The rRMSE is defined as follows:  

Page 10 of 29Journal of Analytical Atomic Spectrometry

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



2

0

[ ( ) ( )]

/

N

noise i noise free i

i

r r

RMSE
N

rRMSE RMSE x

  










 

 Where ( )noise ir  is the reconstructed intensity value at radial point ir , ( )noise free ir   is its 

corresponding value in the noise-free reconstructed radial profile, and x  is the mean value 

of the noise-free radial profile. The protocol is applied to both 50 and 200 radius pixels with 

each shape of the model profiles. 

Reconstruction error analysis and algorithm optimization 

The measured LOS hyperspectral imaging data cubes contain noise coming from multiple 

sources, including the fluctuation of the plasma, the stray light, and detector, which affect the 

reconstruction of the radially resolved image. In this study, three different types of 3-

dimensional noise filters, with varying voxel radii, including 3D-mean filter, 3D-Gaussian blur, 

and 3D-median filter were implemented. Then, the original optical emission spatial radial 

profile was compared to Abel’s inversion reconstructed profile in terms of the root-mean-

square-error (RMSE), to assess fidelity, and the FWHM, to assess resolution losses, in order to 

optimize the de-noising protocol with increasing levels of added noise. In addition, the effect of 

the number of data points along the reconstruction dimension and the number of cosine 

functions used in the reconstruction algorithm was optimized in the same manner.  

The optimized data analysis protocol, including SPS deconvolution and Abel’s inversion, was 

implemented to the measured LOS optical emission hyperspectral data cubes from the µDBD 
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obtained with the Pb-HSI system as described  below. The radially resolved emission of 

different plasma species was obtained and compared with the LOS images.  

Atmospheric pressure dielectric barrier discharge 

The µDBD source was adapted from previous work.25 The plasma source was composed of two 

aluminum foil ring electrodes co-axially wrapped around a 5-cm long fused silica capillary (150 

µm i.d. and 360 µm o.d., Polymicro Technologies, USA). The capillary polymer coating was 

removed thermally. The powered electrode was placed 5 mm away from the capillary tip. The 

inter-electrode distance was 6 mm and a ring PTFE insulator was placed between the two 

electrodes. The capillary was placed perpendicular to the sample stage, which was mounted on 

an independent X-Y-Z platform (MTS50-Z8, Thorlabs Ltd., UK), 1 mm away from the capillary tip. 

In this study, an insulated copper block was used as the sample. The Helium plasma gas 

(99.999% purity, Ultra High Purity 5.0 Grade Helium, Airgas, USA) flow rate was set to 0.4 L/min. 

The AC applied voltage (PVM500, Information Unlimited, USA) was set to 8 kV and the 

frequency to 30 kHz.  

Push broom HyperSpectral Imaging System (Pb-HSI) 

The spectral and spatial optical emission information of plasma species were obtained via a 

PbHSI system described in previous work by Kroschk et al 24 and Songyue et al. 25 Briefly, the 

collimating and focusing optics are triplet lenses (100 mm nominal focal length, CaF2/fused 

silica/ CaF2, Bernhard-Halle GmBH, Germany). A plane mirror is placed between the lenses to 

turn the light route 90 degrees. Both the mirror and the focusing lens are fixed on a motorized 

stage (1.6 µm bidirectional repeatability, 50 mm travel range, MTS50-Z8, Thorlabs Ltd., UK). 
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This geometry allows the scanning of the image in x-dimension across the entrance slit of the 

spectrograph (IsoPlane SCT 320, Princeton Instruments, USA), which has a minimum width of 

10 µm and a height of 13 mm.  

The 300 groves/mm grating (9.77 nm/mm linear dispersion and f/4.6 aperture ratio, 129 nm 

window) was used for plasma species identification with spectral windows of 280-409 nm, 582-

711 nm, and 677-806 nm. For the 677-806 nm window, a high-pass filter with the cut-off 

wavelength of 500 nm was placed before the entrance slit, in order to minimize interference 

from the 2nd order dispersion of the shorter wavelengths.  

An ICCD camera (iStar 334T, Thorlabs Ltd., UK), with a pixel size of 13 x 13 µm and 1024 x 1024 

pixels, was used for data acquisition with an exposure time of 0.1 s. A homemade LabVIEW 

program described by Kroschk24 was applied for the automated acquisition, while the analysis 

and the display of the hyperspectral data cubes were accomplished by the SPS and Abel’s 

inversion algorithms using ImageJ28 and MATLAB 2018a.  

Sub-Pixel Shifting 

The SPS deconvolution from the oversampled spectral data cubes was performed using 

MATLAB 2018a, as described previously.25 The expression of sub-pixel shifting (SPS) is described 

by Pernechele and Yang et al.29, 30 Compared with typical imaging approaches, SPS allows the 

acquisition of higher-resolution images from the deconvolution of a series of low-resolution 

images obtained with a higher sampling frequency. In the present study, the optimized SPS 

conditions were set as: entrance slit width is 10 µm, scan step width is 2 µm, deconvolution 

factor is 10/2 = 5, and the cutoff frequency of the lowpass noise filter is 0.15. 
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Results and discussion 

Optimization of raw spectral data cube de-noising protocol 

The de-noising (see step 6, Experimental methods section) of the raw 3D spectral data cube 

was optimized by adding 10% white Gaussian noise distributed homogeneously and comparing 

the performance of three different 3D noise filters. For this purpose, a one-dimension spatial 

profile in x, at the peak of the wavelength profile, was extracted from the model data cube 

after the noise filtering process and compared to the original noiseless data in terms of overall 

(RMSE) and resolution (FWHM) for comparison. Fig. 2 shows the results for a  concave-shape 

radial profile when 3D mean filter, 3D Gaussian blur, and 3D median filters are implemented 

with varying voxel radii. The radius of the Gaussian filter is twice the standard deviation (sigma, 

σ) of the Gaussian function. Therefore, the sigma of the Gaussian blur filter was chosen as 0.5, 

1, 1.5, 2, 2.5, 3, representing the radius from 1 to 6 pixels. It is evident that the RMSE of all the 

filtered profiles decreases, indicating an improvement of the noise filtering as the voxel size 

increases. Nonetheless, when the radius is larger than 3 pixels, the improvement of noise 

filtering is significantly smaller. The performance of the median and Gaussian blur filters are 

verysimilar, while the mean filter shows slightly lower RMSE. Fig. 2b shows the ratio of the 

filtered profile FWHM to the original noiseless profile FWHM. In general, the FWHM ratio 

increases as the voxel radius increases, which shows blurring or peak broadening. Among all the 

three filters, the 3D median filter shows the smallest broadening effect, which will be beneficial 
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to maintain the image resolution in both the spatial and spectral dimensions. When the radius 

 

Figure 2. Noise filtering performance of the 3D model datacube with 3D-mean (green dot), 3D-Gaussian 
blur (blue square), and 3D-median filters (red diamond) as a function of the voxel radius. The a) Root-
mean-square error is a measure of the overall de-noising performance while b) the FWHM ratio between 
the filtered profile and the original noiseless profile is indicative of resolution fidelity.  
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is 3 pixels, the FWHM ratio of the median  filter is less than 107%, and it increases to 120% with 

a 4-pixel radius. Thus, the 3D median filter with a voxel radius of 3 was chosen as the optimum.  

Optimization of Abel’s inversion algorithm parameters  

Comparison of a model concave radial profile with one reconstructed using the Abel’s inversion 

algorithm protocol from the corresponding noiseless LOS profile (Fig. S2) shows a perfect 

reconstruction of the shape, thus demonstrating that the algorithm protocol developed here is 

accurate. On the other hand, noise in the LOS profile can greatly affect the radial profile 

reconstruction fidelity and several parameters need to be optimized to minimize the effect. The 

Fourier-based Abel’s inversion algorithm is a numerical transform approach. The undetermined 

radial profile is expanded into a series of cosine expansions, whose amplitudes are least-

squares-fitted to the measured LOS data. Therefore, the reconstruction accuracy of the method 

relies on the number of data points used in the fitting. Fig. 3 shows the comparison of the 

reconstruction accuracy between a small (11 points) and a larger number of data points (51 

points). It is evident that the reconstruction is less accurate with fewer data points, especially at 

the axial and edge radial positions of the signal.  

The effects  the number of data points have on the performance of Abel’s inversion algorithm 

was systematically evaluated by calculating the rRMSE between the reconstructed profile and 

the original model profile. The test range of the model data is set from a radius of 3, which is 

the allowed minimum input of the algorithm, to 200, corresponding to the 400 µm diameter of 

the OES acquisition, which is sufficient to represent the whole µDBD plasma jet area in the x-
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dimension. Fig. 4a shows the rRMSE of the three types of radial profile shapes as a function of 

the number of data points for Abel’s inversion. Here, the noise level added into the  model data 

cube with edge-focused distribution is 10% at the signal edges and 3% for the rest of the matrix, 

while the noise level is 10% for the whole area with the homogenous distribution. The number 

of cosine expansions used in Abel’s inversion is 8 (optimization of that parameter is discussed in 

the following section). Overall, the rRMSE is much higher with less data points and decreases 

significantly when more data points are used for the reconstruction, which indicates a better 

reconstruction performance. It is clear that the edge-focused distributions show an overall 

lower rRMSE than the homogenous distribution for comparable conditions, thus it is important 

to model the particular noise characteristics representative of the plasma of interest. It is also 

evident that the convex-shaped profile has the lowest rRMSE, when the number of data points 

used is the same, while the concave-shaped profile has the highest. Furthermore, it is clear that 

when the number of data points is larger than 130, the rRMSE gains are not very significant. 

When the number of data points increases from 130 to 200, the rRMSE decreases only from 

 

Figure 3. The original (green) and reconstructed radially resolved intensity 
profiles when 11 (blue) or 51 (red) data points are used for the 
corresponding line-of-sight profile, with 4% added noise, fitted in the Abel’s 
inversion algorithm.  
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~3.06% to ~2. 84% with homogenous distribution and only from 0.50% to 0.41 % with edge-

focus distribution. .Therefore, it is reasonable to choose the radius size of 200 pixels as an 

upper limit for this study. Other studies of the effects of the number of data points on the 

accuracy of Abel’s inversion,14  albeit with a different deconvolution algorithm (Nestor-Olsen), 

also show that reducing the number of data points in the fitting decreases the reconstruction 

accuracy, especially when the number of data points is less than 100.  

The performance of Abel’s inversion algorithm with different error levels added to the model 

datacube is shown in Fig. 4b. Here, the profile signal radius is set to 50 and the number of 

cosine expansions is 8. The edge-focused distribution added noise ranges from 0 to 20% at the 

signal edges but is fixed at 3% everywhere else, which is representative of the error in the 

measured spectral data cubes ( <15% at the edge, 1-3% everywhere else). It is evident that the 

edge-focused added noise distribution leads to significantly higher reconstruction fidelity using 

Abel’s inversion algorithm, which shows the importance of using conditions in the model which 

are representative of the measured data. For example, when 3% Gaussian noise is added 

homogeneously to the LOS concave shape profile then the reconstructed radial profile shows 

an RMSE of 7.7, or 3.9% rRMSE, which when compared toother studies under similar 

conditions, this rRMSE is significantly lower. An rRMSE of 23% was reported for direct 

discretization9 and ~20% rRMSE for Legendre polynomials approximations,11 but this last study 

used a fitting of 128 points.  One can also express the reconstruction error as relative residual 
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percent (rRES = Σ(Inoise - Inoise-free)/ΣInoise-free x 100%) which for our study would be 5.8% rRES 

under the conditions cited above. For similar conditions a  rRES of 30% was reported using the 

convolution method,10 and rRES of 9% for the Nestro-Olsen method.14 Although the cited 

values above are not under the exact same conditions (different denoising methods and not 

exactly the same profile shape), one can still get an idea of the possible advantages. 

 

Figure 4. The rRMSE between a 1D X-dimensional reconstructed profile and the original radially 
resolved profile as a function of:  a) the number of data points used for the Abel’s inversion 
algorithm at a set noise percent, and b) the percent noise added at a set number of data points 
(50pts).  
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Nevertheless, a study by R. Alvarez9 does compare different Abel’s inversion reconstruction 

algorithms under the same conditions to show that the RMSE of the Fourier-based method is 

3.94, Nestor-Olsen method is 12.10, and for direct discretization 20.62. In addition, Gornushkin 

et al. compared a discrete vs. a Fourier-Hankel Abel’s inversion reconstruction algorithm, and 

also found the Fourier-Hankel algorithm performs better in the presence of noise18. 

Furthermore, they saw a significant improvement in the Fourier-Hankel algorithm 

reconstructed residual error when the number of data points on the LOS diameter was 

increased from 8 to 4018. It is worth noting that the rRMSE in our study is smaller (1.3%) when 

edge-focused noise distribution is used to better simulate the spectral images of the µDBD used 

for proof-of-principle here. In addition, one must keep in mind that the rRMSE and rRES 

represent the global fitting accuracy along the whole radius so it cannot show if the error is 

localized. However, the Fourier transform-based algorithm shows less error at the axis due to 

its nature of dispersing the error along the radius instead of accumulating the reconstruction 

error toward the axial position (c.f. Supporting Information Figure S3). For example, for the 100 

points/3%  homogeneous noise case in this study the relative residual at the axial position is 

1.8%, while a different study with comparable conditions shows a relative residual >20% at the 

axial position using the Nestro-Olsen method14. On the other hand, it should be considered that 

in the case where the number of data points is very limited, the Fourier transform based 

method has been shown to yield less accurate radial reconstruction compared to other 

algorithms, for example, A. Sainz et. al.15 reported that the Nestor-Olsen method shows higher 

accuracy with 5 or 10 data points.  It is worth mentioning that the accuracy of the discrete 
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Fourier transform is limited by the Nyquist criteria and a minimum number of sampled data is 

necessary to achieve a given accuracy.31 

Effects of number of cosine expansions in the inversion 

 

Figure 5. rRMSE of the representative reconstructed model profiles versus the number of cosine function 

used in Abel’s inversion algorithm. The error distribution type is edge-focused with a 15% noise added at 

the signal edges and 3% at the rest positions. The signal radius is set to a) 50 pixels, and b) 200 pixels. 
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The effect of the number of cosine expansions used for Abel’s inversion protocol was also 

studied (Figure 5). Here, the pixel radius of the signal was set to 50 and 200 pixels, which are 

representative of the pixel radius range observed in the measured spectral data cubes. The 

edge-focused noise distribution was set to 15% at the emission signal edges and 3% 

everywhere else. The flat and concave shaped profiles show a much higher RMSE with a small 

number of cosine expansions, which subsuquently decreases until 5 expansions are used. On 

the other hand, the convex shape is well fitted even with a low number of cosine expansions, 

which is expected due to the shape of a cosine function. Nevertheless, increasing the number of 

expansions is notalways beneficial to the reconstruction, especially when the number of 

expansions is larger than 20 where there is a rapid increase observed in the RMSE. This is 

probably due to a better fitting of the added noise which will result in a deviation from the 

original noiseless radial profile standard. It is evident that the overall RMSE is higher for a 50 

data point radius compared to a 200 data point radius. The optimized number of cosine 

expansions was set to 8, in order to be on the conservative side of the results and to take into 

account the fact that the data processing time increases approximately proportionally to the 

square of the number of cosine expansions (t ∝ n2).  

It is worth noting that Shabanov and Gornushkin proposed an absorption based method, 

dubbed absorption tomography, analogous to sub-pixel shifting32. In their approach, collimated 

light is directed toward a laser induced plasma and a movable aperture is placed before a lens 

that focuses the light onto the spectrometer slit, thus the oversampling is performed in Fourier 

space. The method was intended for collection of LOS data where radial information would be 

recovered via Abel’s inversion. As such, their approach aims to allow the use of higher 
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numerical apertures to increase light throughput, while avoiding errors arising from geometric 

effects at the object plane due to low f-number optics 33, 34, and they express their results in 

signal-to-noise ratio improvements of the LOS data. They did not implement Abel’s inversion 

protocols to their results, thus preventing a comparison with the results here.  

Reconstructed radially resolved plasma OES images via SPS-Pb-HSI  

As a proof of principle, the optimized plasma OES data cube noise filter and Abel’s inversion 

algorithm protocols were applied to spectral data cubes measured from a µDBD via SPS PbHSI. 

As discussed in the previous section, the RMSE calculated from the model data cube can be 

used to predict the reconstruction error. Taking into account that the maximum noise observed 

in the measured spectral data cubes is less than 15% RSD and the data of Fig. 4b, it can be 

expected that the RMSE from the radial reconstruction using the measured LOS data of the 

µDBD is <11 for concave profiles, <8 for flat profiles, and <6 for convex profiles. Fig. 6 shows the 

comparison between the LOS images collected (top) and the reconstructed radially resolved 

images (bottom) at three different wavelengths: 706.5 nm (He I, 3s 3S1 - 2p 3P0,1,2
o), 391 nm  

(N2
+, 0-0 first negative system B 2∑u

+ - X 2∑g
+), and 337 nm (N2, 0-2 second positive system from 

C 3∏u - B 3∏g). Notice that the scale bar in Fig. 6 represents a longer distance in the y-dimension 

compared to the x-dimension (500 µm vs. 100 µm) due to the higher resolution obtained in x as 

a result of the SPS protocol settings.25 The dashed lines in Fig. 6 represent the position of the 

capillary (yellow) and the sample surface (red).  

It is clear that the region of higher intensity in reconstructed radially resolved He emission (Fig. 

6d) seems broader in the x-dimension than the corresponding LOS emission (Fig. 6a), both 

inside and outside the capillary regions. This comes from the intensity distribution shape of the 
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LOS spatial profile. The He LOS emission intensity distribution is somewhere between the flat 

and convex shapes. As shown in Fig. S1b, the radial reconstruction of such a  profile shape 

results in a spreading of the peak intensity across a wider area. The redistribution of the 

intensity over a wider area can also be observed in the N2 (Fig. 6b/6e) and N2
+ (Fig. 6c/6f) 

emission maps where the LOS has a similar shape, closer to the sample surface.  On the other 

hand, the LOS emission distribution of the nitrogen species in the upper half of the plasma jet is 

more similar to a concave shape profile (shown in Fig. S1c), in which the intensity at the axial 

position is lower than the surrounding volume. As a result, the reconstructed radially resolved 

images, especially the N2
+, yields a more pronounced hollow-cone shape. To the best of the 

 

Figure 6.  SPS-Pb-HSI images before the Abel’s inversion algorithm (upper) and after the 
transform(bottom). The representative plasma emissions of a/d) He I at 706 nm, b/e) N2

+ at 391 nm, and 
c/f) N2 at 337 nm are compared with the applied voltage = 8 kV and the He flow rate = 0.4 slpm. Note 
that all the image intensities are normalized to itself.  
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author’s knowledge, this is the first time to report the Fourier-transform based Abel’s inversion 

algorithm optimized for the Pb-HSI with SPS sampling.  

The peak positions of the axial intensity profiles can be used to propose how the energy is 

transferred from the He species in the plasma gas, which peaks earlier in the plasma effluent, to 

the species present in the ambient air such as first resulting in excited N2
+ and finally excited N2  

species due to recombination mechanisms.35-37 Nevertheless, the axial intensity peak positions 

of the species of interest can be different in LOS profiles compared to radially resolved maps. 

Here, this can be clearly observed for the N2
+ case. This puts into context the significance of 

having access to radially resolved OES maps for plasma diagnostic purposes. Current work in 

our laboratory involves a systematic study on the effects of different plasma operating 

conditions (gas flow rate, applied voltage, etc.) and different sample surfaces on the radially 

resolved optical emission spectral images. The radially resolved emission maps will help to 

better understand the energy transfer pathways and plasma/sample interactions.  

 Conclusions 

An optimized Fourier-transform based Abel’s inversion algorithm was successfully developed 

for extracting radially resolved optical emission maps from spectral images collected by SPS 

PbHSI. Before Abel’s inversion deconvolution, it is necessary to filter the noise and smooth the 

data profile for a better reconstruction efficiency. A 3D median filter with a 3-pixel radius 

proved to be optimum. Also, the systematic modeling study of the reconstruction parameters 

for different radial profile shapes and at varying noise levels shows that a minimum of 50 points 

and 8 cosine expansions is needed to keep the rRMSE <8%. The performance compares 
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favorably against other Abel’s inversion reconstruction algorithms with the added advantage of 

evenly distributing the error along the profile, instead of accumulating it onto the axial position. 

It is worth mentioning that there was no effort in this study to correct for the low f-number of 

the collection optics and the associated errors due to geometrical effects. Nevertheless, future 

studies will include a quantitative analysis confirmation of the contribution of the geometric 

error and it will be minimized with use of much lower numerical aperture optics or 

reconstruction algorithms tailored to large numerical apertures, as in33. 

With the implementation of the optimized Abel’s inversion algorithm, the radially resolved 

emission of different plasma species (He, N2, N2
+) in a µDBD source were successfully obtained 

for the first time via SPS PbHSI. The SPS protocol provides access to a higher number of data 

points along the dimension of the Abel’s inversion deconvolution, which leads to a higher 

reconstruction fidelity. Moreover, the radially resolved emission maps of ambient gas species 

(N2, N2
+) clearly show a hollow-cone shape, with axial profile peak intensities at different 

positions compared to the line-of-sight images. This distinctly demonstrates the importance of 

obtaining accurate radially resolved information for plasma diagnostics and can provide insight 

into mechanistic energy transfer pathways that are inaccessible via the LOS images.  
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