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A method for extending AC susceptometry to long-
timescale magnetic relaxation†

Jeremy D. Hilgar, Aaron K. Butts, and Jeffrey D. Rinehart∗

As the ability to generate magnetic anisotropy in molecular materials continues to hit new mile-
stones, concerted effort has shifted towards understanding, and potentially controlling, the mech-
anisms of magnetic relaxation across a large time and temperature space. Slow magnetic re-
laxation in molecules is highly temperature-, field-, and environment-dependent with the relevant
timescale easily traversing ten orders of magnitude for current single-molecule magnets (SMM).
The prospect of synthetic control over the nature of (and transition probabilities between) mag-
netic states make unraveling the underlying mechanisms an important yet daunting challenge.
Currently, instrumental considerations dictate that the characteristic relaxation time, τ, is deter-
mined by separate methods depending on the timescale of interest. Static and dynamic probe
fields are used for long- and short-timescales, respectively. Each method captures a distinct,
non-overlapping time range, and experimental differences lead to the possibility of fundamentally
different meanings for τ being plotted and fitted globally as a function of temperature. Herein, we
present a method to generate long-timescale waveforms with standard vibrating sample magne-
tometry (VSM) instrumentation, allowing extension of alternating current (AC) susceptometry to
SMMs and other superparamagnets with arbitrarily long relaxation time. We fit these data to a
generalized Debye model and present a comparison to results obtained from direct current (DC)
magnetization decay.

Introduction
Single-molecule magnets (SMMs) are a class of zero-dimensional
materials that utilize the spin-orbit interaction to generate an ax-
ially anisotropic angular momentum. Due to a preferred orienta-
tion along the anisotropy axis, the magnetization vector exhibits
slow relaxation, as if it were a superparamagnet with a classic
double well potential replaced by discrete quantum states.1,2 As
a form of superparamagnetism, single-molecule magnetism can-
not result in magnetic ordering. In recent years, however, the
timescale of magnetic relaxation has extended drastically such
that single magnetic ions are now shown to retain magnetization
information for timescales exceeding 1 s in the liquid nitrogen
temperature regime. At temperatures well below the superpara-
magnetic blocking temperature, TB, these highly anisotropic sys-
tems can exhibit "frozen" dynamics due to their extremely long
relaxation times, allowing the performance of typical permanent
magnet characterization experiments, such as magnetization vs.
field measurements that display hysteretic behavior despite the
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lack of a permanent magnetic ground state. Magnetization vs.
field scans contain information about the field dependence of
quantum tunneling of the magnetization (QTM) as well as the
maximal magnetization and coercivity of the material. They do
not, however, contain quantitative information about the num-
ber and time constants of the various relaxation processes con-
tributing to the magnetic relaxation. This time-domain data is
readily obtained as phase-dependent AC magnetic susceptibili-
ties between approximately 0.001 and 1 s (AC relaxation), yet its
collection becomes problematic at longer timescales. The stan-
dard method for determining long-timescale relaxation time con-
stants (DC relaxation) is to apply a large static magnetic field to
magnetize a macroscopic amount of microcrystalline SMM mate-
rial, remove the field as quickly as possible, and track the de-
cay towards zero magnetization as a function of time. These
data are a valuable source of information, yet have several draw-
backs that can obscure the nature of the isolated molecular zero-
field relaxation. First, there is a significant gap in measurement
timescale between that captured by AC and DC relaxation (gen-
erally 1–10 min., depending on instrumentation capability). Sec-
ond, commercial instrumentation is generally only capable of set-
ting zero field within ± 30 Oe, leading to an inherent decay off-
set. In very sensitive systems, this small field offset can drasti-
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cally alter the time constant or even completely change the dom-
inant magnetic relaxation mechanism. Third, the scan from high
field to zero field can instigate the transfer of energy between
the (ostensibly isolated) molecules leading to propagating, multi-
molecular relaxation processes. This last point especially con-
tributes to multi- and stretched exponential dynamics that can
obscure the molecular zero-field dynamics of interest for com-
parison to AC susceptibility relaxation data. Given the influx of
new long-timescale SMMs and the need for analysis tools that
leverage existing instrumentation, we sought to devise a method
to extend the dynamic magnetization measurement methodol-
ogy of AC susceptibility to longer timescales. Importantly, this
design required compatibility with commonly-employed research
magnetometers, similarity to the input signal characteristics of
commonly used AC waveforms for probing magnetic relaxation,
and extendability of the measurement to arbitrarily-long relax-
ation regimes. Herein we present a technique fitting these criteria
whereby phase-dependent magnetic susceptibilities are extracted
from standard vibrating sample magnetometer (VSM) measure-
ments. Like susceptibilities measured from standard AC sus-
ceptometry, these data can be fit to an appropriate form of the
generalized Debye equation. To provide an initial demonstra-
tion of the method’s efficacy, we examine the relaxation behav-
ior of a variant of the SMM "erbocene" sandwich motif, [K(18-c-
6)][Er(hdcCOT)2] (1, hdcCOT = hexahydrodicyclopentacyclooc-
tatetraenide dianion, 18-c-6 = 18-crown-6) that has not been pre-
viously magnetically characterized.

Results and Discussion

Synthesis and solid-state structure

Preparation of compound 1 was carried out under air-free con-
ditions using a procedure similar to that employed for its pre-
viously reported lithio analog, [Li(THF)(DME)][Er(hdcCOT)2].3

Neutral hdcCOT was synthesized from 1,6-heptadiyne via a Ni0-
catalyzed dimerization reaction4 and was subsequently reduced
using potassium graphite (KC8). The dipotassium salt of the alkyl-
substituted COT dianion (K2hdcCOT) reacted readily with a sus-
pension of erbium trichloride in THF to give K[Er(hdcCOT)2];
δH(500 MHz; THF-d8) –19.3 (br), –34.4 (br), –43.5 (br), –53.5
(br), –61.9 (br), –213.3 (br), –223.9 (br), –269.3 (br), and –
343.3 (br) (Figures S1–S3). Removal of KCl and addition of 18-
c-6 (to facilitate crystallization) yielded a solution which, when
layered with pentane through vapor diffusion, deposited bright-
yellow crystalline rods of 1. X-ray analysis of these crystals
showed that the solid-state structure of 1 includes an Er3+ ion
in a homoleptic coordination environment with two hdcCOT2−

ligands coordinated in a 90◦staggered conformation (Figure 1).
Steric bulk is presumably responsible for the observed conforma-
tion about the metal center, however this bulk imparts no appre-
ciable elongation of the average Er-hdcCOTcentroid distance rela-
tive to an unsubstituted analog (CCDC5 Identifier YIWTUV6,7).
The potassium ion in 1 supports a κ6 interaction to 18-c-6 as well
as an η4 interaction to one face of a hdcCOT2− ring and the latter
interaction lowers the hdcCOT–Er–hdcCOT sandwich angle from
linearity to 178◦.

Fig. 1 Solid-state structure of 1 with spheres representing Er (pink),
K (purple), O (red), and C (gray). Hydrogen atoms and lattice THF
molecules have been omitted for clarity.

Ab initio electronic structure

Previous studies on [Er(COT)2]– 6–9 and [Er(COT)]+ 10–16 mo-
tifs have demonstrated that a remarkably consistent single-ion
anisotropy is generated at Er3+ when suitably equatorial coordi-
nation environments are selected. The efficacy by which the pla-
nar COT dianion in particular can stabilize prolate, high-moment
mJ states on Er3+ has been well-rationalized by varying levels
of theory and herein we modelled magnetic properties of 1 us-
ing complete active space, self-consistent field (CASSCF) meth-
ods (Figure S4). Decomposition of the calculated ground state
spin-orbit wavefunctions into an mJ basis reveals that the low-
ered symmetry around the Er3+ center in 1 relative to unsubsti-
tuted [Er(COT)2]– species plays a negligible role toward wave-
function mixing and consequently the ground Kramers doublet
is highly axial with 97.7% mJ = ±15/2 character. The first two
excited doublets (94.7% mJ = ±13/2 and 93.1% mJ = ±1/2) are
predicted to lie 169.2 and 211.3 cm–1 above the ground doublet.
Ground to first and second excited Kramers doublet splittings
have previously been calculated for [K(18-c-6)][Er(COT)2]7; in-
terestingly, we observe no appreciable difference in calculated
splittings between 1 and its unsubstituted analog and we antici-
pate alkyl-substitutions on COT play a marginal role in affecting
low-energy spin-orbit states on erbium. Transverse magnetic mo-
ment matrix elements connecting states within the J = 15/2 man-
ifold have also been calculated. As discussed elsewhere,17 the
square of these matrix elements are roughly proportional to tran-
sition rates between the states that they connect and the effec-
tive barrier of magnetic reversal (Ue f f ) in the high-temperature
limit can be approximated as the shortest path between ground
states with non-negligible matrix elements. Calculated matrix el-
ements between the ground doublet and first excited doublet are
small (3.3×10–6 and 5.1×10–4 µB, respectively) which indicate
that QTM between these states should be suppressed. Matrix el-
ements connecting the second excited doublets (mJ ∼±1/2) and
cross-terms between the first and second excited doublets (e.g.
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mJ ∼ +13/2 and mJ ∼ −1/2) are larger (3.2 and 4.1×10–2 µB,
respectively) and likely relaxation pathways in the high temper-
ature limit will involve thermally assisted quantum tunneling of
the magnetization (QTM) or Orbach relaxation modes through
the second excited Kramers doublet.

Magnetic characterization

Static magnetism

Zero-field cooled static magnetic susceptibilities for 1 were mea-
sured over 2–300 K with a 1000 Oe bias field and the data were
plotted as the molar susceptibility times temperature product
(χT ) vs. temperature (Figure S5). At 300 K, χT = 11.69 emu
mol−1 K, which is close to the expected value for an Er3+ ensem-
ble with equal populations across the J = 15/2 spin-orbit mani-
fold (χT = 11.49 emu mol−1 K). As T is lowered from 300 K, χT
shows a small decline as this manifold becomes thermally depop-
ulated. At 12 K, χT = 11.24 emu mol−1 K; below this temperature
the data display a precipitous drop to 1.60 emu mol−1 K at 2 K.
This drop is indicative of magnetic blocking on the timescale of
the DC scan and thus isothermal magnetization measurements
(Hmax = |7| T, 10 Oe sec–1 ramp rate) were collected to further
probe for superparamagnetic behavior. At 2 K, the magnetiza-
tion saturates at 4.98 µB mol–1 when the field is swept above 3.5
T. Consistent with the ZFC results, hysteretic behavior is observed
when the field is swept back from 7 T. Near 0 T, the magnetization
drops abruptly to 1.25 µB mol–1 and the application of negative
fields yields a coercivity HC = 1.1 T on this timescale. Zero-field
magnetization loss and waist-restricted hysteresis are commonly
observed in SMMs when transverse crystal field (CF) components
enable fast relaxation via QTM between ground states.18 Symme-
try optimization strategies can be employed to mitigate this effect
and in the case of [Er(COT)2]– species the psuedo-C∞ axis mini-
mizes transverse CF components to yield a ground doublet within
which QTM is largely quenched. The striking zero-field magne-
tization loss in 1 mimics well the behavior observed in [K(18-
c-6)][Er(COT)2] which, through a magnetic dilution study with
yttrium, was shown to be facilitated by a bulk magnetic avalanche
effect.6

Standard AC susceptometry

Consistent with SMM behavior, the AC susceptibility phase-shift
of 1 shows a clear dependence on drive-field frequency below 24
K and short time-scale relaxation times (τ) were extracted from
these data by simultaneously fitting the in-phase (χ ′) and out-of-
phase (χ ′′) signals (HDC = 0 Oe, f = 0.1–1000 Hz, T = 12–24
K) to a Cole-Cole relaxation model (Figure 2, Equations 1 and 2,
Table S3):19

χ ′(ω) = χS +(χT −χS)
1+(ωτ)1−α sin(πα/2)

1+2(ωτ)1−α sin(πα/2)+(ωτ)2−2α
(1)

χ ′′(ω) = (χT −χS)
(ωτ)1−α cos(πα/2)

1+2(ωτ)1−α sin(πα/2)+(ωτ)2−2α
, (2)

where χS and χT are the adiabatic and isothermal limits of the
susceptibility, ω is the angular frequency, and α accounts for a dis-
tribution of relaxation times about τ. Cole-Cole plots19 of the AC

Fig. 2 Cole-Cole plot (χ ′′ vs. χ ′) of 1 between 2–24 K in 2 K increments.
Colored points are susceptibilities measured via standard AC measure-
ments (circles) and extracted from Fourier analysis of VSM data (trian-
gles). Black lines represent fits a generalized Debye model (Equations 1
& 2).

data form semicircles with low eccentricities and correspondingly
fitted distribution values are also low (αmax = 0.25(1)), indicating
a single relaxation time with a narrow distribution is associated
with each temperature across the measured frequency range.

DC relaxation measurements

Preliminary studies on relaxation dynamics longer than the
MPMS3 AC timescale (< 0.1 Hz) were conducted between 2–10
K by measuring the zero-field DC relaxation profile of a sample
previously in equilibrium with a 7 T field. Consistent with the
presence of a small remnant field in the MPMS3 superconduct-
ing magnet, final moments are negative and their magnitudes
range from 0.37–1.8% relative to the moment at t = 0 s. This
residual field is typically on the order of 20–30 Oe and two ap-
proaches used to minimize it include oscillating the field to zero
and resetting the magnet20. We note that neither approach is
feasible during the DC relaxation experiment. Given that multi-
ple distinct processes or a distribution of processes are typically
responsible for SMM relaxation at a given temperature, several
forms of exponential decay models are routinely used to extract
relaxation times in the long-timescale regime. Herein we fit DC
relaxation data of 1 (Figure 3, Table 1) using a stretched exponen-
tial (Equation 3, 0≤ β ≤ 1) and a bi-exponential model (Equation
4, 0≤ A1,2 ≤ 1):

M(t) = M f +(M0−M f )exp
(
−t
τstr

)β

(3)

M(t) = M f +(M0−M f )

[
A1,2exp

(
−t
τ1

)
+(1−A1,2)exp

(
−t
τ2

)]
,

(4)
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Fig. 3 DC relaxation data of 1 between 2–10 K. Colored points are mo-
ments measured from near-zero-field DC scans. Black lines are fits to
(a) stretched and (b) bi-exponential models.

where M0 is the (measured) initial moment and M f is the (fit-
ted) infinite-time moment. The exponent β in Equation 3 is a
stretching parameter that accounts for a distribution of relaxation
times and A1,2 in Equation 4 normalizes the two operant relax-
ation times.

Corroborating with the observation of multiple potential relax-
ation mechanisms in the magnetization data, we found that a sim-
ple exponential equation (Equation 3, β = 1) does not adequately
model the relaxation behavior of 1 below 10 K. Disagreement be-
tween data and fits become more prominent as temperature is
lowered and it is evident that the extracted relaxation time is bi-
ased toward the short time-scale. Agreement between the data
and fit can be improved with the addition of a stretching param-
eter, β to the exponential. Similar to the α parameter of the
generalized Debye equation, β accounts for a distribution about
an average relaxation process. Incorporation of β results in the
extraction of relaxation times with wide distributions at low T
(β 2 K = 0.505(9)). A similar quality fit was obtained when two
exponential relaxation processes were used to model the data.
Interestingly, this model reveals that relaxation of 1 can be ra-
tionalized by two processes operating on significantly different
timescales (i.e. separated by an order of magnitude at 2 K) with
the long relaxation time τ1 and short relaxation time τ2 bracketing
the relaxation times obtained previously with a stretched expo-
nential model. The presence of a small residual field (vide supra)
during the DC relaxation measurement provides a potential expla-

nation for the observed long-timescale process. This field can lift
Kramers degeneracy between bistable orientations of the ground
state and concomitantly hinder QTM. The addition of further con-
stants and weighting factors would undoubtedly improve the fit,
yet the ambiguity of the existing parameters and their importance
to the intrinsic zero-field molecular relaxation make further pa-
rameterization of dubious value.

Long-timescale AC susceptometry

Prompted by the desire for more quantitative information about
long-timescale relaxation, we sought a method that could more
faithfully model the zero-field relaxation dynamics of 1. Ide-
ally the method would be well-suited for extracting τ informa-
tion from non-ensemble magnetic processes and would further-
more be capable of directly probing for the existence of multi-
ple such relaxation processes. Naturally, Debye model fitting of
complex AC magnetic susceptibilities fit these criteria well and is
the standard when relaxation times fall within common magnet
modulation coil limits (ν = 0.1–1500 Hz). An interesting ques-
tion that follows from the preceding is whether complex suscep-
tibilities can be reliably extracted from data collected from wave-
forms constructed in either DC or VSM scan modes. Although
magnetic field controls have a limited linear sweep rate (RHmax

= 1.6 Oe sec–1 for the Quantum Design MPMS3 magnetometer),
drive fields of arbitrarily low frequency can be generated if an ap-
propriate waveform is selected. To test whether phase informa-
tion could be extracted from 1 outside the typical AC scan range,
we developed a sequence which measures VSM moments gener-
ated by a square-wave magnetic drive field oscillating about 0 Oe
(Hmax = 8 Oe, RH = 30 Oe sec–1). Our initial studies on this ap-
proach yielded profiles of average moment significantly different
from 0 emu mol–1, indicating a persistent offset from zero bias
field. A single magnet reset operation before data collection was
sufficient to remove this residual field, allowing measurement of
periodic moments with no appreciable offset (Figure 4a–c). To
optimize sequence run times, magnetic field cycle counts were
scaled with frequency (e.g. 20 cycles were measured at 0.0264
Hz and 1 cycle was measured at 0.00013 Hz). An example trun-
cated MPMS3 sequence file can be found in Listing 1 in the SI.
The discrete Fourier transform was applied to H vs. t and M vs.
t data which yielded complex-valued frequency space representa-
tions. Plots of the absolute value of the transform vs. frequency
revealed spectra with a primary peak at the fundamental drive
field frequency followed by overtone peaks of diminishing inten-
sity. We set χ = |FTD(Mmax)|/|FTD(Fmax), where |FTD(Mmax)| and
|FTD(Fmax)| are absolute values at the fundamental frequency of
the complex moment and field spectra, respectively. The in-phase
(χ ′) and out-of-phase (χ ′′) components of the magnetic suscepti-
bility were then calculated as χ ′= χcos(φ) and χ ′′= χsin(φ), with
φ being the phase angle between the field and moment spectra at
the fundamental frequency. Using this method, complex suscep-
tibilities were extracted from VSM moment waveforms of 1 col-
lected at temperatures between 2–10 K using square-wave drive
fields with periods between 38–7690 s. Susceptibility parameters
extracted from Fourier analysis of the VSM waveform data (Fig-
ure 2) show a clear phase dependence on drive field frequency.
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Table 1 Long-timescale relaxation times of 1 extracted from various models.

Equations 1 & 2 Equation 3 Equation 4

T (K) τV SM (s) α τstr (s) β τ1 (s) τ2 (s) A1,2

2 54(4) 0.18(4) 145(3) 0.505(9)1093(29) 87(1) 0.222(4)
4 43(3) 0.18(4) 119(3) 0.58(1) 621(18) 69(1) 0.252(6)
6 37(3) 0.17(4) 106(2) 0.62(1) 442(9) 61.8(8) 0.271(5)
8 33(2) 0.15(5) 81(1) 0.74(1) 241(5) 52.7(6) 0.271(7)

10 13.4(8) 0.10(3) 36.3(4) 0.88(1) 122(8) 30.6(4) 0.13(1)
Parentheses following fitted values represent 95% confidence intervals.

Fig. 4 Representative raw VSM waveform data (top row) and discrete Fourier transform of VSM waveform data (bottom row) with period lengths 7688
s (a and a*), 968 s (b and b*), and 128 s (c and c*). Black lines are field values and purple lines are measured moments.
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In an approach analogous to that taken with standard AC sus-
ceptibilities, we fit in-phase and out-of-phase components to a
Cole-Cole equation (Equations 1 & 2, Table 1) and obtained not
only good model agreement to the data but also fitted α values
close to 0 indicating that only a single relaxation time is char-
acteristic of each temperature. The results of this analysis offer
an interesting contrast to our DC relaxation experiments. Specif-
ically, under these AC experimental conditions we observe that
1 relaxes via a single, narrow-distribution process. From a DC
relaxation analysis, on the other hand, one might conclude that
two distinct relaxation processes are required to rationalize the
data. Although a much wider dataset is needed, this compari-
son offers evidence that the small, symmetrically-applied field of
the AC measurement provides a clearer estimate of the zero-field
single-molecule magnet relaxation physics.

Relaxation profile analysis

An Arrhenius plot of fitted relaxation times (Figure 5) shows
that τ is weakly temperature dependent between 2–8 K and at
10 K τ begins to drop considerably as it approaches the high-
temperature Orbach relaxation regime. Relaxation times between
12–24 K, which were obtained from standard AC susceptibility
measurements, were fit to an Arrhenius Law (Equation S1) and an
effective barrier height Ue f f = 147.7(7) cm–1 (τ0 = 3.1(1)×10–8

s) was extracted from these data. A previous AC susceptibility
analysis on [K(18-c-6)][Er(COT)2]6 yielded a fitted effective bar-
rier Ue f f = 147 cm–1; this striking similarity further corroborates
our ab initio results which suggested that the alkyl substitutions
on the COT ring play a negligible role toward modifying the crys-
tal field environment around Er3+. Importantly, we note that the
relaxation time measured at 10 K via the long-timescale AC sus-
ceptometry analysis matches the relaxation time predicted by an
Arrhenius fit to the standard AC susceptibility data. This provides
a strong indication that these methods are complementary probes
of molecular magnetic relaxation for 1. A comparison between
relaxation times extracted from VSM waveforms and DC relax-
ation measurements reveal that each fitting method yields relax-
ation time profiles that deviate sublinearly from Arrhenius behav-
ior. However, τ values obtained from exponential fits of DC data
across the measured temperature range are consistently higher
than the corresponding VSM waveform measurements. If we take
the Debye analysis results as a point of comparison between the
various τ values, DC relaxation times extracted with Equation 3
(τstr) and Equation 4 (τ2) are on average longer by factors of 2.7
and 1.75, respectively. The long component of Equation 4 (τ1)
differs more drastically and is on average longer by a factor 12.6.
We note that a superparamagnet’s characteristic relaxation time
profile often serves not only as the starting point of routine mag-
netostructural analyses, but also as a general metric for magnetic
material performance per se. Thus, the large range of τ values
obtained for 1 reiterates (1) the sensitivity of SMM dynamics to
measurement conditions and (2) the importance of selecting a
physically appropriate model with the data available. Lastly, we
fit the full range of extracted τ values to a multi-term relaxation
model and found acceptable agreement to the data when account-
ing for Orbach, Raman, and QTM relaxation processes (Equation

Fig. 5 Standard AC relaxation times (circles), VSM waveform Debye
fit (triangles), stretched exponential fit (squares), and bi-exponential fit
(diamonds) of magnetic relaxation data for 1 with fit to relaxation model
S2 (black line, parameters in Table S3). (Inset) Plot of τ vs. 1/T showing
region of crossover between fitting methods. Black lines again shows the
relaxation model fit.

S2, Table S5).

Conclusions

In this work we have utilized the slow magnetic relaxation be-
havior of 1 to test the efficacy of a new experimental method
for extracting characteristic relaxation times that are beyond the
scope of standard AC susceptibility experiments. This proof-of-
concept work has shown that the VSM waveform method is vi-
able and yields results that are a consistent continuation of the
fast timescale dynamics. We hope that given the wide availability
of the required instrumentation and the current interest in under-
standing and controlling the rate of magnetic relaxation mecha-
nisms access to another characterization tool will prove useful.
In addition to the expanded timescale, the methods described
herein may prove useful for targeting specific relaxation mech-
anisms that occur at non-zero field. For example, with the field
tuned to a level-crossing, quantum-tunneling transitions could be
studied in isolation from competing relaxation mechanisms.
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