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verse (d31) Piezoelectricity†
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Soft materials that exhibit electromechanical coupling are an important element in the develop-
ment of soft robotics, flexible and stretchable electronics, energy harvesters, sensor and actu-
ators. Truly soft natural piezoelectrics essentially do not exist and typical dielectric elastomers,
predicated on electrostriction and the Maxwell stress effect, exhibit only a one-way electrome-
chanical coupling. Extensive research however has shown that soft electrets i.e. materials with
embedded immobile charges and dipoles, can be artificially engineered to exhibit a rather large
piezoelectric-like effect. Unfortunately, this piezoelectric effect—large as it may be—is primarily
restricted to an electromechanical coupling in the longitudinal direction or what is referred collo-
quially as the d33 piezoelectric coefficient. In sharp contrast, the transverse piezoelectric property
(the so-called d31 coefficient) is rather small. This distinction has profound implications since
these soft electrets exhibit negligible electromechanical coupling under bending deformation. As
a result, the typically engineered soft electrets are rendered substantively ill-suited for energy har-
vesting as well as actuation/sensing of flexure motion that plays a critical role in applications like
soft robotics. In this work, we analyze nonlinear bending deformation of a soft electret structure
and examine the precise conditions that may lead to a strong emergent piezoelectric response
under bending. Furthermore, we show that non-uniformly distributed dipoles and charges in the
soft electrets lead to an apparent electromechanical response that may be ambiguously and inter-
changeably interpreted as either transverse piezoelectricity or flexoelectricity. We suggest prag-
matic routes to engineer a large transverse piezoelectric (d31) and flexoelectric coefficient in soft
electrets. Finally, we show that in an appropriately designed soft electret, even a uniform exter-
nal electric field can induce curvature in the structure thus enabling its application as a bending
actuator.

1 Introduction
One of the "holy grails" of soft multifunctional materials is to
design a material that is simultaneously capable of (i) large
deformation under the application of a moderate electric field∗,
(ii) generating appreciable electric field under the application
of moderate forces, and (iii) (specifically) exhibit the features
embodied in (i)-(ii) for bending deformation. Such soft materials
with a pronounced electromechanical coupling enable applica-
tions that range from sensors1, actuators2, artificial muscles3,
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b Department of Soft Matter Physics, Johannes Kepler University Linz, Altenberger
Strasse 69, 4040 Linz, Austria
c Department of Physics, University of Houston, Houston, TX 77204, USA. E-mail:
psharma@uh.edu; Fax: +1-713-743-4503; Tel: +1-713-743-4502
∗ –or other stimuli of interest such as magnetic fields, temperature among others

self-powered biomedical devices4, soft robotics5 to energy
harvesting6–8. The reader is referred to the following reviews
and references therein for an overview2,5,6,9–13.

The simplicity of the aforementioned requirements is some-
what deceptive. Piezoelectric materials deform when subjected
to electrical stimuli and vice-versa, but the hard crystalline ones
such as lead zirconium titanate (PZT), that exhibit a strong elec-
tromechanical coupling, are not capable of large deformations.
Piezoelectric polymers like Polyvinylidene Fluoride (PVDF) do
not exhibit strong electromechanical coupling (when compared
to the crystalline piezoelectrics) and, with an elastic modulus in
the range of 1 GPa, are not really that soft14. Dielectric elas-
tomers are an alternative to piezoelectrics. They are capable of
large deformation but require imposition of rather high voltage.
In a remarkable work, Keplinger et al.15 demonstrated an areal
increase of nearly 1700% for an acrylic membrane. However,
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dielectric elastomers operate via the mechanism of Maxwell
stress and/or electrostriction†. In dielectric elastomers, due to
the Maxwell stress effect or electrostriction, an electric field
exerts a force proportional to E2 where E is the applied electric
field. This force is somewhat small unless an appropriately large
voltage difference is imposed. Even then, only soft dielectrics
such as elastomers (with an elastic modulus of 1 MPa or less)
deform appreciably for practically feasible applied electric fields.
Most importantly, electrostriction is a one-way coupling i.e. an
electric field will produce deformation but a mechanical stress
will not induce any electricity—unlike in piezoelectric materials.
Due the absence of this converse effect, energy harvesting is not
easily possible unless creative design augmentations are made‡.
Additionally, the quadratic dependence of the deformation on
electric fields implies that upon reversal of the applied voltage,
the deformation will not reverse.

Another alternative are soft electrets. Therein, (typically)
polymer foams are impregnated with immobile charges and
dipoles21–23. Both experimental and theoretical work has shown
that electrets exhibit a rather large apparent piezoelectricity.
Remarkably, an apparent (longitudinal) piezoelectric coefficient§

as high as 1200 pC/N–six times that of PZT– has been measured
in polypropylene foams24. Charge stability is a concern in
electrets and their application is restricted to room temperature
where the trapped charges tend to stabilize for sufficiently long
times to enable engineering applications.

Bending deformation, in the context of piezoelectrics, dielectric
elastomers and electrets, must be specifically highlighted which
represents a unique challenge. Conversion of a mechanical mo-
tion into electricity (i.e. energy harvesting) is a key application
area for multifunctional soft materials and is most facile under
bending-type deformation as opposed to simple compression or
stretching. Further, a variety of sensing and actuation contexts,
including soft robotics, require flexure motion¶. Bending defor-

† In this work we will not distinguish between the Maxwell stress effect and elec-
trostriction since they are mathematically similar and this distinction does not im-
pact the central message of our work. For further discussion on this topic, see 16–18

‡ cf. 19,20 for further details. Also, a somewhat deeper consideration will reveal that
their approach for energy harvesting from dielectric elastomers can be considered as
a special form of electrets where the charges reside on the surfaces.

§ There are several equivalent ways to parametrize the piezoelectric property viz.
as relation between the electric displacement and stress or polarization or strain;
among others. In a widely used formalism, the electric displacement vector D is re-
lated to stress tensor σ through the third order piezoelectric tensor di jk (Di ∼ di jkσ jk).
Odd order tensors can only exist in non-centrosymmetric crystal structures and
therefore piezoelectricity is restricted to only a limited set of materials. Further-
more, symmetry considerations for typical piezoelectric materials allows for only six
independent components for the property tensor (out of the maximum possible 27).
The electric displacement in the poling direction of material D3 can be correlated
to three normal stresses σ11, σ22 and σ33 using contracted notation for piezoelectric
coefficients: D3 ∼ d31σ11 +d32σ22 +d33σ33. The d33 (longitudinal) piezoelectric coef-
ficient is important when both deformation (or stress) and polarization (or electric
displacement) are in the poling direction (thickness direction in this paper) and d31

plays a pivotal role when the stress and electric displacement are in perpendicular
direction with respect to each other.
¶There are several interesting uses of bending based energy generators from elec-

mation yields lower resonance frequencies and larger attainable
strain which is especially advantageous for small size generators
with limited environmental mechanical forces30,31.

Fig. 1 Bending piezoelectric actuator is based on the so-called d31
piezoelectric effect. Typically, this actuator is made of two layers of
piezoelectric materials with opposite poling directions. Generation of
displacement in opposite directions in response to applied electric field
bends the structure.

The preceding paragraph underscores the importance of bend-
ing deformation, however, the following issues are notable:

1. Naive bending of a typical piezoelectric material will gen-
erate negligible electricity. The reason is simple. Assuming
the neutral axis to be centered in the cross-section of the
structural element, the polarization above the neutral
line due to tension is expected to substantively cancel the
polarization below the neutral axis due to compressive
strains. Accordingly, bending piezoelectric devices are
nearly always bimorphs. We remark that the bending
piezoelectric device is based on the d31 piezoelectric effect
(or transverse piezoelectricity) which is defined as the
linear coupling between deformation in axial direction and
electric field in thickness direction. The working principle of
bending piezoelectric actuator is shown in Fig. 1 where two
layers of piezoelectric film with oppositely poled directions
are attached to each other. An externally applied electric
field creates a positive strain in one of the films and a
negative one in the other; resulting therefore in the flexure
of the entire structure.

2. Special arrangements are also required to ensure bending
actuation of dielectric elastomers under an electric field.The
application of an electric field on a dielectric elastomer
thin film structure will simply compress the film in its
thickness direction. As an example of an approach to induce
flexure, He and coworkers32 used pre-stretched films. Of

tromechanical coupling e.g. from the natural contractile and relaxation motions of
the heart, lung, and diaphragm for self-powered wearable and implantable biomed-
ical devices 4 or to harvest wind energy by using a piezoelectric flag 25. Examples of
sensors and actuators include micromotors 26, micropumps 27, robots 28 and cooling
fans 29.
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(a) (b) (c)

Fig. 2 (a) Electrical energy may be harvested from bending deformation of a material with suitable form of electromechanical coupling, (b) The flexure
actuator functionality of an electromechanical material which bends upon the application of an electric field—this is not easily feasible even in
piezoelectric unless design augmentations are made by using bimorphs, pre-stretch among other approaches. (c) The change in direction of
deformation due a reversal of electric field.

course, as already indicated earlier, since the Maxwell stress
effect/electrostriction are a one-way electromechanical cou-
pling, sensing and energy harvesting is not easily possible.

3. Since electrets exhibit an apparent piezoelectricity—and
a rather large one at that—they would appear to be a
viable solution. Unfortunately, this is not the case. As
well-articulated by the experimental papers23,33 , the
emergent piezoelectricity of electrets is largely restricted
to the longitudinal direction i.e. a large d33 piezoelectric
coefficient but a very small value for d31 piezoelectric
coefficient is reported. This shortcoming ensures that
bending/harvesting is not easily possible‖.

4. It is germane here to allude to another type of electrome-
chanical coupling mechanism that has generated much
attention in recent years—flexoelectricity. In this phe-
nomenon, a strain gradient generates electrical polariza-
tion∗∗. Various experiments have confirmed the exis-
tence of flexoelectricity in different materials including soft
polymers35,36, hard crystalline ceramics37,38 and biological
membranes39,40. Furthermore, several review articles have
recently summarized theoretical and experimental activities
in this topic41–46. In addition, several numerical studies
have been preformed to analyze flexoelectric behavior of
materials. Thai et al.47 presented an approach to construct a
numerical framework which can account for both flexoelec-
tricity and the Maxwell stress effects in finite deformation
and also can treat material interfaces effectively. Ghasemi et
al.48 presented a topology optimization of flexoelectric com-

‖There is an interesting and singular exception to the low d31 reports for electrets.
Zhang et al. 34 explored a rather special microstructure which did exhibit a notable
d31 piezoelectric coefficient however a clear quantitative explanation was not pre-
sented. In due course, we will attempt to rationalize their results based on our
developed models.

∗∗ Flexoelectricity is characterized through the linear relation between polarization P
and strain gradient ∇S mediated by a fourth order flexoelectric tensor f such that

Pi ∼ fi jkl
∂S jk
∂Xl

).

posites to enhance electromechanical performance. Since
bending is in fact the most suitable form of strain gradient
that can elicit a flexoelectric response, flexoelectricity could
be considered as a reliable mechanism for bending based
electro-mechanical devices. However, the effect is rather
weak, and very large strain gradients (or extreme bending
curvatures) are required for the flexoelectric effect to be sig-
nificant. Only at nano-scale feature size is this effect con-
siderable where a large strain gradient is easily achievable.
However, we note that in the converse flexoelectric effect,
an electric field gradient is required to create curvature and
uniform electric field will not bend the material44.

With the preceding paragraphs as the appropriate context, the
following questions motivate the current work:

1. What are the theoretical underpinnings for the small value of
transverse piezoelectricity (d31 coefficient) in typical electret
foams?

2. Based on a suitable theoretical model, what are the physi-
cal and quantitative insights to engineer a large transverse
piezoelectric coefficient in electrets?

3. Is it possible to create an electret structure that will directly
couple curvature to uniformly imposed electric fields and
vice-versa? This is not possible in piezoelectrics and dielec-
tric elastomers

4. As well-established, embedding charges and dipoles in soft
materials lead to an emergent piezoelectric response. Di-
rectly relevant to the preceding question, can embedding
charges and dipoles lead to an emergent flexoelectricity as
well?

To answer the afore-posed questions, in this paper, we rigor-
ously analyze the nonlinear deformation of soft electrets under
in-plane deformation. We provide insights into the reasons under-
lying the marginal d31 effect in conventional soft electrets under
an in-plane stretch. Using the developed theoretical framework,
we propose design guidelines to create a substantial emergent d31

in electrets such that electrical energy is harvested from flexure
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(Fig. 2a). Specifically we determine the emergent piezoelectric
and flexoelectric coefficients. Intriguingly, we also are able to
demonstrate that with appropriate design of charge and dipole
placements in electrets, bending can be directly induced with the
application of a uniform electric field—(Figs. 2b and 2c).

The paper is organized as follows. In section 2, a general theo-
retical framework for nonlinear electrostatics of deformable me-
dia is summarized in a form suitable for the present work. In sec-
tion 3, we present an analysis of conventional soft electrets under
in-plane deformation to understand the experiments showing a
small d31 effect. Bending behavior of soft dielectrics is presented
in section 4 and several physically meaningful design scenarios
are discussed in section 5.

2 General theoretical framework
There are numerous, essentially equivalent, ways that electro-
statics of deformable continua may be formulated16,17,49–57. In
this work, we have favored the exposition by Liu58 who has also
compared the various formulations that exist in the literature.

Let ΩR be a continuum deformable body in the reference
configuration. This body is located in an ambient medium
such that body and ambient medium occupy domain VR.
Thermodynamic state of the body is described by deformation
χχχ : ΩR → R3 ( which maps material points X from the reference
configuration to the spatial points x in the current configuration
Ω) and polarization P̃ : ΩR → R3. Deformation and polariza-
tion outside of the body are zero. Moreover, the gradient,
divergence and curl operators in the current configuration are
denoted by "grad", "div" and "curl", respectively. Gradient in
the reference configuration is denoted by "∇". The deformation
gradient tensor is defined as F = ∇χ and the Jacobian is J = detF.

Maxwell’s equations in the current configuration take the fol-
lowing familiar form:

curle = 0, divd = ρe, d = ε0e+p in V, (1)

where e, d, p and ρe are the true electric field, the electric dis-
placement, the polarization, and the external charge density in
the current configuration, respectively. Also, ε0 denotes the elec-
tric permittivity of the ambient medium. From the first of eqn
(1), we can define a scalar electric potential ξ : ΩR → R, such
that e = −gradξ . Composition map can be used to denote e, d
and p in the reference configuration

E = e◦χχχ D = d◦χχχ P = p◦χχχ. (2)

In addition we define the nominal electric displacement D̃, the
nominal electric field Ẽ and the nominal polarization P̃ as

Ẽ = FT E, D̃ = JF−1D, P̃ = JP. (3)

Maxwell’s equations in the reference configuration can then be
derived to be:

∇ · D̃ = ρ̃e, D̃ =−ε0JC−1
∇ξ +F−1P̃ in VR, (4)

where ρ̃e = Jρe ◦ χχχ for volume electric charge density and for
surface charge density, J should be replaced with the surface
Jacobian.

The total free energy of the system is written as††

F [χχχ, P̃] =
∫

ΩR

ψ[X;F, P̃]+
∫

V

ε0

2
|e|2 +

∫
ΓD

ξbD̃ ·nR−
∫

SN

t̃e ·χχχ, (5)

where ψ : R3×R3×3×R3→R is the internal energy function of
the body ΩR and nR is the unit normal to the boundary ∂VR. Also,
ξb : ΓD→R and t̃e : ∂SN→R3 are the imposed boundary potential
and traction (dead load), respectively, applied on the surfaces ΓD

and SN (Fig. 3). In addition, as it is shown in Fig. 3, Dirichlet
boundary condition χχχ = χχχb (χχχb : SD → R3) and Robin boundary
condition D̃ ·nR = Db (Db : ΓR → R) are imposed on the surfaces
SD and ΓR, respectively.

Fig. 3 Continuum deformable body in the reference configuration and
applied boundary conditions.

Based on the principle of minimum free energy, the equilibrium
state of the system is the state that minimizes the free energy of
the system subject to the constraint imposed by the Maxwell’s
equations.

min{F [χχχ, P̃] : (χχχ, P̃) ∈S and (χχχ, P̃) satisfies (4)}, (6)

where S is the admissible set of functions over which the mini-
mization is performed.

S = {(χχχ, P̃)| χχχ ∈C2(ΩR;R3),
∫

ΩR

|P̃|2 <+∞}. (7)

Equilibrium equations of the system are the Euler-Lagrange
equations associated with (6) which may be derived using stan-
dard variational calculus. Imposing boundary conditions χχχ = χχχb
on SD, ξ = ξb on ΓD and D̃ ·nR = Db on ΓR, following system of
governing equations and natural boundary condition should be
solved simultaneously to determine the equilibrium state of the

††We emphasize that the domain of the second integral on the right hand side of
eqn (5) is not reference configuration. We can write this term in the reference
configuration as ∫

V

ε0

2
|e|2 =

∫
VR

ε0

2
∇ξ · JC−1

∇ξ
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system:

F−T
∇ξ +

∂ψ

∂ P̃
= 0 in ΩR, (8a)

∇ · (−ε0JC−1
∇ξ +F−1P̃) = ρ̃e in VR, (8b)

∇ ·
(

Σ̃ΣΣ+ Σ̃ΣΣ
MW)

= 0 in ΩR, (8c)

∇ · Σ̃ΣΣ
MW

= 0 in VR\ΩR, (8d)(
Σ̃ΣΣ+ Σ̃ΣΣ

MW)
·nR− t̃e = 0 on SN , (8e)

where Σ̃ΣΣ is given as

Σ̃ΣΣ =
∂ψ

∂F
, (9)

and Σ̃ΣΣ
MW

is the Piola-Maxwell stress

Σ̃ΣΣ
MW

=− ε0

2
J|E|2F−T +E⊗ D̃. (10)

We chose the following form of the internal energy density
function:

ψ[X;F, P̃] =W elast(F)+
|P̃|2

2J(ε− ε0)
, (11)

where W elast is the strain energy function and can be chosen to
appropriately model the constitutive nature of the materials being
examined. Also, ε is electric permittivity of material. Substituting
eqn (11) into equilibrium equations and writing all of the quanti-
ties in the current configuration, we have

gradξ +
p

ε− ε0
= 0 in V, (12a)

divd = ρe in Ω, (12b)

div(σσσ +σσσ
′MW ) = 0 in Ω, (12c)

divσσσ
MW = 0 in V\Ω, (12d)

(σσσ +σσσ
′MW ) ·n− te = 0 on Sn, (12e)

where σσσ , σσσ ′MW and σσσMW are the Cauchy stress, Maxwell stress
inside the body and Maxwell stress outside the body, respectively,
and are given by

σσσ =
1
J

∂W elast

∂F
FT , (13)

σσσ
′MW = e⊗d− ε

2
(e · e)I, (14)

σσσ
MW = e⊗d− ε0

2
(e · e)I. (15)

3 A model to explain low d31 effect in con-
ventional electrets

As already alluded to earlier, there has been compelling ex-
perimental indication for large value of (apparent) longitudinal
piezoelectric coefficient d33 in electret foams33. Theoretically
also, Deng et al.59,60 have derived how the Maxwell stress, elastic
heterogeneity and the presence of pre-existing charges or dipoles

conspire to lead to this emergent longitudinal piezoelectric ef-
fect. We also remark that recently, Liu and Sharma61 have pre-
sented a homogenization theory for the effective properties of
electrets. In this section, we examine a paradigmatical model of
the conventionally fabricated electrets to explain the experimen-
tally observed low values of emergent transverse piezoelectric co-
efficient d31

33. To do so, we analyze the in-plane stretching of
the representative electret configuration shown in Fig. 4. This
electret consists of two different materials on top and bottom
which are referenced with subscripts ”t” and ”b”, respectively.
Let X = XeX +Y eY + ZeZ be representation of points in the La-
grange coordinates while points in Euler coordinates are denoted
by x = xex + yey + zez. The domains of these two materials are:

ΩRb ={(X ,Y,Z) ∈ R3 :−H ≤ X ≤ αH, |Y | ≤ L, |Z| ≤W}, (16a)

ΩRt ={(X ,Y,Z) ∈ R3 : αH < X ≤ H, |Y | ≤ L, |Z| ≤W}, (16b)

where |α| < 1 is a constant that parametrizes the interface
between the two materials.

Fig. 4 Dielectric made of two different layers with embedded external
charges under in-plane tension and short circuit boundary condition.

A layer of external charges with surface charge density q is in-
serted at the interface X = αH. As shown in Fig. 4, the two-
material film is stretched in the Y direction‡‡. Assuming plane-
strain deformation, the deformation in Z direction vanishes. In
what follows, we will refer to X and Y directions, respectively, as
the thickness and in-plane directions. In the present case, the de-
formation in both these directions is uniform and the deformation
gradient for both layers is given by:

F = λ1ex⊗ eX +λ2ey⊗ eY + ez⊗ eZ , (17)

where λ1 and λ2 are, respectively, the stretches in the thick-

‡‡We remark that in the presently defined coordinate system, the longitudinal piezo-
electric coefficient will be defined by examining the electric response in the X-
direction in response to mechanical loading in the X-direction—as discussed in the
theoretical models of Deng et al. 59,60
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ness and in-plane direction. The incompressibility constraint
(J = λ1λ2 = 1) implies that λ2 = 1

λ1
. For the ease of notation, in

what follows, we drop the subscript 1 and write λ1 = λ here and
henceforth. In order to explore the implication of incompressibil-
ity constraint, we add one more term to the total free energy of
the system given in eqn (5):∫

ΩR

−La(J−1), (18)

where La is a Lagrange multiplier. Also, ΩR may be replaced
with ΩRt or ΩRb to derive the equilibrium equations for each of
the layers. Due to this modification of free energy, eqn (9) and
(13) are updated as

Σ̃ΣΣ =
∂ψ

∂F
−LaJF−T , (19)

σσσ =
1
J

∂W elast

∂F
FT −LaI. (20)

To model the mechanical behavior of the materials, we choose
the incompressible neo-Hookean constitutive law and accord-
ingly, the internal energy W elast may be expressed as:

W elast =
µ

2
(tr(FT F)−3), (21)

where µ is the shear modulus. We remark that the choice of
this particular hyperelastic constitutive model is not central to
the main conclusions of this paper.

Two mechanically compliant electrodes are attached to the top
and bottom surfaces of the electret structure and a short circuit
electrical boundary condition is imposed (Fig. 4) to facilitate the
definition of an apparent piezoelectric coefficient in response to
mechanical stimulus. The objective is to determine the induced
dielectric displacement as a result of the applied mechanical de-
formation or stress. The geometry of the structure and deforma-
tion assumptions ensures that the considered problem is essen-
tially one-dimensional in nature with the electric field that varies
only in the thickness direction. From eqn (12a) and (1) we have

p = (ε− ε0)e, d = εe, e =−dξ

dx
ex. (22)

Substituting eqn (22) and (21) into (8) and using eqn (11), equi-
librium equations for each layer become:

d
dX

[
µi

(
λ − 1

λ 3

)
− La

λ
+

εi

2λ 3

(
dξ

dX

)2 ]
= 0, (23a)

d
dY

[
−Laλ − εi

2λ

(
dξ

dX

)2 ]
= 0, (23b)

and the boundary conditions are given as[
µi

(
λ − 1

λ 3

)
− La

λ
+

εi

2λ 3

(
dξ

dX

)2
]∣∣∣∣∣

X=γiH

X=αH

= 0, (24a)

[
−Laλ − εi

2λ

(
dξ

dX

)2
− t̃e

i

]∣∣∣∣∣
Y=L

Y=−L

= 0, (24b)

for i = b and t. γb = −1 and γt = 1. t̃e
i = t̃e

i eY is the imposed trac-
tion (dead load) applied to each layer on the surfaces |Y | = L.
As evident from the Maxwell’s equations, the electric field is ho-
mogeneous within each layer. Therefore, eliminating La from
system of equations (23), using boundary conditions (24), the
equilibrium equation for each layer reduces to:

µi

(
λ

4−1
)
+ εi

(
dξ

dX

)2
+λ t̃e

i = 0 for i = b, t. (25)

Given the short circuit boundary condition, the electric potential
on the top and bottom surfaces remains zero and the electric po-
tential at the interface is considered to be equal to an unknown
value V , where V will be determined using the interface condi-
tion. Using these values for electric potential at boundaries and
solving the Maxwell equation (12b) for each layer, electric poten-
tial difference is derived as

dξ

dx
=

{
−V

ht
for the layer at the top,

V
hb

for the layer at the bottom,
(26)

where ht = λ (1−α)H and hb = λ (1+α)H are the deformed thick-
nesses of top and bottom layers, respectively. Considering the fact
that surface charge density q in the reference configuration will
change to λq in the current configuration, the interface condition
is used to determine V :

εt
V
ht

+ εb
V
hb

= λq. (27)

Using eqn (27) and substituting eqn (26) into (25), the traction
in each layer required to maintain this deformation can be de-
termined. We note that the electric displacement in each layer is
also homogeneous and, dt and Dt are identified such that for the
layer at the top we have d = dtex and D̃ = DteX . Substituting eqn
(26) into eqn (22) we obtain:

dt =
εtλqhb

εthb + εbht
. (28)

Dt is derived substituting eqn (28) into eqn (3):

Dt =
q

1+ εb(1−α)
εt (1+α)

. (29)

In order to measure the d31 piezoelectric coefficient of an ac-
tual piezoelectric material, an in-plane stretch similar to what is
shown in Fig. 4 is applied. The piezoelectric coefficient can then
be determined by measuring the change in the electric displace-
ment in the thickness direction, DX , in response to the applied
in-plane normal tractions where the following constitutive rela-
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tion for piezoelectricity is used§§

dapp
31 =

d(D f
t −Di

t)

dλ

(
d〈ΣYY +ΣZZ〉

dλ

)−1
, (31)

where D f
t = Dt is the electric displacement after deformation and

determined in eqn (29) and Di
t = Dt |̃te=0 is the electric displace-

ment in the absence of an externally applied loading. In what
follows, for any parameter f , we define 〈 f 〉 = 1

2H
∫ H
−H f (X)dX .

As evident from eqn (29), in our considered electret structure
(which is representative of conventionally fabricated electrets),
D f

t −Di
t is zero. Therefore, the emergent dapp

31 piezoelectric coef-
ficient is also zero. This is to be contrasted with the derivation
for the large dapp

33 coefficient obtained for soft electrets59. Physi-
cally, when a mechanical load in thickness direction is applied to
the electret structure being considered, deformation distributes
non-uniformly. This non-uniformity of deformation results in an
appreciable value for the dapp

33 piezoelectric coefficient. The mate-
rial inhomogeneity is central to enable non-uniform deformation
and the consequent non-zero dapp

33 coefficient. This fact it is re-
flected in the expression¶¶ 59,60 for dapp

33 :

dapp
33 =− 2qHtHbεtεb

3(εtHb + εbHt)2 (
1
µt
− 1

µb
). (32)

In short, as long as deformation is non-uniformly distributed in-
side the material (µt 6= µb) a non-zero dapp

33 is predicted. However
under in-plane stretch, the deformation is almost uniform every-
where in the electret.

The simple derivation in this section explains the root cause
for low dapp

31 coefficient and highlights that, to obtain a non-
zero transverse piezoelectric response, a non-homogeneous de-
formation in the thickness direction must be engineered. This
observation and our model also suggests the reason for a non-
trivial d31 effect for electret polymer films observed by Zhang et
al.34. They showed that electrets made of fluoroethylene propy-
lene films with charged parallel-tunnel voids can have a very large
d31. Based on our developed model, we speculate that the reason
for this large piezoelectric coefficient is the specific design that
they used which permits large deformation in the voids while
polymer sections remain almost undeformed. For more clarifi-

§§ We remark that this constitutive relation is based on linearized theories of piezoelec-
tricity which do to consider the incompressibility constraint. To connect our work as
closely as possible to constitutive equations what experimentalists are likely to use,
we employ (30) in this work. 62,63

Di = εi jE j +di jkΣ jk , (30)

where Di, εi j , E j , di jk and Σ jk are , respectively, components of the electric displace-
ment, dielectric tensor, electric field, piezoelectric tensor and stress tensor. Using
contracted notation and considering material symmetry d31 = d32, eqn (30) reduces
to DX = d31(ΣYY +ΣZZ) in absence of external electric field and in presence of normal
in-plane stresses. We can therefore determine the piezoelectric coefficient by mea-
suring the change in the electric displacement in response to the applied loading.
Analogously, in the case of the electret structure under consideration, we use the
same notion to define an apparent piezoelectric coefficient:

¶¶We remark in passing that Deng et al. 59,60 defined the apparent piezoelectric coeffi-
cient in a slightly different manner but to within a trivial scaling factor, the physics
is identical.

cation, consider Fig. 5a which shows a polymer foam with two
parallel-tunnel voids in its undeformed configuration. Under an
in-plane loading, the film undergoes a deformation similar to
what is shown in Fig. 5b. The shape of voids alter significantly,
but there is almost no deformation in the polymer sections and
deformation in distributed non-uniformly between air voids and
polymer sections leading therefore to a large bending piezoelec-
tric effect.

(a)

(b)

Fig. 5 Cross-section of a specifc electret polymer film fabricated by
Zhang et al. 34 (a) Undeformed configuration (b) Deformed configuration.

4 Flexure behavior of soft electrets
A non-trivial d31 piezoelectric coefficient is essential for a strong
electromechanical response under flexure. To enable the design
of electrets, and armed with insights from the preceding section,
we perform a nonlinear analysis of the bending deformation of
an electret structure. To our knowledge, there is no such analy-
sis in the literature. Specifically we will consider both soft elec-
tret structure made of a single homogeneous material as well as
composite electrets with two different materials. Specifically, we
will, to a large extent possible, carry out a fully three-dimensional
analysis as opposed to using the kinematics of a beam theory.
Retaining the complexity of treating a three-dimensional object
will allow us to show that the change in thickness (which is not
captured in conventional beam theories) plays a crucial role in
the nonlinear bending deformation of soft electrets. To distin-
guish between our analysis and a beam-type consideration, we
will often refer our considered structure as a “block" rather than
a “beam". We remark here that in the purely mechanical con-
text, flexure of a three-dimensional block was first analyzed by
Rivlin64. Our work is its generalization to the electromechanical
case.

4.1 Bending of a homogeneous dielectric block under an ex-
ternal electric field

In order to elucidate the shortcomings of conventional soft di-
electrics as a bending sensor and actuator, we first analyze the
nonlinear flexure problem of a homogeneous dielectric block that
is not an electret i.e without embedded charges or dipoles. The

Journal Name, [year], [vol.],1–22 | 7

Page 7 of 22 Soft Matter



V

V: Applied voltage

(a)

V

(b)

Fig. 6 Soft dielectric block under bending deformation and external
electric field: (a) reference configuration (b) current configuration.

reference and current configurations are shown in Fig. 6 where
the three-dimensional representation of the block is due to the
fact that we don’t treat our structure as a “beam". The block in
the reference configuration is denoted by

(a) (b)

Fig. 7 Schematic of the coordinate systems used in the reference and
current configurations. (a) Cartesian coordinates are used in the
undeformed block. (b) A cylindrical coordinate based is employed for the
deformed block.

ΩR ={(X ,Y,Z) ∈ R3 : |X | ≤ H, |Y | ≤ L, |Z| ≤W}, (33)

where H, L and W are the block’s geometrical dimensions. As
shown in Fig. 7, the Cartesian coordinate bases {eX , eY , eZ} are
used to denote material points X. The cylindrical polar coordi-
nates {er, eθ , ez} are employed to identify points in the current
configuration. To describe bending of the block, we follow the ap-
proach presented by Rivlin64 who addressed the corresponding
(purely) mechanical problem. The complete nonlinear bound-
ary value problem (even in the purely mechanical case) is quite
difficult. To simplify matter, we make the following kinematic as-
sumption that the set of all material points initially located at any
plane normal to eX are deformed to a set of points located in a
curved cylindrical surface with constant radius and, similarly, the
set of all material points initially located at any plane normal to
eY are deformed to a set of points located in a plane with constant
θ and there is no deformation in the Z-direction (See Fig. 7).

A general deformation in the cylindrical coordinates can be ex-
pressed as

x = r(X)er + z(Z)ez, (34)

where er = er(θ) and θ = θ(Y ). From eqn (34), the deformation

gradient is

F =
dr(X)

dX
er⊗ eX + r(X)

dθ(Y )
dY

eθ ⊗ eY +
dz(Z)

dZ
ez⊗ eZ . (35)

Imposing incompressibility constraint∗∗∗ J = 1 to the aforemen-
tioned class of deformation requires r, θ and z to obey the follow-
ing relations

r(X) =
√

2AX +B, θ(Y ) =
Y
A
, z(Z) = Z, (36)

where A and B are unknown constants. We identify r1 = r(−H)

and r2 = r(H). Associated with these deformations, we can write
the deformation gradient as

F =
A
r

er⊗ eX +
r
A

eθ ⊗ eY + ez⊗ eZ . (37)

Similar to the stretch problem in section 2, we employ the in-
compressible neo-Hookean constitutive law given in eqn (21) and
therefore the Cauchy stress σσσ in the dielectric is given as

σσσ = µFFT −LaI. (38)

Ignoring non-radial components of electric field for simplicity and
using eqn (1) and (12a), electric displacement and polarization
can be written in terms of the electric potential as follows:

p = (ε− ε0)e, d = εe, e =−dξ

dr
er. (39)

Consequently, Maxwell’s equations and the boundary conditions
in the absence of external charges but with the block subjected to
a potential difference are− 1

r
d
dr

(
εr dξ

dr

)
= 0,

ξ (r1) = 0 and ξ (r2) =V.
(40)

Electric field in the current configuration is determined by solving
(40):

e =−V
r

1
log r2

r1

er. (41)

Having electric field, we can calculate Maxwell stress from (14).
Then total stress is obtained as

σσσ +σσσ
′MW = σ

∗
rrer⊗ er +σ

∗
θθ eθ ⊗ eθ +σ

∗
zzez⊗ ez−LaI, (42)

∗∗∗Most polymers and soft materials are nearly incompressible. However, foams are
not. In the context of nonlinear elasticity and compressible materials, closed-form
solutions are not possible for many of the boundary value problems considered in
this work. To obtain analytical results, which provide transparent insights, we have
made the assumption of incompressibility. In the Electronics Supplementary Mate-
rial, we have presented all-numerical calculations for the compressible case to verify
that the approximate analytical results for incompressible materials are reasonable
both qualitatively and quantitatively.
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where

σ
∗
rr = µ

A2

r2 +
ε

2

(
dξ

dr

)2
,

σ
∗
θθ = µ

r2

A2 −
ε

2

(
dξ

dr

)2
,

σ
∗
zz =−

ε

2

(
dξ

dr

)2
.

(43)

Equilibrium equation (12c) in the radial direction can be written
as:

dσ∗rr
dr
− dLa

dr
+

1
r
(σ∗rr−σ

∗
θθ ) = 0. (44)

To simplify the solution, we express A and B in terms of r1 and r2.
Using equations r1 = r(−H), r2 = r(H) and eqn (36) we have

A =
r2

2− r2
1

4H
, B =

r2
2 + r2

1
2

. (45)

To solve the equilibrium equation, we impose the following
boundary conditions:

tr = (σσσ∗−LaI)er = 0 at r = r1 and r = r2, (46a)

M =
∫ r2

r1

r(σ∗θθ −La)dr, (46b)

where M is the bending moment over unit width of the block and
tr is the surface traction for the surface with unit normal er.

Integrating eqn (44) and using first eqn of (46a), the Lagrange
multiplier La can be determined to be

La = σ
∗
rr +

∫ r

r1

1
r̂
(σ∗rr(r̂)−σ

∗
θθ (r̂))dr̂. (47)

For future expedience, we also introduce the radial stretch λ and
radius ratio Λ:

λ =
|r2− r1|

2H
, Λ =

r2

r1
. (48)

With the relation for the Lagrange multiplier at hand, using rela-
tions (45) and (48), we can solve the second boundary condition
in (46a) for λ . With the substitution of the stretch in eqn (46b),
all quantities can be expressed in closed-form in terms of Λ. The
stretch and bending moment can then be derived to be:

λ
4 =

16Λ2

(Λ+1)4 −
(Λ−1)2

(Λ+1)2 log2(Λ)

εV 2

µH2 , (49)

M =
2H2µ

(
Λ4−4Λ2 log(Λ)−1

)(
Λ2−1

)2 . (50)

We introduce κ̄ = r2−r1
r1

as a representation for the curvature. Cur-
vature κ̄ will be positive if r2 > r1 and vice-versa. The ratio Λ in
(48) can be easily related to curvature through relation:

Λ = 1+ κ̄. (51)

From the nonlinear relation (49), we observe that the stretch de-
pends on both the curvature and the applied electric field. How-
ever, the bending moment is independent of the applied potential
difference and the effect of electric field on curvature emerges

only through a change of thickness. If the thickness in the de-
formed configuration remains unchanged from the reference con-
figuration, then the electric field will not have any impact on cur-
vature since curvature bending moment relation (50) is indepen-
dent of the electric field.

In many practical applications, thickness of the film is much
smaller than the radius of curvature even when the film under-
goes large deformation. In such a case, |κ̄| � 1. This condi-
tion is also valid for thick blocks under small deformations. It
is therefore instructive to linearize (50) and (49) for the cases
with |κ̄| � 1. Ignoring higher order terms, stretch and bending
moment can then be expressed as

µ

(
λ

4−1
)
=−ε

(
V

2H

)2
+o(κ̄), (52)

M =
4
3

H2
µκ̄ +o(κ̄). (53)

We remark that in the flexure problem discussed in this section
as well as the stretch problem discussed in section 3, in absence
of mechanical loading, deformation is only caused by the applied
electrical field. Since there is no kinematic constraint against the
change of thickness in the models used for both the bending and
stretch problems, the derived change of thickness in response to
the applied electrical field should be the same for both models.
Indeed, eqn (52) is exactly the same as (25) when the applied
traction is zero. Also, several other interesting conclusions may
be drawn by a careful consideration of eqns (52) and (53):

1. Equation (52) is independent of curvature κ̄ and the exter-
nal electric field is the only reason for the change of thick-
ness.

2. Equation (53) is independent of V . Although the value of κ̄

depends on the thickness of the block in the deformed con-
figuration, and alteration in the external electric field will
change the thickness and consequently curvature but ignor-
ing the effect of external electric field on the thickness of the
block will lead to the complete de-correlation of the curva-
ture of the film and the external electric field.

3. Even if we account for the change of the thickness due to
external field and its effect on the curvature, their relation
is quadratic (see eqn (52)). This observation implies that a
change in the direction of the electric field will not change
the direction of deformation thus limiting the application of
ordinary soft dielectrics as bending actuators.

4. Equation (53) shows that in the absence of bending moment
(M = 0) curvature κ̄ is zero. This, in turn, signifies that no
matter how large the applied electric field, flexure will not
ensue in absence of an applied mechanical bending moment.

These aforementioned points emphasize that ordinary soft di-
electrics are unsuitable, at least if used naively, as bending sensors
and actuators. We will show in the next section that electrets of-
fer a rather rich set of avenues to tweak flexure response of soft
dielectrics.
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4.2 Bending deformation of a homogeneous block with em-
bedded charges—an electret

We now turn our attention to the problem that is at the heart
of the central goal of the manuscript. We reconsider the nonlin-
ear flexure problem of a soft dielectric block but now containing a
distributed (and embedded) immobile layer of charge†††. We con-
sider such a layer of charge with surface density q to be located
at the plane X = Xch in the reference configuration (Fig. 8) where
Xch = αH and α is an indicator of the position of the charge layer.
This parameter can take values between−1 and 1. The plane con-
taining electric charges will deform to a curved surface with the
radius r = rch. The total charge inside the dielectric is conserved
and with that, the charge density in the current (deformed) con-
figuration may be expressed as

ρe = q
A

rch
δ (r− rch) , (54)

where δ (·) is the one-dimensional Dirac delta function and A was
defined earlier in eqn (36).

𝑋𝑐ℎ

Fig. 8 A layer of charges is embedded in a soft dielectric.

Invoking the premise that the electric field only exists in the
radial direction, using (12a) and (12b), and employing the short
circuit boundary condition, the electric field in the current config-
uration is obtained as

e =
qA
εr

H (r− rch)−
log
(

r2
rch

)
log
(

r2
r1

)
er, (55)

where H (·) is the Heaviside step function. We defer for now the
discussion on the influence of external voltage and the actuator
mode application of this structure. As done in prior sections, the
stretch can be evaluated analytically in terms of the radius ratio

†††As typically understood in electrets, the charges and dipoles are immobile in the
sense that they do not flow in the time scale (and temperature regime) of interest
but do convect with deformation. Depending on the material properties, electret
configuration and ambient temperature, discharge can occur on a time scale varying
from days to decades 23,65.

Λ and other properties of the dielectric block:

λ
4 =

16Λ2

(1+Λ)4 (1+ q̄2
0C11

) , (56)

where q̄0 =
q√
εµ

. The coefficients Ci j depend on Λ and α and their
complete expressions are recorded in Appendix A. The bending
moment necessary to maintain the desired deformation in terms
of radius ratio using (46b) is

M =
2H2µ

(
Λ4−4Λ2 log(Λ)−1+ q̄2

0C12
)(

Λ2−1
)2

+ q̄2
0C13

. (57)

Equation (57) should be contrasted with eqn (50). In the case
of an electret, the electric field created by the embedded charges
influences the bending deformation of the block not only through
the change of the thickness but also through a direct effect on the
bending moment-curvature relation. In order to further clarify
the effect of embedded charges on the bending deformation of
thin films, we express the stretch and bending moment in terms
of only the leading order terms of κ̄:

λ
4 = λ

4
0 +D11κ̄ +o(κ̄), (58)

M
4µH2 =M0 +D12κ̄ +o(κ̄), (59)

where
λ

4
0 =

4(
1−α2

)
q̄2

0 +4
, (60)

M0 =−
q̄2

0α(1−α2)

2q̄2
0(1−α2)+8

. (61)

Coefficients Di j are recorded in the Appendix A. Both eqn
(59) and (58) depend on κ̄ and q̄0. The simple implication of
this observation is that the coupling between the mechanical
and electrical state of the dielectric block is significantly more
intricate and stronger in electret structures as compared to
ordinary dielectrics. Notably, any change in the amount of charge
or the position of charge layer will change the bending moment
required to cause a specific value of curvature even if we were
to ignore changes in the thickness. This is in contrast to what
we observed in eqn (53) for the small-deformation case of a thin
homogeneous film under an external applied electric where the
effect of the external voltage only emerges from a change in the
thickness.

Equation (59) can be solved for κ̄ to derive an approximate
linear relation for the curvature in terms of the bending moment

κ̄ ≈ M
4µH2D12

− M0

D12
. (62)

A rather interesting property of the electret may be realized from
(62); unless the charge layer is exactly located in the middle of
the block ( α = 0), a nonzero curvature will develop even in the
absence of external mechanical loading. In other words, existence
of Maxwell stress in non-symmetric block (block in which charge
layer in not located in the mid-plane) leads to bending of the
block. Setting M = 0, eqn (62) may be used to ascertain that a
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nonzero curvature exists in the structure even in the absence of
any mechanical loading.

In addition to embedded charges, we can also consider the ef-
fect of an external voltage to investigate actuator application of
the electret structure. For this purpose, the Maxwell’s equations
are solved using the embedded charge given in (54) and bound-
ary condition used in (40) to derive the electric field:

e =
1
εr

AqH (r− rch)−
Aq log

(
r2
rch

)
+V ε

log
(

r2
r1

)
er. (63)

Following a similar process as before, the mechanical boundary
conditions are imposed to determine the stretch in terms of ra-
dius ratio and then all quantities are expressed in terms of the
radius ratio. Since the process is straightforward but the result-
ing equations are rather long, we avoid listing them here and the
details may be found in Appendix B. After deriving the nonlinear
bending moment radius ratio relation, we linearize this relation
for |κ̄| � 1 and derive an expression similar to (59) with modified
values for D12 and M0. Relation for D12 is given in eqn (A.9). In
order to provide insights into the bending behavior of electret un-
der external voltage (in absence of any mechanical loading) we
simply update the expression of M0 presented in eqn (61). The
modified M0 may be derived to have the following form:

M0 =
(

1−α
2
)

q̄0×

Ẽ0

√(
Ẽ2

0 −1
)((

α2−1
)

q̄2
0−4

)
+α

(
Ẽ2

0 −1
)

q̄0

2
(
1−α2

)
q̄2

0 +8
,

(64)

where Ẽ0 = V
2H

√
ε

µ
. An intriguing implication from (64) is that

in the presence of external electric field and absence of mechani-
cal loading, a non-zero value for curvature is obtained—even for
symmetric electrets (α = 0). Moreover, this curvature depends on
the value of external electric field and any change of the exter-
nal field will also alter the curvature. As will be discussed in the
next section, this behavior may be interpreted as converse bend-
ing piezoelectric behavior.

4.3 Identification of the apparent flexoelectric and d31 piezo-
electric coefficients in electrets

As shown in the prior section, if a fixed bending moment is main-
tained, an electric field can change the curvature of the electret
structure and conversely, a change in curvature can lead to a
change in the electric field. This can be made more explicit by
examining the electric displacement. For a short circuited electret
strucuture, D̃ may be determined by using eqn (55), (39) and(3):

D̃ = q
(

H (X−Xch)−
log(C22)

log(Λ)

)
eX . (65)

Electric displacement in eqn (65) depends on Λ, signifying that
electric displacement changes with the change of curvature. Us-
ing Taylor series for small values of κ̄ we can elucidate a linear

relation between the change of electric displacement and curva-
ture:

D̃ = D f eX =

(
Di +

1
4

q(1−α
2)κ̄ +o(κ̄)

)
eX . (66)

In the present context, we may identify the initial state as the zero
curvature (flat) state and the curved state as the final deformed
state of the bending. Denoting D f and Di, respectively, to rep-
resent the electric displacement in the final and initial states, we
can write Di as

Di =

{
1
2 q(1+α) for X > Xch,

− 1
2 q(1−α) for X < Xch.

The linear relation between curvature and electric displace-
ment, or polarization, is a tell-tale signature of flexoelectricity. In
an experimental setting, flexoelectric coefficient of a material can
be determined by measuring the electric current generated dur-
ing bending deformation. We use such a gedanken on these lines
to define an apparent (and emergent) flexoelectric coefficient for
the electret structure66.

Interchangeably, and somewhat ambiguously, the same basic
logic may also be interpreted as an emergent d31 piezoelectric co-
efficient. However, this requires some further nuanced discussion.
As already discussed briefly in the introductory section, because
the average strain is zero in bending, a (net) electric polarization
is not generated from the bending deformation of a single layer
piezoelectric film unless a bimorph configuration is used. Bending
of a piezoelectric bimorph with opposite poling directions (shown
in Fig. 9) leads to the development of a non-zero (net) electric
polarization inside the material. In addition, a uniform external
electric field can cause bending in the bimorph with opposite pol-
ing directions. We remark that an electret with embedded charges
is similar to a bimorph with opposite poling directions. So, in
order to interpret the flexure of electrets in terms of emergent
piezoelectric or interchangeably, flexoelectric response, we must
compare it with either a piezoelectric bimorph or a homogeneous
material with flexoelectric effect. Since it is not possible to ana-
lytically solve a non-linear three-dimensional bending problem of
a flexoelectric or piezoelectric block, we use a simple linear piezo-
electric or flexoelectric Euler-beam theory to find the correlation
between mechanical loading and induced charge. Then, this cor-
relation is compared with the results of our nonlinear model for
electrets to suggest expressions for the apparent flexoelectric and
piezoelectric coefficients.

Apparent piezoelectric coefficient. The definition of the ap-
parent piezoelectric coefficient requires the solution to the bend-
ing problem of a bimorph. The derivation is recorded in Appendix
C and specifically the central result used in this section appears
in (C.17). In contrast to the piezoelectric beam model, our model
for the flexure of an electret is nonlinear and three-dimensional.
To relate them and derive apparent piezoelectricity as would be
measured in experiments, we introduce the notion of average cur-
vature 〈κ〉 as

〈κ〉= 1
2H

∫ r2

r1

1
r

dr =
κ̄

2H
+o(κ̄). (67)
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Poling direction:

(a)

M M

(b)

Fig. 9 Piezoelectric bimorph made of two layers of piezoelectric
materials with different poling directions. (a) Undeformed configuration
(b) Deformed configuration.

Apparent bending stiffness κ
app
b and apparent piezoelectric coef-

ficient dapp
31 of the electret structure can therefore be defined as

κ
app
b =

(
∂ 〈κ〉
∂M

)−1
, (68)

dapp
31 =−

2κ
app
b

3µH
∂D f

∂M
. (69)

Equation (67) can be used to replace κ̄ with 〈κ〉 in eqn (62) and
extract the average curvature of the block and the electric dis-
placement (66) in terms of bending moment. Then, substituting
eqn (59) into eqn (69) we have:

dapp
31 =− q

3µ
(1−α

2). (70)

It is clear that the best position for the charge layer, which
maximizes the emergent and apparent piezoelectric coefficient,
is exactly in the middle of the block. Furthermore, there is an
inverse relation between material stiffness and the apparent dapp

31
piezoelectric coefficient of the electret block.

Apparent flexoelectric coefficient. To alternatively interpret
the electret structure in terms of flexoelectricity, we must first
define an apparent flexoelectric coefficient. This requires the so-
lution for the bending problem of a homogeneous flexoelectric
beam and the relevant derivation is recorded in Appendix D. The
key result we use in this section is eqn (D.10) and based on this,
we may define the apparent flexoelectric coefficient f app of the
electret structure as

f app =
1

(ε− ε0)

∂D f

∂M
κ

app
b . (71)

Substituting eqn (66) into (71), the apparent flexoelectric co-

efficient is derived as

f app =
Hq

2(ε− ε0)

(
1−α

2
)
. (72)

The apparent emergent flexoelectric coefficient in (72) is directly
proportional to the thickness of the block and therefore an
increase of the thickness would appear to be a way to increase
the flexoelectric coefficient. This notion is somewhat deceptive
however. We must recognize that increasing the thickness will
also require substantially larger mechanical energy to bend
the structure (which scales with H3). In addition, it should be
mentioned that the reason for negligible flexoelectric effect in
conventional materials at large scales is that in this effect, polar-
ization is proportional to strain gradient and there is an inverse
relation between magnitude of strain gradient and characteristic
size-scale of the problem. However, for the electret structure
under consideration, the apparent flexoelectric coefficient is not
a structure-independent constant as in the case of a non-electret
material. The apparent flexoelectric coefficient of the electret
structure increases with increasing size scale which compensates
for the decrease of strain gradient with increasing size scale and
in this sense it leads to a size-independent effect. Finally, we
remark that, in the present setting of a simple homogeneous
electret structure, the maximum apparent flexoelectric coefficient
corresponds to the electret in which the charge layer is located
exactly in the middle of the block (α = 0).

Energy conversion ratio. In addition to flexoelectric and
piezoelectric coefficients, a physically meaningful measure to
study is the effectiveness of the electret material to convert ap-
plied mechanical energy into electric energy as compared with
conventional piezoelectric materials. For this purpose, we com-
pare the amount of energy required to induce an identical amount
of electric charge at the electrodes. Electric charge induced at
electrodes for the electret structure is D f −Di and can be com-
puted from eqn (66). For the appropriate interpretation, this
value may be equated to the induced charge on the electrode sur-
face of the comparison piezoelectric material—which is equal to
d given in eqn (C.16). For this comparison, the bending moment
Mpiezo which should be applied to piezoelectric material in order
to induce d = D f −Di can be determined from (66) and (C.16):

Mpiezo =
q(1−α2)κb

2Hb31(ε33− ε0)
κ̄ +o(κ̄), (73)

where b31 is the piezoelectric coefficient introduced in (C.1) and
ε33 is the dielectric coefficient in the poling direction of material.
The mechanical energy required to induce this amount of charge
is obtained through the work done on the system by means of the
applied bending moment. The work done by the applied bending
moment on piezoelectric material with unit volume is equal to

Wpiezo =
M2

piezo
2Hκb

where κb is given in (C.14). Substituting the value
of the bending moment from (73), Wpiezo can be determined as

Wpiezo =
12q2(1−α2)2κb

b2
31(ε33− ε0)2I

κ̄
2 +o(κ̄2). (74)

12 | 1–22Journal Name, [year], [vol.],

Page 12 of 22Soft Matter



Also, using eqn (59), the work done by the applied mechanical
loading to deform a unit-volume electret from an initially flat con-
figuration to deformed configuration is given as

Welectret =
1

2L×2H
(M−4µH2M0)θ

∣∣∣∣Y=L

Y=−L
. (75)

Substituting eqn (57) and (36) into eqn (75), and using eqn (56),
(45) and (48), Welectret can be written as

Welectret =
µ
(
1+ q̄2

0D14
)

3
(

1+ q̄2
0

4 (1−α2)
) 3

2
κ̄

2 +o(κ̄2). (76)

With these required energetic quantities at hand for both the
piezoelectric and electret materials, we define Energy Conversion
Ratio (ECR) as

ECR =
Wpiezo

Welectret
. (77)

If we consider a single crystal barium titanate piezoelectric film
with ε33 = 109ε0, d31 = −34.5 pC/N and c11 ≈ 124 GPa67 and
a symmetric polypropylene (PP) electret with q = 10−3 C/m2,
µ = 0.95 MPa and ε = 2.35ε0

68, we will have ECR= 0.23. This im-
plies that in barium titanate, the mechanical energy required to
produce a given amount of electrical energy is almost four times
less than that of PP electret. However, although in this example,
the ECR value for electret is smaller than 1 and energetically it
is more favorable to use barium titanate film, soft electrets can
tolerate much larger deformation. Furtheremore, it is evident
that ECR ∝

q2(1−α2)
µ

and that increasing the amount of embedded
charges or using softer materials can be used to increase ECR.

4.4 The effect of embedded dipoles on the apparent flexo-
electric and d31 piezoelectric behavior

In addition to embedded charges, embedded dipoles are also used
in electrets. The widely used soft cellular polymer foams may be
considered to consist of embedded dipoles in voids of a soft ma-
trix. As shown in Fig. 10, these polymer foams are soft porous
materials with huge number of entrapped air voids such that vol-
ume fraction of voids are often more than 50 percent. Trapped
charges on the surfaces of voids create large dipoles inside the
foam (Fig. 10a). In some sense, this is analogous to large dipoles
created by the charge layer in the composite of the preceding sec-
tion and the top and bottom electrodes. In this section, we use a
layered structure to model voided film where there is a layer of
air between two layers of polymer (Fig. 10b). Embedded charges
with surface charge densities q and −q exist at the interface of the
air layer and polymer layer to mimic dipoles. Two parameters α1

and α2 have been introduced to identify position of charge layers.
The solution to the bending problem of an electret made of two
layers of different materials is given in Appendix E. This can be
extended for a soft dielectric block made of three different lay-
ers. We avoid giving details of the derivation for this case since
the process is identical to what was presented before. Ignoring
higher order terms and following the same notation introduced

in eqn (66), electric displacement for this structure is given as :

D f = Di +
qεr(α

2
2 −α2

1 )

(2+ Ha
H (εr−1))2

κ̄ +o(κ̄), (78)

where εr = ε/ε0 and Ha is the thickness of air layer. Note that
D f −Di for all three layers is the same. In charged polymers,
dipoles are almost uniformly distributed inside the material. It
is clear that for a symmetric distribution of embedded dipoles
(α2 =−α1), change in the electric displacement will be zero and
bending will not induce any change in the charges induced at the
electrodes. This explains the reason for the observation of small
d31 in charged polymer foams. However, there is a simple way to
obtain desirable values for α1 and α2 and a non-symmetric dis-
tribution of dipoles. The basic ideas are illustrated in Fig. 11a.
Essentially, electret structures can be combined with non-electret
material (i.e. ordinary dielectric) to facilely create the asymmetry
needed to obtain a non-trivial d31. Although we do not present
further details, a slight modification to the current models (de-
veloped so far) may be easily used to find the apparent properties
of a film composed asymmetric electret structures shown in Fig.
11b.

(a) (b)

Fig. 10 (a) Existence of external dipoles in polymer foams. (b) A
layered structure is used to model charged porous polymer. Constants
α1 and α2 show the positions of charge layers.

(a) (b)

Fig. 11 Methods to break symmetry in distribution of dipoles. (a)
Attachment of a non-electret material to an electret material. (b)
Attachment of two asymmetric electrets.

Upon substituting eqn (78) into eqn (71) and (69) the apparent
flexoelectric coefficient and apparent piezoelectric coefficient can
be derived:

f app =
2Hqεr

(ε ′− ε0)

α2
2 −α2

1

(2+ Ha
H (εr−1))2

, (79)

dapp
31 =−

4qεr(α
2
2 −α2

1 )

3µ(2+ Ha
H (εr−1))2

, (80)

where µ in (80) is an effective shear modulus which accounts for
both polymer section and air voids. Qualitatively, the results do
not differ in any significant manner from the previous section.
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5 Results and discussion
The nonlinear models presented in the preceding sections can
be used to obtain several interesting insights into the design of
flexoelectricity and d31 piezoelectricity in soft electrets. However,
first, in order to highlight the similarities and differences between
conventional dielectrics and electret materials, we present the
bending deformation behavior of an ordinary soft dielectric in
Fig. 12. Relations (49) and (50) have been used to draw this
figure. In Fig.12a we illustrate the change in thickness of a soft
dielectric block under the action of a combined bending moment
and electric field. As expected, Fig. 12a shows that applying a
constant external electric field leads to the thinning of the block.
As it was discussed earlier in preceding sections, this change of
thickness leads to emergence of a coupling between electric field
and curvature of the block. Change of curvature in response
to applied electric field is shown in Fig. 12b to investigate
possibility of using ordinary dielectrics as bending actuator. We
introduce the following dimensionless measure of the curvature
κ̄0 = κ̄

λ
and use this quantity throughout the section. Figure

12b shows that for fixed non-zero values of bending moment,
increasing external field results in the increase of the curvature
observed in the block. However it is evident, from this figure,
that if the applied bending moment is zero, electric field alone
will not induce a change in curvature. In the other words, some
pre-existing curvature should be present to observe a coupling
between the curvature and electric field for ordinary dielectrics.
This is one of limitations of dielectric actuators. Another one
is that the electromechanical coupling in the non-electret soft
dielectric block is generated from Maxwell stress effect which, by
nature, is quadratic with respect to electric field. Accordingly, a
change in the direction of the applied electric field will not alter
the direction of the induced curvature.

Flexure behavior of electret with a single layer of embed-
ded charge. The formulation presented in section 4.2 is used
to analyze the flexure behavior of the electrets with embedded
charges. Equations (56) and (57) are used to plot the variation of
the dimensionless bending moment with dimensionless curvature
in Fig. 13 for a short circuited electret with asymmetric distribu-
tion of charges (α = 0.5). As evident, the presence of the charge
has a profound effect on the bending moment-curvature relation.
In particular, the curvature does not vanish even when the applied
bending moment is zero. This is due to the asymmetric distribu-
tion of charges and consequently a non-uniform state of Maxwell
stress inside the material.

As discussed earlier, when two layers of piezoelectric materials
with opposite poling directions are exposed to an external electric
filed in the thickness direction; the d31 converse piezoelectric
effect leads to bending. The same behavior is seen in electrets.
Using (B.12), fig. 14 shows that an electret made of a dielectric
with a layer of charge with q̄0 = 0.225 bends in response to
external electric field and in absence of any external mechanical
load. This value of electric charge will be attainable upon
insertion of a layer of electric charge with q = 10−3 C/m2 into
a PP film with µ = 0.95 MPa and ε = 2.35ε0

68. Furthermore,

(a)

(b)

Fig. 12 Behavior of soft dielectric block under the action of a combined
bending moment and electric field. (a) Change of thickness in response
to applied electric field and bending moment. (b) Coupling between
electric field and curvature.

Fig. 13 Effects of external charges on the curvature of the block for
α = 0.5.

Fig. 14 shows that the direction of curvature depends on the
direction of applied field. This linear relation is in contrast
with the quadratic behavior of an ordinary dielectric under
external voltage in the absence of external charges and proves
the capability of soft electrets to be used as a bending actuator.
The emergent d31 effect is stronger when the charge layer is in
the middle of the block (α = 0).

Energy harvesting application and emergent properties of
electrets. The possibility of using electrets as sensors and their
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Fig. 14 Converse piezoelectric behavior of electret with q̄0 = 0.225.

apparent and emergent piezoelectric/flexoelectric coefficients are
studied in Figs. 15 to 18. Bending of a short circuited electret
changes the electric field and electric polarization inside the ma-
terial. In order to show this electro-mechanical coupling, we use
eqn (65) to plot the change of electric displacement versus the
dimensionless curvature in Fig. 15 for a homogeneous dielectric
with an embedded layer of electric charge.The change of the elec-
tric displacement, and hence the capability to generate current, in
response to changes in curvature illustrates the potential applica-
tion of the electret structure as an energy harvester and sensor.
Also, for small curvatures a linear change is observed in the elec-
tric displacement. Since the flexoelectric behavior is the linear
development of polarization in response to imposed curvature in
vicinity of zero curvature (small deformation), this change of the
electric displacement and consequently electric polarization seen
in electret can be interpreted as an emergent flexoelectric-like be-
havior and this effect is stronger when charge layer is closer to the
middle surface of the block. Plotting the apparent flexoelectric co-
efficient using the definition in (eqn (72)) in Fig. 15b, we see that
a flexoelectric coefficient of the order of f app(ε − ε0) ≈ 10−8C/m
is possible for an electret with micro scale thickness and with a
realistic surface charge density q = 10−3 C/m2.

Fig. 16 shows the apparent d31 piezoelectric coefficient for a PP
film with µ = 0.95MPa with one layer of external charges using
eqn (70). The apparent piezoelectric coefficient is found to be
roughly ten times more than the corresponding value of barium
titanate where dBaTiO3

31 =−34.5 pC/N 67 and q = 1 mC/m2. While
a high longitudinal piezoelectric coefficient for electrets has been
already reported, this is the first prediction for such a large d31

value.
In order to present the piezoelectric coefficient for a poly-

mer with embedded dipoles, we consider a polymer foam with
H = 30µm and assume an air volume fraction of 50% or Ha = H
(see Fig. 10). Initially dipoles have a symmetric distribution and
the apparent piezoelectric coefficient is zero. Another piece of the
identical polymer film of thickness H0, free of dipoles, is attached
to the electret material (Fig .11a). A shear modulus of µ = 1MPa
is assumed. The apparent piezoelectric coefficient for this struc-
ture versus thickness of the attached film is shown in Fig. 17 using
eqn (80). The apparent piezoelectric coefficient increases with H0

(a)

(b)

Fig. 15 Flexoelectric behavior of the electret. (a) Charge harvested in
the bending deformation of a short circuited electret. (b) Apparent
flexoelectric coefficient of a homogeneous film with q̄0 = 0.225.

until it obtains an optimum. The thickness which maximizes the
apparent piezoelectric coefficient of the structure depends on the
electric permittivity of the material and can be determined math-
ematically from: H0 = 2H +Ha(εr−1).

In what follows, we use Equations (74), (76) and (77) to plot
the ECR coefficient to compare energy conversion efficiency of an
electret with a single layer of embedded charge to a homogeneous
barium titanate piezoelectric. Barium titanate properties are con-
sidered as ε33 = 109ε0, d31 = −34.5 pC/N and c11 ≈ 124 GPa67.
As expected from prior results, Fig. 18a shows that ECR is maxi-
mized when the charge layer is located in the middle of the block.
Furthermore, increasing the amount of surface charge density to
2 mC/m2 in an electret with a shear modulus 0.95 MPa will per-
form almost as well as barium titanate. Given that the electret
is capable of orders of magnitude larger deformation, this com-
parision is quite astounding. Another avenue to obtain an higher
ECR is suggested in Fig. 18b. The figure shows that softer elec-
trets have higher ECR and an order of magnitude reduction in the
shear modulus can dramatically increase the ECR.

6 Concluding remarks
Soft electret materials have been proposed as candidates for ap-
plications that require a strong electro-mechanical coupling as
well as a capability for large deformation. Although a large ap-
parent d33 piezoelectric coefficient has been reported for some
soft polymer foam electrets, their d31 piezoelectric coefficient is
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Fig. 16 Apparent piezoelectric coefficient for a PP film with a layer of
external charge inserted versus position of charge layer

Fig. 17 Apparent piezoelectric coefficient of a polymer film with
embedded dipoles attached to another material free of dipoles with
thickness H0.

rather small and the electro-mechanical coupling in flexure mo-
tion is quite weak. In this work we provide a physical rationale
for observed low value of d31 in typical electrets. We analyze the
behavior of electrets under bending deformation and pathways to
obtain substantive d31 piezoelectricity or alternatively a flexoelec-
tric like behavior, are suggested. Our central formulation is quite
general and may be used, beyond the simple examples studied in
the present work, for future numerical design and optimization
of flexoelectric and bending piezoelectric electrets. We obtain the
following insights:

1. The microstructure of electrets must lead to non-trivial inho-
mogeneous deformation for the emergence of d31 piezoelec-
tric effect.

2. Ordinary dielectrics may not fit applications that require a
linear electro-mechanical coupling in bending deformation.
The reason is that some pre-existing curvature is required
to observe coupling between externally applied electric field
and curvature in dielectrics. Also, even when pre-existing
curvature is present, this coupling only depends on the mag-
nitude of electric field and it is independent of the direction
of the field.

3. A converse d31 piezoelectric behavior is obtained for an elec-
tret with one layer of embedded charges, implying that an
externally applied electric field can bend this electret and
a change in the direction of electric field will also alter the

(a)

(b)

Fig. 18 ECR coefficient to compare energy efficiency of electret with a
barium titanate piezoelectric material. (a) ECR versus α for an electret
with µ = 1 MPa and ε = 2.35ε0. (b) ECR versus shear modulus of
electret for an electret q = 10−3 C/m2.

direction of the deformation. In addition, bending of such
an electret will also alter the electric field and polarization
inside the material and this change of polarization can be in-
terpreted as either a d31 piezoelectric effect or alternatively,
flexoelectricity.

4. We estimate the apparent flexoelectric and d31 piezoelectric
coefficient for electrets and suggest approaches to improve
the overall energy conversion ability of the material.

Appendices

A Coefficients Ci j, Di j and Ei j introduced in
section 4

The coefficients Ci j are defined as:

C11 = (
log(C22)

log(Λ)
)2−

(1−α) log
(
C2

22
)

C21 log(Λ)
, (A.1)

C12 =

(
Λ4−1

)
log2 (C22)

log2(Λ)

+
log
(
C2

22
)(

C21Λ2 log
(

2
C21

)
+C23

)
C21 log(Λ)

− C23

C21
, (A.2)
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C13 =

(
Λ2−1

)2
(
(α−1) log(Λ) log

(
C2

22
Λ

)
+C21 log2 (C22)

)
C21 log2(Λ)

,

(A.3)

C21 = 1+Λ
2 +α(Λ2−1), (A.4)

C22 =

√
2Λ√
C21

, (A.5)

C23 = (1−α)
(

1−Λ
4
)
, (A.6)

C24 =
(Λb−1)

Λb

√
α +2Λ2

b−1
α +1

. (A.7)

Coefficients Di j are given as

D11 =
8q̄2

0α(1−α2)

(4+ q̄2
0(1−α2))2 , (A.8)

D12 = D13 +
α
(
1−α2) Ẽ0q̄0

((
1−α2) q̄2

0−8
)

3
((

1−α2
)

q̄2
0 +4

)2 ×

(

√(
1− Ẽ2

0

)((
1−α2

)
q̄2

0 +4
)
+αẼ0q̄0), (A.9)

D13 =
q̄4

0(1−α2)3 + q̄2
0(−44α4 +24α2 +20)+64

12(q̄2
0(1−α2)+4)2 , (A.10)

D14 =
1
16

(
−11α

4 +6α
2 +5+ q̄2

0
(1−α2)3

4

)
(A.11)

In eqn (A.9) for coefficient D12, the contributions of both electric
field and electric charges have been considered. So, the electric
field Ẽ0 should be set to zero in the relation (A.9) to obtain coef-
ficient D12 used in eqn (59).

Coefficients Ei j are given as

E11 =
(α +1)(Λb +1)4

4(εt log(Λb)+ εb log(C24))
2×

(
(α−1)εt log2 (Λb)− εb log2(C24)

(
α +2Λ

2
b−1

))
, (A.12)

E12 = (Λ2−1)2, (A.13)

E13 = (C21−2)(3C21 +2), (A.14)

E14 = (1−α)(Λ2−1)(3+5Λ
2 +3α(Λ2−1)), (A.15)

E15 =
(2−
√

2C21)

4
× (2+

√
2C21)

5, (A.16)

E16 =−
2E21(1−α)(Λ2−1)

Λ2 , (A.17)

E17 =−(2+
√

2C21)
4, (A.18)

E18 =
E22(1+

√
C21
2 )4

8Λ2(Λ2−1)2
(

εb log(C22)+ εt log(
√

C21
2 )

)2 , (A.19)

where

E21 = α
2 +(α +1)2

Λ
4−2(α−7)(α +1)Λ2−14α

+4
√

2
√

C21

(
α

(
Λ

2−1
)
+Λ

2 +3
)
+17, (A.20)

E22 = (α−1)
(

Λ
2−1

)
εa log2

(√
C21√

2

)
−4Λ

2
εa log(C22) log2

(√
C21√

2

)

+Λ
2
εb log2 (C22)

(
−αΛ

2 +α−2log(C21)−Λ
2 +1+ log(4)

)
.

(A.21)

B Derivation of relation between bending
moment and curvature for electret under
external voltage introduced in section 4.2

In order to determine the relations for stretch and bending mo-
ment in terms of curvature for the electret shown in Fig. 8 which
is also under an external electric voltage, eqn (63) is substituted
into eqn (43) to determine the stresses. The boundary condition
given in second equation of (46a) can be written as:

F11 +F12λ
2 +F13λ

4 = 0, (B.1)

where

F11 = 4(Λ−1)

(
Ẽ2

0 (1−Λ)2(1+Λ)

Λ2(logΛ)2 − 4
1+Λ

)
, (B.2)

F12 =
4Ẽ0q̄0(−1+Λ2)2

C21Λ2(logΛ)2 × (C21 log(C22)+(−1+α) log(Λ)) , (B.3)

F13 =
(−1+Λ)(1+Λ)3

C21Λ2(log(Λ))2 ×F21, (B.4)

F21 =C21q̄2
0(log(C22))

2 +2q̄0(−1+α) log(C22) log(Λ)

+(log(Λ))2
(

1+ q̄2
0(1−α)+Λ

2−α(1−Λ
2)
)
.

(B.5)

Also, eqn (63) is used to write the boundary condition (46b) as

8M
H2µ

= F14 +F15λ
2 +F16λ

4, (B.6)

where

F14 =−
4Ẽ2

0
(
Λ2−1

)
log2(Λ)

−
8Ẽ2

0
log(Λ)

+
8
(
3Λ2 +1

)
Λ2−1

, (B.7)
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F15 =−
4Ẽ0(Λ+1)q̄0

(
C21

(
Λ2−1

)
log(C22)+

(
C21−2Λ2) log(Λ)

)
C21(Λ−1) log2(Λ)

,

(B.8)

F16 =
λ 4(Λ+1)2

C21(Λ−1)2 log2(Λ)
×F22, (B.9)

F22 =2q̄2
0 log(C22) log(Λ)

(
(α−1)

(
Λ

2−1
)
+C21 log(Λ)

)
+C21q̄2

0 log2(C22)
(

Λ
2−2log(Λ)−1

)
+ log2(Λ)

(
2C21 log(Λ)+C21

(
Λ

2− q̄2
0−1

)
+2Λ

2q̄2
0

)
.

(B.10)
We now simply solve eqn (B.1) for stretch λ and substitute the
solution into (B.6). This will yield the relation between bending
moment and curvature. Since the algebra is simple and the non-
linear bending moment curvature relation is extremely tedious,
we only present its Taylor series expansion for small κ̄:

M
4µH2 = M0 +D12κ̄ +o(κ̄), (B.11)

where M0 and D12 is given by (64) and (A.9), respectively. As a
result, curvature induced in the block because of electrical load-
ing and in absence of bending moment is determined as

κ̄0 =
κ̄

λ
=− M0

D12λ
. (B.12)

C Solution for bending problem of piezo-
electric bimorph beam introduced in sec-
tion 4.3

In this section, we present the solution to the bending problem
of a piezoelectric bimorph. The final result is necessary to de-
fine the apparent piezoelectric coefficient for the electret problem
considered in Section 4.3. Using Euler beam kinematics, we find
a relation for piezoelectric coefficient in terms of applied bending
moment. Consider Fig. 9 which shows a material composed of
two layers of the same piezoelectric material with opposite pol-
ing directions. Let x and z be, respectively, axial and thickness
directions of the beam. Axial elastic modulus of the material is
denoted by c11 and both layers have the same thickness H . We
assume a unit width for the beam and the length of the beam
is 2L. This beam is deformed in response to bending moment
M applied at the two ends. Short circuit boundary condition is
imposed using two mechanically compliant electrodes which are
attached to the surfaces z =±H. The energy density function can
be expressed as58

ψ[x;u,p] =
1
2

S·cS+
1
2

p·D−1p+p·BS, (C.1)

where u and c, S are displacement, fourth order elasticity tensor
and linear strain tensor, respectively. Also, D = εεε − ε0I where εεε

is the dielectric tensor and B is third order piezoelectric tensor.
In a one-dimensional setting, εεε and B can be replaced by ε33 and
B31, respectively. Since the beam is composed of two layers of the
same piezoelectric materials with opposite poling directions, we
introduce piezoelectric coefficient b31 such that for B31 = b31 for

z > 0 and B31 =−b31 for z≤ 0. Also, We can relate B31 piezoelec-
tric coefficient to commonly used d31 coefficient as ‡‡‡

d31 =−
B31(ε33− ε0)

c11
. (C.2)

Based on Euler beam kinematics, the deformation u for the beam
is given as

u =−z
∂uz(x)

∂x
ex +uz(x)ez. (C.3)

Consequently, linear strain tensor is simply derived as S =

−z ∂ 2uz(x)
∂x2 ex⊗ ex. Due to the piezoelectric effect and in response

to deformation, polarization is developed inside the bimorph. We
assume that the polarization and electric field are only developed
in the thickness direction (p = pez and e = − dξ

dz ez). Accordingly
the Maxwell equation (4) reduces to:

−ε0
d2ξ

dz2 +
d p
dz

= 0. (C.4)

Also, free energy of the system can be written as

F [uz, p] =
∫

Ω

[
1
2

c11z2
(

∂ 2uz(x)
∂x2

)2

+
|p|2

2(ε33− ε0)
− pB31z

∂ 2uz(x)
∂x2

+
ε0

2

(
−dξ

dz

)2 ]
−M

∂uz(x)
∂x

∣∣∣∣x=L

x=−L
,

(C.5)
where all quantities are expressed in a one-dimensional setting.
The equilibrium state of the system is obtained by minimizing the
free energy of the system subjected to Maxwell’s equations:

min{F [uz, p] : (uz, p) ∈S and (uz, p) satisfies (C.4)},
(C.6)

where S is the admissible set of functions

S = {(uz, p)| uz ∈C4([−H,H];R),
∫

Ω

|p|2 <+∞}. (C.7)

Using standard calculus of variation, equilibrium equations and

‡‡‡There are multiple ways to present constitutive equations for piezoelectricity. From
(C.1), we can relate stress components σi j to electric field components Ek and strain
component Skl through the following relations

σi j =
(
ci jkl −Bmi j(D

−1)mnBnkl
)

Skl +DkmBmi jEk ,

where Dkm are the components of tensor D. Another alternative for the constitutive
relation for piezoelectric materials may be expressed as

Si j = sE
i jkl σkl +dki jEk ,

where si jkl and dki j are, respectively, components of compliance tensor and piezo-
electric tensor and superscript E indicates that the quantity has been measured in
constant or zero electric field. Introducing sE

mni j
−1 such that sE

mni j
−1sE

i jkl = δmkδnl this
constitutive relation can be rearranged as

σi j = sE
i jkl
−1

Skl − sE
i jkl
−1

dmkl Em,

Comparing this constitutive relation with the stress-strain relation presented based
on the energy formulation and assuming ci jkl −Bmi j(D−1)mnBnkl ≈ ci jkl , we arrive at
the relation in (C.2) for a one-dimensional model.
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boundary conditions for a beam with unit width are derived as

c11I
∂ 4uz

∂x4 −
∂ 2

∂x2

(∫ H

−H
B31 pzdz

)
= 0, (C.8)

dξ

dz
+

p
ε33− ε0

−B31z
∂ 2uz

∂x2 = 0, (C.9)

[
c11I

∂ 3uz

∂x3 −
∂

∂x

(∫ H

−H
B31 pzdz

)]∣∣∣∣x=L

x=−L
= 0, (C.10)

[
c11I

∂ 2uz

∂x2 −
∫ H

−H
B31 pzdz−M

]∣∣∣∣x=L

x=−L
= 0, (C.11)

where I =
∫ H
−H z2dz. Polarization can be determined in terms of

displacement by substituting eqn (C.9) into eqn (C.4):

p =
ε0(ε33− ε0)

ε33
B31

∂ 2uz

∂x2 z+
(ε33− ε0)

2

ε33

H
2

b31
∂ 2uz

∂x2 . (C.12)

Substituting eqn (C.12) into eqn (C.8), we have

κb
∂ 4uz

∂x4 = 0, (C.13)

where κb is an apparent bending stiffness:

κb =c11I− (ε33− ε0)(3ε33 + ε0)

4ε33
b2

31I. (C.14)

Solving eqn (C.13) using boundary conditions eqn (C.10) and
(C.11), we find that the relation between bending moment and
deformation is

M
κb

=
∂ 2uz

∂x2 . (C.15)

Equation (C.15) can be used to describe all quantities in terms of
applied bending moment M. Electric displacement d = dez can be
determined using eqn (C.15), (C.12), (C.9) and (1), namely

d =
Mb31(ε33− ε0)H

2κb
. (C.16)

Physically, M
κb

and d represent the curvature of the Euler beam
and induced charge at the electrodes, respectively. The piezo-
electric coefficient of this bimorph can be obtained by measuring
the electric displacement due to bending and by using relation
(C.16). From eqn (C.16) and (C.2) we have

d31 =−
2κb

c11H
∂d
∂M

. (C.17)

D Solution for bending problem of flexo-
electric beam introduced in section 4.3

The solution of bending of an Euler beam accounting for flexo-
electricity is presented here and is needed to define the appar-
ent flexoelectric coefficient for the electret considered in Section
4.3. The procedure is similar to what was documented in Ap-
pendix C for a piezoelectric bimorph. We assume that the beam
has dimensions 2H × 2L and with unit width. Coordinates are
considered to be similar to Fig. 9 and following Euler beam kine-

matics, deformation is considered to be same as eqn (C.3). We
assume polarization only exists in thickness direction and intro-
duce pS(x) =

∫ H
−H p(x)dz where p = p(x)ez. The energy density

function is given as66,69:

ψ[x;uz, pS] =
1
2

c11I(∆uz)
2− f pS

∆uz +
1
2

a|pS|2, (D.1)

where f is flexoelectric coefficient§§§. Also, ∆(·) is Laplace opera-
tor and a = 1

2H(ε−ε0)
where ε is electric permittivity for this homo-

geneous flexoelectric material. From eqn (D.1), the free energy
of the system can be written as

F [uz, p] =

∫ L

−L

[
1
2

c11I
(

∂ 2uz(x)
∂x2

)2

− f pS ∂ 2uz(x)
∂x2 +

1
2

a|pS|2
]

dx−M
∂uz(x)

∂x

∣∣∣∣x=L

x=−L
.

(D.2)
Again, using standard calculus of variation, the equilibrium equa-
tions and boundary conditions are derived as

∂ 2

∂x2

(
c11I

∂ 2uz

∂x2 − f pS
)
= 0, (D.3)

apS− f
∂ 2uz

∂x2 = 0, (D.4)

[
∂

∂x

(
c11I

∂ 2uz

∂x2 − f pS
)]∣∣∣∣x=L

x=−L
= 0, (D.5)

[
c11I

∂ 2uz

∂x2 − f pS−M
]∣∣∣∣x=L

x=−L
= 0. (D.6)

Substituting eqn (D.4) into eqn (D.3), we have

κb
∂ 4uz

∂x4 = 0, (D.7)

where κb here is

κb =c11I−2H f 2(ε− ε0). (D.8)

Using eqn (D.7) and boundary conditions eqn (D.5) and (D.6), re-
lation between bending moment and deformation is derived ex-
actly similar to eqn (C.15). This relation may be used to write
down the electric displacement d = dez in terms of bending mo-
ment:

d =
M
κb

f (ε− ε0). (D.9)

We observe that the flexoelectric coefficient of the beam may be
identified by measuring curvature and induced charge at the elec-

§§§ In some of the literature, flexoelectric tensor µµµ is defined such that constitutive

relation between polarization Pi, strain gradient
∂S jk

Xl
and electric field Ei is expressed

as Pi =Di jE j +µi jkl
∂S jk
∂Xl

,where Di j is a component of D. However, we can also define
the flexoelectric tensor f such that the internal energy density function is given by

ψ = W elast + 1
2 Pi(D−1)i jPj + fi jkl Pi

∂S jk
∂Xl

+
∂Si j
∂Xj

gi jklmn
∂Slm
∂Xn

. This internal energy density

function will lead to the following equation:Pi = Di jEi −Di j f jklm
∂S jk
∂Xl

. So, we can

conclude that Di j f jklm =−µi jkl or in a one-dimensional setting, f (ε− ε0) =−µ f lexo.
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trodes. Flexoelectric coefficient is determined from eqn (D.9):

f =
κb

(ε− ε0)

∂d
∂M

. (D.10)

E Bending of soft composite dielectric
block

In a prior work, Bigoni et al.70 extended Rivlin’s analysis of a
purely mechanical flexure problem of a soft block to that of a
composite consisting of multiple layers. In this section, we use
their analysis as a starting point and extend their analysis for a
dielectric electret structure made of two materials where a layer
of electric charge with surface charge density q has been inserted
at their interface of two materials (Fig. 19). Throughout this sec-
tion, we will use subscripts t and b to describe properties of layers
on top and bottom, respectively. Two different coordinate systems
are used to specify material points in the reference configuration
for the two different materials.

(a) (b)

Fig. 19 A composite block made of two layers with two different
dielectric materials and a layer of charge is inserted between two layers.
(a) Undeformed configuration. (b) Deformed configuration.

ΩRb ={(Xb,Y,Z) ∈ R3 : |Xb| ≤ H
α +1

2
, |Y | ≤ L, |Z| ≤W}, (E.1a)

ΩRt ={(Xt ,Y,Z) ∈ R3 : |Xt | ≤ H
1−α

2
, |Y | ≤ L, |Z| ≤W}. (E.1b)

We consider the same class of deformation and kinematic con-
straints as we did in the preceding sections while analyzing ho-
mogeneous structures:

rb =
√

2AbX +Bb, θb =
Y
Ab

, z = Z for layer b,

rt =
√

2AtX +Bt , θt =
Y
At

, z = Z for layer t.

(E.2)

Electric boundary conditions are identified as

ξ (r1) = 0, (E.3a)

ξ (r2) = 0, (E.3b)

ξ (rch) =Vi, (E.3c)

where r1, rch and r2 are the inner radius, interface radius and

outer radius of the deformed structure, respectively. The voltage
Vi is the unknown electric potential at the interface of two materi-
als and is created due to insertion of the charge layer. Charge dis-
tribution is exactly same as eqn (54). So, using Maxwell’s equa-
tions, voltage Vi can be determined from following equation:

Aq =Vi

(
εb

log rch
r1

+
εt

log r2
rch

)
. (E.4)

Consequently, the electric field in the layers may be determined
to be:

eb =−
Vi

r
1

log rch
r1

er,

et =
Vi

r
1

log r2
rch

er.

(E.5)

Since purely circular bending is considered, the mechanical
boundary conditions for the model are as follows:

θb(L) = θt(L), (E.6a)

rb = rt at r = rch, (E.6b)

trb = (σσσ∗b−LabI)er = 0 at r = r1, (E.6c)

trt = (σσσ∗t −LatI)er = 0 at r = r2, (E.6d)

JtrK = 0 at r = rch, (E.6e)

M =
∫ rch

r1

r(σ∗θθb−Lab)dr+
∫ r2

rch

r(σ∗θθ t −Lat)dr. (E.6f)

Lagrange multipliers Lab and Lat can be determined solving
equilibrium equation for each layer and using boundary condi-
tions (E.6c) and (E.6d):

Lab = σ
∗
rrt +

∫ r

r1

1
r′
(
σ
∗
rrb(r

′)−σ
∗
θθb(r

′)
)

dr′,

Lat = σ
∗
rrt +

∫ r

rch

1
r′
(
σ
∗
rrt(r

′)−σ
∗
θθ t(r

′)
)

dr′

−
∫ r2

rch

1
r
(σ∗rrt(r)−σ

∗
θθ t(r))dr.

(E.7)

From eqn (E.6a), we conclude that Ab = At = A. Similar to eqn
(45), A, Bb and Bt can be expressed in terms of r1, r2 and rch

and using continuity of deformation (eqn (E.6b)) at the interface
between two materials, r = rch, deformation can be expressed in
terms of the two independent constants:

λb = |
rch− r1

(1+α)H
|, Λb =

rch

r1
, (E.8)

where Λ2 =
Λ2

b+α−1
α

. Finally, eqn (E.6e) can be used to determine
stretch λb in terms of radius ratio Λ

λ
4
b =

32C11Λ2((1−α2)µt +(α +1)2µb)(√
C11 +

√
2
)4 (

(1−α2)µt +(α +1)2µbΛ2
)
−16q2E11

,
(E.9)
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where coefficients Ei j are listed in the Appendix A. Also, eqn
(E.6f) can be written in terms of radius ratio and stretch:

M = H2q2
λ

4
b E18 +

H2

64E12

{
32(E13µb +E14µt)+λ

4
b

[
E15µb +E16µt

−E17(µb−µt) log
(

2
C21

)
+2E17µa log(Λ)

]}
.

(E.10)
We can simply substitute eqn (E.9) into (E.10) to obtain a relation
between the radius ratio and bending moment. Also, in order to
extract a linear relation similar to (59), the resulting relation can
be linearized for small values of κ̄ using Taylor series expansion
and eqn (51). Since the linearized relation is rather long, we
avoid presenting it here and just present the following limiting
case:

lim
κ̄→0

M
4H2 =

q2(1−α2)((1−α)2εbµt − (α +1)2µbεt)

4((1−α)εb +(α +1)εt)
2 ×

(
(α +1)µb +(1−α)µt +

(1−α2)q2

(1−α)εb +(α +1)εt

)−1

.

(E.11)

Earlier we had emphasized that for an electret made of a single
material, a non-zero curvature is observed in the block even in
the absence of mechanical loading unless the charge layer is lo-
cated exactly in the middle of the block. However, eqn (E.11)
shows that a non-zero bending moment is required to maintain a
flat block even if the charge layer is located in the middle. In the
other words, for a composite electret, and in absence of mechan-
ical loading, a non-zero curvature can be observed in the block
even if the charge layer is located in the middle of the block.
The reason is that the material in-homogeneity intensifies non-
uniformity of the Maxwell stress inside the material and this non-
uniform distribution of stress bends the block.

As before for a single homogeneous electret material, the def-
initions (71) and (68) may be used to determine the apparent
flexoelectric coefficient of the composite block:

f app =
1

(ε ′− ε0)

2Hq
(
1−α2)εtεb

(αεt −αεb + εt + εb)2 . (E.12)

where ε in relation (71) has been replaced with ε ′ and is defined
as

2
ε ′

=
(1+α)

εb
+

(1−α)

εt
. (E.13)

In contrast to a homogeneous electret, we now note that the opti-
mal position for the charge layer is not in the center of the struc-
ture and there is an optimum thickness for each layer which max-
imizes the apparent flexoelectric coefficient.
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