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ABSTRACT 

Understanding the dynamic adsorption of nanoparticles (NPs) at fluid interfaces is important 

for stabilizing emulsions and for the preparation of 2D NPs-based materials. Here we show that 

the Ward-Tordai equations commonly employed to describe the dynamic of surfactant 

adsorption at a fluid interface combined with a Frumkin adsorption isotherm can be employed to 

model the diffusion-limited adsorption of NPs onto a fluid interface. In contrast to surfactants, an 

additional wetting equation of state (EOS) must be incorporated to characterize the dynamic 

interfacial tension during the adsorption of NPs to the oil-water interface. Our results show 

agreement between the model and experiments at NP area fraction < 0.3. Slower dynamics are 

observed at larger area fractions, which are speculated to arise from polydispersity or re-

organization at the interface. We show the model can be extended to the competitive adsorption 

between the NPs and a surface active species. 
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Introduction 

Adsorption of particles or nanoparticles (NPs) decreases the interfacial tension of a fluid 

interface and leads to the stabilization of foams and emulsions.
1-3

 Particle-laden fluid interfaces 

have received attention for their applications in catalysis,
4, 5

 sensing,
6, 7

 and optics.
8, 9

 As a 

particle adsorbs, oil-water interfacial area is replaced by particle-fluid interfaces. This area 

replacement causes a decrease of the free energy of the interface, E∆ , (per particle) given by 

Eqn. (1):
10

 

 ( )2
2 1 cos
NP OW OW

E rπ γ θ∆ = − ± , (1) 

where NPr  is the radius of the NP, OWγ  is the oil-water interfacial tension, and OWθ  is the contact 

angle formed by the NP at the oil-water interface. 

The decrease in interfacial tension (IFT) caused by the adsorption of a species to a fluid 

interface is a macroscopic mechanical response that is easily accessible experimentally. For 

surfactants, the IFT can be employed in conjunction with the Gibbs adsorption isotherm to 

determine the adsorbed amount when equilibrium is established between the bulk and the 

interface.
11

 In the case of particle adsorption, steady-state IFT measurements have been 

employed to test the applicability of Eqn. (1).
12, 13

 Similarly, dynamic IFT measurements allow 

for the characterization of mass transfer and adsorption processes. In the case of surfactants, 

analysis and interpretation of dynamic IFT measurements have been employed to explain 

induction times,
14, 15

 extract energy barrier,
16, 17

 study interfacial phase transitions during 

adsorption,
14, 18

 and to validate adsorption isotherms and surface equations of state
11

. However, 

unlike surfactants, there are no validated models for the diffusion-limited adsorption of particles 

to fluid interfaces. Despite the importance of particle-laden interfaces, the dynamic of their 

adsorption and its impact on interfacial tension remains poorly understood.
19, 20

 For example, 

Colosqui et al.
21

 has shown that the particle surface heterogeneities may result in physical aging 

and jamming, giving rise to unexpected long relaxation. 

Understanding how particle adsorption influences dynamic IFT has proven to be challenging. 

Due to their relatively larger sizes compared to surfactants, particles have a smaller diffusivity 

that slows adsorption and, as a result, dynamic IFT measurements are more susceptible to 

convection and contamination. In addition, the large adsorption energy given by Eqn. (1) often 

makes the adsorption process irreversible, rendering data interpretation more challenging.
19, 22
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Moreover, there is evidence that in some instances adsorbed particles form multilayers or even 

aggregates at the interface.
23, 24

 Finally, there has been limited characterization of equilibrium 

particle adsorption at oil-water interfaces.
25, 26

 In particular, adsorption isotherms and EOS are 

necessary to model the dynamic interfacial tension, and those are often lacking for particle 

adsorption to fluid interfaces. Despite these challenges, efforts to model the dynamic IFT have 

clearly demonstrated that the diffusion-limited adsorption of particles is quantitatively different 

from that of surfactants.
19, 27, 28

 In particular, the asymptotic behaviors (the dynamic IFT at short 

and long times) derived for surfactant adsorption
29, 30

 are not applicable without modifications 

for NP adsorption.  

Efforts to model the dynamic IFT have been centered on obtaining asymptotic limits for the 

dynamic IFT that are applicable to the adsorption of NPs at a fluid interface. Recently, Bizmark 

et al.
19

 proposed relationships for both short- and long-time limits. For the short-time limit they 

described the adsorption process as being diffusion-limited and corrected the form available for 

surfactant for particle wetting using Eqn. (1). Their asymptotic limit at short-time showed good 

agreement with experimental measurements. For the long-time limit Bizmark et al.
19

 argued that 

the adsorption of NPs was no longer diffusion-limited and was irreversible. Based on these 

assumptions, they derived a long-time asymptotic for the dynamic interfacial tension based on 

random sequential adsorption (RSA). However, whether or not their measurements were in the 

diffusion-limited regime was not determined. The model was employed to extract an energy 

barrier for NP adsorption, and later used by Nelson et al.
31

 to extract the adsorption energy. To 

apply the RSA model, the area fraction of adsorbed NPs is assumed to be the hard disk limit 

(0.907) independent of bulk concentration,
19, 31

 which is larger than the RSA saturation density 

of hard disks (0.547).
32

 In addition, multiple literature reports indicate an adsorbed amount of 

NPs that is dependent on their bulk concentrations (partitioning between the bulk and the 

interface).
25, 26, 33

 Moreover, for both the long- and short-time limits, the asymptotic slopes of the 

dynamic IFT are usually small, often comparable or even smaller than the resolution of the 

measurements.
19, 29, 31

 Therefore there is a need to develop a full model (along with the 

associated long-time limit) for diffusion-limited NP adsorption that can be validated 

experimentally. Such a model would be helpful to determine the rate-limiting step, and to 

demonstrate evidence of kinetic limitations in the adsorption process. An additional challenge in 

testing dynamic IFT model for NP adsorption is that the surface coverage is usually not 
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measured independently, making it difficult to validate the dynamic model when equilibrium 

parameters are also obtained from the dynamic IFT as well. 

Previously, we reported on the reversible adsorption of 5 nm and 10 nm gold NPs 

functionalized with ion-pair ligands (Figure 1 left panel).
26, 34

 Based on independently measured 

pressure and adsorption isotherms, we constructed the equation of state (EOS) for the particles at 

the oil-water interface. We showed that the adsorption isotherm was well-described by the 

Frumkin isotherm, while the surface pressure measured in the EOS had two contributions: one 

originating from the wetting of the NPs to the oil-water interface and the other from the surface 

activity of the NPs at the oil-water interface. We showed that the contribution from surface 

activity on the surface pressure was much weaker compared to that of wetting, and in most cases 

could safely be neglected. However, the dynamics of the diffusion-limited NP adsorption to the 

oil-water interface was not characterized and compared to a mass transfer model, such as the 

Ward-Tordai equations used for surfactant adsorption. 

Here we show that the Ward-Tordai equations can fully describe the dynamic IFT for 5 nm 

and 10 nm ion-pair NPs at the water-toluene interface, with equilibrium parameters obtained 

from independent measurements of the adsorption isotherm.
26, 35

 We show that the Ward-Tordai 

equations, when combined with the equilibrium model developed previously, lead to good 

agreement between data and experiments for the whole adsorption process. We also observe 

deviations between the model and experiments at high surface coverage that could be attributed 

to polydispersity or other kinetic limitations. Finally, we also show that our model can 

qualitatively capture the competitive adsorption between NPs and a surfactant for the oil-water 

interface. To the best of the authors’ knowledge, the data presented here is the first direct test of 

a measurement and model for the diffusion-limited adsorption of NPs to the oil-water interface. 
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Diffusion-limited adsorption model 

 

Figure 1. Schematic of adsorption dynamics illustrating the two primary steps governing the 

mass transfer to the interface: 1) the adsorption (black up arrows) and desorption (black down 

arrows) between the sub-surface region and the interface, as well as 2) the diffusion (red arrows) 

from bulk phase to the sub-surface. The processes are shown for single components (NPs, left 

panel, and TPeA
+
 ion, middle panel) and for a binary mixture (NPs-TPeA mixture, right panel). 

 

Ward-Tordai model 

The adsorption process in the Ward-Tordai model (Eqn. (2)), originally developed for 

surfactant adsorption to a clean interface is governed by two primary steps: 1) the diffusion of 

the species from the bulk phase to the sub-surface, followed by 2) the adsorption from the sub-

surface region onto the interface, as illustrated in (Figure 1).
36

 In the case of diffusion-limited 

adsorption, it is assumed that instantaneous equilibrium is established between the surface excess 

at the interface (Γi) and the concentration in the sub-surface region (ci).
22

 Thus the rate of 

adsorption is limited by the diffusion from the bulk phase to the sub-surface region, which can be 

described by Fick’s law. The solution of the Ward-Tordai model (Eqn. (2)) has been employed to 

capture the diffusion-limited adsorption of various surfactants
37, 38

 and macromolecules
39, 40

. Due 

to near-spherical shape in pendant drop measurements, we rely on the formulation of Lin et al. in 

spherical coordinates given by:
41

 

 
( ) ( ){ }0 0

( ) 2
t t

ii i
i i i i

D

cD D
t C t d C t c d

rt

τ
τ τ τ

π τ

 
Γ = − + − 

− 
∫ ∫  , (2) 
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where i is the surface active species (NPs for example), Ci is the bulk concentration of the 

adsorbing species, 
Dr  is the radius of the pendent droplet. Di is the diffusivity of the adsorbing 

species, which can be estimated using Stokes-Einstein equation:
42

 

 
6

i SE

i

kT
D

rπµ− =  , (3) 

where Di-SE specifically refers to the diffusivity predicted using Eqn. (3), k is the Boltzmann 

constant, T is temperature, µ is the fluid viscosity, and 
ir  is the radius of the surface active 

species, here referring to NP for example (Figure 1). 

 

Single component adsorption 

In diffusion-limited adsorption, instantaneous equilibrium is established between the sub-

surface and the interface. The time-dependent surface coverage, Γi(t), can be related to the sub-

surface concentration, ci(t) through an adsorption isotherm. Here we employ the Frumkin 

adsorption isotherm, which incorporates non-ideal interactions between adsorbed species within 

the interface
37, 43

, and describes well the adsorption of the NPs investigated here
43

 as well as 

surfactants at oil-water interfaces, and is given by: 

 ( ) ( )
( )

( ),
exp

1

i

i L i i i

i

t
c t a K t

t

θ
θ

θ
=   −

 , (4) 

where i is the adsorbed species (NPs for example), ( ) ( ) ,
/

i i i
t tθ ∞= Γ Γ  is the transient relative 

coverage of the surface-active species i at the interface at time t, and 
,i ∞Γ  is the maximum 

surface excess of i. The affinity between the surface active species and the interface is captured 

by the dissociation constant, 
,L ia , while the parameter 

iK accounts for the interactions between 

the species i within the interface relative to the thermal energy, kT,
44

 where a positive value 

represents net repulsion, and a negative value represents attractive interactions.
45

 

The integration of the Ward-Tordai equation combined with the Frumkin adsorption isotherm 

(Eqns. (2)-(4)) results in dynamic surface excess, which is not easily accessible experimentally. 

Therefore, an EOS is necessary to relate the surface excess to a measurable dynamic IFT. The 

corresponding Frumkin EOS, that is thermodynamically consistent with the Frumkin adsorption 

isotherm following the Gibbs adsorption criteria,
46, 47

 dictates the contribution from surface 

activity of NPs (
SAΠ ), to be

37, 43
: 
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 ( ) 2

, ln 1 0.5SA i i i ikT Kθ θ∞  Π = − Γ − −   . (5) 

The thermodynamic parameters (parameters in Eqns. (4)-(5)) associated with description of 

equilibrium adsorption behavior can be obtained via fitting to equilibrium data (pressure 

isotherm or adsorption isotherm).
26

 

 

Wetting EOS for NP adsorption 

Measured surface pressures caused by NP adsorption are often much larger than those 

predicted by the Frumkin EOS.
13, 26, 28

 The main contribution to the surface pressure is that of the 

wetting of the NPs at the liquid-liquid interface, as fluid-fluid area is replaced by particle-fluid 

area.
10

 Du et al. proposed that the surface pressure (ΠNP) originating from this area replacement 

process is given by
12

: 

 NP NPEΠ = ∆ ×Γ  , (6) 

where 
NPΓ  is the surface coverage of NP at oil-water interface, and ∆E is the adsorption energy 

of a single NP given by Eqn. (1). 

We suggested previously that the measured surface pressure originates from both the surface 

activity (Eqn. (5)) and wetting (Eqn. (6)) of the NPs, and validated this hypothesis through 

measurements of equilibrium pressure and adsorption isotherms.
35

 We proposed that the two 

contributions could be treated as additive, however in most scenarios the contribution from 

surface activity can be neglected. As a result, the transient reduction in interfacial tension when 

incorporating these contributions will be given by: 

 ( ) ( ) ( )OW SA NPt t tγ γ= −Π −Π  . (7) 

Therefore, prediction for the dynamic IFT due to diffusion-limited adsorption of NPs to an 

oil-water interface can be obtained by solving Eqns. (2)-(7). Note here that this approach is 

different from surfactant adsorption, where surface activity is the only contribution to the 

measured IFT. 

 

Asymptotic limits 

Based on the model described in Eqns. (2)-(7) we can derive the asymptotic limits for the 

dynamic IFT for NP adsorption at both short- and long-times. In the short-time limit, as t→0 (< 1 

second for surfactants,
29

 < 20 seconds for particles
19

), Eqn. (2) can be simplified to 
30

: 
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 ( ) 2 i
i i

Dt
t C

π
Γ =  . (8) 

For NP adsorption, the wetting EOS (Eqn. (6)) can be combined with Eqn. (8) to obtain the 

short-time limit, resulting in the same equation as Bizmark et al.,
19

 given by:  

 2 NP
OW NP

D t
E Cγ γ

π
= − ∆  . (9) 

For the long-time limit, when t→∞, the subsurface concentration, ci, approaches the bulk 

concentration, Ci. As a result, the following difference between bulk concentration and 

subsurface concentration can be obtained 
29

: 

 
4

i i i

i

c C c
D t

π
∆ = − = Γ  . (10) 

Following the procedure for asymptotes of surfactants,
29

 followed by incorporating the wetting 

EOS (Eqn. (6)) and the Frumkin adsorption isotherm (Eqn. (4)) into Eqn. (10), the long-time 

limit for particle adsorption is given by (with additional details provided in supporting 

information): 

 ( )
( )

21

1 1 4

NP NP
eq

NP NP NP NP NP

E
K C D t

θ π
γ γ

θ θ

  − Γ
= + ∆     + −  

 , (11) 

where 
eqγ  is the equilibrium interfacial tension corresponding to the bulk concentration NPC . The 

long-time limit for particle adsorption consists of three contributions bracketed on the right-

hand-side of Eqn. (11). The last bracketed term is the same as the one obtained for surfactant 

adsorption.
29

 The first term accounts for the wetting contribution during particle adsorption (i.e., 

E∆ in Eqn. (1)). Finally, the middle-bracketed term in Eqn. (11) is a contribution from the 

adsorption isotherm. This middle term has an upper bound of 1 when 0NPθ → , and a lower 

bound of 0 when 1NPθ → . Note that as 1NPθ →  the bulk NP concentration is sufficiently large 

that the surface coverage reaches equilibrium before equilibrium between the sub-surface and 

bulk concentrations.
22

 Thus the long-time limit analysis is not valid under these conditions. 

When the NP-NP interaction parameter is negligible, i.e. 0NPK ≈ , the long-time limit reduces to 

the one obtained from Langmuir adsorption isotherm, given by: 
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( ) 2
1

4

NP NP

eq

NP NP

E
C D t

θ π
γ γ

− Γ
= + ∆  . (12) 

The long-time limit obtained by combining wetting EOS and adsorption isotherm, takes into 

account both NPC , the relative surface coverage, NPθ , and particle-particle interaction, NPK . It is 

different from the result obtained based on RSA from Bizmark et al.
19

 where the long-time limit 

is independent of relative coverage, but depends on a blocking function based on irreversible and 

laterally immobile particles.  

In contrast to similar measurements performed to characterized surfactant adsorption,
29

 the 

change in the dynamic IFT in the short-time limit is very small ( 1/2( ) / 0d t dtγ → ), which can lead 

to a large error when adsorption energy is to be extracted from the short-time limit. Similarly, in 

the slope for long-time limit ( 1/2( ) /d t dtγ − ) can also be close to 0, resulting in unreliable 

interpretation. 

 

Binary adsorption 

We also extend the model to the case of competitive adsorption between NPs and surfactants. 

Thus, a binary Frumkin model
48

 is employed to describe the adsorption isotherms for the two 

species (NPs and surfactant), which includes the interactions between individual species (KNP, 

KI) and between different species (i.e., NP-ion interactions, KNP-I). The corresponding isotherms 

that captures the instantaneous equilibrium between surface coverage ( ( )i tΓ ) and sub-surface 

concentration ( ( )ic t ) of the two species are given by
40, 48

: 

 ( ) ( )
( ) ( )

( ) ( ), exp
1

I

I L I I I NP I NP

I NP

t
c t a K t K t

t t

θ
θ θ

θ θ −= +  − −
 , (13) 

 ( ) ( )
( ) ( )

( ) ( ), exp
1

NP

NP L NP NP NP NP I I

NP I

t
c t a K t K t

t t

θ
θ θ

θ θ −= +  − −
 . (14) 

The corresponding binary EOS related to the binary Frumkin adsorption isotherms is: 
40, 48

 

 ( ) 2 2ln 1 0.5 0.5Bin I NP I I NP NP NP I I NPkT K K Kθ θ θ θ θ θ∞ − Π = − Γ − − − − −   , (15) 

where ( ) ( )/I NP I NPθ θ∞Γ = Γ + Γ +  is the total surface coverage, allowing for different maximum 

coverage for each of the individual components.
48
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Similar to our approach for NP adsorption, we propose that two contributions (surface 

activity and wetting of the interface) cause a reduction of the interfacial tension. By adding the 

two contributions, the instantaneous reduction of the IFT is: 

 ( ) ( ) ( )OW Bin NPt t tγ γ= − Π − Π  . (16) 

Thus the diffusion-limited adsorption in the case of competitive adsorption is obtained by 

solving the Ward-Tordai equation (Eqns. (2)-(3)) along with the proposed binary NP-TPeA
+
 

mixture adsorption (Eqns. (13)-(16)) to give predictions of dynamic IFT. 

 

Materials and Methods 

Reagents and chemicals. 

All reagents and chemicals are used as received. Potassium hydroxide (KOH, 99.9%) pellets, 

potassium chloride (KCl, 99.9%), 16-mercaptohexadecanoic acid (MHA, 99%), gold chloride 

hydrate (HAuCl4, >49% Au), sodium borohydride (NaBH4, >96%), tetrapentylammonium 

chloride (TPeACl, 99%), tetrapentylammonium hydroxide (TPeAOH, 20wt% 1 M aqueous 

solution) are purchased from Sigma-Aldrich. Sulfuric acid (H2SO4, 95.0 to 98.0 w/w %), 

hydrogen peroxide (H2O2, 30.0 to 32.0%), 2-propanol (> 99.9%), toluene (> 99.8%), NaCl salt 

disk, and RBS 35 Detergent Concentrate are purchased from Fisher Scientific. Deionized water 

(DIW, 18.2 MΩ·cm) is obtained from a Milli-Q Gradient system. All glassware, unless 

otherwise noted, are thoroughly cleaned with piranha solution (4:1 H2SO4:H2O2), rinsed with 

DIW and dried overnight in air prior to use. Synthesis, purification, and characterization of ion-

pair NPs are reported in our previous work.
26

 All experiments are performed at 295 K. 

Solution conditions used to disperse NPs for all experiments. 

Throughout the experiments, the ionic strength of all aqueous solutions is maintained 

constant at 5 mM. The pH of the aqueous phase is adjusted by mixing different ratios of 5 mM 

KOH/KCl, or different ratios of 5 mM TPeAOH/TPeACl. The TPeA
+
 ion concentration at a 

fixed aqueous pH is adjusted by mixing different ratios of pH11.0 KOH/KCl solutions and 

pH11.0 TPeAOH/TPeACl solutions, or mixing different ratios of pH11.7 KOH and pH11.7 

TPeAOH solutions. 

Dynamic interfacial tension measurements. 

Dynamic interfacial tension measurements are conducted using pendant drop tensiometry. A 

toluene drop is formed in aqueous solutions of dispersed NPs. The IFT is monitored as soon as 
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the drop is formed and for over 15,000 s for the 5 nm NPs, and more than 50,000 s for the 10 nm 

NPs. On average the droplets volume is around 25 µL. Because the syringe, tubing, and the 

needle is not perfectly air-tight, decreases in the droplet volumes are observed over time. Over 

the whole time period of experiments, an average leakage rate of ~1 µL/hour is observed, which 

is small compared to contributions from adsorption. All the measurements and fits of the drop 

shapes to the Young-Laplace equation are performed with a FTA 125 apparatus and software 

(First Ten Angstroms). Prior to the measurements the glass cuvette, glass syringe (2.5 mL, 

Model 1002 TLL SYR, Hamilton), stainless steel J-needle (20 Gauge, 304SS hub, Cadence), as 

well as the tubing (Fisher scientific Co.) are sonicated in 1% v/v dilute RBS solution and rinsed 

thoroughly with deionized water. The glass syringe, stainless steel J-needle, and the tubing were 

dried with N2 and stored in toluene overnight while the glass cuvettes are stored in deionized 

water. Right before the measurements the cuvette is rinsed thoroughly with the gold NPs solution 

and the needle and tubing with toluene. All connections are sealed with Teflon tape (Fisher 

Scientific) first and then Parafilm (Parafilm M). 

Numerical algorithm. 

The Ward-Tordai equation is solved numerically following the exact procedure reported by 

Li et al.
49

. In short, we use the trapezium rule of numerical integration, while the accuracy of the 

root finding procedure is ensured by bisection method. A step size of 1 s is used in our numerical 

scheme. An error of 1×10
-10

 #/nm
2
 is allowed during the root finding scheme. A constraint is also 

set during the root finding so that the coverage is not allowed to exceed the maximum coverage 

of the species. 

 

Results and Discussion 

Adsorption isotherm for NPs 

We measured the adsorption isotherms with UV-Vis spectroscopy, as described in our 

previous work, and shown in Figure 2.
26, 35

 We fit the measured adsorption isotherm to the 

Frumkin isotherm (Eqn. (4)) to obtain the equilibrium parameters (
, ,, ,L NP NP NPa K ∞Γ , shown in 

Table 1). These parameters have been discussed in our prior work are obtained independently 

from the dynamic IFT measurements.
35

 Therefore, they reduce significantly the number of 

adjustable parameters in the analysis of dynamic surface tension measurements. 
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Figure 2. Adsorption isotherms of 5 nm NPs in 5 mM KOH solutions at pH 11.0 (cyan dotted 

circles) and pH 11.7 (green squares), as well as 10 nm NPs in 5 mM pH 11.7 KOH solution (blue 

triangles). Dashed lines are best fits to the Frumkin adsorption isotherm (Eqn. (4)) with fitting 

parameters listed in Table 1. 

Table 1. Parameters for the Frumkin adsorption isotherm (Eqn. (4)) obtained from the adsorption 

isotherm shown in Figure 2. The relationship between the area fraction of the NPs, 
NPη  , and 

their surface excess, 
NPΓ  is defined by 

NP NP NPAη = Γ , and 2

NP NPA rπ= . 
a
 Radius of NPs consists 

of the core radius and the extra 1 nm representing the size of the ligand.
26, 50 

pH Core radius (nm) 
NPr  (nm) 

a
 ,L NPa  (#/mL) 

NPK  2

,  (#/nm )NP ∞Γ  ,NPη ∞  

11.0 2.5 3.5 1.6×10
12

 0 0.022 0.85 

11.7 
2.5 3.5 3.1×10

12
 -0.3 0.018 0.71 

5 6.0 2.7×10
12

 -1.6 0.008 0.95 

 

NP adsorption dynamics 

We characterized the dynamic IFT during the adsorption of ion-pair NPs at the toluene-water 

interface using pendant drop tensiometry. The dynamic interfacial tension is obtained during the 

adsorption of NPs from the aqueous phase and shown in Figure 3. We measured the dynamic 

IFT during the adsorption of 5 nm NPs from an aqueous solution at pH 11.0 and at pH 11.7. We 

also repeated the measurements with 10 nm NPs from an aqueous solution at a pH of 11.7. For 

NP concentration (CNP) / #mL-1
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 s
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all three cases, we varied the bulk concentrations of NPs in the aqueous phase to access 

equilibrium area fractions that span the full range in the measured EOS (shown in the bottom 

panel of Figure 3). For clarity we separated the dynamic IFT data leading to area fraction < 0.3 

from those leading to higher area fractions in Figure 3 (see the EOS in the bottom panel for area 

fractions). We observe that the IFT decreases faster, and equilibrium IFT is lower as the NP bulk 

concentration increases, consistent with reported behavior of dynamic IFT for NPs (and 

surfactants) at the oil-water interface.
19, 25, 51

 

The equilibrium parameters are incorporated in the Ward-Tordai model (Eqn. (2)) to obtain 

the time-dependent surface coverage of the NPs, ( )NP tΓ . The diffusivities of the NPs calculated 

from the Stokes-Einstein equation (Eqn. (3)) are 8.6×10
-11

 m
2
/s and 4.3×10

-11
 m

2
/s for the 5 nm 

and 10 nm NPs, respectively. Finally, the wetting EOS for the NPs (Eqn. (6)) is necessary to 

compute the dynamic interfacial tension, and we use a core radius with an additional 1 nm for 

NPr  to account for the surface functional groups.
26

 The corresponding measured EOS is shown in 

the bottom row of Figure 3, where the red solid lines represent the wetting EOS (Eqn. (6)). As 

discussed previously, the data deviates from the predictions of Eqn. (6) at higher coverage. We 

suspect that these deviations are due to polydispersity, where the average NP radius contributing 

to the equilibrium pressure is smaller at higher coverage.
35

 The insets in the EOS show the 

effective radii corresponding to each equilibrium pressure, which is obtain from 

eff NP NP OW NPr r γ η= Π . When fitting the dynamic IFT we use the effective radii obtained from 

the EOS for all concentrations. 
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Figure 3. Dynamic interfacial tension of (A,B) 5 nm NPs in pH 11.0 solution with NP 

concentrations of 3.5×10
10

 /mL (black), 1.2×10
11

 /mL (red), 3.5×10
11

 /mL (green), 5.5×10
11

 /mL 

(blue), and 1.5×10
12

 /mL (pink); (D,E) 5 nm NP in pH 11.7 solution with NP concentrations of 

4.7×10
11

 /mL (black), 6.4×10
11

 /mL (red), 8.5×10
11

 /mL (green), 1.2×10
12

 /mL (blue), and 

5.6×10
12

 /mL (pink); and (G,H) 10 nm NP in pH 11.7 solution, with NP concentrations of 
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6.3×10
10

 /mL (black), 1.2×10
11

 /mL (red), 3.7×10
11

 /mL (green), 8.0×10
11

 /mL (blue), 9.0×10
12

 

/mL (pink).For the first two row, the solid lines are predictions from Eqns. (2)-(7), with 

parameters listed in Table 1, and dashed lines are using the diffusivity as an adjustable 

parameter. The measured EOS for the NPs are shown for (C) 5 nm NPs at pH 11.0 (F) 5 nm NPs 

at pH 11.7, and (I) 10 nm NP at pH 11.7. The color of the solid data points in (C), (F), and (I) 

corresponds to each dynamic interfacial tension data shown in the upper panels. Insets of (C), 

(F), and (I) are the calculated size based on Eqn. (6). Hollow points are extra measurements of 

pressure isotherms. For all measurements the ionic strength is 5 mM. 

 

 

The measured dynamic IFT is well-described with the proposed model, as shown from the 

solid lines of Figure 3. Note that no fitting parameters are used when comparing the dynamic 

IFT to the model. The surface pressure reached at long time is predicted with equilibrium 

parameters obtained from independently measured adsorption isotherm (Figure 2). In general, 

the model captures well the diffusion-limited dynamics and equilibration time for area fraction 

lower than ~ 0.3 ( ~ 0.45NPθ ). The agreement between the data and the model demonstrates that 

the treatment for NP adsorption is different from that of surfactant due to the presence of the 

wetting EOS. In fact, relying solely on the Frumkin adsorption isotherm and its associated EOS 

(ignoring the wetting contribution) would not lead to a measurable decrease in IFT, see the black 

dashed lines in Figure 4.  

Unfortunately, we cannot rule out that some amount of convection might be present in our 

measurements. In particular, measurements in the adsorption regime of Figure 3 shows a slightly 

faster decrease in the IFT than what we expect. If we allow the diffusivity of the NPs to vary we 

see that a slight increase in the diffusivity leads to a much better agreement between the 

experiments and the model, as shown by the dashed line in Figure 4 for the 5 nm and 10 nm NPs. 

We find that using diffusivity as a fitting parameter (Deff), rather than directly applying the 

predicted value from Stokes-Einstein model is the only effective way to better capture the 

dynamic interfacial tension during the adsorption period (i.e., around 100 s to 1000 s). Note that 

the parameters from the Frumkin equation are obtained independently from the adsorption 

isotherm. An extensive parameter space exploration, shown in Supporting Information Figures 

S1-S2, plots how all the other parameters would affect the predicted curves, show that varying 

the other parameters would not lead to a better agreement. The predictions using the diffusivity 

as an adjustable parameter that gives a better agreement in the adsorption regime are also shown 
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in Figure 3, and the corresponding values for the diffusivities are shown in Supporting 

Information Figure S3. Polydispersity of the NPs should also be considered as another possible 

explanation for a faster adsorption. In particular, Schwenke et al.
27

 clearly showed that when 

polydispersity of the bulk dispersion increases, faster adsorption could be observed compared to 

a less polydispersed bulk dispersion, although similar equilibrium coverage could be reached, 

likely due to the replacement of small NPs by large NPs at longer times.
52

 

 

 

Figure 4. Effect of using the diffusivity as an adjustable parameter in Eqn. (2) for (A) 5 nm NP 

with concentration of 3.5×10
11

 /mL (green circle), and 1.5×10
12

 /mL (pink circle) in 5mM pH 

11.0 and for (B) 10 nm NP with concentration of 3.7×10
11

 /mL (green square), and 9.0×10
12

 /mL 

(pink square). Solid lines are predictions using diffusivity estimated from Stokes-Einstein 

equation (Eqn. (3)). Dark green and pink dashed lines are predictions using the diffusivity as an 

adjustable parameter, with a diffusivity 2.5 fold larger. The black dashed lines is the dynamic 

IFT predicted by using Frumkin EOS (Eqn. (5)) without the wetting EOS. Asymptotic limits 

(Eqn. (9) and Eqn. (11)) are shown in solid lines, with red solid lines corresponding to the low 

concentration cases and cyan solid lines corresponding to high concentration cases. 

In general, when we increase the bulk NP concentration and reach higher area fractions 

(middle row in Figure 3) we predict shorter equilibration time than what is measured 

experimentally. In terms of a slow equilibration time, Schwenke et al.
27

 also showed that local 

ordering processes directly affect the adsorption at high surface coverage, which slows down the 

adsorption and thus the decrease in interfacial tension. Moreover, Luu et al.
53

 conducted 
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dissipative particle dynamics simulations and found out that as surface coverage increases, the 

self-diffusion coefficient decreases quickly due to caging effects. Kaz et al.
54

 also observed an 

extremely slow relaxation time for single micron-sized particle. In addition, recent experiments 

by Huerre et al.
55

 indicate that re-organization within the interface happens during the late stage 

of adsorption. Finally, Bizmark proposed that an adsorption barrier might be present at later 

stages of the adsorption process, when the particles have reached a high coverage.
19

 For an 

energy barrier between the bulk and the interface to affect the adsorption kinetics, the time scale 

associated with the energy barrier has to be slower than the time scale associated with diffusion. 

Alvarez et al.
56

 provided an estimate for the relative kinetic time scale, kτ , as well as the 

diffusion time scale, Dτ .
36

 The estimated diffusion time scale is on the order of 10
2 

- 10
3
 seconds 

depending on NP concentrations. The kinetic time scale, which depends on adsorption and 

desorption rate constant, is harder to estimate. However, unless the kinetic time scale is slower 

than the diffusion time scale, it is difficult to observe the kinetic limitations with pendant drop 

tensiometry.
11, 56

 The scaling arguments of Alvarez et al. also indicate that in most cases dynamic 

IFT measurements using a pendant drop would not be affected by the presence of an energy 

barrier between the bulk and the interface.
11, 56

 

We estimate the asymptotic limits using Eqn. (9) for short-time and Eqn. (11) for long-time, 

with parameters listed in Table 1. As shown by the solid lines in Figure 4, both limits agree well 

with the full Ward-Tordai model using the same parameters as the ones listed in Table 1. Due to 

data acquisition limitations, the short-time limit does not agree well the experimental 

measurements at high concentration. The predicted long-time limits for different NP 

concentration and for the two NP sizes are shown in Figure 5. Also shown are the predictions for 

the full Ward-Tordai model. The slopes for the 10nm NPs (Figure 5B) are smaller compared to 

those obtained with the 5nm NPs (Figure 5A). In addition, the time window where the long-time 

limit agrees with the full solution is longer for large particles compared to the small particles. It 

is consistent with slower diffusion of large NPs.
19, 31
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Figure 5. Long-time limits of (A, B) 5 nm NPs in pH 11.0 aqueous solution with NP 

concentrations of 3.5×10
10

 /mL (black), 1.2×10
11

 /mL (red), 3.5×10
11

 /mL (green), 5.5×10
11

 /mL 

(blue), and 1.5×10
12

 /mL (pink); (C, D) 10 nm NP in pH 11.7 solution, with NP concentrations 

of 6.3×10
10

 /mL (black), 1.2×10
11

 /mL (red), 3.7×10
11

 /mL (green), 8.0×10
11

 /mL (blue), 

9.0×10
12

 /mL (pink). Points are experimental measurements, dashed lines are full solutions of the 

Ward-Tordai model, and the solid lines are long-time limits obtained from Eqn. (11) with 

parameters listed in Table 1. For all measurements the ionic strength is 5 mM. 

 

The full prediction of the diffusion-limited adsorption dynamics enables a comparison of the 

adsorption rate between experimental measurements and theoretical predictions. For the data we 

can readily convert the instantaneous surface pressure into a dynamic surface excess, ( )tΓ , using 

Eqn. (6). From these data we can also obtain the experimental adsorption rate, /d dtΓ . We can 

follow the same procedure for the predictions of the Ward-Tordai model. Shown in Figure 6 are 

the measured adsorption rate of 5 nm NPs and 10 nm NPs as a function of surface excess (and 

area fraction) that we compare to the predictions obtained from the Ward-Tordai model (dashed 

lines). We see that the experimental adsorption rate is faster at lower coverage (<1000 sec) 

compared to predictions, either  due to polydispersity (small NPs diffuse faster) or convection (or 

both).
27

 As the surface excess of NP increases, the measured adsorption rate fluctuates around 
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the theoretical predictions, but we cannot rule out longer equilibration times caused by particle 

re-arrangement within the interface as the surface coverage increases.
55

 

 

 

Figure 6. Adsorption rate of (A) 5 nm NPs in pH 11.0 solution with NP concentrations of 

3.5×10
10

 /mL (black), 1.2×10
11

 /mL (red), 3.5×10
11

 /mL (green), 5.5×10
11

 /mL (blue), and 

1.5×10
12

 /mL (pink); (B) 10 nm NP in pH 11.7 solution, with NP concentrations of 6.3×10
10

 /mL 

(black), 1.2×10
11

 /mL (red), 3.7×10
11

 /mL (green), 8.0×10
11

 /mL (blue), 9.0×10
12

 /mL (pink). 

Points are obtained from experimental measurements, dashed lines are adsorption rate predicted 

from full dynamic fittings with diffusivity used as an adjustable parameter (dashed lines in 

Figure 3). For all measurements the ionic strength is 5 mM. 

 

Competitive adsorption of NP-ion mixture 

We test if the proposed dynamic model can be extended to study the diffusion-limited 

competitive adsorption between the NPs and a surface active species (here the TPeA
+
 which is 

also present as a ligand on the NPs). Introducing a surface active species allows us to modulate 

the surface pressure contributions captured by the Frumkin EOS (Eqn. (15)) so that it is no 

longer negligible. We first characterize the dynamic IFT for the adsorption of TPeA
+
 to the oil-

water interface in the absence of NPs (Figure 7). The dynamic IFT measurements are performed 

in solutions with a total ionic strength of 5 mM, and at pH 11.0 and pH 11.7. A radius of 0.5 nm 

is assumed for the TPeA
+
 ion

50
 yielding a diffusivity of 4.3×10

-10
 m

2
/s using Eqn. (3). The 
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thermodynamic parameters obtained from the equilibrium pressure isotherm are listed in Table 2 

(the equilibrium data is also shown in Supporting Information, Figure S4). We find that the 

dynamic IFT is well-described by the Ward-Tordai model. Here we adjust the diffusivity slightly 

from DSE (Figure 7C). We observe that the diffusivity of TPeA
+
 decreases slightly as the bulk 

concentration of TPeA
+
 increases, likely due to existence of adsorption energy barrier as surface 

coverage increases.
17

 Similar results have been reported for the adsorption of surfactants.
16, 17

 

 

Table 2. Parameters for the TPeA
+
 adsorption at pH 11.0 and pH 11.7 obtained from fitting 

equilibrium pressure isotherms to Frumkin model, Eqns. (4)-(5). 

pH ,L Ia  (mM) 
IK  2

,  (#/nm )I ∞Γ  ,Iη ∞  

pH 11.0 1.0×10
-6

 6.0 0.204 0.160 

pH 11.7 2.5×10
-7

 6.6 0.207 0.163 

 

Dynamic IFT measurements for binary mixtures of NPs and TPeA
+
 are shown in Figure 8. 

Here the TPeA
+
 bulk concentration is maintained at 0.01 mM, while NP bulk concentration is 

varied across 2 orders of magnitude. Because we characterized the dynamic IFT for the single 

components (Figure 3 and Figure 7), all the equilibrium adsorption parameters for the single 

components are available (listed in Table 1 and Table 2). For the binary mixture, an additional 

parameter is necessary to account for the NP-TPeA
+
 interactions within the interface in the 

binary Frumkin model (Eqns. (13)-(15)). In our previous work,
35

 we obtained the equilibrium 

EOS and found that the best fit for the interaction parameter in the binary Frumkin equations was 

KNP-I = -7, making all equilibrium parameters available to predict the dynamic IFT for the case of 

competitive adsorption. To compare with the experimental data, we use diffusivities calculated 

from Stokes-Einstein equation for each species. The predicted dynamic IFT are shown as the 

solid lines in Figure 8A and C. The lines are obtained by solving the Ward-Tordai equation for 

two species simultaneously, along with the binary Frumkin adsorption isotherm as well as the 

binary Frumkin EOS and the wetting EOS for the NPs. We highlight the fact that lines in Figure 

8 are obtained without adjustable parameters. As shown, the predictions show qualitative 

agreement with the data and the observed equilibration time for NP area fractions up to ~0.1 

(Figure 8A). Similar to what we observe for the pure NPs, we find that at high NP bulk 
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concentration, a shorter equilibration time is predicted compared to the experimental data, where 

slower dynamic is observed. 

 

Figure 7. Dynamic IFT of TPeA
+
 ions in 5 mM solutions at (A) pH 11.0 with TPeA

+
 

concentrations of 2.5×10
-4

 mM (black), 1.25×10
-3

 mM (red), 2.5×10
-3

 mM (green), 5×10
-3

 mM 

(yellow), 1.25×10
-2

 mM (blue), and at (B) pH 11.7 with TPeA
+
 concentrations of 1.25×10

-4
 mM 

(black), 2.5×10
-4

 mM (red), 1.25×10
-3

 mM (green), 2.5×10
-3

 mM (yellow), 1×10
-2

 mM (blue). 

Solid lines are fitting to Ward-Tordai model (Eqn. (2)) combined with Frumkin model (Eqns. (4)

-(5)). The corresponding diffusivity used is shown in (C) with corresponding colored circle 

representing diffusivity at pH 11.0 and corresponding colored squares representing diffusivity at 

pH 11.7. 
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Figure 8. Dynamic IFT of mixtures of 0.01 mM TPeA
+
 and NP with concentrations of 7.2×10

11
 

/mL (green square, A), and 3.5×10
13

 /mL (pink square, C) in pH 11.7 solutions. Solid lines in (A) 

and (C) are predictions from the Ward-Tordai model (Eqn. (2)) combined with binary Frumkin 

model (Eqns. (13)-(15)) and wetting EOS (Eqn. (6)). Relative coverage of the TPeA
+
 ion (solid 

lines) and the NPs (dashed lines) with NP bulk concentration of 7.2×10
11

 /mL (green dashed line, 

B), and 3.5×10
13

 /mL (pink dashed line, D) respectively are obtained from solving Ward-Tordai 

model (Eqn. (2)) for NP and TPeA
+
 simultaneously. Vertical dashed lines show the induction 

time estimated for TPeA
+
 and for the NPs. 

 

In Figure 8A, an initially sharp decrease (< 100 s) of the predicted IFT (solid lines) can be 

attributed to the diffusion of the smaller TPeA
+
 ions to the interface. For single component 

adsorption, the adsorption time scale can be estimated by ( )2
/Di i i iC Dτ = Γ ,

57
 which gives us an 

adsorption time scale for TPeA
+
 to be around 30 s, and for NPs at the two different 

concentrations shown to be around 5000 s and 500 s respectively (Figure 8B and D). In the case 

of competitive adsorption, the time necessary for the initial decrease of the interfacial tension is 

close, but slightly longer than 30s, which suggests that the adsorption dynamics of the surface 

active ions is slowed down when NPs are present in the solution. This effect is even more 

pronounced as the NP bulk concentration increases. This prolonged induction time with addition 

of a second species has been observed in the dynamics of binary adsorption of 
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hydroxypropylmethylcelulose and octanesulfonic acid sodium salt mixture as well.
58

 Moreover, 

it is consistent with our previous work
35

 on the competition between NP and TPeA
+
 ion for the 

interface. A few parameters could be adjusted to improve the agreement with the experimental 

data. However, the coverage of TPeA
+
 within the interface is extremely close to its maximum 

coverage, making it numerically challenging to perform a parametric study. 

 

 

Figure 9. Evolution of the surface coverage for 5 nm NPs at pH11.0 solution (cyan solid line), 5 

nm NP at pH11.7 solution (green long dashed line), 10 nm NP at pH11.7 solution (blue medium 

dashed line), 5 nm NP in the presence of 0.01 mM TPeA
+
 (black short dashed line) at a bulk 

concentration of 7.5×10
11

 /mL. 

 

Based on the dynamic model proposed and its agreement with experimental data we can 

highlight how the individual thermodynamic parameters (aL,NP, KNP, ΓNP,∞, aL,I, KI, ΓI,∞, KNP-I ) 

affect the instantaneous and equilibrium surface excess of the NPs at the interface (Figure 9). 

First, consider the differences in the dynamic surface excess between the two pHs for the 

adsorption of 5 nm NPs (cyan solid line for 5 nm NP dispersed in pH 11.0 solution and green 

long dashed line for 5 nm NP dispersed in pH 11.7 solution in Figure 9).  The only significant 

difference between the two curves is the smaller dissociation constant for the particles in a 

pH11.0 solution (the particles have the same size, therefore the same diffusivity). We see that 

initially the coverage is identical, but as the adsorption process proceeds the NPs in pH 11.0 have 

a higher surface excess than the NPs in pH 11.7. Then, a comparison between the 5 nm and 10 
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nm in pH 11.7 illustrates the case where the dissociation constant is similar, but the diffusivity 

for the smaller particles is larger. As a result, we see that initially the small NPs adsorb to the 

interface faster, but over time a higher area fraction is obtained for the larger NPs. Finally, 

competitive adsorption due to the presence of a surfactant leads to a lower NP coverage at all 

times, even if the dissociation constant and diffusivity for the NPs remain the same (green and 

black line in Figure 9). 

 

Conclusions 

We measured dynamic interfacial tension of NPs, TPeA
+
 ions, and NP-TPeA

+
 ion mixtures at 

toluene-water interface. We obtain predictions for dynamic interfacial tension of the three 

different systems based on the Ward-Tordai model, the Frumkin adsorption isotherm, and the 

addition of a wetting contribution for the NPs. We also deribe the long-time limit for diffusion-

limited NP adsorption. We demonstrate that the Ward-Tordai model can be employed to describe 

the diffusion-limited adsorption of NPs to a fluid interface, and deviations from the model can be 

employed to uncover other rate-limiting mechanisms. Good agreement is reached at low NP bulk 

concentrations, where some deviations are observed at high NP bulk concentration. We suspect 

that deviations in this regime are likely due to convection or polydispersity of the NPs causing an 

apparent faster adsorption after the induction period. Slower dynamics at the late stages of 

adsorption could arise due to NP re-arrangement within the interface or the existence of energy 

barriers when interfacial coverage is high. This proposed method of modeling dynamic 

adsorption reduces the complexity of analyzing short time and long time asymptotic behaviors, 

which can be plagued by low resolution and are not applicable at high NP concentrations. In 

addition, deviations from this simple model open the door to quantify other more complex 

effects occurring at the interface such as polydispersity or relaxation. Finally, the modeling 

approach reported in this work was extended to describe binary competitive adsorption of NP-

surfactant mixtures. 
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