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Abstract

The popularity of phosphorene (known as monolayer black phosphorous) in electronic devices relies on not 

only its superior electrical properties but also its mechanical stability beyond nanoscale. However, the 

mechanical performance of phosphorene beyond nanoscale remain poorly explored owing to 

spatiotemporal limitation of experimental observations, first-principle calculations, and atomistic 

simulations. To overcome this limitation, here a coarse-grained molecular dynamics (CG-MD) model is 

developed via a strain energy conservation approach to offer a new computational tool for the investigation 

of the mechanical properties of phosphorene beyond nanoscale. Mechanical properties of a single 

phosphorene sheet are first characterized by all-atom molecular dynamics (AA-MD) simulations, followed 

by a force-field parameter optimization of CG-MD model by matching these mechanical properties from 

AA-MD simulations. The intrinsic out-of-plane puckered feature is conserved in our CG-MD model, 

rendering mechanical anisotropy and heterogeneity in both in-plane and out-of-plane directions persevered. 

Results indicate that our coarse-grained model is able to accurately capture the anisotropic in-plane 

mechanical performance of phosphorene and quantitatively reproduce Young’s modulus, ultimate strength, 

and fracture strain under various environmental temperatures. Our CG-MD model can also capture the 

anisotropic out-of-plane bending stiffness of phosphorene. We demonstrate the applicability of our model 

in capturing the fracture toughness of phosphorene in both armchair and zigzag directions by comparing 

results from AA-MD simulations. This CG-MD model proposed here offers greater capability to perform 

mechanical mesoscale simulations for phosphorene-based systems, allowing for a deeper understanding of 

the mechanical properties of phosphorene beyond nanoscale, and the potential transferability of the 

developed force-field can help design hybrid phosphorene devices and structures.
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1. Introduction

Recent years have witnessed the explosive development in two-dimensional materials with one-atom 

thickness, which have shown their great potential in many nanotechnology applications. Phosphorene, a 

single layer of black phosphorus, is one of the good examples, which has multiple unique physical 

properties, such as layer-dependent direct band gap and high carrier mobility as predicted by theories and 

validated by experiments [1, 2]. In terms of applications, its mechanical performance would be critical for 

robustness and reliability of nanodevices made from phosphorene. It has been revealed that the puckered 

structure of phosphorene endows it multiple unique mechanical properties, such as anisotropic elastic 

moduli [3-7] and negative Poisson’s ratio [8]. However, the underlying mechanism of the above mechanical 

phenomena remains largely unexplored. On one hand, due to the spatiotemporal limitations of experimental 

observations, limited insight has been offered into the molecular scale processes in the pursue of intriguing 

mechanical properties of phosphorene. On the other hand, first principle or atomistic simulations of large-

size phosphorene sheets beyond nanoscale are computationally expensive and demanding. As we know, 

coarse-grained molecular dynamics (CG-MD) simulations, in which a small cluster of  atoms are united as 

a mass point, shows its great potential in overcoming the spatial and temporal limitations for studying the 

mechanical properties of two-dimension materials [9-12]. Following this vein, this paper will develop a CG 

model of phosphorene sheets to investigate the mechanical properties of phosphorene, which may also help 

design hybrid phosphorene structures with synthetic polymers due to great transferability of the developed 

force-field potential. 

In order to address the scale-related issue and gain a comprehensive physical understanding of large-size 

phosphorene sheets, it is noteworthy to briefly review and discuss these findings from the current atomistic 

simulations. As we know, most prior investigations on phosphorene modeling were carried out 

using all-atom atomistic (AA-MD) simulations or first principles calculations, which provides 

valuable insights into molecular mechanisms governing constitutive behavior while retaining 

critical chemical details [4, 6, 13-19]. Despite tremendous success in understanding and predicting 

the mechanical behaviors of phosphorene through AA-MD simulations, there still exists 

challenging problems for these computational approaches to be tackled. The most critical one is the 

temporal and spatial scale of AA-MD simulations as these approaches are extremely demanding in 

computational cost. In order to facilitate phosphorene simulations that reach a larger scale in both time and 

space, an upscaling computational technique is required. CG-MD simulations aiming at predicting the key 

properties of nanomaterials offer insights into the molecular scale dynamic processes over extended scales 

and increase computational efficiency dramatically compared to AA-MD simulations. For instance, a CG 

model for graphene developed recently can achieve about 200-fold increase in computational speed 
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compared with AA-MD simulations, which can also capture the mechanical properties of graphene, such 

as non-linear elasticity at large deformation, fracture strength, and orientation-dependent interlayer shear 

responses [20]. Close agreement between simulation results and experimental data indicates the 

applicability of CG-MD modeling to understand mechanical properties of nanomaterials. 

CG-MD has been extensively employed to study a variety of problems involving 2D materials, such as 

graphene-lipid membrane interactions [21], folding mechanics of graphene [10],  nacre-inspired polymer 

composites [22, 23] and spalling like failure of mesoscale membranes [11, 24] . However, to the best of our 

knowledge, there is no reliable CG models for phosphorene yet, which is essential in exploration of its 

potential applications similar as graphene aforementioned from the simulation perspective. There are two 

major approaches, namely parametrized and derived coarse-graining methods, to develop an effective CG-

MD model. In the parameterized methods, AA-MD simulations or first-principle calculations are performed 

first to obtain target properties, such as pair distribution function or force distribution function, and then the 

CG model is constructed to reproduce these properties via optimization. An exemplar is called iterative 

inverse Boltzmann inverse method (IBM) [25], which aims to reproduce the target pair distribution 

functions given by AA-MD simulations. This approach has been widely used in the development of CG 

models for synthetic polymers [26, 27]. In the derived CG methods, direct all-atom simulations are 

employed between the super-atoms to derive the interactions accordingly, in which the target properties are 

not reproduced but predicted by the CG-MD model [28-30]. For phosphorene, a combination of 

parameterized and derived CG methods should help facilitate the construction of the coarse-grained model, 

in which the anisotropic elastic moduli [31] could be derived through force calculation while the non-linear 

mechanical responses at large strain [32] can barely be reproduced without the force-displacement profile 

from AA-MD simulations.    

Our CG-MD model will be constructed via a strain energy conservation approach, similar as parameterized 

CG method, inspired by the previous CG models for graphene-based materials. In this paper, we first 

provide a description of the CG model of phosphorene and characterize its atomistic properties using AA-

MD simulations, followed by calibrating the force-field parameters using the CG model via optimization. 

Next, we compare the mechanical properties of phosphorene from both CG-MD and AA-MD simulation 

results. Finally, we demonstrate the applicability of the model by measuring the fracture toughness of a 

monolayer phosphorene sheet. Our CG-MD model results agree reasonably well with results from first 

principle calculations and AA-MD simulations.

2. Methods and Models

2.1 CG-MD Model Description
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In this paper, we employ a coarse-grained (CG) bead-spring network to model the pristine phosphorene, in 

which four adjacent phosphorene atoms are grouped into one single bead as shown in Figure 1(a). This CG 

level is in accordance with commonly used approaches, such as Martini model for polymers and CG model 

of graphene [20, 26, 33-35], rendering our model compatible with existing models for polymers and other 

2D materials.  Figure 1(b) shows a unit cell of the model while Figure 1(c) shows the overall view of the 

model from different perspectives, in which the out-of-plane puckered feature of phosphorene sheets is 

reserved to accurately depict its mechanical anisotropy. Note that the bonds and angles on different 

orientations, armchair and zigzag, are differentiated as shown in Figure 1(b). In this model, bonded covalent 

interactions inside a single phosphorene sheet are modeled as explicit bonds and angles among adjacent 

coarse-grained beads while non-bonded van der Waals forces between neighboring phosphorene sheets are 

captured by a 12-6 Lennard-Jones (LJ) potential. For both bond and bond-angle potentials here, Morse bond 

potentials [35, 36] instead of conventional harmonic potentials are chosen to capture nonlinear mechanical 

responses of phosphorene sheets.  The total potential energy of the system can be written as:

                                                               (1)𝑈𝑝 = 𝑈𝑏1 + 𝑈𝑏2 + 𝑈𝜃1 + 𝑈𝜃2 + 𝑈𝑛𝑏

where , , ,  and  are the sum over the energies of  type 1 bond, type 2 bond, type 1 angle, 𝑈𝑏1 𝑈𝑏2 𝑈𝜃1 𝑈𝜃2 𝑈𝑛𝑏

type 2 angle and non-bonded interactions. The detailed formula for each specific term of potential energy 

in Eq. (1) are shown as follows:

                                                                  (2)𝑈𝑏1(𝑑1) = 𝐷11[1 ― 𝑒 ― 𝛼11(𝑑1 ― 𝑑0
1)]

2

                                                                  (3)𝑈𝑏2(𝑑2) = 𝐷12[1 ― 𝑒 ― 𝛼12(𝑑2 ― 𝑑0
2)]

2

                                                                  (4)𝑈𝜃1(𝜃1) = 𝐷21[1 ― 𝑒 ― 𝛼21(𝜃1 ― 𝜃0
1)]

2

                                                                  (5)𝑈𝜃2(𝜃2) = 𝐷22[1 ― 𝑒 ― 𝛼22(𝜃2 ― 𝜃0
2)]

2

                                                                           (6)𝑈𝑛𝑏(𝑟) = 4𝜀[(
𝜎
𝑟)

12
― (

𝜎
𝑟)

6
]

where and  (i, j =1, 2) are the depth and a parameter related to the width of the potential well of the 𝐷𝑖𝑗 𝛼𝑖𝑗

bond (angle), respectively,  (i = 1, 2) is the equilibrium distance of bond,  (i = 1,2) is the equilibrium 𝑑0
𝑖 𝜃0

𝑖

angle,  is the depth of the LJ potential well for non-bonded interactions and  is related to the equilibrium 𝜀 𝜎

distance ( between two non-bonded beads from different phosphorene sheets ( ). There are 14 𝑟0) 𝑟0 = 2
1
6𝜎

independent parameters in this entire potential system, in which ,  (i = 1, 2) and  can be determined 𝑑0
𝑖 𝜃0

𝑖 𝜎

from the equilibrium geometrical configuration of phosphorene. For the current model: ,  𝑑0
1 = 4.16 Å 𝑑0

2
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=4.12 Å,  = 114.2o,  = 83.8o and σ = 4.45 Å  are obtained to ensure that the interlayer distance  is 𝜃0
1 𝜃0

2 ℎ

equal to 5.24 Å as shown in Figure 1(d) [7, 37]. Therefore, there are 9 parameters left that require calibration 

( ,  and  (i, j = 1, 2)) in order to reproduce the mechanical properties of phosphorene.𝐷𝑖𝑗 𝛼𝑖𝑗 𝜀

2.2 CG-MD model calibration

The essence of our CG-MD model is to capture the mechanical behavior of phosphorene sheets. As pointed 

in continuum mechanics, the mechanical constitutive properties of a material heavily depends on its strain 

energy density function [38], therefore, a strain energy conservation approach is deployed here to calibrate 

the above parameters. Targeted mechanical properties of phosphorene, such as elastic modulus and fracture 

strain, were obtained from both all-atom atomistic simulations and relevant data from the literature [3-7, 

39]. These corresponding values are listed as follows: elastic modulus equal to 38.5 (armchair) and 145.0 

GPa (zigzag), and fracture strain equal to 0.32 (armchair) and 0.58 (zigzag)  [7]. Reactive Force Field 

(ReaxFF) [7] was implemented to perform AA-MD simulations due to its accurate description of chemical 

and mechanical properties of phosphorene. First of all, it is important to establish the relationship between 

bond and angle stiffness in the CG-MD model and the in-plane elastic moduli of pristine phosphorene. 

Towards this purpose, two typical scenarios are picked out, namely uniaxial tension in the armchair and 

zigzag directions as shown in Figure 2. To simplify the derivation, stiffness of different types of bonds 

(angles) are assumed to be identical to each other, which would result in the following formula:

                     (7)(cos2 (32.90) +
cos2 (79.80)

2
 sin2(32.90)(𝑑0

1)2

4𝑐3
+

sin2 (79.80)(𝑑0
2)2

4𝑐1 + 4𝑐2

2cos2 (32.90)
sin2 (32.90)(𝑑0

2)2

2𝑐4
){ 1

𝑘𝑑
1
𝑘𝜃

} = { 𝑎1

2𝑎2ℎ𝐸𝑎𝑟𝑚
2𝑎2

𝑎1ℎ𝐸𝑧𝑖𝑔
}

The derivation and detailed explanation of Eq.7, following a similar procedure developed by Gillis et al 

[40] in which 2D materials are considered as a spring network, can be found in the Supplemental Materials. 

Solving Eq. 7 results in the magnitude of stiffness of bonds and angles,  and , which are 9.73 eV/Å2 𝑘𝑑 𝑘𝜃

and 13.07 eV/radian2, respectively. The relation between stiffness of above springs and parameters in Eqs. 

(2)-(5) are expressed in the following formula:

                                                         (8)𝑘𝑑 = 2𝐷11𝛼11
2 = 2𝐷12𝛼12

2

                                                         (9)𝑘𝜃 = 2𝐷21𝛼21
2 = 2𝐷22𝛼22

2

It is worth noting that there are still four independent parameters left for bonds and angles in the CG-MD 

model, which are difficult to be calibrated simultaneously. Therefore, we calibrated them sequentially and 

started from parameters ( , ,  and ) regarding bonds first. The primary target of the current 𝐷11 𝐷12 𝛼11 𝛼12

optimization step is to make a close match to elastic moduli and a rough estimation of fracture strain. 
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Therefore, to reduce the number of independent variables, we use harmonic angles with fixed spring 

constant equal to   to represent Morse potential angles. The Morse potential angles would behave like 𝑘𝜃

harmonic angles when the variation of angle is small. Therefore, this does not change the final results 

regarding elastic moduli, but only enhances the ease of calculation. The parameters involved in the Morse 

angle potential would be optimized in the following step in order to match the fracture strain and ultimate 

strength from AA-MD. AA-MD simulations were performed to provide reference for our calibration. As 

we can see from Figure 3(a), the fracture strain in the armchair direction is around 0.57 while in the zigzag 

direction it is around 0.32. In our CG-MD model, fracture strain can be tuned through varying the magnitude 

of α. According to a previous study,  is set to 1.55  in the CG-MD model of graphene and the resultant 𝛼 Å ―1

fracture strain is 0.16 [20]. Therefore,  and  are both set to 0.775 , half of that in CG-MD 𝛼11 𝛼12 Å ―1

graphene model, in order to match the fracture strain of phosphorene. Note that the above determination of 

the parameters is just an estimation because the relation between  and fracture strain is not exactly linear. 𝛼𝑖𝑗

CG-MD simulations of phosphorene are performed using aforementioned parameters, which are also shown 

in Figure 3(a). It turns out that the CG-MD model (marked as CG beta) can match well with the Reaxff 

model on the armchair direction while it fails to match on the zigzag direction in terms of fracture strain 

and ultimate strength, which is a good starting point for parameter calibration.

Next, parameter optimization is done sequentially through a trial-and-error approach to match the 

mechanical performance, namely fracture strain and ultimate strength, on both armchair and zigzag 

directions from AA-MD simulations. Note that stiffness of both bonds and angles, namely  and , varies 𝑘𝑑 𝑘𝜃

subtly around its initial value during the calibration. First,  are optimized in order to match the fracture 𝛼𝑖𝑗

strain from AA-MD simulations. Subsequently,  are tuned in order to arrive a good agreement with 𝐷𝑖𝑗

ultimate strength from AA-MD simulations. The final parameters involved in the CG-MD model are listed 

in Table 1 for reference (marked as CG). Note that the bonds involved in this model are breakable while 

associated angles would be broken accordingly if bonds are broken, in which the cutoff distance for 

armchair and zigzag bonds is 5.4 and 4.8 Å, respectively, as listed in Table 1. However, the CG-MD model 

does not support bond formation based on inter-bead distance, in which the topological information for 

bonds and angles should be predefined. With the current set of parameters, the CG model shows good 

prediction accuracy of mechanical properties, including elastic modulus, fracture strain, and ultimate 

strength. It would be interesting how the final parameters would change if the optimization sequence is 

changed, which would be a possible research topic in future.

After calibration of parameters involved in bonded interactions, the only unknown parameter left in the 

CG-MD model is  the depth of the LJ potential well for non-bonded interactions, , which determines the 𝜀

adhesion energy for phosphorene, . In this work, we choose our target adhesion energy  = 0.345 J/m2 𝛾𝑎𝑑 𝛾𝑎𝑑
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as obtained in our previous work using AA-MD simulations [19]. Details about how the adhesion energy 

is calculated using our CG-MD model can be found in Figure S4 in the supplemental material. The 

optimized value for  is equal to 0.167 eV as listed in Table 1.𝜀

2.3 CG-MD simulation protocols 

All the CG-MD simulations are carried out using molecular dynamics (MD) package LAMMPS [41].  In 

MD simulations, time step is a key parameter for accuracy and stability, which should be small enough so 

that the fastest vibrational process should be sufficiently sampled. In our case, that should be the vibration 

of bonds connected adjacent beads. If considered as a harmonic oscillator, the angular frequency should be  

 , where  is the spring constant of bond while  is the mass of a single bead. It is widely 𝜔 =  
2𝜋
𝑇 =

𝑘
𝑚 𝑘 𝑚

accepted by the community that the time step , where  is the period of the oscillator. Therefore, ∆𝑡 < 𝑇/10 𝑇

in this case, the upper bound for time-step is around 26.9 fs. A sensitivity analysis revealed that the time-

step can be pushed up to 20 fs with good stability if a very big system is considered. For a better stability 

and accuracy, we choose 5 fs as the time step in simulations hereafter if not specified.   

In order to calibrate the in-plane mechanical responses of the CG-MD model, a periodic single sheet of 

phosphorene with dimensions 20 nm×20 nm in the plane is used in simulations while the material 𝑥 ― 𝑦 

orientation  of the model can be changed from 0o (armchair) to 900 (zigzag) as shown in Figure 3(b), in 𝜃

which the arrow represents the armchair direction while the dashed line represents the  axis in the 𝑥

coordinate system. The system was first energy minimized and then equilibrated in the NPT ensemble at 

temperature 1K for 20,000 time steps. After the equilibration, the sample was then stretched uniaxially 

along the -direction using a strain-controlled loading method, in which the deformation is added every 𝑥

2,000 time steps by deforming the simulation box, and the equivalent strain rate is around 1×108 s-1. 

Subsequently, the environmental temperature is changed from 1 to 400 K to test the mechanical properties 

accordingly. AA-MD simulations are also performed as a control, in which similar simulation setup is 

adopted except that the time step is 1 fs.

To measure the out-of-plane bending stiffness, a finite-sized single sheet with dimensions 20 nm×20 nm is 

used. Virtual cylinders with different radii are chosen to create deformation patterns with different 

curvatures, in which the phosphorene was adhered to the surface of the associated cylinders through LJ 

interactions between them. After the deformation patterns was constructed, the virtual cylinders were 

removed, four edges of phosphorene sheets were fixed, and the remaining parts of the sheet were allowed 

to relax until the energy is minimized, energy fluctuation being smaller than 5 percent of the total energy. 

In order to test that the constraints at the sheet boundaries have small effects, we performed simulations 

where only the 2 straight edges of the sheet were constrained and the bended edges of the sheet were set 
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free. We observed that the energy of the system is almost identical to the case where all the edges are fixed, 

suggesting that the boundary conditions have minimal impact on the energy of the system as long as the 

system is minimized in the deformed state.

Finally, we apply our CG-MD model to study the fracture toughness of phosphorene sheets with different 

crack lengths. The same dimension size as the uniaxial tension case is used. A central crack with different 

lengths in the samples is generated by deleting beads and corresponding bond and angle interactions along 

a set path. The cracks are aligned with the zigzag direction and tensile loading is applied in the armchair 

direction for simulation tests in Figure 6. An equivalent deformation procedure to that used in uniaxial 

tensile deformation is applied. Similar results with cracks aligned with the armchair direction and tension 

along the zigzag direction can be found in Figure S4.

Results and Discussions

One of the most intriguing mechanical properties of phosphorene is its mechanical anisotropy [17]. As we 

can see in the Figure 3(a) , the mechanical responses to the two characteristic material directions, namely 

armchair and zigzag directions, are obviously different, in which phosphorene is ductile and soft in the 

armchair direction while it is stiff and brittle in the zigzag direction. As intensively discussed in previous 

studies, phosphorene is highly anisotropic, in which the elastic modulus in the zigzag direction is much 

higher than that in the armchair direction while the ultimate strength in the zigzag direction is much lower 

[4, 6, 16, 17, 31, 37]. This intrinsic chiral dependence of phosphorene can be attributed to its unique 

puckered structure. When stretched in the armchair direction, the puckered phosphorene sheet flattens with 

moderate changes in the bond lengths, resulting in relatively low elastic modulus but high ultimate strength 

[6]. However, when strain is applied in the zigzag direction, the bonds, namely b2 bond in our model, 

experience significant changes, leading to a relatively high Young’s modulus but low strength [17]. As we 

can see in Figure 3, our parameterized CG-MD model well reproduces the anisotropy of phosphorene, 

which results from the preserve of the intrinsic puckered honeycomb structure in the CG-MD model.  Note 

that the difference between Reaxff model and CG model is marginal, indicating high accuracy of our 

proposed CG-MD model in reproducing mechanical properties of phosphorene. It is worth noting that the 

good agreement with AA-MD in highly non-linear regime is also achieved due to the anharmonic Morse 

bond and angle potentials  [20]. 

Thanks to the huge differences in elastic modulus between the armchair and zigzag directions, phosphorene 

sheets exhibit super stiffness tunability, which could be an ideal material in large-strain engineering 

applications [42-46]. Therefore, in order to explore unprecedented opportunities in phosphorene 

applications, it is computationally crucial for a CG-MD model of phosphorene able to reproduce its super 

mechanical flexibility. Results from  both Reaxff model and our CG-MD models show that elastic moduli 
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increase as  increases since the phosphorene sheet transits from the softer armchair direction to the stiffer 𝜃

zigzag direction [6]. The material orientation  is defined as the angle between loading direction and 𝜃

armchair direction as shown in inset of Figure 3(b). These results of our developed CG-MD model in Figure 

3(b) demonstrate its robustness in studying the mechanical tunability of phosphorene.

As it is claimed in the literature [13, 16, 17, 19, 47], the mechanical properties of 2D materials, and 

phosphorene in particular, are highly sensitive to temperature. Therefore, it is important for a CG-MD 

model able to capture the temperature dependence of mechanical properties of phosphorene. For both CG-

MD and AA-MD model, the temperature and pressure were controlled via NPT ensemble. Figure 4 shows 

the stress-strain responses for both ReaxFF model and CG-MD model (CG). The mechanical responses of 

CG-MD model (CG) are very similar to the counterpart using AA-MD model based on ReaxFF potential. 

For further analysis, both elastic moduli and ultimate strength are plotted as a function of temperature. As 

shown in Figure 5(a), the elastic modulus undergoes moderate alterations in both CG model and ReaxFF 

model. In contrast, the ultimate strength decreases as temperature increases as shown in Figure 5(b), 

recapturing similar patterns as discussed in previous literature [13, 16]. This temperature-induced strength 

reduction can be attributed to stronger thermal vibrations of atoms at a higher temperature. According to 

the Arrhenius equation, the reaction rate increases as the temperature increases. Physically speaking, with 

high translational energy at high temperature, phosphorus atoms can easily overcome the activation energy 

and break the bonds, leading to a much lower strength. Overall, results from our CG-MD model are very 

close to those from AA-MD model based on ReaxFF potential. However, we should admit that CG-MD 

model has some intrinsic limitations in predicting all mechanical properties accurately in a wide range of 

temperature, known as temperature transferability, due to its reduced degree of freedom caused by using a 

united mass point to represent a cluster of particles [27, 30, 48-50]. The temperature transferability problem 

of CG-MD models could be attributed to a variety of factors, including altered dynamics, underestimated 

viscosity, and imperfect thermal expansion due to both reduced degrees of freedom and utilization of 

attenuated pair potential to represent many-body interactions in AA-MD model [26, 27, 51, 52], which may 

not hold true for phosphorene. For instance, viscous forces or friction does not play an important role in 

determining the mechanical properties of phosphorene, in which bond and angle interactions are conserved 

instead of dissipative. Some limitations, however, are intrinsic due to the reduced degree of freedoms in 

CG-MD model, such as altered dynamics [51], which could be amended by adding extra friction to slow 

down the dynamics. Similar approaches include Langevin thermostat and dissipative particle dynamics [53, 

54], which could help improve the temperature transferability of the parameterized CG-MD model in future.

Bending stiffness of 2D materials like phosphorene is very important from the perspective of applications 

such as strain engineering in which the electronic properties are tuned through applying an external strain 
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[55]. Although it is yet to be well predicted through conventional continuum theory even with known in-

plane Young’s modulus [55], the bending stiffness of 2D materials is an indispensable mechanical property. 

Owing to its puckered structure, phosphorene shows  anisotropy in its bending stiffness, which is different 

from other 2D planar materials[55, 56]. Therefore, it is vital to evaluate the prediction accuracy of our CG-

MD model in bending stiffness despite its high accuracy in predicting in-plane elastic modulus. CG-MD 

simulations are carried out to test the out-of-plane stiffness on both armchair and zigzag directions. 

Basically, several pure bending deformation patterns with different curvatures, ranging from 0.05 to 0.2 

nm-1, are applied to a single layer phosphorene sheet. Subsequently, the phosphorene sheet is allowed to 

relax with the fixed curvature applied and bending energy per unit area  will be measured. According to 𝑈

the theory of elasticity, within the linear regime the relations between the bending curvature and bending 

energy can be expressed as follows,

                                                                       (10)𝑈 =
1
2𝐷𝜅2

where  is bending stiffness on a given orientation of bending. By fitting the data points with Eq. (10), the 𝐷

bending stiffness  can be obtained. Relevant results from the literature and our work are summarized in 𝐷

Table 2. It can be seen that the bending stiffness along the zigzag direction is much higher than that along 

the armchair direction, resulting from differences in the in-plane stiffness along those two orientations. 

Also, it can be seen that the bending stiffness from our work falls into the range of the corresponding value 

from the previous literature for both armchair and zigzag directions. Unlike CG-MD models for graphene 

[10, 20, 21, 33], there is no separate dihedral potential term in our CG-MD model for phosphorene due to 

the unique puckered structure of phosphorene. Graphene, with a planar honeycomb structure, cannot exhibit 

its bending stiffness without an extra dihedral potential, in which the atom bond and angles experience 

marginal variance under bending. However, phosphorene, with a two-layer puckered hexagonal structure, 

can well describe its bending stiffness with just bond and angle potentials, in which atoms in different layers 

experience different deformation, namely compression and tension, under bending. In other words, unlike 

other planar 2D materials, the in-plane elastic modulus and out-of-plane bending stiffness are highly 

correlated for phosphorene, and our CG-MD model can well reproduce bending stiffness without a 

systematic calibration of dihedral potential, which may be also valid for other puckered 2D materials. 

Therefore, our strategy in treating bending stiffness of phosphorene could also offer new avenue for the 

development of CG models of other 2D materials with intrinsic puckered structurer, such as borophene 

[57].  

As discussed in the literature, mechanical fracture of two-dimensional materials such as graphene could be 

described by classic Griffith theory applicable for brittle materials [58]. Classic brittle fracture has been 
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successfully studied via atomistic simulations [58, 59], in contrast with ductile and quasi-brittle materials, 

such as metals and polymeric materials, for which fracture mechanics are difficult to simulate in atomistic 

simulations as a result of a large plastic zone or process zone [60, 61]. In order to further validate our CG-

MD model, here we measure the critical stress intensity factors of phosphorene in both armchair and zigzag 

directions,  and  which govern the linear-elastic fracture toughness of the material. 𝐾𝐼 ― 𝑎𝑟𝑚 𝐾𝐼 ― 𝑧𝑖𝑔

Meanwhile, AA-MD simulations are also performed for comparison. According to Griffith theory, the 

critical nominal stress  to induce crack propagation is a function of the crack length  for a film with a 𝜎𝑐 2𝑎

central penetrating crack as follows,

                                                           (11)𝐾 =  𝜎𝑐 𝜋𝑎 = 2𝛾𝐸

where γ is the surface energy, i.e., edge energy for 2D materials, and E is the Young’s modulus along the 

loading direction.

In order to obtain  and , uniaxial tensile tests are performed for phosphorene sheets with 𝐾𝐼 ― 𝑎𝑟𝑚 𝐾𝐼 ― 𝑧𝑖𝑔

different crack lengths, which is schematically shown in the inset of Figure 7. As shown in Figure 7,  𝜎𝑐

decreases as the crack length increases and the relation between those two quantities can be fitted well by 

Eq. (11) for both AA-MD and CG-MD simulations. Moreover, the difference is marginal between AA-MD 

and CGMD simulations in terms of stress intensity factors ( = 13.01 GPa.nm-0.5, = 11.21 𝐾𝐶𝐺 ― 𝑀𝐷
𝐼 ― 𝑎𝑟𝑚  𝐾𝐴𝐴 ― 𝑀𝐷

𝐼 ― 𝑎𝑟𝑚

GPa.nm-0.5). Similar results for samples with cracks aligned with the armchair direction can be found in 

Figure S5. This perfect agreement between our CG-MD model and AA-MD model again affirms the 

robustness and feasibility of our CG-MD model in predicting mechanical properties of phosphorene system.

Conclusions

In this work, we present a CG-MD model of phosphorene which is capable of reproducing its mechanical 

properties, such as Young’s moduli, out-of-plane bending stiffness, and fracture toughness. We employ a 

strain energy conservation approach to calibrate the potential parameters of CG-MD model according to 

AA-MD calculations via a reactive force field. Despite the simplicity of the force-field and the fact that the 

model is only calibrated according to two typical cases: uniaxial tension in both armchair and zigzag 

directions, we demonstrate that our model can quantitatively capture the Young’s modulus, uniaxial tensile 

strength and interlayer adhesion energy. After validating our CG-MD model, we investigate the mechanical 

response of monolayer phosphorene under different temperatures ranging from 1 to 400 K, and show that 

the differences between AA-MD and CG-MD simulations are marginal. We also apply the CG-MD model 

to measure the fracture toughness of phosphorene sheets, and the results show that fracture toughness in 

both armchair and zigzag directions from our CG-MD model are in good agreement with those from AA-
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MD simulations using a reactive force field. These analyses illustrate the capability of our CG-MD model 

in capturing mesoscale large-deformation and failure mechanisms. Our work sets the stage for future studies 

on the role of heterogeneity on the mechanical properties of multilayer phosphorene sheets and has the 

potential to shed key insights into failure mechanisms pertaining to phosphorene-based nanocomposites.
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Tables

Table 1 Parameters involved in the CG-MD potential of phosphorene.

Connection type Analytical expression Parameters
Bond 1  for 𝑈𝑏1(𝑑1) = 𝐷11[1 ― 𝑒 ― 𝛼11(𝑑1 ― 𝑑0

1)]
2

𝑑1 < 𝑑𝑐𝑢𝑡
1

𝐷11 = 8.88 𝑒𝑉
  𝛼11 = 0.55 Å ―1

𝑑0
1 = 4.16 Å

               𝑑𝑐𝑢𝑡
1 = 5.40 Å

Bond 2  for 𝑈𝑏2(𝑑2) = 𝐷12[1 ― 𝑒 ― 𝛼12(𝑑2 ― 𝑑0
2)]

2
𝑑2 < 𝑑𝑐𝑢𝑡

2
𝐷12 = 5.52 𝑒𝑉

  𝛼12 = 0.80 Å ―1

𝑑0
2 = 4.12 Å

          𝑑𝑐𝑢𝑡
2 = 4.80 Å

Angle 1 𝑈𝜃1(𝜃1) = 𝐷21[1 ― 𝑒 ― 𝛼21(𝜃1 ― 𝜃0
1)]

2 𝐷21 = 10788.2 𝑒𝑉
𝛼21 = 0.022 𝑟𝑎𝑑𝑖𝑎𝑛 ―2

𝜃0
1 = 114.20

Angle 2 𝑈𝜃2(𝜃2) = 𝐷22[1 ― 𝑒 ― 𝛼22(𝜃2 ― 𝜃0
2)]

2 𝐷22 = 20396.5 𝑒𝑉
𝛼22 = 0.016 𝑟𝑎𝑑𝑖𝑎𝑛 ―2

𝜃0
2 = 83.80

Non-bonded  for 𝑈𝑛𝑏(𝑟) = 4𝜀[(
𝜎
𝑟)

12
― (

𝜎
𝑟)

6
] 𝑟 < 𝑟𝑐𝑢𝑡

𝜀 = 0. 167 𝑒𝑉
          𝜎 = 4.45 Å

𝑟𝑐𝑢𝑡 = 13.5 Å

Table 2 Comparison between results about bending stiffness in the literature.

Armchair  (eV)𝐷𝑎𝑟𝑚 Zigzag  (eV)𝐷𝑧𝑖𝑔
VFM [62] 1.1 7.4
DFT [56] 4.3 8.6
DFT [55] 3.3 8.2
MD [13] 6.5 8.8
This work 1.6 6.8
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Figures

Figure 1. (a) Coarse-grained map of phosphorene (Top view); (b) Perspective view of the part marked by 
square in Figure 1(a); (c) Overview of single-layer coarse-grain model of phosphorene; (d) Interlayer 
distance of multilayer phosphorene.
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Figure 2. (a)  Free body diagram of the unit cell under armchair uniaxial tension; (b) Free body diagram of 
the unit cell under zigzag uniaxial tension.
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Figure 3. (a) Comparison of stress-strain responses regarding uniaxial tensile tests between CG-MD 
model and AA-MD model based on Reactive force field; (b) Comparison of elastic moduli on different 
material orientation between CG-MD model and Reaxff model.
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Figure 4. Comparison of stress-strain responses between CG-MD and AA-MD simulations along the (a) 
armchair direction; (b) zigzag direction.
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Figure 5. Temperature dependence of mechanical properties (a) Elastic modulus; (b) Ultimate strength 
(Based on results from uniaxial stretch along armchair direction).
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Figure 6. (a) Schematic view of bending test for phosphorene using CG-MD model. (b) Bending energy 
versus curvature of the phosphorene sheet based on the CG-MD model.
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Figure 7. Fracture strength versus crack length for phosphorene sheets with cracks vertical to the armchair 
direction under tension along armchair direction 
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