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The pressure driven transport of two immiscible electrolytes in a narrow channel with
prescribed surface potential (zeta potential) is considered under the influence of a flow-
induced electric field. The latter consideration is non-trivially and fundamentally different
from the problem of electric field-driven motion (electroosmosis) of two immiscible
electrolytes in a channel in a sense that in the former case, the genesis of the induced electric
field, termed as streaming potential, is the advection of ions in the absence of any external
electric field. As the flow occurs, one fluid displaces the other. Consequently, in cases where
the conductivities of the two fluids differ, the imbibition alters the net conductivity of the
channel, dynamically. We emphasize, through numerical simulations, that the alteration in
the net conductivity has a significant impact on the contact line dynamics and the
concomitant induced streaming potential. The results presented herein are expected to shed
light on multiphase electrokinetics devices.

1. Introduction

The transport of two immiscible fluids where one phase displaces the other has been
extensively studied in recent times, owing to a vast number of applications in lab-on-a-chip
devices with implications in areas such as bio-fluid transport, mixing and other industrial and
geophysical scenarios.'™ Analysis of such two phase flow processes may also hold the key to
understanding the fundamental mass transport processes in plant vascular tissues, where
osmotic pressure drives the flow of nutrients.® Understanding the imbibition dynamics in
porous media has also been a focus of research owing to the possible applications in
geological transport.2’7_9 The aforementioned on-chip and reservoir-based applications are
typically characterized by surfaces possessing a net charge owing to one of many possible
mechanisms (thus leading to the formation of an electrical double layer (EDL)),'! thereby
enabling the prospect of flow control and modulation by means of electric fields.'* "

For single phase aqueous electrolytes in contact with charged surfaces, a vast body of
literature exists with detailed expositions present for both electroosmosis (flow on account of
an applied electric field) and streaming potential (induced electric field on account of a
pressure gradient).'®° Das er al.?' have shown in their analysis that the three phase contact
line is nontrivially affected by the contributions of the free energy of the EDL and may lead
to counterintuitive Cassie-Baxter transitions. Streaming potential, the focus of this work,
develops in flows in which there is an induced electric field due to a pressure driven
advection of the mobile part of the EDL.'**** The effect of the induced electric field is to
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retard the flow due to the pressure driven component, leading to an electroviscous retardation
as observed in previous studies on both single phase flows 28 and capillary filling dynamics
of two phase flows (the second phase being air or otherwise).””>* The extra resistance faced
by a flow in the presence of streaming potential has been established by several earlier
studies and has been referred to as the primary electroviscous effect (one may refer to the
seminal book of Hunter’®). It was shown that the accumulation of charges in the vicinity of
the interface due to the presence of a charged substrate leads to insignificant amount of
accumulation of charge for interfaces which are not dramatically curved (this may be violated
for highly hydrophilic substrates). However, no studies have yet been reported in the
literature on the streaming potential-modulated capillary imbibition dynamics of an
immiscible binary system in which both the fluids contain ionic species.

Here, we consider streaming potential-mediated capillary filling dynamics of an
immiscible binary electrolyte system.”’ For enhanced oil recovery and allied processes, one
typically connects rock samples (which have an intricate network of nano-pores) to reservoirs
of brine having different salinity, thereby causing a contrast in conductivity. Besides this, the
simultaneous flow of multiple immiscible fluids may occur through rocks. Such porous
media occur in the vadose zone for hydrocarbon extraction and so on.>’ The concerned
physical scenarios with multiple phases contributing to the streaming potential are not well
understood. Under these circumstances, the contribution of the two phases is commonly
incorporated through an ad-hoc determination of wetting fractions and hydraulic conductivity
of the capillaries, with an emphasis on the evaluation of the effective permeabilities and
effective electrical conductivities of porous media.”*>’ However, the presence of a contact
line between two immiscible phases leads to dramatically altered flow physics depending on
the wettability of the walls. The associated problem of electroosmosis has been studied in the
same context of an immiscible fluid displacing another, both containing electrolytes, under
the action of an external electric field in a channel with charged walls, 3340 However, no
studies have yet been reported in the literature on the variable conductivity modulated contact
line dynamics of an immiscible binary system subject to EDL phenomena. Bearing in mind
that the magnitude of the induced electric field depends significantly on the nature of the
conductivity of the displacing fluid and the displaced fluid, one may infer that the resistance
faced by the column of liquids being driven through the channel during capillarity induced
motion due to the induced electric field depends on the relative conductivities of the two fluid
as well as the location of the interface, i.e. the extent of filling of the incipient fluid.

Towards analyzing such scenarios, we consider a channel with a uniform zeta
potential with two reservoirs having different bulk concentrations (please see figure 1).
Owing to the different bulk concentrations, the thickness of the EDL varies across the two
liquids and is typically of the order of 10 - 100 nm."* The EDL properties and the bulk ionic
conductivity are functions of the reservoir ionic concentrations. Depending on the location of
the contact line (which itself depends on the nature of the induced electric field), the net ionic
conductivity of the channel differs, thereby resulting in a complicated time dependent
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contact-line dynamics mediated by the induced streaming potential. We model the complex
dynamics through a phase field model coupled with electrohydrodynamics which accounts
for the retarding body force (leading to electroviscous effects) due to the induced streaming
potential.

2. Mathematical formulation

2.1 System description and governing equations

We consider a parallel plate channel of height H consisting of two immiscible fluids.
The two ends of the channel are connected to two reservoirs which may have, in general,
different bulk ionic concentrations. A favourable pressure gradient acts in such a way to drive
the flow from the left reservoir to the right. The contact angle at the solid-liquid-liquid
interface is denoted by 6. . The surface potential at the wall is denoted by ¢ and the
electrical potential due to this is denoted by i/, (the subscript denotes the i™ fluid). Briefly,

the overall transport process may be summarized as follows. The attraction of counterions
towards the charged walls leads to a net charge density in the fluids which, when driven by an
external pressure gradient, leads to the generation of an advective current known as streaming
current. There is no external electric field acting on the system which implies that the total
current must be zero. As a consequence, there must be an induced electric field E,, (due to

accumulation of the net charge density downstream due to the flow) which causes the
conduction current to exactly balance the streaming current.

The transverse potential distribution, y,, due to the surface charge is described by the

Poisson equation
V(eVy)=—p,=—(z.n, +z._n_)e; i=12. (1)

where ¢, and p,, represent electrical permittivity and electrical charge density of i™ fluid
respectively. The electrical charge density p,, can be expressed in terms of number density

(n,) and valence (z,) of cationic and anionic species. For the two fluids (i=1,2), the

permittivity (&) and bulk ionic concentration (nl.’o) need not be same and we assume that

the two columns of fluid are connected to different reservoirs (please see figure 1). We
consider that the Boltzmann distribution '? of ionic species prevails in the individual phases

n,=n, exp(?zi’iet//i / kT ) Briefly, the Boltzmann distribution may be justified in cases

where the Péclet number Pe=U,  H / D is small (U, is the characteristic velocity, H is the

channel height and D is the ionic diffusivity), thereby leading to a balance of diffusion and

electromigration, consequently leading to the above ionic distribution. Typically,
3
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D~10"m’™, U, ~10" ms”" and H~10" m lead to Pe=107, thereby justifying

neglecting the advective component of the ionic flux.*!

For simplicity, we choose a symmetric binary solution in both the fluids with
z,, =—z,_=z. We combine the Boltzmann distribution with the Poisson equation, along

with the introduction of the following normalization parameters: y =zey /k,T, X=x/H
2z°¢° .

K, =KkH= 22 H , toyield
&k, T

V27, =2 sinh (7). )

Equation (2) satisfies 7 = ¢ at the top and bottom walls of the channel, and no-penetration
boundary condition at the inlet (left boundary) and outlet (right boundary) of the channel, i.e.,
Ow/dx =0 at X =0,L (where L is the non-dimensional length of channel). The potential
and the normal gradient of i are continuous across the interface, i.e., at [" (the interface),
[#,]=0 and [V, 'n]=0 where n is the unit normal pointing from fluid 1 to 2 and [e,] at

the interface represents a, — ¢, .
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FIG. 1. Schematic depicting the nature of capillary filling for two immiscible fluids. The fluids are respectively
denoted by ¢ =1 and ¢ =—1. The fluid to the left is connected to reservoir 1 and the fluid to the right is

connected to reservoir 2 whose bulk concentrations are, in general, not equal. Owing to different bulk
concentrations, the bulk resistivity (or equivalently, the inverse of conductivity) of the two fluid columns,

denoted by Rb,1 and Rb,2 , are different while the characteristic electrical double layer thickness, denoted by

K " and K, ! are also different (please refer to equation (2)). The interface is acted upon by the surface tension
force while a pressure gradient drives the flow from left to right. The presence of bulk mobile charges in
conjunction with overall electroneutrality induces an electric field which opposes the pressure driven flow. A
pressure gradient —Vp acts from the left to right reservoir while the induced streaming electric field E,
from the right to the left.
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The presence of mobile charges in the fluids leads to interesting electrokinetic
phenomena which have been well addressed for single-phase flows. The advection current is
balanced by an equal and opposite current. This reverse current, known as the conduction
current, is driven by the induced streaming potential and is responsible for an additional body
force acting on the fluid in the direction opposite to that of the pressure driven flow. Thus,

under the weak-field approximation, the induced axial electric potential (l//*) satisfies the

Laplace equation '
V7 =0, 3)

where the dimensionless streaming potential is given as 7 =y / Vs> W, 18 determined

later on from the momentum equation. Equation (3) satisfies dy /dy =0 at the top and
bottom walls. For convention, we take the inlet to be at a reference ground potential " =0
and the outlet to be at a dimensionless potential % =¥, (¥, denoting the induced streaming

potential with reference to a ground left electrode). The magnitude of ¥, will be determined

later in a consistent fashion by making use of the electroneutrality constraint.

Here, we employ the phase field model to capture the multiphase
electrohydrodynamics.”® The flow field is determined by the Navier-Stokes equations along
with the continuity equation, with due accounting for the capillary stress as well as the
Maxwell stress. In dimensional form, the Navier-Stokes equation for an incompressible
Newtonian fluid can be written as **

2, % =-Vp +v.{,7,. (Vu +(Vu)’ )} + ,uV¢+peJ.E—%(Et'EI)Vg; i=12 (4)

where u:(u,v) represents the velocity vector, p represents the pressure; p;, 77, and p,;

represent the density, viscosity and charge density of the i fluid. E represents the induced
streaming electric field, E, represents the total electric field (field due to the presence of EDL
and induced streaming potential), x# and ¢ denote the chemical potential and phase field
parameter (which we shall elaborate in the next section; in essence, ¢ =1 denotes one phase
and ¢=—1 denotes the other phase). The first two terms in the right hand side can be
identified as the contribution from the hydrodynamic stresses. The third term represents the
effect of the surface tension which exists only in a very thin region near the interface of the
fluid since V¢ is non-zero only at the interface. The fourth term represents the body force
acting on the mobile part of the EDL while the last term represents the polarization force due
to a mismatch in the permittivity of the two fluids. In our analysis, for simplicity, we neglect
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the last term and only focus on the effects of the streaming potential through the force acting
on the mobile charges. In a non-dimensional form we can write equation (4) as

,3Re§_;_‘ _ jpm.{ﬁ(vm(?ﬁ)r )}+ W é-SExsinhi, )
7

CaCn

where p depicts the density of the fluid in terms of the order parameter given by

52(%)"‘(%)& and similarly ﬁz(#)+(%)ﬂ.42’44 The parameterx, highlights the
P m

fact that the dimensionless thickness of EDL should also be taken to be a function of the

=2

. _ K . . L

order parameter given by &K’ = (#)+(¥)_—22 The dimensionless velocity U is given by
K]

u/ U, » the pressure gradient is made dimensionless by the applied pressure gradient which is

typically in the order of 10° Pa/m for micro and nano-channel experiments **. Thus, the
reference velocity is determined from the pressure driven transport and is given by

Uwf.:(Vp)wf H? /771. Similarly, the dimensionless induced electric field E=E/E,, is

derived by setting £, =U,,, / (&/k,T/zen,). In a dimensionless form, the reference electric
field can be associated with the reference potential as v, =E_L; L being the
dimensionless length of the channel. The Reynolds number is given as Re= pU, H / n, , the
capillary number is defined as Ca=7U,,, /7 and the Cahn number Cn=¢&/H ; & being the

characteristic thickness of the interface (the details of the phase-field model and its non-
dimensionalization are presented below).

2.2 Phase field equations

To numerically simulate the present two phase electrokinetic flow with contact line
motion, we use the phase field model. The advantages of using this, aptly termed, diffuse-
interface model are: it is thermodynamically consistent, there is no need to track the interface
explicitly and there is no strict requirement to specify the slip condition at the contact line.
#4649 Under the framework of phase field model, the state of a system having two

immiscible phases can be represented by a scalar parameter ¢(x,t) which is known as phase
field order parameter. In our analysis we have considered ¢ =1 for fluid 1 and ¢ =-1 for
fluid 2; the interface is represented by ¢ (—1, l) , noting that ¢ varies rapidly in the region of

the interface. The Ginzburg-Landau free energy of a two phase system can be expressed as a
functional of phase field order parameter of the following form ***°

F[¢]zj{f(¢)+[<@}d9, (6)
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where Q is the total domain of interest. The term f(#) denotes the free energy density of the
homogeneous system far away from the interface which may be further expressed in terms of

the phase field order parameter by using a double-well potential as f ((o) = A(goz —1)2 / 4.

The term K|V(p|2 / 2 denotes the interfacial free energy density which is nonzero in the

diffuse interfacial region only. The bulk free energy coefficient (4) and interfacial free energy
coefficient (K) are related to interfacial thickness (f ) of the diffuse interface and the surface

tension coefficient ( 7/) between the two phases through A0 y/&, K[ y&.

The dynamic evolution of phase field order parameter can be given in a conservative
form by the Cahn-Hilliard equation as ***’

%+u-V¢=V-(MVy), (7)
where M denotes the mobility of the order parameter which is taken as constant for the
present analysis. The term on the right hand side of equation (7) is responsible for the
diffusion of the phase field order parameter and hence is focal in alleviating the contact-line
stress singularity. The chemical potential x# can be obtained by performing a variational

derivative of the free energy of the system of the following form

_oF 7y
5p &

In a non-dimensional sense, the complete description of the Cahn-Hilliard equation is given
by

[(#*-¢)-&Vp). (®)

% wve-Lv,
o Pe 9)

H=¢-¢-Cn’V'.
Here, Pe=H ZUM / Mo is the Péclet number which controls the diffusion of order parameter

as compared to the advection, whereas the Cahn number (Cn) represents the normalised
interface thickness. The boundary conditions at the walls of the channel required to solve
equation (9) is of the following form

n'Vu=0,

n.V¢=—tan(%—(9§)V¢—(n-v¢)n (10)

b
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where 6, is the specified contact angle on the channel walls and n denotes the direction of the

unit normal away from the wall. Thus, the complete description of the hydrodynamics, and
the electric field, is given by equations (5) and (9) with the appropriate boundary conditions.

2.3 Evaluation of net channel electrical resistance

In our discussions made so far, the description of the streaming electric field and
streaming potential remain unaddressed. In order to address the related consequences, we
appeal to the overall electroneutrality condition for estimating the induced potential. The
electroneutrality condition implies that in the absence of an induced electric field, the sum of
streaming current and conduction current must be zero:

H/2

v
dy ==, 11
[ pudy P (1)

-H/2

where V, denotes the back-potential difference induced across the channel (since it is
assumed that the left electrode is at a zero potential, V. denotes the potential of the right

electrode), R denotes the total electrical resistance of the channel and the left hand side of
equation (11) represents the current flux at the exit boundary. The total resistance of the
channel comprises of two contributions: (a) the conductivity of the bulk fluid and (b) the
conductivity of the Stern layer. Typically calculations are done by disregarding the Stern
layer conductivity, but we account for it since we later show that it plays a major role in the
overall description of the electrokinetic phenomenon. The Stern layer and the bulk resistances
are in parallel which implies that the total resistance may be written as /R =1/R, +1/R ; R

being the total resistance, R, being the bulk resistance and R being the Stern layer
resistance. The Stern layer resistance may be written as 1/ R =0,/ L; L is the length of the

channel and o, is the conductivity of the Stern layer.”'™* The bulk resistance may be

L

dx
H/2

ody

o0 Y-H/2

evaluated by R, = where o is the conductivity of the bulk which is given by
2z%’n,, coshiy

f

dictates that as the potential drops to zero in the bulk, the conductivity tends to a bulk

; f being the ionic friction factor. The nature of the bulk conductivity

2.2
2z7%en,

conductivity given by o, = . This results in an integral form of the fluid electrical

Page 8 of 20
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. . 2z2%¢n,, | dx .
resistance of the channel given by R, = : = . The total resistance of
f j coshydy
0 -1/2
the channel is thus
I -1
1 2z%n,, J dx  Dul_ 2z2°¢’n,,; 1 (12)
O e e A

0

where Du=o, /Ho, represents the Dukhin number and it signifies the ratio of the Stern

layer conductivity to the bulk conductivity. Therefore, the dimensionless form of the
electroneutrality condition may be written as

=V 1 =5pv2 _ .
V.=— =—J:§RJ. u sinhy,dy (13)
l//ref L -2
gk,T . . . .
where J = >~ ¢ represents the characteristic ratio of the magnitude of the streaming
ze

current to the current due to conduction.

The above methodology for evaluating the induced streaming potential, as compared
against the traditionally employed method, accounts for the fact that the channel is not simply
occupied by one single fluid phase. The classical approach, on the other hand, is to balance
the streaming current as evaluated in equation (11) by the conduction current, which is
traditionally taken to be invariant along the channel axis (unlike the reality in case of a two-
fluid system having different ionic concentrations of the constituent phases). The result of
this simplification employed in the classical literature is the elimination of the long and
tedious integral in the evaluation of the electrical resistance of the channel,

2 2 2 ) 1 2 2 2 ) -1
R, :( d ; ”OJJ J & to yield R, :( d ;”0’1 L This
0 .'.1/20051“'”6{J7 Jll/zCOShl//d)_}

significantly simplifies the evaluation of the streaming potential. Note that equation (12)
12 _
Lot D

would then yield % 7 . Further simplification that the surface

conductivity is negligible as compared to the bulk conductivity (Du — 0) implies that

/
1], coshpdy | N
% = ”2# and consequently, from equation (13) we can find a simplified version of
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1/2

_ _ u sinhiy, dy
the potential as V, = —J{ =42 -
.[ 12 coshydy

. This result has been widely employed for routine

streaming potential calculations, but loses its validity in a strict sense for a binary system with
different ionic conductivities of the constituent fluids.

3. Results and discussions

Before presenting the effects of different governing parameters on the contact line
dynamics and subsequent alteration in streaming potential, we validate the present diffuse
interface numerical model with that of Yue et al.*’ The phase field model (or more
specifically the Cahn-Hilliard model) replaces the macroscopic sharp interface by a diffuse
one. Incorporation of this diffuse interface removes the singularity at the contact line and
there is no requirement of specifying the slip at the contact line explicitly.* However, the
implementation of the Cahn-Hilliard model introduces two non-dimensional numbers which

are otherwise absent in sharp interface formulations, namely the Cahn number Cn=¢&/H

and the Péclet number Pe:HzUwf. /MJ or equivalently, as defined by Yue et al.¥

S=Mn, /H . The thickness of the fluid-fluid interface is governed by Cn, while the

diffusion of the order parameter is governed by Pe (or S). For multiphase flows without the
presence of contact lines, converged results can be obtained using the Cahn-Hilliard model
only when the results are independent of interface thickness (i.e. Cn independence has been

achieved). It has been established through numerical simulations*’ that Cn = 0(10"2) gives

results which are independent of interface thickness and well matches with the sharp interface

limit. As actual fluid-fluid interface thicknesses are of 0(10’9), i.e. a few molecular

diameters wide, in practice we employ much thicker interface to render the problem
computationally feasible. To compensate for this artificially thick interface thickness, it is
customary to adjust the diffusion of the order parameter arising in the Cahn-Hilliard equation
by properly specifying Pe. Thus, when the contact line is absent, the Cahn-Hilliard diffusion
has very little role to play on the interfacial dynamics. However, the Cahn-Hilliard diffusion
which is governed by the gradient of chemical potential, plays a major role towards
determining the contact line speed and the dynamic contact angle when the contact line is
present in the multiphase systems. Hence, proper choices of Cn and Pe (or equivalently S)
is of utmost important in moving contact line problems. Yue et al.*’ have performed both
numerical simulations and scaling analysis and established that there is a threshold value of
Cn for fixed values of other parameters to reach sharp interface limit in the presence of
moving contact line. The recommended guideline for the upper limit of Cn is

Cnlhreshold = 4S’ (1 . 14)

10
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where both the liquids have same viscosity. Thus, following their guideline, we consider
S=0.01 and a corresponding Cn =0.02 which is well below Cn,,_,.,- We consider a 2D
rectangular computational domain of length 44 . The top and bottom walls are moving with
constant velocity but in opposite directions. The liquid-liquid interface at steady state is
shown in figure 2 for the parameters specified in the figure caption. Here we consider
triangular grids of size Ah=Cn/2. The phase field formalism with coupled hydrodynamics
has been solved in the finite element framework of COMSOL™. Figure 2 depicts that for
Ca=0.0land 0.02 our numerical computations are in excellent agreement with that of Yue

et al.’

o Present study, Ca = 0.01

0.9 — Yue et al.(JFM, 2010), Ca = 0.01
o Present study, Ca = 0.02 §
0.8 —— Yue et al.(JFM, 2010), Ca = 0.02 | £

0.7F

0.6

0.4f
0.3f

0.2F ,;FP

0.1

0 4 d
-025 -02 -0.15 -0.1 -0.05 0 005 0.1 015
€T

FIG. 2. Steady state interface shape in Couette flow for Ca =0.01,0.02 and 6, = /2. Other parameters have

the following values: Cn=0.02 and A=1. In accordance with Yue et al."’ we consider Pe=CaCn/S” with
S=0.01.

To study the current problem, we consider a 2D rectangular computational domain of
length 5H and exploiting the symmetry of the problem we have used height of the
computational domain H/2. We consider Cn =0.02 with triangular grids of size Ak =Cn/2

and S=0.01 for all the simulations. From a pumping perspective, it is of utmost interest to
observe the rate of filling into the capillary and how it is affected by the contrast in
conductivities of the two fluids as quantified by the temporal evolution of the spatial location
of the contact-line. Apart from this, from an electrokinetic perspective, the magnitude of the
induced streaming potential is of great interest as it is an indicator of the extra resistance
faced by the flow. As mentioned earlier and as we shall observe below, the conductivities of
the two fluids plays a vital role towards the modulation of the contact line velocity, while the
electrokinetic parameters such as the zeta potential and surface conductivity also explicitly
affect the nature of the filling. In the discussion below, unless specifically mentioned, the
Dukhin number is considered to be 0. The ionic friction factor is determined by utilizing the
Stokes drag acting on an ion as f = 67z7,a,, where the ionic radius is taken to be 0.3 nm. For

typical magnitudes of the parameters chosen to be: & ~60x885x10"?Fm™',

11
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k,=138x10"m’kg s> K™, T~300K, 7 ~107°Pas while the ionic friction factor is
given by f =6nna,, with a,, ~03nm , we obtain the dimensionless parameter to be
0(0.1)—0(1). In order to account for the average permittivity across the channel, the

relative permittivity has been taken to be 60. In all the results presented here, we consider a
contact angle of 60°.

35
(a) o n, =025 Fl=1 3 < 3 =
S| % =05 ¢l = ¢l =2 P [Cl=3
N en=1 2.5 < 2.5 q
* n, =2 * <4 % <
) * <4 x
251 < n, =4 % D 4 x <14 *
—V,=0 »P 2 ¥ 2 ATk
3, B # A * P a4 x*
> et LN adxr >
BPa*” 00| 15 43 opP Lx] LS ap*T b
= Ee¥00° i*DDD e ay* > *
%X 000 ¥ wF 00 Qr P exx®
*00 1 >Pyx¥* Jo000 1 L# oo ® 00
1 %o sRx%Jo00 ¥pbax* 0000
§60° §88500°
0. i
1 2 3 4 5 0 1 2 _ 3 4 5 0 1 2 3 4 5
7
(b) 4 °m =025 3 0000000000000, ’
6 [Cl=1 * n, =0.5 o = :
Bom=1 25 (=2 [¢]=3
" * =2 15
<4 m =4 5
4% g:« Y Yot b
%
e 15f 1
: ¥ N e S
B
2, 0.5
| B 0.5P*
O% R R LR RRRIRRRR] W«mm §
0 1 2 3 4 5 00 1 2 3 4 5 0 1 2 3 4 5

FIG. 3. (a) Temporal variation of the contact line location, X, for various n, and (b) temporal variation of the

induced streaming potential, ¥, plotted for various 7, and for different ’ | (1, 2 and 3). Here we have

considered Ca=0.03 and 6. = z/3. The solid line in figure 3a represents the capillary filling characteristic for
the case where the streaming effects are absent altogether (undamped case).

From figures 3a and 3b, the effect of the temporal evolution in filling length
(equivalently, the penetration distance of the contact line into the capillary, i.e. the positive x
direction) and streaming potential due to various values of n, is clear. At a given time instant,
the penetration length of the capillary increases as n, increases. n, > 1 implies that the second
fluid (fluid on the right in figure 1) has a higher bulk conductivity and, associated with this, a
thinner EDL as compared to the first fluid. Therefore as the first fluid displaces the second
fluid, the net bulk conductance of the channel tends to decrease, leading to an increase in the
induced electric field as more of the fluid starts to penetrate the channel. Conversely, for n, <
1 the trend reverses; as the capillary fills the channel, the conductance of the channel
increases which leads to a gradual decrease in the induced electric potential, except for the
initial rapid transience region during the start up of the flow. The effect of », is due to two

12
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separate phenomena - the first being the higher streaming current at the exit of the channel for
small 7, (a lower concentration leads to a thicker EDL and a larger current flux at the exit of
the channel) and the second factor being the lower conductivity of the liquid column (as seen
from the expression for the bulk conductivity equation (12)). The effect of the magnitude of
zeta potential on the filling characteristics is not entirely straightforward and we shall discuss
this later in this section.

Presently, we note that the higher magnitude of zeta potential leads to a larger
streaming current while at the same time this larger induced electric field leads to a larger
retardation force on the fluid. This results in a lower imbibition velocity as the zeta potential
is increased; this leads to a decreased capillary penetration into the channel. The end effect of
these feedback-like characteristics is that as the zeta potential is increased, the magnitude of
the induced electric field drops. The case n, = 1 is reminiscent of the case where the effect of
the interface is to only induce a capillary pressure across the interface maintaining the other
properties to be identical. For n, < 1, in the early regimes of filling, we have a fluid with
lower conductivity which occupies the larger length of the channel (please refer to figure 1
for a schematic description). This leads to an initially large induced streaming potential.
Quite naturally, as fluid 1 begins to displace fluid 2, the induced field begins decreasing on
account of the higher conductivity of the incipient fluid. The effect of increasing the zeta
potential is to reduce the induced streaming potential. One thing to note here is that for all
cases presented above, the filling length at a particular time is always smaller than the filling

length in the absence of streaming potential (7,=0) thus highlighting the underpinning

electroviscous damping.
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FIG. 4. (a) Temporal variation of the contact line location and (b) temporal variation of the induced streaming
potential plotted for various |5 | and for different n, (0.5, 1.0 and 2.0). Here we have considered Ca =0.03, and

0. =x/3.

Unlike n,, the zeta potential is an intrinsic property of the substrate and exerts a
significant influence on the flow behaviour. In figures 4a and 4b, we depict the temporal
evolution of the filling length for different surface zeta potentials and for three different »,
(0.5, 1.0 and 2.0). The surface potential (or similarly surface charge density) is typically
dictated by various chemical factors including the solution pH and other chemical
equilibrium conditions at the surface. As a result, for various porous media, the magnitude of
surface potential may vary from as low as ~ 20 mV to as high as 200 mV. Beyond the
implicit nature of manifestation of the n,, we now observe the various implications of the zeta
potential on the flow. Like #,, the effect of the zeta potential is also two-fold. One is through
the EDL distribution which directly affects the streaming current flux at the exit of the
channel and the other is through the alteration in the ionic number density which leads to an
altered conductivity. For example, a higher surface potential leads to a larger potential
throughout the channel as compared to a rapid decay to a zero centerline potential. This leads
to a higher flux in the streaming current. At the same time, it also leads to larger variation in
the conductivity which yields an enhanced streaming potential. We note that the variation
need not be monotonic i.e. there exists a certain zeta potential at which the induced streaming
potential is maximum. The trends observed through figure 4 are that as the magnitude of the
zeta potential is increased, the induced streaming potential initially increases, reaches a peak,
and then begins decreasing. Note, however, that the trends in the penetration length, unlike
the induced streaming potential, are monotonic. The penetration distance, as verified through
figure 4 decreases with an increase in the magnitude of the zeta potential; the extent of
decrease is smaller as the potential increases. Quite intuitively, a higher », leads to a faster
filling, thus corroborating with the observations of figure 3.

FIG. 5. Variation of the dimensionless streaming potential V. evaluated at 7 = 5 as a function of the ¢

s

potential and n,. The location of the maxima in the streaming potential for a fixed n, is represented using the red
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Page 14 of 20



Page 15 of 20

Soft Matter

filled square marker while the locus of the maxima is denoted via the dash-dot line. Here we have considered
Ca=0.03 and 6, =7/3.

In order to establish the nature of the variation of long time streaming potential for
both variations of n, and ¢, we plot the IZ at an arbitrary time 7= 5 for different n, and

different zeta potentials in figure 5. For a fixed n,, it is observed that there is a maxima in the
induced streaming potential as the zeta potential magnitude is increased. Remarkably, as the
n, increases, the magnitude of zeta potential at which the maximum occurs (open circle
marker) increases, while noting that the magnitude of the maximum streaming potential
decreases as n, increases. This implies that the impact of the , is quite severely manifested in
the case of small #, , i.e., a higher conducting fluid displacing a lower conducting fluid leads
to larger manifestation of electrokinetic effects. As noted earlier, the impact of £ on the

streaming current is through the effect on the potential profile, i.e., a larger { would lead to a
larger net charge density in the channel and, therefore, be expected to yield a larger advective
flux of ions. Only accounting for the effect of zeta potential on the streaming current would
imply that the increase in the streaming current would need to be balanced by a larger
induced electric field, whereby we should be able to observe only a monotonous increase
without any maxima in the streaming potential (at a fixed #n,). However, it was noted that the
conductivity of the fluids is also dictated by the potential distribution and that the increase in
the ¢ potential also leads to an increase in the fluid conductivity (similar trends have also
been highlighted in earlier works™). Thus, if the fluid conductivity also increases, the induced
streaming potential may increase or decrease, depending on the relative increase of the
streaming current and fluid conductivity. When the fluid conductivity increases more rapidly
than the streaming current upon the increase in the { potential, the streaming potential
decreases and vice-versa. Therefore, at a specified n,, as the { potential is increased, initially
the streaming current increases at a faster rate than the conductivity, thereby leading to an
increase in the streaming potential. After attaining the maxima, the trends then reverse. At a
lower n,, we observe that the capillary filling is significantly slower than that at higher #,.
Thus, for n, < 1, the channel is still mostly occupied by a lower conductivity fluid as
compared to the case when n, > 1. The lower conductivity fluid, quite naturally, leads to a
higher streaming potential. Interestingly, the effect of zeta potential is significantly more
prominent for n, < 1. In other words, the streaming potential is more sensitive to the changes
in the { potential at low n,. For n, > 1, the channel has an already larger conducting fluid in
the channel and hence, the effect of the change in conductivity with the increase in zeta
potential is less prominent. Equivalently, when n, > 1, the increase in zeta potential affects
the streaming current more prominently and this is the reason why that as n, increases, the
location of the maxima shifts towards higher zeta potential. To summarize, at low #,, the
sensitivity of the streaming potential is larger towards the zeta potential. The location of the
maxima shifts towards higher magnitudes of zeta potential as the 7, increases. The reason for
these observations lies in the relative enhancement of the streaming current and the fluid
conductivity.
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FIG. 6. (a) Temporal variation of the contact line location and (b) temporal variation of the induced streaming
potential plotted for various |{] and for different Ca (0.5, 1.0 and 2.0). Here we have considered n, =1, and

0.=7x/3.

An important physical parameter which governs multiphase flows happens to be the
surface tension between adjacent phases. It essentially dictates the force acting on the
interface of the two phases; a lower value of surface tension allows it to deform easily owing
to the lack of the restoring force. Noticeably, the dimensionless manifestation of the surface
tension is through the capillary number (Ca) which is a measure of the viscous forces to the
surface tension forces at the interface. A lower capillary number is an indication that the
viscous forces are negligible compared to the surface tension. It is expected that for a lower
Ca, one would obtain a larger capillary penetration for a given time instant owing to the
reduced viscous resistance in comparison to the driving effect of the surface tension. The
enhancement of the capillary filling at lower capillary number is clearly verified from figure
6. In general, the result of this is that the magnitude of the streaming potential is higher for
lower Capillary numbers for a given zeta potential and #n,. This is readily attributable to the
higher streaming current owing to the enhanced flow at larger surface tension forces.

4. Conclusions

In this work, we have considered the pressure driven transport of two immiscible
fluids with mobile charges in both the constituent phases. The transport is electrokinetically
modulated, i.e., the current due to the flow of ions leads to a back-electromotive force (back
EMF) termed as the streaming potential which retards the pressure driven flow. We describe

the capillary filling dynamics and the induced streaming potential by means of a phase-field
16
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methodology. Through a general formulation of the channel conductivity, the overall
electroneutrality is obtained thereby accounting for the contrasts in the conductivities of the
two fluids. Both the aforementioned approaches yield results which are qualitatively and
quantitatively in good agreement. The contrast in the bulk concentrations in the two fluids
has a significant impact on the overall dynamics of the fluid. If the displacing fluid has a
higher conductivity, due to a higher bulk concentration, than the displaced fluid, the initial
penetration is slower as compared to the case when the displacing fluid has a lower
conductivity. The streaming potential in such a case shows a gradual decreasing trend as the
capillary fills. We also highlight the effect of the surface potential on the filling dynamics. It
is then revealed later that the streaming potential peaks at a certain value of zeta potential for
a given ratio of bulk concentrations (n,). We also show that the peak is more prominent at
lower n,.

The results portrayed here are expected to shed light on various aspects of multiphase
electrokinetics. The fundamental geometry assumed in this work may lay the foundation for a
more general homogenized description of streaming potential in flows through porous media
which are relevant for enhanced oil recovery processes.54 Non-polar solvents containing
charged species or even different concentration brines may be driven by an alternate brine
solution resulting in large streaming currents leading to streaming potentials. From an energy
harvesting outlook, one may employ alternating patches of high conducting and low
conducting fluids to generate periodically varying streaming potentials. Moreover, the
presence of the interface acts as an assisting body force to the pressure gradient which opens
up avenues for passive electrokinetic conversion.>
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