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Abstract
The equilibrium shape of a small liquid drop on a smooth rigid surface is governed by minimization of
energy with respect to change in configuration, represented by the well-known Young’s equation. In
contrast, the equilibrium shape near line separating three immiscible fluid phases is determined by force
balance, represented by Neumann’s Triangle. These two are limiting cases of the more general situation
of a drop on a deformable, elastic, substrate. Specifically, we have analyzed planar equilibrium shapes
of a liquid drop on a deformable membrane. We show that to determine its equilibrium shape one must
simultaneously satisfy configurational energy and mechanical force balance along with a constraint on
liquid volume. The first condition generalizes the Young’s equation to include changes in stored elastic
energy upon change in configuration. The second condition, generalizes the force balance conditions by
relating tensions to membrane stretches via its constitutive elastic behavior. The transition from
Young’s equation to Neumann’s triangle is governed by the value of the elasto-capillary number,

B=Tx,/ tth, where Ty, is twice the surface tension of the solid-vapor interface, 4 is the shear

modulus of the membrane, and # is its thickness.
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1. Introduction
What is the equilibrium shape of a liquid drop on a smooth solid flat surface? If the solid is rigid
and isotropic, gravity is negligible, and the contact line is free to sample the flat surface, then the

equilibrium shape is a spherical cap with a contact angle 96, which is determined by minimizing the free

energy of the system with respect to movement of the contact line relative to the solid surface [1, 2].
This minimization of free energy with respect to change in configuration will be referred to as
configuration energy balance and results in the Young’s equation:

Cosecr=(7sv_7SL)/7LV' (1a)
where 7,,,7s, and ¥, are the surface energies of the liquid/vapor, solid/ vapor and solid/liquid

interfaces, respectively. The subscript in «96, denotes the rigid limit. In the other extreme, if the solid is

replaced by a fluid that is immiscible with the liquid drop, then the angles at which the three fluid-fluid
interfaces meet at the contact line between the three fluids (a,b,c) (Figure 1b) is governed by

mechanical force balance of interfacial tensions ¢ ,,,0,.,0,.:
o, sinf, =0, sinb, (1b)
o, =0,c0s8 +0, cosb, (1c)
These equilibrium conditions (1 b,c), if represented as a set of vectors in two-dimensions, form a closed
triangle (representing equilibrium) known as Neumann’s Triangle[1, 2]. Because fluids by definition
have no reference configuration, configurational energy balance and force balance are indistinguishable.

The situation is far from clear if the solid is deformable. That liquid surface tension can cause
significant deformation in a compliant elastic solid has been known for some time [1, 3-6], and local
substrate deformation due to liquid surface tension has been studied [7, 8], however, usually without
accounting for the additional resistance to deformation offered by the interfacial surface tensions. It
turns out that for soft materials, these interfacial tensions can be a dominant force controlling the
substrate deformation near the contact line [9-13]. It has been shown that as the substrate stiffness
approaches rigidity, the contact angle is given by Young’s equation (as required) whereas in the limit of
vanishing substrate shear modulus, the angles at the contact line are given by Neumann’s triangle[11-
13]. In this sense, the latter is a fluid-like limit.

From the continuum perspective, it appears that two different principles are applied to
determine the geometry of the contact line: configurational energy balance for an un-deformable solid
and mechanical force balance when the solid has no resistance to shear. Because the terms
configurational energy balance and mechanical force balance are central to the argument developed in
this paper, it is useful at the outset to clarify their meaning and the difference between the two. Figure
1(a) depicts a liquid drop on a rigid (or very stiff) substrate. The equilibrium shape of the drop must
satisfy two conditions. The first, which we call configurational energy balance, stems from the
requirement that the free energy be minimized with respect to small variations of the contact line with
respect to the solid material. This is depicted by the dashed lines in Figure 1(a) representing virtual

displacements of the drop surface and the fixed red circle representing a material point in the solid body.

Enforcing free energy minimization with the constraint of fixed liquid volume, which is what we mean by
configurational energy balance, results in Young’s equation as cited above, see also for example [14].
The second condition is that of mechanical force balance, i.e., the forces on some boundary
encircling the material point (red circle) due to the liquid and from the rest of the solid must balance.
This is shown by the free-body diagram of a small region surrounding the material point at the contact

line in which we show the three surface tensions, 7,,,0 ,0,. The symbol » stands for surface
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energy; o for surface tension (isotropic surface stress) — note that for a solid we distinguish between
the two but they are identical for a liquid. For a rigid substrate the condition that all forces must
balance is satisfied trivially or automatically because, whatever the configuration of the drop, the
substrate provides the necessary reaction force to balance the forces applied by the surface tensions.
(By making the region occupied by the free-body diagram very small compared to the size of the drop,
we can make the contribution of the Laplace pressure negligible.) Thus, in this case, configurational
energy balance alone determines the shape of the drop.

On the other hand, when the three bodies are fluids (Figure 1(b)), mechanical or force
equilibrium of a small surface around the material point (red circle) determines the angles and hence
the shape. However, force balance in this limit also implies configurational energy balance since surface
energies numerically equal surface tensions. Thus, both principles are satisfied in both the limiting cases
drawn in Figure 1.

In exactly the same way, in the general case of a deformable substrate, the mechanical forces
must balance and the location and shape of the droplet must be such that the configuration minimizes
energy (including interfacial and elastic contributions) for virtual changes of the contact line with respect
to the solid. The difference in the case of a deformable substrate is that both force balance and
configurational energy balance now must account for the contribution from elastic deformation, and
potentially the difference between surface energies and surface tensions. For example, the stresses
associated with elastic deformation must satisfy the equilibrium equations of mechanics and can
contribute to force balance at the contact line. Likewise, one must account for the presence of elastic
energy in the free energy of the system.

What is missing in the literature is that often only one of these principles is invoked, or the two
are conflated which is generally not permissible. As a result, the complex interplay resulting from
enforcing these two principles simultaneously has not been investigated. The key idea of this paper is to
illustrate this interplay using a simple system — a liquid droplet on a thin elastic film. In a thin film
geometry, the elasticity is sufficiently simple that we can allow for arbitrarily large deformation, a
feature that is missing from current theoretical analyses of contact line mechanics. Also, as
demonstrated by Nadermann et al. [15] a drop on an elastic film results in its bulging due to Laplace
pressure, which is readily observable, so experiments can be designed to test our theory. In the
following, we study the transition of contact line geometry from the rigid limit (Young’s equation) to the
liquid limit (Neumann'’s triangle) for this system.
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Figure 1 (a) On a rigid substrate, the equilibrium shape of a liquid drop with a free contact line is
determined by configurational energy balance, by which we mean minimization of free energy for
motion of the contact line with respect to the solid surface. The zoomed-in free body diagram of a
region near a material point on the solid surface shows forces, whose balance is satisfied automatically
because the rigid substrate provides whatever force is necessary. (b) The shape near the contact line
separating three fluids is determined by balance of surface tension forces, which is consistent with
configurational energy balance.

2.1 Problem Formulation:

The geometry is illustrated in Figure 2. A liquid drop is placed under a thin elastic film of initial
thickness h. The film is fixed at two rigid supports a distance 2a apart and is so thin that bending effects
can be neglected and hence it can support only in-plane tension. To make our idea as transparent as
possible, we simplify the mathematics by assuming the liquid drop and the film are infinitely long in the
out-of-plane direction — it deforms in plane strain. We assume that V, the volume per unit length of the
drop, is sufficiently small so the effect of gravity can be neglected. The absence of external forces
implies that the film outside the drop remains flat. We assume that the surfaces are isotropic and
surface tension is independent of surface stretch.

Figure 2 also shows the forces applied by the liquid drop on the film/membrane. These include two

line forces from the liquid surface tension at |x| = as well as a distributed Laplace pressure for |x| <c.

The net force applied by the drop is zero, that is, the forces due to the Laplace force are balanced by the
two line forces. These forces cause the film to bulge which induces stretching, as shown in Fig. 2. As

shown in [16], the deformed film above the liquid drop must be a circular arc of radius R. =c/sin@, .

We denote ,,0. to be the angles made by the bulged film and the drop to the flat outer film,

1°7c

respectively (see Figure 2).
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Figure 2 Schematic drawing of the system analyzed. It comprises a plane strain solid thin film
(Green) spanning a gap of 2a (and infinite in extent out of the plane). The liqud drop (shaded blue)
is placed under the solid film. The lower part of the figure shows a free-body diagram of the solid
film. The drop applies a Laplace pressure and line surface tension force, which together bulge the
solid film into a circular arc of radius R;. The film of width 2a is fixed at its edges (at x =*a). We
neglect gravity in our model and, as a result, the film is flat outside the drop. The contact line
occupies the linesx = fc.

The stretch of the film is measured from its reference configuration which we take to be an
undeformed flat film. Let £c andZp, denote the coordinate of the contact line in the deformed and
reference configuration, respectively. Note that, after deformation, the surface of the drop is still a
circular arc with radius R, =c/sinf; (see Fig. 2). The stretch ratios 4, and A, measure the
deformation of the film and are defined as the ratio of the deformed to undeformed length (e.g. a
stretch ratio of 1 implies no deformation). These quantities take different values in the bulged (/11-) and

the flat outer (/10) portion of the film but are constant in each region. For example, the straight line

segment [0, p,.] deforms into the circular arc (bulge) with radius R; and arc length R;6;, so the stretch

ratio of the bulge is
R.0O, co,
A= Ll — L, (2a)
Pe  Pesing
Likewise, the stretch ratio in the flat outer portion of the film is

a—c¢

A, = (2b)
a—pe

To relate these elastic stretches to the tensions induced by them, the film is assumed to stretch

as an ideal neo-Hookean sheet with shear modulus zz. The Neo-Hookean model is the simplest

generalization of small-strain elasticity that can handle arbitrarily large deformation[17]. The
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formulation is readily extended to other models for material elasticity.) The free energy density W of
the film in the reference configuration has three parts. The first corresponds to interfacial surface
energy, the second the work done by the surface tensions, and the last term is the elastic strain energy
density. The expressions for free energy density are different for the parts inside and outside the liquid
drop. They are

h 1
W ()= (rsy +7se)+Tri (4 —1)+%£li2 +?—2],
l (3a,b)

h 1
W(ﬂo>=zysy+rm(zo—l>+”7[ﬂ€% ‘2J

where

I, =o0g +tog; Tp, =20, (3¢,d)
in which terms such as J, refer to the surface energy (solid-vapor in this case) and O, refers to the
corresponding surface tension. (The two are numerically identical for a liquid surface.) The first term in
equation (3a) is the free energy density (per unit area) for creation of the two surfaces inside the region
where the drop lies. The second term is the work done (per unit area) by the surface tension T, to

stretch the inner region (tension moves a distance (/11. —1) per unit area). The third term is the elastic
strain energy density for a Neo-Hookean solid, given its stretch[17].
The tensions T;, T in and outside of the bulge are obtained by taking derivative of the

o
corresponding expression for free energy density W with respect to the corresponding stretch ratios,
resulting in

T=Toi+ h(4=37); T, =Too+ 1h(d=40) (42,5)

It is important to note that the tensions and free energy densities depend on both surface tensions and
elastic deformation.

2.2 Governing Equations: Force and Configuration energy balance

The goal is to determine the shape of the film and droplet given the surface tensions, surface
energies, elastic modulus g, a and h. Since the deflection of the film is an even function of position, we
need to consider only the half of the system that occupies x> 0. As discussed previously, the contact
shape is governed by two independent conditions, force balance and configurational energy balance.
Horizontal and vertical force balance at the contact line require that

Y1y cos0, +T;cos6, =T, 5)
7y sin@. =T;sin 6. (6)
where T;,T are given by (4a,b). Thus, the force balance has the same form as (1b,c) except the
tensions are a sum of contribution from (constant) surface tensions and elastic stretches.
The second condition that must be satisfied is configurational energy balance, that is, the

minimization of total free energy of the system, I", with respect to motion of the contact line relative to
the solid film. I consists of the surface energy of the droplet and the free energy of the film:

L=y R 6. +W(4) p.+W (%) (a—p.). (7)

In equation (7), the first term is the contribution of the surface energy of the liquid vapor interface. The
second term is the contribution from the part of the solid film inside the drop; the third term is the
contribution of the part of the solid film outside the drop. The minimization is carried out under the
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constraint of fixed drop, Vo . The shape of the drop and the deformed shape of the solid film inside the
drop are both circular segments (with different radii). It is therefore simple to relate volume V() to the
contact line half width, c. In the reference configuration, the contact line width is ¢,., the contact angle

is Hcr (given by Young’s equation in terms of surface energies) and the volume is given by

1
Vyo=c’ ¢(0 where 0)=———(0—sinfcosb (8)
0 r ( cr) ¢( ) ZSil’lze( )
In the deformed state, the bulge and the drop together form a circular lens of two circular segments (Fig.
2), so

Vo=c*[4(0.)+4(6,)] (9)
Differentiating the total free energy (7) with respect to c gives the configuration energy balance
equation, i.e.,

8_F

-0 (10)
acly_y,

Equations (5), (6), (9), and (10) are the fundamental equations governing the shape of the deformed film
and the drop. The condition of configuration energy balance, (10), can also be imposed directly. A
detailed analysis (Supporting Information) shows that this condition can be expressed in closed form:

W (%)W (%)
o

Equation (11) represents configurational energy balance and is the generalization of Young’s equation (1)
to the case where elastic energy changes and surface tension work associated with movement of the
contact line must be considered. The three terms each represent different contributions to the change

in free energy for a small virtual displacement of the contact line with respect to the solid surface; the
condition of equilibrium requires that they add to zero. The first term is the change due to work of
surface tension, the second terms arises because the free energy density in the solid is different inside
versus outside the drop, and the third term is due to the movement of the liquid-vapor surface tension
line. In the next section we show that equation (11) indeed reduces to equation (1) in the limit of a very
stiff solid. In Supporting Information, we show that (11) can be written in terms of the stretches and
two important dimensionless parameters (discussed below) as

Ti[cosO, - 2; / 4]+ +ypc0s6.=0 (11)

(/13—21.2) 1+/123/12 +2Be=0 (12a)

where fis the elasto-capillary number

IB: TRO /IUh (12b)
and

~Ysy + Vs — 1
o= sy Vs —0s1 = (12¢)

ZGSV 2

is a dimensionless parameter that measures the difference between surface tension and energy. In
particular, & =0 if surface energy equals surface tension. Although this form of the configurational
energy balance equation lacks the direct connection to the physics of the problem (which equation (11)
has), equation (12a) is the most useful form of the energy balance equation for analysis. For example,
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(12a) shows that A, = 4, if surface tension equal surface energy (& =0), a surprising result that is
difficult to deduce directly from equation (11).

Normalized equations
To reduce the number of variables, we normalize all tensions, surface energies and elastic energy

densities by 7o = 2GSV , and lengths by the half contact length of a drop on a rigid film ¢,.. Thus, the
constant-volume condition, eq. (9), becomes

_=2| #6)  4(9)

c=clc (13)

$(0) #(6) '

The normalized force-balance equations (5,6) become

71y cosO.+T cosO. =T, (14)
7,y sin@, =T sin6, (15)
where a bar over a symbol denotes normalized quantities. The tensions in (14) and (15) are given by

= = 1 -3 — 1 _3

Ti:TR,~+E(/1,~—/1,~ ) T0:1+E(/10—/10 ) (16)
where

co. a-c — _
li:_c—.l’ //l():_a f lpc:pc/cr9 a:a/cr (17)
P S Hi a—pc

Equations (12a), (13-15) are four nonlinear equations which enable us to solve for the unknown
geometrical quantities 91 , ‘9(: , :5(:’ ¢ . The numerical procedures used to solve these equations are
described in Supporting Information.

The critical dimensionless parameter that governs the physics of the problem is the elasto-

capillary number S =T, / tth =20y, / pth (eq. 12b). When the solid film is very stiff (very large value of
M, B—0), we expect the system to approach the limit where contact angles are given you Young’s
equation (1a). When the solid film is very compliant (very small value of i, f— ), , it approaches
the limit where angles are given by equations 2a and 2b. In a typical experimental realization [15],

1 ~10° Payh ~ IO_Sm;TRO ~107'N/m,so B~ 107 that, as we shall see presently, is far from either
limit and for which either of the limiting equations (1, 2a/2b) would be quite inaccurate. Other
parameters that govern the solution are 7_“Rl.,}7LV,8 . The first two are normalized surface tension of the
solid inside the drop and the normalized liquid-vapor surface tension; both are expected to be on the
order of unity in value. The third parameter, &, is zero when surface energies equal surface tensions; it
thus measures departure from this condition. One of the interesting consequences of the analysis
presented in this manuscript is that some aspects of the solution depend very sensitively on & and this

offers a potential experimental route to determine the difference between surface energy and surface
tension.

3 Results

Before tackling the general problem of the transition from the rigid to the fluid limit, we examine the
limiting case of # — 0. In this limit we expect our formulation to revert back to Young’s equation.

3.1 Rigid Limit (4 — 0, Young’s Equation)
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In this limit, the solid film approaches rigidity and the forces applied on it by the liquid cause negligible
deformation. As a result, the film has negligible stretch both inside and outside the region covered by

the drop, i.e., 4; and Aq both approach 1, and & =0 (the film does not deflect). Several of our

equations assume simple forms. For example, the free energy density in the solid film inside and
outside the drop (3a,b) now contains no contributions from either elastic energy or work of surface
tension and so the difference depends only on the difference in surface energies:

W (%)W (%)

o =W (&)W (%) =rsy +7s1)=2Vsy =Vst —7sv (18)
Thus the energy balance equation (11) becomes:
YsL —Vsy + ¥y cos6, =0, (19)

retrieving Young’s equation (1a). This solution gives meaningful values of contact angle for

-1> (MJ >1. Atthe lower limit the liquid is completely non-wetting; at the upper limit it is
YLy

super-wetting and spreads.
3.2 Surface tensions equal surface energies

For materials such as elastomers and hydrogels, a typical assumption in the literature is that
surface tension equals surface energy. We first consider this special case for which we can establish a
few exact results. We then proceed to show results for typical parameters. For this case, £ =0 and the
energy balance equation (12a) can only be satisfied by the surprising result that the stretches inside and
outside the drop are equal:

A =4, (20a)
Substituting in the expressions for the two stretches (eqs 2(a&b)),
Z0 — B _
_C.’ =_a f©p= 4 (20b)
p.sinf, a-p, 1+{a_1jsm0i
E i

Equations (4a,b) and (20) imply that the tensions are related by:
L=T,+0g ~0ogy < L~T, =T -1 (21)
that is, the difference in tensions is independent of elasticity. Equation (21), together with (14, 15)
implies that the angles 6;, 6. must be related by
To—1 oy -0 Yo =V
: : R SL SV SL N4
[sch—sm(Hcﬂ?,-)]: — = (22)

sin g YLy YLy YLy
Equation (22) shows that while the angles no longer depend only on surface properties (since they
depend on geometry and elasticity), the factor on the left hand side is a surface material property since
the right hand side depends only the surface energies. It also give an explicit relation between the real

contact angle @, +6. and the angles 6; and 6, . Unfortunately, the angles &, 6. and ¢ cannot be
obtained in closed form and have to be determined by solving the governing equations numerically.

In general, the angles 6, and @, depend on four parameters Tg; —1, 7,},,  and @. (Our
numerical results are consistent with (22)). Figure 3(a) shows a specific example of the transition from

the stiff (Young) to the compliant (Neumann Triangle) limits in which ;7” =1 and
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Vg =0g =7sy =0gy =1/2 and @ =5". For these parameters, in the rigid limit, 6, =0, 6, =7 /2
(equation 1a). This is drawn schematically in Figure 3(a) as the drop (in blue) lying under the rigid film
(in green). Similarly it can also easily be shown by equations (1 b,c) that in the flexible limit

19,. = HC =7r/3. Starting at the rigid limit, as one decreases film stiffness, £ increases and the film
angle @, also increases monotonically. The apparent contact angle 6. meanwhile decreases, in
accordance with (22). The real contact angle 6, + 6, starts at a value of 7 /2 at f =0 and reaches its
compliant limit of 2z /3 for values of elasto-capillary number in the 10-100 range. Going from a

compliant to a stiff film, the transition to the rigid limit is slow in that it requires a very small elasto-
capillary number. Note that neither the apparent contact angle nor the actual contact angle equal

ﬁcr =7/2 except in the rigid limit. Figure 3(b) shows the stretches, tensions, ¢ and P, as a function
of the elastocapillary number £ . Note that the two stretches and the two tensions are identical for this

case. Contact width parameters ¢ and p. do not differ much from unity.

The principal results for the case where surface tensions equal surface energies are:

e Contact angles vary smoothly between the rigid and compliant limits with increasing
elastocapillary number (decreasing film stiffness),

e Exceptin the rigid limit, neither the apparent nor the actual contact angle equals the contact
angle given by Young’s equation,

e The stretch of the film inside the contact region equals that outside it,

e Although the contact angles in general are not material properties, a certain combination does
depend only on surface energies.

! This plane strain model is meant to represent the physics of the more realistic axisymmetric drop on a
membrane. A significant difference in the latter case is that the stretch in the outer part of the membrane
naturally decays as 1/r so that, for our system to have roughly the same stiffness outside the contact line, a should
be ~ 1-10 times c.. We have fixed it to be five times; the results depend only weakly on this choice.

10
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Figure 3 Results for the case when surface tensions equal surface energies. (a) Contact angles as a
function of elastocapillary number. Small values of the elastocapillary number correspond to a highly
stiff solid and the contact angle is given by Young’s equation. Large values of the elastocapillary number
correspond to a very compliant solid and the angles are given by Neumann’s triangle. The transition
between the two occurs over several decades of elastocapillary number. (b) Stretches, tensions, and
contact width parameters as a function of elastocapillary number. Stretches and the contact width
parameters do not differ much from unity, indicating modest deformation. The stretch of the solid
within the contact lines is the same as that of the region outside it.

3.3 General case: Surface tension not equal to surface energy or £ =0

A surprising and interesting result is that the stretches are very sensitive to the difference
between surface energy and surface tension for compliant systems. Recall that & measures the
deviation of surface energy from surface tension, so one would expect that the solution will be close to
the case of & =0 for sufficiently small £. That this is not the case can be seen by noting that, no
matter how small ¢ is, one can always increase £ in the energy balance equation (12a) so that fe >>1.
Thus, as one gradually increases the film compliance (increasing £), 4; eventually deviates from 4,

even if the difference between surface tension and energy is very small. This divergence occurs when
2B~1/e . (23)

The relation between 4, and A, is completely determined by the energy balance equation (12a), which
can be solved to give

2
2 _ 12 1 2 |
fo =3 [,11. _ﬁ_%ﬂ} (/11- _u_?_zgﬂJ +12 (24)

1

11
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The positive square root sign is chosen since a negative sign will lead to complex 4, . For sufficiently

large £, (24) implies that either /102 or 17.2 can be very large (see Supporting Information). Thus, the
inner or the outer part of the film can have very large stretches. However, since the tension due to

elastic stretch is proportional to 1/ § (see (16)), whereas numerically we found that the larger of the
two stretches increases only as /2 ¢ , the elastic part of the tensions is expected to vanish in the
flexible limit, that is, in this limit, the normalized tensions converge to

T, > Ty, Ty —>1. (25)
Equation (25) implies that the tensions now equal the surface tensions, i.e., in the flexible limit
Neumann'’s triangle is recovered in its original form (eq. 1b,c).
Figures 4 and 5 plot the solutions for the case of ¢ = 0.1 and —0.1 respectively. In both cases,
the angles converge to the prediction of the Young’s equation for very small # and to Neumann’s

triangle for very large . For large ﬁ|8 , one of the stretches become very large = 2ﬂ|5| (see Sl for

more detail), however, the tensions remain finite because the stiffness is proportionalto 1/ f. This'is
quite different than the case where surface tension = surface energy, where the stretches remain small.

25
5
4
2r . A
24 _
m o ¢
IS 2 — 2
8 32 L
o 3
< 5
I ] S
0 L L 0 P ;
10° 10° 10° 10° 10° 10°
Elastocapillary Number 3 = 2ysv/u h Elastocapillary Number P = 2'/9//;1 h

(a) (b)

Figure 4 Results for the case where surface tensions differ in value from the corresponding surface
energy. The parameters are the same as for Figure 3, except thaty,, =0.4; £ =0.1. (a) Contact angles

as a function of elastocapillary number, (b) Stretches, tensions, and contact width parameters ¢ and /_)c.
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Figure 5 Results for the case where surface tensions differ in value from the corresponding surface
energy. The parameters are the same as for Figure 3, except that (a) 7,, =0.6; £ =—0.1. (a) Contact
angles as a function of elastocapillary number, (b) Stretches, tensions, and contact width parameters ¢

and p,.

Several of the results for the case where surface tensions do not equal surface energies are
therefore similar to the case when surface tensions equal surface energy. The stark difference is in the
extreme sensitivity of stretches to small values of a parameter that measures difference between
surface tension and surface energy.

4 Summary

We have shown that the shape of wetting drops on a deformable substrate is determined by
two physical conditions: force balance (in each direction), configurational energy balance representing
minimization of free energy with respect to motion of the contact line relative to the solid surface, and
one constraint of fixed liquid volume. In this work, we examined the special case in which the solid
substrate is a thin elastic membrane. By virtue of this simplification, we are able to formulate the
problem exactly. Its solution defines the shape near the liquid contact lines in terms of two angles. The
formulation combines and generalizes two limiting cases. The first is the rigid limit in which the
configurational energy balance condition goes to the well-known Young equation for the contact angle
and force equilibrium is satisfied automatically. The second is the compliant limit in which the force
balance equations go to Neumann'’s triangle and shape is determined by force balance alone.

Both limiting conditions are special cases of the general situation for which configurational
energy balance must include contributions from elastic energy and work of moving the tension in the
membrane. Similarly, the force balance equations are generalized to include contributions to the
tension from elastic stretch of the membrane. Whereas in the limiting cases the contact angles depend
on surface properties alone and are thus themselves material properties, in the general case of a liquid
drop on a deformable substrate they are not material properties since they depend on the elasticity and
geometry as well.

The more realistic case of an axisymmetric drop can be analyzed along very similar lines,
although it will be mathematically more complex and less transparent. We expect, however, that the
results of the plane strain problem analyzed here will differ from those of the axisymmetric drop mainly
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by numerical factors without affecting the broad conclusions. The system we have modeled is also
experimentally accessible, as shown by the work of Nadermann et al [15]. For example, a 1-micron
thick elastomeric film with shear modulus of 100 kPa and surface tension of 50 mJ/m? has an
elastocapillary number of one. Because the results are sensitive to the difference between surface
tension and surface energy, this system could potentially be used to measure it.
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