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Fig. 3 Structure factor, S(q), for rod networks at various waiting time:

t = 0 (black), 5×102τ (green), 5×103τ (cyan), 5×104τ (blule). Fraction,

f , of attractive sites: a) 40%, b) 80%. The blue dashed lines are S ∼ q−1

and S ∼ q−2 for reference.

individual beads making up the rod to be point scatterers.
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where ~ri is the position of bead i and N is the total number of

beads in the system. S(q) is then an isotropic average of S(~q).

Note that we non-dimensionalize the wave vector by rod diameter

rather than rod length∗. Recall that we start from an equilibrated

hard-rod state. For spatially uncorrelated rods with uniform un-

correlated orientation, S ∼ q−1. Our data are consistent with this

behavior in the initial equilibrated hard-rod state, but quickly de-

part from this as gelation proceeds. The departure is largest and

most rapid for the systems with the highest f on the verge of

∗ for L = 20σ , qσ/2π = 1/20 corresponds to the rod length
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Fig. 4 Structure factor, S(q), for rod networks at various f for

tw = 5×104τ.

bundling.

For any f , the structure has long-lived evolution. It is still

evolving at the longest times studied with systematically increas-

ing power at the smallest wavevector for all f . In Figure 4, we

plot S(q) at long time for various f . For all f , the intermediate

regime for q between the bead scale q/2π ≈ 1/σ and the rod scale,

q/2π ≈ 1/L, S(q) is significantly steeper than q−1. For f < 60%,

the spectra are difficult to distinguish from each other. The slope

is somewhere between −1 and −2 and is roughly constant over

the whole range of qσ/2π. For f ≥ 70% For large f , the slope is

steeper than −2 for 1×10−1 ≤ qσ/2π ≤ 5×10−1.

One might expect one of several idealized behaviors for rod

networks92,93. On very general grounds, at wavelengths longer

than the longest wavelength over which structure is correlated,

S(q) should become flat. At shorter wavelength, one would expect

the structure to look different in the cases of rigid networks and

disconnected clusters.

The idealized case of homogeneous rigid rod networks con-

sists of a single characteristic “pore size", ξpore. ξpore is envi-

sioned to be less than the rod length, L, and it decreases with

increasing volume fraction as the pore space closes. At high q

where qξpore ≥ 2π, the structure factor displays the character-

istic shape for the rigid uncorrelated rods, S ∼ q−1. At longer

wavelength, qξpore ≤ 2π, the density becomes uncorrelated and

S ∼ const. Fractal networks55,92,94 present an alternative picture

where there is no characteristic pore size and S(q) follows a power

law with non-trivial exponent out to the largest lengths.

At densities too low for gel formation, and for ε ≫ kT, discon-

nected clusters are thought to form via DLA. In the idealized case

of fractal clusters, S(q) for qL ≪ 1, scales like S ∼ q−D where D is

the fractal dimension of the cluster88, as in the case of diffusion

limited cluster formation of spheres. Beyond the characteristic
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cluster size qξcluster < 2π, the density becomes uncorrelated and

S ∼ const. The fractal dimension depends on aspect ratio. Clus-

ters of rods formed via DLA with aspect ratio near those studied

here have D ≈ 2.188.

At late times, for all f , we never observe a clear plateau in

S(q) or any other characteristic scale indicating any sort of “pore"

at shorter wavelength than the rod length. The S(q) curve for the

more highly bundled systems at high f starts off with a high slope

in the qL ≈ 2π regime and starts to slightly flatten at the small-

est q, but no clear plateau emerges for the system sizes studied

here. The more homogeneous networks have a roughly constant

slope between 1 and 2 throughout most of the range, and we can

essentially rule out the development of a characteristic pore scale

at nearby q. Our data for the more regular networks at low f

could be consistent with the fractal network models, while the

bundled networks at high f might be more in line with the ho-

mogeneous rod network picture with ξpore ≥ L. The emergence

of a characteristic scale could be a signature for the impending

network collapse. However, one should be careful in interpreting

this characteristic scale as a pore size; it might be better to think

of it as the characteristic scale of the bundles which form in the

disconnected state.

3.2 Dynamics
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Fig. 5 Energy vs. time for various f . The total energy is normalized by

the total number of attractive sites for any f .

In Figure 5, we plot the energy as a function of time for the

ensembles with various f . The potential energy, U , is normalized

by both εLJ and the total number of attractive beads, n, at the

given f . Recall, all simulations here were for a binding energy

of εLJ = 10kT . Because of the strong binding, the energy almost

always decreases as more and more links form. Because of these

essentially athermal dynamics, the normalized energy serves as a

simple proxy for the total number of attractive contacts. Systems

which have a value of more than −1, have fewer than one bond

on average for each potential binding site. Systems that have a

value of less than −4 have more than four bonds on average for

each potential binding site. This is a manifestation of the thick

bundles observed for the uniform rods in Figure 2.

Note that the energy is still relaxing at the longest times simu-

lated, corresponding to t = 5× 104τ. The slow relaxation is rem-

iniscent of glassy relaxation and logarithmic compaction in gran-

ular tapping experiments95,96. As the network becomes increas-

ingly slow and rigid, it becomes harder and harder to find new

crosslinking sites. Furthermore, in the systems with relatively

high f , there are large, discrete energy drops. In real space, these

events correspond to large restructuring events where branches

of the network effectively merge into thicker ones.
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Fig. 6 Mean squared displacement vs. time for various waiting time, tw.

Red: tw = 5×101τ, magenta: tw = 2.5×103τ, cyan: tw = 5×103τ, blue:

tw = 1×104τ, green: tw = 2×104τ, black: tw = 4×104τ. Attractive site

coverage, a) f = 10%, b) f = 40%. The dashed line is the free-bead

diffusion curve, δ r2 = (t − tw)/τ, for reference.
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Fig. 7 The same as Figure 6 for f = a) 80%, b) 90%.

In Fig. 6 , we plot the mean squared displacement (MSD) of

rod centers at various waiting time, tw for f = 10% and f = 40%.

Fig. 7 shows the same MSD plots for f = 80% and f = 90%. The

heavy dashed line in the upper corner represents free diffusion

of a single bead. For f = 10%, for the very youngest systems,

the MSD curves start in a diffusive regime and show a flattening

as clusters start to form. Even for the oldest systems, the curves

remain subdiffusive at long time and never show any clear solid-

like plateau at intermediate time. Despite the lack of a plateau

in the MSD curve, as we show below, a rigid backbone has al-

ready developed, and the system does have a well defined shear

modulus.

At a slightly higher f , the MSD starts to develop a proper

plateau, at intermediate times, characteristic of a solid. At long

times, the MSD values depart from the plateau with a pronounced

sub-diffusive slope. This long time behavior is much like the lower

f systems which do not develop any plateau. As we show below,

we find little difference in the non-linear mechanical response

when comparing the systems with and without a plateau.

Above about f = 50%, a new trend emerges. The dynamics be-

comes bursty for old systems. Consider the system with f = 80%.

The oldest sample shows an initial plateau. The plateau is lower

than the f = 40% system indicating increased stiffness at inter-

mediate times. But the f = 80% system shows a sudden jump by

almost two orders of magnitude at t − tw ≈ 104τ. In real space

these events correspond to large discrete reconfigurations where

large branches of the network reorient and merge with others†.

These bursts are direct manifestations of the large energy drops

observed above in Fig 5. As f increases, the height of the initial

plateau is roughly constant. However, the jumps corresponding

to shifts in the plateau height become bigger in magnitude indi-

cating larger events.

Finally at a binding fraction above f = 90%, there is no longer

any solid-like MSD plateau. In real space, there is complete

bundling of rods and collapse of the network. The loading curves

we present below indicate that, in many – but not all – of the

members of the ensemble, the structure is no longer rigid and has

no low frequency storage modulus. These members of the ensem-

ble with disconnected clusters and no rigid backbone give rise to

essentially diffusive behavior with a diffusion coefficient roughly

3 orders of magnitude below a free rod. We presume that if we

were able to run the simulation for longer time, the diffusion co-

efficient would go down even further as the disconnected clusters

continue to coarsen. We conjecture that once the characteristic

bundle size reaches the rod length, the bundles would start to

aggregate into clumps much like in conventional DLA of spheri-

cal particles. Checking this conjecture would, of course, require

simulations at significantly longer lengthscales.

4 Non-linear mechanical response

In Figure 8, we plot the axial stress vs. axial strain (in extension)

for various f . The networks are aged for the full t = 5×104τ and

then relaxed with a short zero temperature simulation to find a

nearby mechanical equilibrium state without allowing further ag-

ing of the network. The networks are then loaded in an athermal,

quasi static protocol: the cell is slowly deformed under a zero

temperature Brownian dynamics. We deform the systems along

one axis of the box, x, such that the length of the box on that

axis, Lx = (1+ε)Lx0, where Lx0 is its initial length and ε is the ax-

ial strain. Note that in this loading protocol, we neither preserve

volume nor control the loads transverse to the extension direc-

tion. Eight independent runs are conducted at each f to improve

statistics.

At all f , studied here, a rigid network forms in at least some of

the members of the ensemble. In Fig. 9, we show the full set of

8 systems for f = 20% and f = 80%. After the initial gelation, all

† See videos in the supplementary material.
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Fig. 8 Axial stress vs. strain for various f (20% through 90%). Stress in

calculated and shown by dividing conjugate static virial (Σxx) by the

volume (V ). Deformation is axial extension along the ’x’-axis, such that

εyy = εzz = 0.

the systems acquire a residual tensile stress. Upon deformation

the tensile stress increases linearly, with discrete drops at well de-

fine strains. These events are reminiscent of the elementary plas-

tic yielding events observed in amorphous solids 97. Along any

one of the linear ramps, the deformation is completely reversible.

After (and only after) any of the load drops, the deformation be-

comes irreversible, and the system does not revert to previous

configurations upon unloading.

The loading curves have a remarkable dependence on f . For

the lowest f there is a slight strain stiffening. The slope of the

loading curve goes up with strain. This is similar to what is

seen in spring networks98 where the imposed shearing activates

tension in branches of the network in initially unloaded, floppy,

strands. For f = 10%, the stress increases essentially monotoni-

cally throughout the range of strain. In this sense, it can be con-

sidered a tough, ductile material.

As f increases, the initial tensile stress and slope increase. For

f = 20%, the stress also reaches a long-time plateau. However,

it reaches this plateau, by about 10% strain, much more quickly

than the f = 10% system. The f = 40% is qualitatively the same

as f = 20%, but with an even sharper crossover to the yield stress

plateau at an even smaller strain of about 4%. By f = 60%, the

loading curves start to change qualitatively. The stress no longer

monotonically increases. The f = 60% loading curve exhibits a

peak stress between about 5% and 10% strain with a slight soft-

ening beyond that. The f = 80% system shows a peak stress of

roughly the same height and at roughly the same strain as the

f = 60% system, but with a dramatically larger softening.
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Fig. 9 Axial stress vs. strain for different systems in an ensemble with

a) f = 20%, b) f = 80%. Blue-dashed curve is the average of 8 systems

shown in Fig. 8.

Looking at the individual members of an ensemble, shown in

Fig. 9, gives more insight. At f = 20% all of the systems in the

ensemble are rigid. The fluctuations about the average stress in

steady shear are on the order of the average. The system with

the largest peak stress shows some softening upon approach to

steady state, but none of the others do. None of the systems show

any tendency for softening in the steady regime and all systems

remain rigid out to 30% strain.

At f = 80% the picture is qualitatively different. There are

much more dramatic fluctuations within the ensemble. One of

the 8 systems is not even rigid. Two of the rigid systems start well

below the ensemble average stress and are much less stiff. These

two systems don’t show very much softening during shear. In con-

trast, those systems that lie above the ensemble average show a

very pronounced softening after the peak stress. By the end of the

30% strain interval, three systems, in addition to the one which

failed to percolate initially, have completely failed. The picture

1–13 | 7
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tively few independently oriented thick network strands. Many

systems show strongly non-affine motion with hardly any reori-

entation of rods at all. In these systems, a small number of thick

trunks of the load bearing network extend in response to the

strain and eventually disconnect without appreciable reorienta-

tion of rods. This suggests that strongly non-affine behavior of

S(ε) might be taken as indicative of poor mechanical properties

and potential catastrophic failure after peak load.
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Fig. 14 Nematic order parameter, S, as a function of ε, for the systems

with surface fraction a) 20% and b) 80%. The black solid line shows the

slope of Nematic order parameter versus ε for rods deforming affinely

with the extension flow.

5 Conclusions

We presented the results of a simple model for aggregation and

mechanical response of rod-like particles, and showed that the

networks that form depend on the details of the inter rod interac-

tions. If the rods were uniformly attractive with no irregularity in

the surface interactions, disconnected clusters form. In our sim-

ple model, the rods were composed of beads with a fraction, f ,

which were able to stick to other beads of the attractive variety on

other rods. We studied structure and dynamics during gelation,

and we then subjected the well-aged gels to athermal quasi-static

straining to probe the mechanical robustness of the networks. We

showed that intermediate values of f gave optimal mechanical

properties (enhanced modulus, yield stress, and total strain to

failure) and dramatically different spatial structure and gelation

dynamics than the either low or high values of f . In this sense,

these results may be seen as providing guiding principles for tai-

loring surface interactions between rods for optimal structural,

mechanical, or electronic properties.

The dynamical measurements during gelation are most directly

comparable to experiments by Chen et. al. on NaDDBS-stabilized

single walled CNTs suspended in water25. Chen et. al. used tracer

diffusion and found a short-time diffusion coefficient of roughly

1µm2/s after aging for tw = 10minutes and what was essentially

a plateau in the MSD at a value of about 2× 10−3µm2 after tw =

3hours. The height of the plateau was still decreasing at that time.

There are striking similarities to the MSD curves for our systems

in the intermediate range of f . In particular, the value of the

MSD at the onset of the plateau is reduced by about two orders of

magnitude from the early, tw → 0 limit, and this is consistent with

the data from our model.

The work presented here should be considered a first step to-

ward modeling the aggregation of nominally-stabilized suspen-

sions of rod-like particles. It opens up many directions for fu-

ture work. i) As we have shown above, the structure shows no

characteristic length scale for the optimal systems at intermedi-

ate f . Does one emerge just beyond the limited system sizes

studied here as in the conventional homogeneous rod network

picture99, or does one have fractal structure out to the longest

lengths55,92,94? Larger simulations are necessary. ii) In this stud-

ied we have worked at a constant aspect ratio and volume fraction

well above the threshold for gel formation. One would guess that

the critical volume fraction, φ for gel formation would be strongly

dependent on f , with the more bundled networks forming at

higher f requiring higher φ to gel. The φ dependence should be

checked explicitly. iii) The strong system-to-system fluctuations

within the ensemble at high f (a few systems have zero modulus

at f = 80%, while a few systems have finite modulus at f = 90%)

would indicate strong finite size effects. Is there a phase transition

underlying these effects, and would there be a sharp transition fc

with fc < 1 beyond which no systems gel in the infinite size limit?

In analogy with rigidity percolation or jamming, one could plot

the fraction of rigid systems in the ensemble as a function of f for

various system size. One would expect, in general, a sigmoidal

shape where both the width and the location of the transition

would depend on system size. A finite size analysis is called for.

iv) There should be a lower bound on f , below which there are

too few cross linking sites to form a network. Can we use argu-
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ments from rigidity percolation to understand how the modulus

in the virgin, unstrained systems depends on the number of cross

linking sites and/or the number of active cross links formed after

gelation? iv) We have shown that the systems at intermediate f

are extremely robust mechanically. They can be strained to 30%

at essentially constant stress with little hardening or softening. In

applications, such as flexible electronics100,101, it is crucial to un-

derstand the ultimate strain the network can sustain before it falls

apart, and it would be very interesting to continue the simulations

at intermediate f out to larger strains and ultimate failure.
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We perform Brownian Dynamics simulations to study the gelation of suspensions 
of attractive, rod- like particles. We show that if the attraction is sufficiently 
corrugated or patchy, over time, a rigid space-spanning network will form. 
Surprisingly, the structural and mechanical properties are non-monotonic as a 
function of the fraction of the surface, f that is allowed to bind.  
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