
This is an Accepted Manuscript, which has been through the 
Royal Society of Chemistry peer review process and has been 
accepted for publication.

Accepted Manuscripts are published online shortly after 
acceptance, before technical editing, formatting and proof reading. 
Using this free service, authors can make their results available 
to the community, in citable form, before we publish the edited 
article. We will replace this Accepted Manuscript with the edited 
and formatted Advance Article as soon as it is available.

You can find more information about Accepted Manuscripts in the 
Information for Authors.

Please note that technical editing may introduce minor changes 
to the text and/or graphics, which may alter content. The journal’s 
standard Terms & Conditions and the Ethical guidelines still 
apply. In no event shall the Royal Society of Chemistry be held 
responsible for any errors or omissions in this Accepted Manuscript 
or any consequences arising from the use of any information it 
contains. 

Accepted Manuscript

www.rsc.org/softmatter

Soft Matter

http://www.rsc.org/Publishing/Journals/guidelines/AuthorGuidelines/JournalPolicy/accepted_manuscripts.asp
http://www.rsc.org/help/termsconditions.asp
http://www.rsc.org/publishing/journals/guidelines/


The dynamics and rheological behavior of colloidal gels under different regimes of oscillatory shear 

flow have been studied by Brownian dynamics simulation. The dynamics and rheological behavior are 

discussed in terms of the microstructural change from rigid to soft chain structures. 
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Abstract 

 

 The dynamics and rheological behavior of colloidal gel under oscillatory shear flow have 

been studied by using the Brownian dynamics simulations. The dynamics is studied under the 

oscillatory shear of small, medium, and large amplitude. In the small amplitude oscillatory shear 

(SAOS) regime, the colloidal gel retains a rigid-chain network structure. The colloidal gel oscillates 

with small structural fluctuations and the elastic stress shows a linear viscoelastic response. In the 

medium amplitude oscillatory shear (MAOS) regime, the rigid network structure is ruptured, and a 

negative correlation between the absolute value of strain and the average bond number is observed. 

The elastic stress shows a transient behavior in between the SAOS and LAOS responses. In the large 

amplitude oscillatory shear (LAOS) regime, the colloidal gel shows a soft chain structure. Contrary to 

the negative correlation in the MAOS regime, the colloidal gel shows an oscillating dynamics with a 

positive correlation between the absolute value of strain and the average bond number. The soft chain 

structure exhibits no elasticity at small strain, while it shows strong elasticity at large strain. The 

oscillating dynamics and the rheological behavior are discussed in terms of the microstructural change 

from rigid to soft chain structure.   
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1. Introduction 

 

Attractive colloidal particles arrange themselves to form a variety of microstructures that depend 

on their concentration and interparticle interactions. At low volume fraction, the particles form fractal 

aggregates, and they organize to form a fractal colloidal gel as the volume fraction is increased.
1-4

 At 

high volume fraction, the colloidal particles form a closely packed structure, referred to as a colloidal 

glass.
5-8

 The structure and physical properties of the gel and the glass have been studied using the 

fractal theory and Mode Coupling Theory (MCT). In between the fractal gel at low volume fraction 

and the colloidal glass at high volume fraction, the particles organize themselves into a colloidal gel 

with a percolated network structure at intermediate volume fraction (≥ 10%). The complex behavior 

and physical properties of colloidal gels at intermediate volume fraction have been investigated by 

various approaches.1,9-12    

A colloidal gel at intermediate volume fraction, which will be handled in this work, is 

characterized by a sample-spanning network structure of dynamically-arrested particles.13-14 The 

network structure of the colloidal gel imparts solid-like elastic properties which result in complex 

rheological behavior. In many studies, using theoretical,15-17 experimental, and simulation approaches, 

18-20
 the origin of the elasticity has been studied and correlated to the microstructure of the stress-

bearing networks. Topological analysis of the colloidal gel demonstrates that the stress-bearing 

network consists of dynamically arrested particles with high coordination number or bond number. 

These works suggest a strong correlation between the elasticity and the microstructure. Recently, a 

numerical study on the aging of colloidal gel gives an insight into the relationship between the 

elasticity and microstructure.21 In addition, experimentally, a model gel system has been studied for 

coordinated measurements of structure and rheology, which is expected to enable more quantitative 

experimental analysis.22  

When sufficiently large deformation or stress is applied, the colloidal gel undergoes rupture of 

microstructure, which is called yielding. The yielding takes forms of various structural changes such 

as rearrangement, bond rupture, cage breakage, and flow-induced anisotropy.
20,23-26 

Depending on the 

conditions, the colloidal gel shows diverse yielding mechanism. The fractal gels at low volume 

fraction demonstrates the yielding process of structural reorientation, break-up, and cluster 

densification under the step shear.27 In between the two cases of fractal gel at low volume fraction and 

dense gel at high volume fraction, the colloidal gel at intermediate volume fraction shows a yielding 

behavior in the sequence of deformation, breakup of the percolated network structure, rotation and 

breakup of the clusters, and equilibration of the three representative motions of small flocs.
20 

At 

intermediate volume fraction, a new perspective, which regards the yielding of colloidal gel as a 
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transition from rigid chain to soft chain, has been suggested.
22

 In a recent study under the step shear
28

, 

the yielding of the colloidal gel at intermediate volume fraction has been studied in terms of the stress 

localization and stiffening, which corresponds to stretching and alignment of the network chains. On 

the other hand, studies under oscillatory shear show two-step yielding behavior. At low concentration, 

the colloidal gel shows two-step yielding, which is caused by bond rotation and bond breakage.
29

 In 

the case of dense gel at high volume fraction, another two-step yielding behavior of bond breakage 

and cage breaking has been suggested.
25

 Despite all these efforts, the yielding of a colloidal gel is not 

fully understood yet, especially about its fundamental mechanism.        

The yielding behavior, which is caused by the applied deformation or stress, accompanies linear 

to non-linear transition of the rheological properties.19-20 This coupling between microstructural 

change and rheological property changes of colloidal gel has been studied mainly under the dynamic 

oscillatory shear flow and start-up of shear flow. The latter has been studied using direct 

visualization,
19

 light scattering,
27

 and simulation method.
20,30,31

 In these studies, the dynamics of 

colloidal gels were investigated by analyzing the structural evolution under the start-up of shear flow, 

which directly led to a correlation between the microstructure and rheology. In the case of dynamic 

oscillatory shear flow, the coupling between the microstructure and rheology was investigated by 

observing the changes in rheological properties, such as G’ and G”. For example, two-step yielding25,29 

was suggested on the basis of G’ and G”. However, measuring the rheological properties only is not 

enough to clearly describe the behavior of colloidal gels. Further, G’ and G” are defined based on a 

linear response, and they are not sufficient to describe nonlinear stress responses.
32

 In addition, the 

absence of information on the microstructural change makes understanding the response of colloidal 

gels difficult. Rheo-SANS has also been used to study the microstructure under the dynamic 

oscillatory shear flow and showed a link between the microstructural change and the rheological 

behavior.
33,34 

However, rheo-SANS gives information only on the averaged microscopic dynamics. 

The structural change of a colloidal gel under oscillatory shear flow has also been observed by 

confocal microscopy.
35

 However, it was confined to the static structure after oscillatory shear flow 

rather than the dynamic structural changes during the oscillatory shearing. Considering that the 

nonlinear response is more closely connected to the dynamic structural changes during the oscillatory 

shear flow rather than the static structure after the flow, understanding the dynamics of colloidal gels 

cannot be achieved without grasping the oscillating dynamics. Therefore, there is a need of study on 

the oscillating dynamics of colloidal gels. In addition, the dependence of nonlinear responses and 

microstructural changes on various oscillatory shear flows should be studied further, as in the other 

systems 36,37, and discussed with consideration of the oscillating dynamics.  
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In this work, we investigate the microstructural changes and the rheological behavior of colloidal 

gels under dynamic oscillatory shear flow using the Brownian dynamics simulations. Firstly, the 

microstructures of the colloidal gel under various oscillatory shear conditions (strain amplitude and 

frequency) are discussed. Depending on the conditions, the colloidal gel presents different 

microstructures, which manifest themselves with different oscillating dynamics and stress responses. 

The oscillating dynamics and rheological behavior were explored in three flow regimes of different 

strain amplitudes; SAOS (small amplitude oscillatory shear), MAOS (medium amplitude oscillatory 

shear), and LAOS (large amplitude oscillatory shear) regimes. In each regime, the oscillating 

dynamics was analyzed by investigating the structural fluctuation during the oscillatory shear flow. 

The structural fluctuations were quantified by the change of average bond number, which effectively 

describes the topological changes of the colloidal gel. In addition, the structural fluctuations were 

analyzed in terms of anisotropy using the pair distribution function. The complex stress responses 

were studied through the stress decomposition method
38

 which decomposes the shear stress into 

elastic and viscous components even in nonlinear regime. By correlating the oscillating dynamics and 

stress response to the microstructure, the characteristic behavior of colloidal gels at three different 

flow regimes is discussed.      

     

2. Method 

2.1. Simulation 

In this work, the Brownian dynamics simulation technique with the concept of surface bonding is 

introduced to describe the dynamics of colloidal gels. Details about the simulation are fully available 

elsewhere.20,30,31,39-41 Therefore, we only discuss the outlines briefly. We consider a three dimensional 

cubic box where 10,648 monodisperse particles are placed to form a weakly aggregating colloidal gel 

(20 volume %). The Lee-Edwards boundary condition42 is applied in all three directions. The 

governing equations are formulated in terms of the dimensionless parameters. The length is scaled by 

the radius (a) of the particle, and the energy by the thermal energy (���). The time is scaled with the 

characteristic time (	
) during which the particles diffuse a distance equivalent to the particle radius 

(a).  

	
 = �

��.                                                                        [1] 

Here, �� indicates the translational diffusion coefficient of the particle at infinite dilution.  
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The particle interaction is composed of three potentials; core potential (�� ), bonding 

potential (��), and non-bonded long-range potential (��). Firstly, the core potential is used to 

prevent the overlap of the particles. The core potential, which describes the particle surface, is given 

by a steep repulsive potential with the potential energy parameter, K = 4000.   

( ) ( )21
2 , 2

2

                   0            , 2

φ = − <

= ≥

C ij ij ij

ij

r K a r r a

r a

                                                      [2] 

Here, ijr , the inter-particle distance is defined as  

=ijr i jr - r                                                                               [3]  

 

Fig. 1  Pair interaction potential for a collinear extension, in which the bond length between the 

particle surfaces (���) corresponds to the surface separation (��� � ��).
20

 The pair interaction potential 

consists of core potential (��, for ���  ��), bonding potential (�!, for �� " ��� " �� # �$�%) 

and non-bonded long range potential (�&, for �� # �$�%  ���). �! and �& are assumed to have 

a DLVO shape (�=1'(, ) = *. � , -./�.0, 1 = 2-3. F (/-, 4 = 5(6, 7 = 8 , -.9	(/-).  

  

 As shown in Fig.1, when two particles approach within a critical separation;<=>  2.15A), a 

bond is formed on the particle surface. The bond induces the force and the torque, resulting in 

translational and rotational motions of the particles. In this work, the bonding potential is a DLVO 

type given by, 
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( ) ( ) ( )ϕ ϕ ϕ= +DLVO ij vdW ij el ijr r r                                                             [4] 

( )
2 22 2

2 2 2 2

42 2
ln

6 4
ϕ

  −
 = − + +  

 −   

ij

vdW ij

ij ij ij

r aA a a
r

r a r r
                                           [5] 

( ) ( )( )( )
2

ln 1 exp 2
2

ε ψ
ϕ κ = + − −  el ij ij

a
r r a .                                                 [6]                               

Here, B, D, E and F represent the Hamaker constant, the dielectric constant of solvent, the surface 

potential of the particle, and the Debye screening length, respectively. According to the bond length 

between the particle surfaces (G=>), the bonding potential is divided into two parts using GH (stable 

region parameter) and ;GI�J) (maximum bond length) as criteria. 

( ) ( )

( )
0 0

max 0

2           ,         

           2           ,         

φ ϕ

ϕ

= + ≥

= + ≥ >

B ij DLVO ij

DLVO ij ij

b b a b b

b a b b b
                                       [7] 

For the bonds with the bond length shorter than GH, the bonding potential is set to a constant value of 

φ�LMN;GH # 2A) to describe the stable region where no attractive force is assumed. For the bonds 

with the bond length longer than GH and shorter than the maximum bond length ;GI�J), the bonding 

potential is described as a spring with a DLVO potential.  

As the particles are detached from each other, the bond length goes beyond the maximum 

and they break up. After the break-up, the particle interaction is described by the non-bonded long 

range interaction O��P<=>QR. This center-to-center inter-particle potential is set as the DLVO 

potential.  

( ) ( )φ ϕ=N ij DLVO ijr r                                                                       [8] 

  Bringing these three potentials altogether, the total inter-particle potential is given as a 

function of the inter-particle distance and the bond length. From the gradient of the total inter-particle 

potential, we can get the total inter-particle force PS��Q, by which the translational motion of the 

particle is described.  

( ) ( ) ( )
( ),

φ φ φ φ

φ

= + +

= −∇

total c ij B ij N ij

total ij ij

r b r

r bijF
                                                         [9] 

In Fig.1, the total pair interaction with this potential is plotted for a case of collinear extension.  
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The translational motion of the particle is described by the Langevin equation.
42,43

  

( ) ( ) ( ) ( )ξ= − + +∑ R
ij i

j

d t
m t t t

dt

i

i

v
v F F                                                    [10] 

The first term on the right-hand side describes the hydrodynamic force. In this work, we neglect 

hydrodynamic interaction, and the Stokes friction coefficient ξ;= 6VWA) is used to describe the drag 

force by the fluid. The second term represents the inter-particle interaction, and the last term is the 

random force that describes the thermal motion of the particles. In this work, the inertia term on the 

left is ignored. We assume the shear flow has a linear profile, meaning that the above Langevin 

equation is discretized as follows by the Euler method.43    

( ) ( ) ( ) ( ) γ
ξ

  ∆
+ ∆ = + + + ∆ 

  
∑ &

R

i ij i i xy

j

t
t t t t t y tir r F F                                          [11] 

In this work, XYJZ is given by the time derivative of strain X, which is sinusoidal as follows   

0 sin( )tγ γ ω= .                                                                          [12] 

The rotational motion of the particle is described by the following equation.20,39,40  

( ),

ξ ξ

 
 ∆ = + ∆
 
 

R R

i

R R

D t
t

ii
TT

φ                                                               [13] 

Here, Δ\� is the total angular displacement and ]�, ]�^;�_, `), a_ are the inter-particle torque, the 

random torque by the rotational diffusion, and the rotational friction coefficient, respectively. The 

torque ]�;`) induced by the inter-particle interaction is given by    

( )= ×∑i j ij

j

tT a F                                                                        [14] 

where �� represents the position of the j-th bond on the surface of i particle relative to the i particle 

center. Neglecting multi-body hydrodynamic interaction, the rotational friction coefficient is given by  

3
8ξ πη=R a .                                                                            [15] 

The rotational diffusion of the particle is described by a random torque given by  

ξ∆
=

∆

R
R R

t

φ
T                                                                           [16] 
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where Δb^ is the angular displacement by the rotational diffusion with zero average and the variance 

of 	6�_Δ` (here, �_ represents the rotational diffusion coefficient).  

 In this work, all the analysis was conducted and averaged from the results of five different 

simulations with different initial particle configurations and random motion. In addition, to ensure the 

steady state condition, the results from the first twenty oscillating cycles were discarded.      

 

2.2 Initial gel structure. 

 

Fig. 2  Initial gel structure at quiescent state. The gel age is 30c�. Particles at the center of the 

simulation box (sliced with a thickness of 6a in the flow-shear gradient (x-y) plane) are depicted. The 

color represents the bond number (z) of the particles. 

 

 

Fig. 3  Initial bond number distribution d;e)�f�g.  
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 Initially, the particles were randomly distributed in the simulation box. In the equilibration 

process without flow, the particles organize themselves into a percolated network structure by thermal 

fluctuation. After the equilibration process for 30	
  (3,000,000 steps with 10-5 time step), about 99% 

of the particles out of 10,648 particles were aggregated to form a big single cluster (Fig. S1 in the 

ESI). The quiescent gel structure is shown in Fig.2, in which the color indicates the number of the 

particles bonded to each particle, referred to as the bond number, z. In Fig.2, most of the particles are 

green or yellow, which indicates that the network structure of the colloidal gel mainly consists of rigid 

chains of particles with bond number larger than or equal to 4. As far as we are concerned, the gel 

does not show a remarkable aging behavior and the aging does not affect the results significantly. It 

can be attributed to the surface bonding model used in this work, which prevents the angular 

reorganization of the particles. The initial structure matches well with that of the experimental work,19 

where the particle system is similar to our simulation condition. In the experimental study using the 

confocal microscopy, the colloidal gel shows a bond number distribution with a peak around bond 

number 4 and 5. In addition, about 75% of the particles were experimentally found to have the bond 

number larger than or equal to 4. In this study, as shown in Fig.3, the peak in the initial bond number 

distribution (P;i)=j=k) is observed around the bond number 4 and 5 in good agreement with the 

experiments. Moreover, about 75% of the simulated particles have the bond number larger than or 

equal to 4, which coincides well with the experiments. This means that our simulation describes the 

quiescent state of a real gel structure effectively. Using both theoretical15,20 and experimental 

approaches,
19

 previous works revealed that the rigidity of the cluster originates from the 

microstructure of the particles with bond number larger than or equal to 4 for the particles interacting 

with non-central or tangential forces as in this simulation. As this rigid structure can be a key 

determinant of the elasticity of the colloidal gel, the simulations with the realistic quiescent structure 

are expected to give an effective description of the rheological behavior. In practice, the colloidal gel 

shows a stress overshoot behavior under the startup of shear, which is one of the important 

characteristics of the colloidal gel (Fig. S2 in the ESI). In addition, the colloidal gel shows a power-

law increase of stress maximum with Pe, which has been observed in previous studies.22,44 

 

3. Results and discussion  

3.1. Structural change of colloidal gel under oscillatory shear flow  
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Fig. 4  Structure of a deformed colloidal gel under oscillatory shear flow at maximum strain. The 

images show the particles at the center of the simulation box (sliced with a thickness of 6a in the flow-

shear gradient (x-y) plane). The color indicates the size of the cluster to which the particles belong. 

 

Fig.4 shows the microstructures of the colloidal gels at maximum strain. The abscissa and 

the ordinate indicate the strain amplitude and frequency, respectively. In this work, the frequency is 

presented as a non-dimensionalized Peclet number (Pem = ω	
), which is the product of the angular 

frequency (ω) and the characteristic time (	
) defined in the previous section.
45

 Depending on the 

flow condition, the colloidal gel shows different structural changes. Regardless of the frequency, at 

small strain amplitudes, most particles are red, which implies that the colloidal gel maintains its 

network structure without remarkable structural change. However, at large strain amplitude, 50% and 

100%, depending on the frequency, different structural change is observed. At low frequency	Pem =
100, even when the strain amplitude is increased to 100%, the overall network structure is maintained. 

Nevertheless, the network strands become thinner, which is represented quantitatively by the average 

bond number decrease in Fig. 5. At frequency of	Pem = 500, as the strain amplitude increases beyond 

50%, the colloidal gel starts to break-up into several clusters. Similarly, at high frequency of	Pem =
2000, the increase in strain amplitude results in the rupture of the network structure into small 

clusters. However, at this high frequency regime, the clusters further breakup into smaller flocs which 

are colored green and blue in Fig.4. These structural changes can be attributed to different flow 

conditions which are closely related to the relaxation of flow-induced structural deformation and bond 
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reformation.20,25,39 At low frequency, although the imposed large strain deforms the colloidal gel 

leading to thinner chains, the bond reformation makes it possible to maintain the network structure. 

However, at high frequency, the colloidal gel is not given enough time for bond reformation.  

 

Fig. 5 Time-averaged (during one oscillating cycle) bond number (e�op) as a function of strain 

amplitude (q.). Inset shows the time-averaged bond number change at small strain amplitude regime.   

 

Fig. 6 Time-averaged (during one oscillating cycle) bond number distribution (d;e)�op) change 

relative to the initial bond number distribution (d;e)�f�g) at frequency drs = �....  

  

To understand the structural change in local length scale, we calculated the average bond 

number (i�tu) and the bond number distribution change relative to the initial bond number 

distribution (P;i)�tu � P;i)=j=k). The average bond number was calculated by dividing the sum of 

the bond number of the particles by the number of particles. Fig.5 shows i�tu, averaged over one 
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oscillating cycle, as a function of strain amplitude. At small strain amplitude around 3~5%, a slight 

increase of i�tu is observed. It can be considered as a result of shear induced restructuring of the 

colloidal gel which promotes the aggregation of the particles at low shear rate.
46,47

 As the strain 

amplitude increases further, the i�tu starts to decrease, which indicates that the yielding can be 

regarded as a transition from multiply-connected rigid chains to singly-connected soft chains.
20

 In 

Fig.6, the change in bond number distribution (P;i)�tu � P;i)=j=k) relative to the initial bond number 

distribution (Fig.3) is shown. As the strain amplitude increases, the fraction of the particles with bond 

number larger than or equal to 4 decreases, while that of the particles with bond number lower than 4 

increases. This structural change corresponds well with that of the previous studies on the start-up of 

shear flow in which the yielding behavior of the colloidal gel was regarded as a topological change 

from rigid to soft chains.19,20 In these studies, the yielding behavior of the colloidal gel was analyzed 

in terms of the characteristics of the rigid and soft chains. In previous studies
17,19,48

, the origin of the 

elasticity has been attributed to the rigid chain structure. Here, the rigid chain indicates the network 

structure with high bond number. The particles with high bond number experiences a slow relaxation. 

Therefore, the particles with high bond number resists against the external deformation supporting the 

stress. On the other hand, the particles with low bond number experiences fast relaxation and cannot 

support the stress. Theoretically and experimentally, it has been shown that the criterion for rigidity is 

the bond number 4, when there is non-central force between the particles as in this work.
15,19

 The 

structural change in this work, the decrease in the particles with bond number larger than or equal to 4 

and the increase in the particles with bond number lower than 4, can be understood in the same vein 

with the previous work. In addition, the observed structural change can be associated with other 

modeling work. Sticky particle model
49

 was employed to study the structural change of attractive 

particle suspension under the steady shear flow. Under the shear flow, the clusters were disaggregated 

forming string-like soft chains. The structural changes with sticky particle model can be understood in 

the context of a transition from rigid chain to soft chain as in this work.     
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Fig. 7 G’ and G” as a function of strain amplitude (q.). 

 

 The structural change from rigid to soft chains is directly manifested in the rheological 

behavior. Fig.7 shows the storage modulus (G’) and loss modulus (G”) as a function of strain 

amplitude. They were calculated in the strain amplitude range in which the colloidal gel shows a clear 

and reasonable stress response. (for example, at	Pem = 100, it is hard to get a clear stress curve at 

strain amplitude lower than 3%) In the small amplitude oscillatory shear (SAOS) (strain amplitude 

from 0 to 10%), where the rigid chain network is maintained, both G' and G" are almost constant. 

However, at the medium amplitude oscillatory shear (MAOS) (strain amplitude ~15%), where the 

structural change from rigid chain structure (with bond number larger or equal to 4) to soft chain 

structure (with bond number lower than 4) begins to occur, both G’ and G” start to decrease. In the 

large amplitude oscillatory shear (LAOS), G’ and G” decrease as the fraction of the rigid chains 

decreases.  

 

3.2. Dynamics of colloidal gel under oscillatory shear flow  

In this section, the dynamics of the colloidal gel under the oscillatory shear flow at 

Pem = 2,000 will be analyzed. The dynamics will be studied by investigating the structural 

fluctuation of the colloidal gel which will be quantified by the change of average bond number.  

 

1) SAOS regime  
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Fig. 8 Normalized stress (σ/σmax, short dashed red line), strain (q/q0, black solid line), and average 

bond number (e�op, long dashed blue line) during one oscillation in SAOS regime (	q. = *%). Pair 

distribution functions at every 1/8 cycles (projected onto the flow-shear gradient (x-y) plane) are 

displayed at the position numbered on the strain curve. 

 

First, we focus on the dynamics of the colloidal gel in the SAOS regime. Fig.8 shows the 

stress, strain and average bond number in the SAOS regime at a strain amplitude of 3%. The red 

short-dashed line, black solid line, and blue long-dashed line represent the normalized stress, strain, 

and average bond number, respectively, in one cycle. At a strain amplitude of 3%, the colloidal gel 

and displays linear behavior with a sinusoidal stress curve. During the oscillation, the average bond 

number shows a slight fluctuation and is negatively correlated with the absolute value of strain. As the 

strain deviates from strain 0 (from point 1 to 3 and from point 5 to 7), the average bond number 

decreases, while the average bond number increases as the absolute value of strain decreases (from 

point 3 to 5 and from point 7 to 1). The fluctuation of the average bond number becomes more 

distinguishable at strain amplitude 5% (Fig. S4 in the ESI). On the right side of Fig.8, the pair 

distribution functions projected onto the flow-gradient plane at every 1/8 oscillation cycle are given. 

The pair distribution projection was calculated for a slice of thickness a (particle radius) with the bin 

size of 0.01δ =r a . In this regime, the colloidal gel shows no anisotropy during the oscillation. In the 

SAOS regime, it has been shown that the colloidal gel maintains the structure without remarkable 

structural change. The observed linear behavior with sinusoidal curve can be regarded as a 

consequence of the maintained rigid network structure.  

 

2) MAOS regime 
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Fig. 9 Normalized stress (σ/σmax, short dashed red line), strain (q/q0, black solid line), and average 

bond number (e�op, long dashed blue line) during one oscillation in MAOS regime (	q. = -8%). 

Pair distribution functions at every 1/8 cycles (projected onto the flow-shear gradient (x-y) plane) are 

displayed at the position numbered on the strain curve. 

 

Secondly, the dynamics in the MAOS regime at strain amplitude of 15% will be discussed. 

In Fig.9, the stress, strain, and average bond number change under oscillatory shear at a strain 

amplitude of 15% are shown. Different from the SAOS regime, the colloidal gel shows a clear 

structural oscillation of the average bond number. As the strain deviates from strain 0 (from point 1 to 

3 and from point 5 to 7), the average bond number decreases, while the average bond number 

increases as the absolute value of strain decreases with the reverse flow (from point 3 to 5 and from 

point 7 to 1). The dynamics with the negative correlation between the absolute value of strain and the 

average bond number can be associated with the gel structure as described below. According to the 

structural change in previous section, a small number of rigid chain starts to break-up into singly-

connected soft chains. Both rigid and soft chains coexist in this regime. However, the overall gel 

structure is still dominated by rigid chains. As the rigid chains resist deformation, the increase in 

strain will break them into a soft chain structure with less resistance. Therefore, as the absolute value 

of strain increases, the average bond number decreases. In the reverse flow, as the absolute value of 

strain decreases, the chain structure is recovered with the increase in the average bond number. This is 

well manifested in the rheological behavior. In Fig.9, the colloidal gel shows nonlinear behavior with 

non-sinusoidal stress curve. The stress curve has a shoulder at the point where the average bond 

number reaches its maximum. The coincidence of these two points implies that the linear-to-nonlinear 

transition of the colloidal gel can be directly related to the rupture of the network structure. In this 

regime, as shown in Fig.9, the colloidal gel shows an anisotropic structure. As the absolute value of 

strain increases, the anisotropy along the compressional axis is observed, which attributes to the 

structure break-up along the extensional direction. This result is quite similar with that in steady shear 
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flow.20,24,33,50 As the absolute value of strain decreases by the reverse flow, the anisotropy decreases 

and the direction of anisotropy changes according to the strain change.  

In the MAOS regime, as the strain amplitude increases, the colloidal gel shows a transition 

from SAOS to LAOS behavior. (More data at various strain amplitudes in Fig. S4 in the ESI) Near the 

SAOS regime at strain amplitude 10%, the colloidal gel shows a negative correlation between the 

absolute value of strain and the average bond number, as in the strain amplitude 15% (Fig. 9). 

However, as the strain amplitude increases further to 20%, the average bond number changes and the 

negative correlation disappears. Near the LAOS regime at strain amplitude 30%, the colloidal gel 

begins to show a positive correlation.    

 

3) LAOS regime 

 

 

Fig. 10 Normalized stress (σ/σmax, short dashed red line), strain (q/q0, black solid line), and average 

bond number (e�op, long dashed blue line) during one oscillation in LAOS regime (	q. = 8.%). Pair 

distribution functions at every 1/8 cycles (projected onto the flow-shear gradient (x-y) plane) are 

displayed at the position numbered on the strain curve. 

 

 Lastly, the dynamics in the LAOS regime at strain amplitude of 50% will be considered. In 

Fig.10, the stress, strain, and average bond number of the colloidal gel under the oscillatory shear 

flow at strain amplitude 50% are presented. In this condition, the rigid network structure with high 

bond number is ruptured and the gel structure is dominated by the soft chains with low bond number. 

The structure shows different dynamics compared to the structure in the SAOS and MAOS regimes. 

In Fig.10, as the strain deviates from strain 0 (from point 1 to 3 and from point 5 to 7), the average 

bond number increases, while the average bond number decreases as the absolute value of strain 
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decreases with the reverse flow (from point 3 to 5 and from point 7 to 1). Compared to the MAOS 

where the average bond number is negatively correlated with the absolute value of strain, the positive 

correlation between the average bond number and the absolute value of strain is completely opposite 

to the previous case. In previous conditions where the gel structure is dominated by the rigid chains, 

the negative correlation between the absolute value of strain and the average bond number can be 

associated with the rupture of rigid chain structure which resists deformation. On the other hand, the 

positive correlation can be associated with the dynamics of soft chains which dominate the overall gel 

structure in the LAOS regime. Different from the rigid chain, the soft chain shows a floppy motion 

without resistance against deformation. In the previous study on the dilute colloidal gel with soft 

chain structure,29 the floppy motion of the soft chain led to the rotational motion and the bond 

formation between the soft chains. Therefore, the increase in the average bond number with the 

absolute value of strain can be ascribed to the shear induced cluster densification by the floppy motion 

of soft chains. In the reverse flow, the relatively rigid structure which is formed during the increase in 

the absolute value of strain becomes ruptured, leading to the decrease in the average bond number.  

 In Fig. 10, the strain and the average bond number are not completely in phase. The average 

bond number shows a certain phase shift from the strain curve. This shift is observed in the MAOS 

regime as well. In Fig.9, where the negative correlation is observed, they are not exactly in anti-phase. 

The phase shift can be attributed to the influence of some remaining rigid or soft chains. In the LAOS 

regime, the overall structure is dominated by the soft chains which are expected to lead in-phase of 

both the strain and the average bond number. However, there still exists some rigid chain structure, 

which is expected to show anti-phase behavior. Therefore, the influence of the remaining rigid 

structure can be manifested as a phase shift. In the same vein, the phase shift in the MAOS regime, in 

which the overall structure is dominated by the rigid chains, can be understood as an influence of the 

soft chains.        

 In Fig.10, the colloidal gel shows a highly nonlinear stress response with several local 

maxima and minima. This stress curve is quite similar with that of the experiments where the 

microstructure and rheology of adhesive hard sphere colloidal gel under large amplitude oscillatory 

shear has been studied.33 This highly nonlinear behavior can be related to the structural fluctuation 

under the oscillatory shear flow. In Fig.10, the average bond number fluctuates between 2.1 and 2.7 

with an average value of 2.4. In previous works, 51,52 an average bond number of 2.4 was suggested as 

a criterion for the rigidity percolation. Considering that this rigidity percolation is closely related to 

the elastic transition,52 the average bond number change around 2.4 is expected to have an effect on 

the rheological response of the colloidal gel. The stress curve in Fig.10 confirms this expectation; at 

points (b) and (d), as the average bond number decreases below the rigidity percolation (~ 2.4), the 

colloidal gel loses the elasticity. This is represented by the local minimum (b) and the local maximum 
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(d) of the stress, which shows a sudden decrease of the stress. On the other hand, at points (a) and (c), 

as the average bond number begins to rise above the rigidity percolation, the colloidal gel recovers its 

elasticity. This is expressed as a sudden increase of stress between the point (a) and 3 ((c) and 7).      

The pair distribution functions in Fig.10 show the change of structural anisotropy in the 

LAOS regime. The colloidal gel shows structural anisotropy quite similar with that observed in the 

MAOS regime. The increase in the absolute value of strain (from point 1 to 3 and from 5 to 7) induces 

structural anisotropy along the compressional axis, and the decrease in the absolute value of strain 

(from point 3 to 5 and from 7 to 1) by the reverse flow reduces structural anisotropy. However, 

compared to that of the MAOS, the colloidal gel shows more anisotropic structure in LAOS. In 

addition, due to the high shear rate flow, the string structure appears as has been observed previously 

in the works with hard spheres.
53-55

 The formation of a string structure may be attributed to the neglect 

of hydrodynamic interaction. It means that the hydrodynamic interaction, which is ignored in this 

study, can be important even for the inter-particle force dominant system. In this sense, the role of 

hydrodynamic interaction needs to be studied further.  

 

3.3. Stress analysis by stress decomposition  
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Fig. 11 Stress decomposition and Lissajous curves at three different regimes (SAOS, MAOS, LAOS).  

 

 From the Fourier transformation56-58 to a recent work where the nonlinear behavior is 

considered as a sequence of physical processes,
59,60

 diverse analysis methods have been proposed to 

interpret the nonlinear response of complex fluids. Among them, in the method with geometrical 

interpretation of the nonlinear behavior,
38

 the response of the material is studied by decomposing the 

stress signals to elastic and viscous components. In this study, we analyzed the nonlinear stress 

responses with the stress decomposition method, and associated it with the microstructural change of 

the colloidal gel. 

 Fig.11 shows the stress decomposition and the Lissajous curves in each regime. In the first 

row, the results from the SAOS regime are presented. In the SAOS regime at a strain amplitude of 3%, 

the elastic stress shows a sinusoidal curve which is in phase with the strain. The viscous stress also 

shows a sinusoidal curve. This linear behavior is observed in the Lissajous plot as well. The elastic 

stress is represented by a straight line with a constant slope which reveals the characteristic feature of 

the linear behavior. In the MAOS regime at a strain amplitude of 15%, a linear- to-nonlinear transition 

is observed. In the second row of Fig.11, the stress decomposition and the Lissajous curve in the 

MAOS regime are shown. In this regime, even though the viscous stress demonstrates a sinusoidal 
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curve as in the SAOS regime, the elastic stress displays a deviation from the sinusoidal curve. 

Moreover, the elastic stress is not a straight line any more in the Lissajous curve. In the third row in 

Fig.11, the stress decomposition and the Lissajous curve in the LAOS regime are shown. As in the 

MAOS regime, the elastic stress does not show the straight line, and the viscous stress is no longer 

elliptic, which indicates that the nonlinear behavior in the LAOS regime is attributed to both elastic 

and viscous stresses. 

 

Fig. 12 Normalized elastic stress (vwx�yg�z/vwx�yg�z	$�%	) as a function of normalized strain (q/q0). 

 

 The observed elastic stress can be closely correlated with the microstructure of the colloidal 

gel. Fig.12 shows the normalized elastic stress (|}~��k=�/|}~��k=�	I�J	) at various strain amplitudes as a 

function of normalized strain (q/q0). In the SAOS regime, the elastic stress is a straight line with a 

constant slope. The perfectly elastic behavior can be related to the rigid chain structure in the SAOS 

regime, where the network structure of the rigid chains is maintained. Because the rigid chain 

structure with high bond number is the origin of elasticity, the elastic stress which originates from the 

network of the rigid chains demonstrates the perfectly elastic behavior. 

 In the LAOS regime, where the colloidal gel consists of singly-connected soft chains, a 

different behavior is observed. In Fig.12, the elastic stress is divided into two different parts. At large 

strain, the elastic stress is sensitive to the strain with a steep slope, which represents a strong elasticity. 

At small strain, the elastic stress shows a nearly plateau which indicates no elasticity. This result can 

be attributed to the soft chain structure in LAOS regime. According to the structural analysis, in the 

LAOS regime, the gel structure is ruptured and the initial rigid chain structure turns into the soft chain 

structure. Different from the rigid chain with high bond number, the soft chain with low bond number 

shows a floppy motion without resistance to deformation, and the colloidal gel shows no elasticity in 

the plateau region. However, as the strain increases further, the soft chain starts to stretch and break up 

at large strain. Therefore, the stretched soft chain, which is the most stress-bearing configuration,26,28 
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demonstrates strong elasticity.  

In the MAOS regime, the elastic behavior in between the SAOS and LAOS regime is 

observed. The elastic stress with strain amplitude of 15% shows two different behaviors. As in the 

LAOS regime, the colloidal gel shows relatively strong elasticity at large strain compared to small 

strain. However, unlike the LAOS regime where the elastic stress shows no elasticity at small strain, 

the elastic stress shows a weak elasticity with a mild slope at small strain. The slope is less steep than 

that in the SAOS regime. In previous section, it has been shown that some of the rigid chains are 

ruptured in the MAOS regime and the colloidal gel consists of both rigid and soft chains. At small 

strain, the remaining rigid network induces elastic behavior as in the SAOS regime. However, 

compared to the elasticity in the SAOS regime, it demonstrates the relatively weak elasticity due to 

the rupture of some rigid chains. At large strain, as in the LAOS regime, the elasticity with a nonlinear 

increase of the elastic stress is observed. This strong elasticity can be thought to be originated from 

the stretching and breakup of the chain network structure of the colloidal gel.     

 So far, the stress responses of the colloidal gel in three regimes of SAOS, MAOS, and LAOS 

have been discussed with the stress decomposition method. However, it should be noted that there 

exists an argument whether the application of the stress decomposition to yielding systems is 

appropriate or not.
59-61

 For more clear understanding on the nonlinear response of this complex fluid 

system, more researches with various stress analysis techniques will be necessary. 59-62           

   

4. Conclusions  

 

 The structural changes, oscillating dynamics, and rheological behavior of a colloidal gel 

under oscillatory shear flow have been explored by the Brownian dynamics simulations. The 

structural changes of the colloidal gel were quantified by the average bond number, and the oscillating 

dynamics was studied by investigating the structural fluctuation of the colloidal gel which was 

quantified by the change of average bond number. The rheological behavior was analyzed by the 

stress decomposition method. According to the flow conditions, different microstructural changes of 

the colloidal gel were observed. As the strain amplitude increased, the rigid chain structure with high 

bond number changed into soft chain structure with low bond number. The characteristic 

microstructure at each regime manifested itself in the distinctive oscillating dynamics and rheological 

behavior.       

In the SAOS regime where the network structure with rigid chains was retained, the colloidal 

gel showed the oscillating dynamics with no remarkable structural fluctuation. Although the average 
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bond number showed a negative correlation with the absolute value of strain, no significant variation 

of the average bond number was observed during the oscillation. The maintained network structure 

with rigid chain represented linear rheological behavior. 

In the MAOS regime, the rupture of the colloidal gel was observed. The structural change 

from rigid to soft chains started in this regime, however, the overall structure was still dominated by 

rigid chains with high bond number. Under oscillatory shear flow, the average bond number decreased 

with the increase in the absolute value of strain and the average bond number increased with the 

decrease in the absolute value of strain. The negative correlation between the absolute value of strain 

and the average bond number could be attributed to the characteristic dynamics of the rigid chains 

which resists against deformation. In this regime, a linear-to-nonlinear transition, represented by the 

non-sinusoidal stress curve, was observed. The colloidal gel showed elastic behavior in between the 

SAOS and LAOS regime. 

In the LAOS regime, the colloidal gel showed the microstructure with soft chains. Most of 

the rigid chain structure ruptured into the singly-connected soft chains which do not resist 

deformation. Under the oscillatory shear flow, the average bond number increased with the increase in 

the absolute value of strain and decreased with the decrease in the absolute value of strain. The 

oscillating dynamics with a positive correlation between the absolute value of strain and the average 

bond number, which is significantly different from that in previous two regimes, was correlated with 

the floppy motion of the soft chains. In this regime, both elastic and viscous stresses reflected highly 

nonlinear rheological behavior. Because of the soft chain structure without elasticity, the elastic stress 

exhibited no elasticity at small strain. At large strain, the stretching of the soft chain structure induced 

strong elasticity.       
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List of figures 

 

Fig. 1 Pair interaction potential for a collinear extension, in which the bond length between the 

particle surfaces (���) corresponds to the surface separation (��� � ��). The pair interaction potential 

consists of core potential (��, for ���  ��), bonding potential (�!, for �� " ��� " �� # �$�%) 

and non-bonded long range potential (�&, for �� # �$�%  ���). �! and �& are assumed to have 

a DLVO shape (�=1'(, ) = *. � , -./�.0, 1 = 2-3. F (/-, 4 = 5(6, 7 = 8 , -.9	(/-). 

Schematic illustrations of bond formation, translational motion and rotational motion of the particles 

are given in the inset. 

Fig. 2 Initial gel structure at quiescent state. Particles at the center of the simulation box (sliced with a 

thickness of 6a in the flow-shear gradient (x-y) plane) are depicted. The color represents the bond 

number (z) of the particles. 

Fig. 3 Initial bond number distribution �;e)�f�g. 

Fig. 4 Structure of a deformed colloidal gel under oscillatory shear flow. The images show the 

particles at the center of the simulation box (sliced with a thickness of 6a in the flow-shear gradient 

(x-y) plane). The color indicates the size of the cluster to which the particles belong. 

Fig. 5 Time-averaged (during oscillation cycle) bond number (i�tu) as a function of strain amplitude 

(XH).   

Fig. 6 Time-averaged (during oscillation cycle) bond number distribution (�;e)�op) change relative 

to the initial bond number distribution (�;e)�f�g).  
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Fig. 7 G’ and G” as a function of the strain amplitude (q.). 

Fig. 8 Normalized stress (σ/σmax, short dashed red line), strain (q/q0, black solid line), and average 

bond number (e�op, long dashed blue line) change in SAOS regime (	q. = *%). Pair distribution 

functions at every 1/8 cycles (projected onto the flow-shear gradient (x-y) plane) are displayed at the 

position numbered on the strain curve. 

Fig. 9 Normalized stress (σ/σmax, short dashed red line), strain (q/q0, black solid line), and average 

bond number (e�op, long dashed blue line) change in MAOS regime (	q. = -8%). Pair distribution 

functions at every 1/8 cycles (projected onto the flow-shear gradient (x-y) plane) are displayed at the 

position numbered on the strain curve. 

Fig. 10 Normalized stress (σ/σmax, short dashed red line), strain (q/q0, black solid line), and average 

bond number (e�op, long dashed blue line) change in LAOS regime (	q. = 8.%). Pair distribution 

functions at every 1/8 cycles (projected onto the flow-shear gradient (x-y) plane) are displayed at the 

position numbered on the strain curve. 

Fig. 11 Stress decomposition results and Lissajous curves at three different regimes (SAOS, MAOS, 

LAOS). 

Fig. 12  Normalized elastic stress (vwx�yg�z/vwx�yg�z	$�%	) as a function of normalized strain (q/q0). 
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