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Abstract

We use a combination of simulations and a simple theoretical approach to investigate
interactions between neutral conducting surfaces, immersed in an electrolyte solution. The
study is conducted at the primitive model level, which necessitates the use of multiple image
reflections. Our approximate theory is based on a classical density functional formulation of
Poisson-Boltzmann theory. The same approach can in principle also be imported to more
advanced treatments, where ion correlations are accounted for. An important limiting result
that guides our treatment of the image forces, is that the repulsive salt-induced interactions
cancel the attractive zero frequency van der Waals attraction at long range. That is, at
vanishing frequency, the van der Waals interaction between the conducting surfaces is, at
large separations, perfectly screened by the intervening salt solution. The simulations are
computationally intensive, due to a strong dependence upon the number of image reflections
used, with especially poor convergence when an odd number of images is used. We demon-
strate that our approximate density functional approach is remarkably accurate, even in the
presence of a 2:1 salt, or when the surfaces preferentially adsorb one ion species. The former
observation was rather unexpected, given the lack of ion correlations within our mean-field
treatment, and is most likely due to a cancellation between two opposing effect, both of
which are generated by ion correlations.

1 Introduction

Dispersions containing conducting particles are not only theoretically interesting, but find
many practical applications. The various versions of colloidal gold, first produced by Fara-
day,1 are well-known though the most commonly used method of synthesis was developed
by Turkevich.2 In recent years, gold nanoparticles have found a wide range of applications,
including non-linear optics, biology and catalysis.3 The mechanisms leading to the stability
of colloidal gold sols are still being debated, with some conflict between experimental results
and theoretical conjectures. Sometimes stabilizers are added to prevent flocculation in these
systems, but it is also possible to produce stabilizer-free gold sols with a long shelf-life.
4–8 It has even been suggested that large particles can be re-dispersed, in a process called
“digestive ripening”.7 The stability of the sols will depend upon pH and ionic strength and
it is generally believed that the adsorption of citrate ions (which are utilized as a reducing
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agents in the Turkevich method) onto the gold particles, renders them negatively charged.
This surface charge subsequently creates a free energy barrier to flocculation. Although this
barrier can be substantial, most dispersions containing charged colloidal particles are not at
a free energy minimum, being thermodynamically metastable. It is also possible to create
metastable dispersions in the absence of citrate ions, provided that the solution does contain
other anions that displays a preferential adsorption at a gold surface.9 Similar approaches
can be used to stabilize colloidal silver.10

A simple (and by far the most commonly used) theoretical description of interparticle
interactions in these systems, is afforded by the DLVO theory.11,12 Here, the total inter-
action between particles is composed of two additive terms, one stemming from attractive
van der Waals (vdW) interactions, while the other originates from salt-screened Coulombic
repulsions between charged particles. If the colloidal particles are not charged, DLVO theory
predicts attractive interactions between particles. The effect of dielectric inhomogeneities,
e.g., that at the interface between the electrolyte solution and the particle surfaces, are gener-
ally neglected in DLVO theory. The interface physically manifests itself as varying solvation
conditions for the ions in the electrolyte. When ions are close to the particle surfaces their
solvation shells become compromised, which may cause the free energy to either increase or
decrease, depending upon the nature of the solvent and the surface. In a continuum model,
this can be described in terms of image charge interactions. For conductive particles, this
can give rise to a stabilizing effect on the particle dispersion, though this mechanism is not
generally considered in these systems.4,13,14

This work will hopefully pave the way for future studies on the stability of metal particle
dispersion, with more focused modelling of specific systems, such as gold sols. The scope
of the present work is limited to a general treatment of relevant electrostatic mechanisms
in such systems. One important limitation of our work is that we will only consider zero
frequency contributions. Our specific aims are:

• To generate simulation data for ion-induced interactions between perfectly conducting
surfaces. Such simulations have (to the best of our knowledge) never been conducted
before, and since simulated data are essentially exact, for a given model system (within
statistical noise), they will serve as an important reference with which we can evaluate
more approximate approaches.

• To construct an approximate theoretical treatment that is based on an ion-surface
Hamiltonian, i.e. that can be used to evaluate effects from non-electrostatic ion-surface
interactions in a realistic manner. Since metal particles often are stabilized (or believed
to be stabilized) by adsorbed multivalent ions, we furthermore aim for a theory that
is reasonably accurate also for more challenging systems, in which the salt solution
contains asymmetric salts (2:1 etc.).

Interactions between surfaces that are dielectrically disparate from the salt solution into
which they are immersed, have been studied quite extensively in the past using analytical
and semi-analytical approaches.15–23 We aim to complement these theoretical studies with
simulation methods as well as a novel approximate approach. We will simplify the model
system by treating spherical colloidal particles as two flat (perfectly conducting) surfaces,
implicitly assuming the validity of the Derjaguin approximation.24 We will also assume that
the electrolyte is an aqueous solution, although this restriction can in principle be lifted.
The so-called Primitive Model is used, wherein the solvent is treated as a continuum with
a bulk dielectric constant, determined a priori . Surprisingly, there appears to have been
no similar simulation studies of interacting conducting surfaces in salt solutions previously,
even at the Primitive Model level. However, we have found that these simulations turn out
to be computationally intensive, which might be part of the reason why they have not been
performed before.

There is a somewhat deeper connection between solving the electrostatic problem in the
presence of images and the role of the zero frequency van der Waals contribution to the
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surface-surface interaction.15,20,25 The dielectric boundaries influence the thermal fluctua-
tions in the degrees of freedom of the surface and solvent media. This gives rise to the zero
frequency van der Waals interaction, which is screened in the presence of the electrolyte.
The electrostatic potential in the presence of the dielectrics (obtained via the use of images),
neglects the fluctuations in the polarizable media. Thus, once the electrostatic free energy
is obtained, the zero frequency van der Waals interaction must be added to give the correct
total surface potential of mean force. We note that in our study we do not include finite
frequency contributions to dispersion interactions, which may prove to be important for
specific systems.

In addition to simulations, we will describe an approximate theoretical approach, based
on a phenomenological generalization of the Poisson-Boltzmann theory to include the effect
of images. We shall call this the image Poisson-Boltzmann (iPB) theory. By making direct
comparisons with simulation data, we will show that the iPB theory is remarkably accurate,
even for systems containing asymmetric salts. The iPB theory appears to provide a more
complete (yet still simple) description of dispersions of conducting particles than is afforded
by the DLVO approach.

2 Models and Theory

2.1 Simulation model

The ions in the electrolyte are modelled as monovalent hard spheres, with a common hard
sphere radius, R, of 1.5 Å. Using the standard primitive model, water only enters implicitly,
via its dielectric constant, εr = 78.3. The temperature is set to 298 K, which results

in a Bjerrum length lB = e2

4πε0εrkT
≈ 7.16 Å, where k is Boltzmann’s constant, while

ε0 is the dielectric permittivity of vacuum. The electrolyte, filling the gap between two
conducting surfaces is in chemical equilibrium with a bulk salt solution, at some specified
chemical potential. This system is treated with the usual Grand Canonical Metropolis
Monte Carlo schemes. Electrostatic ion-surface interactions (polarization) are handled by
image charges, and a hard wall repulsion prevents the ions from approaching the plane of
dielectric discontinuity. That is, as the two parallel surfaces are located at z = 0 and h,
the semi-infinite region of ion confinement is given by R ≤ z ≤ (h− R). In order to model
softly repulsive surfaces, as well as effects from ion-specific adsorption, we will also include
a non-electrostatic short-ranged surface potential w(z), which is defined (at the left wall)
as:

βw± =

 0, z > zαc
A±( z

zc
− 1)2, 0 ≤ z ≤ zαc

∞, z ≤ 0

(1)

where A± is an amplitude factor for cations and anions, respectively (with obvious notation),
while β is the inverse thermal energy. The special case A+ = A− = 0 signifies hard,
conducting surfaces. The range of the surface potential is defined by zc = 4.5 Å. The
complete non-electrostatic surface interaction, W (z, h), is is symmetric, i.e. W±(z, h) =
w±(z) + w±(h− z).

The total interaction energy, βU , for a specific ion configuration {ri} ≡ {xi, yi, zi}, can
thus be written as:

βU =
lb
2

∑
i

∑
j 6=i

ξiξj
[ρ2ij + (zi − zj)2]1/2

+
∑
i

Wi(zi, h) + βUim({ri}) (2)

where ρ2ij = (xi−xj)2 + (yi−yj)2, ξi is the valency (+1 or −1) of ion i, while βUim({ri}) is
the total image charge interaction energy, resulting from multiple reflections across the left
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and right surfaces:

βUim ≈ − lb
2

kmax∑
k=1,3...

∑
i

∑
j

ξiξj [
1

[ρ2ij + ((k − 1)h+ zi + zj)2]1/2
+

1

[ρ2ij + ((k + 1)h− zj − zi)2]1/2
] +

lb
2

mmax∑
m=2,4...

∑
i

∑
j

ξiξj [
1

[ρ2ij + (mh+ zi − zj)2]1/2
+

1

[ρ2ij + (mh+ zj − zi)2]1/2
]

(3)

where we have explicitly noted that the infinite sum has to be truncated in practice. It
is useful to define the total number of reflections, nmax, as nmax = max(kmax,mmax). A
remarkable finding in this work was the extremely poor convergence that results if an odd
number of total reflections (odd nmax) is used. This is described in more detail in the
Supporting Information, SI. The component of the internal slit pressure tensor that acts
normal to the surfaces was evaluated across the mid plane of the slit, as well as at the walls.
Agreement between these was used as a convergence check, except at low salt concentrations,
in which case the wall evaluations were too noisy to be useful.

Periodic boundary conditions were applied in the directions (x, y) parallel with the sur-
faces, using the minimum image convention to truncate ion-ion interactions. A long-range
correction, to the interactions within the slit region, was applied,26 but in reality our systems
were large enough for this to be insignificant.

2.2 Zero frequency van der Waals attraction (vdW(0))

In this work, we focus on general effects due to differences in static dielectric properties, i.e.
we will ignore higher frequency dispersion contributions, although the influence of those will
be discussed in the summarizing section. The zero frequency van der Waals (vdW) pressure,
PvdW (0), can be written as:15,25

βPvdW (0) = − ζ(3)

8πh3
(4)

where ζ(n) is the Riemann zeta function. This expression is specific to the case where a
dielectric medium, separates two semi-infinite conducting slabs. The corresponding vdW
interaction free energy is:

βgvdW (0) = −ζ(3)/(16πh2) (5)

As noted in the Introduction, the effect of intervening salt is to screen PvdW (0) so that it
no longer has an algebraic decay.25 The ionic contribution to the surface pressure (in the
presence of the dielectric discontinuities), does not include PvdW (0), as the dielectric media
respond passively to the ions (i.e., dielectric fluctuations are ignored in the Primitive Model).
Thus the electrostatic surface pressure must contain a long-ranged term, which is equal to
-PvdW (0), and thus cancels the zero frequency vdW interaction when it is added.15,25

2.3 “Image Poisson-Boltzmann” theory (iPB)

The simulations, described above, are computationally expensive due to the large system
sizes, many image reflections, and the need for a large number of simulated configurations
in order to achieve satisfactory precision and accuracy (see below). Hence, we have also
developed an approximate, but computationally inexpensive, description for these systems,
which extends the well-known Poisson-Boltzmann (PB) theory. We use the classical density
functional formulation of this theory,27,28 wherein the free energy functional, F [nα(r)], can
be written as:

βF [nξ(r)] =

∫ ∑
ξ=+,−

nξ(ln[nξ(r)]− 1)dr +

4
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lB
2

∫ ∫ ∑
ξ=+,−

∑
ξ′=+,−

nξ(r)nξ′(r
′)

ξξ′

|r− r′|drdr
′ +

β

∫ ∑
ξ=+,−

(Wξ(r) + Vim(r))nξ(r)dr, (6)

Here, nξ is the density of ions with valency ξ, while Vim is a potential due to image inter-
actions. The slit geometry, in combination with the mean-field characteristics of the PB
theory, allows us to integrate along the (x, y) directions parallel with the surfaces, leaving
only z dependent quantities. The interaction free energy per unit area, gs, can be obtained
as:

gs = F −
∑
ξ=+,−

(
µξ

∫ h

0

nξ(z)dz + kTnbξ

)
(7)

where µ and nb denotes chemical potential and bulk density, respectively. It is convenient to
measure interaction free energies relative to the bulk, or to the value at some large separation.
More specifically, we use the following approximate expression ∆gs ≡ gs(h)−gs(hmax), with
hmax−2R = 400 Å. We define the corresponding zero frequency vdW quantity (vdW(0)) in
an analogous fashion: ∆gvdW (0;h) ≡ gvdW (0;h)− gvdW (0;hmax). The net pressure is given
by ∆P ≡ P (h) − Pb, where P (h) is the salt-induced internal slit pressure, while Pb is the
bulk pressure.

The image potential, Vim represents the effect of the dielectric discontinuity on the ionic
free energy. In the usual PB theory, this term is zero, which is due to the fact that the
PB theory is a mean-field approximation. The reason why Vim is non-zero is due to ionic
fluctuations. These give rise to polarizations in the dielectric media, and surface charge
distributions at the interface between the metallic surfaces and the continuum solvent. The
potential resulting from the latter can be mimicked by the infinite series of reflected image
charges described earlier. First, we note that any given ion (of valency ξ) in the slit will
interact with its self-images, i.e. the self-image potential, Vself (z, h). This can be obtained
from eq. (3) by removing the double sum over ions (i, j), and setting zi = zj ≡ z; ρij = 0:

βVself (z, h) ≈ − lbξ
2

2

kmax∑
k=1,3...

[
1

(k − 1)h+ 2z
+

1

(k + 1)h− 2z
] +

lbξ
2

2

mmax∑
m=2,4...

2

mh
(8)

If kmax < mmax, i.e. if nmax is an even number, this can be further simplified as:

βVself (z, h) ≈ − lBξ
2

2

lmax∑
l=1

[
1

2(h(l − 1) + z)
+

1

2(hl − z) −
1

lh
] (9)

Only including Vself will lead to a strong overestimation of the polarization attraction of ions
to the surfaces. The reason is because any given ion will be correlated with others, leading
to the presence of an atmosphere of opposite charge. The range of the ionic atmosphere will
be of order ∼ κ−1, where κ is the inverse Debye-Hückel screening length,

κ =

[∑
i

βnie
2ξ2i

εrε0

]1/2

(10)

Hence, the attractive self-image term for each ion is accompanied by a repulsive contribu-
tion, due to the oppositely charged atmosphere. The resulting surface charge distribution at
the interface will have cylindrical symmetry (about the z-direction). With this in mind, we
propose a simple, yet remarkably accurate, approach to treat image effects. Consider a pos-
itive ion at a distance z from a single flat conducting surface, with a dielectric discontinuity
at z = 0. The mirror charge is then negative, and located at −z, with the same x, y coor-
dinates as the original charge. Let us now assume that the opposing image charge from the
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ion atmosphere (described above) can be approximated by a circular disc of charge, on the
plane at −z, centred at the position of the mirror charge. This can be thought of physically
as a projection of the cylindrically symmetric ion atmosphere onto the plane containing the
self-image charge, which is then approximated as a disc. Thus, an ion in the solution of
valency ξ will interact with its self-image (with valency -ξ) and the mirrored atmosphere
charge, of valency ξ, uniformly spread out across a circular disc. We shall denote the radius
of the disc as Rd; its specific value will be determined by forcing a cancellation of the vdW(0)
interaction, as will be described below. The outcomes of this simple approach are:

• The sum {self-image charge + disc charge} is zero, ensuring that the total mirror
potential drops to zero when the original charge is far away from the surface

• the potential contribution from {the self-image charge + disc charge} is analytic

A straight-forward integration gives the interaction between a tagged ion at z, and the disc
image (at a single surface) as 2πlB [(R2

d + 4z2)1/2 − 2z]. Hence the total image potential,
Vex, with two conducting surfaces separated by h, becomes:

βVex(z, h) ≈ βVself (z, h)

+
lBξ

2

R2
d

(
kmax∑
k=1,3..

(
R2
d + ((k + 1)h− 2z)2

)1/2
+
(
R2
d + ((k − 1)h+ 2z)2

)1/2 − 2kh

)

−2lBξ
2

R2
d

(
mmax∑
m=2,4...

(
R2
d + (mh)2

)1/2 −mh) (11)

This potential can then be directly included into the Poisson-Boltzmann approach, to give
an image-corrected version of the theory, iPB. Thus our theory remains non-linear.

We expect that electrostatic contributions to the surface interactions will be predomi-
nately repulsive. As the surfaces are pushed closer together, the salt solution will be pushed
out into the bulk. The loss of attractive image interactions leads to an increase of the free
energy. This mechanism can be viewed as a type of “ionic desolvation” of the surfaces. This
repulsion is counteracted by the vdW(0) attraction, which is not included in the electrostatic
free energy. This is because the latter is calculated assuming that the dielectric material
responds passively to the electrolyte solution. The thermally activated correlation between
the metallic surfaces gives rise to the vdW(0) term and must be added separately. The
higher-frequency contributions to the van der Waals interaction have a quantum origin and
are more specific to the type of material. We will not consider them in this work.

In order to establish the radius, Rd of the counterion disc (see earlier), we invoke an
ansatz that Rd is proportional to the Debye length κ−1:

Rd ∝
1

κ
(12)

An important result of our approximate image contribution is that the iPB predicts a long-
ranged repulsive electrostatic surface pressure that decays as h−3 and which is independent
of the salt concentration. This is the same dependence on separation as the vdW(0) con-
tribution. A natural choice for the proportionality constant in Eq.(12) will be that where
the electrostatic free energy is exactly cancelled by the vdW(0) interaction at long-range.
In other words, writing, Rd = ακ−1, α is chosen so that the iPB pressure becomes equal to
−PvdW (0) at long range. In order to illustrate this process, we show in Figure 1 the asymp-
totic part of the electrostatic pressure for various choices of α, We find that for monovalent
ions in an aqueous solution, at room temperature, the choice:

Rd ≈ 2.8κ−1 (13)

will cancel the vdW(0) interaction, essentially exactly. An analytic derivation of this value
is possible, via asymptotic expansion of the long-range pressure predictions of the iPB,
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2 2.5
lg[h/Å]

−9.5

−8.5

−7.5

lg
[β

∆P
Å

3 ]

1:1 salt
inert surfaces, A(+) = A(−) = 0

Rd = 2 κ−1

Rd = 2.8 κ−1

Rd = 3.6 κ−1

−vdW(0)

Figure 1: The long-range part of the net pressures, as calculated by iPB. The results for several choices of α,
with Rd = ακ−1, are shown, and the choice α = 2.8 leads to an essentially perfect match with −PvdW (0).

however, we will not present that here and content ourselves with a numerical evaluation.
When matching the long-ranged tail, it is advantageous to use the interaction free energy,
∆gs, rather than the pressure, as it is a more sensitive quantity (being an integral of the
pressure). Examples of this matching are given in Figure 2. The use of the Debye screening

100 200 300 400
h/Å

0

2e−06

β∆
g s

Å
2

(a) 1:1 salt
inert surfaces, A(+) = A(−) = 0

Rd = 2 κ−1

Rd = 2.8 κ−1

Rd = 3.6 κ−1

−vdW(0)

100 200 300 400
h/Å

0

2e−06

β∆
gÅ

2

(b)    1:1 salt
inert surfaces, A(+) = A(−) = 0

57 mM

99 mM

0.30 M

−vdW(0)

Figure 2: The long-range part of the interaction free energies, as calculated by iPB.
(a) Results with obtained different choices of α (similarly to Figure 1), at 99 mM salt.
(b) Results obtained at various salt concentrations, for the special case of Rd = 2.8/κ.

length for the characteristic length of the ion atmosphere does not imply that we are using
a linearized PB theory. This screening length is valid asymptotically and the value of the
proportionality constant, α, reflects (among other things) non-linear effects.

It is worthwhile noting here that later in this article will also compare iPB predictions
with simulations of dispersions containing 2:1 (or 1:2) salt. For these cases, we will find
that the same proportionality constant, α=2.8, will also cancel the vdW(0) contribution.
This is because the asymptotic tail of the electrostatic energy is independent of κ. This
follows from a fundamental analysis of the electrostatic interaction16 and, interestingly, is
also satisfied by the iPB approximation. One might anticipate that a mean-field theory (such
as the iPB) becomes inaccurate for 2:1 salts, however, we shall show that this is not the
case. This notwithstanding, the image potential approximation used in the iPB theory can,
in principle, be imported to more advanced theoretical treatments, where ion correlation
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effects are accounted for.27–33

2.4 Ninham-Yaminsky theory (NY)

Ninham and Yaminsky16 developed an elegant theory of interactions between dielectric
surfaces across an electrolyte solution. The theory, which we shall denote as NY, was
formulated at the level of a linearized Poisson-Boltzmann approximation. For two perfectly
conducting surfaces, their expression for the classical part of the net interaction free energy
(including the vdW(0) term), can be written as:

βgnet(NY ) =
1

4π

∫ ∞
0

k ln[1− e−2sh]dk (14)

where s = (k2 +κ2)1/2. We will partition this free energy into electrostatic and the vdW(0)
term as follows,

gnet(NY ) = gs(NY ) + gvdW (0) (15)

This allows us to compare directly the electrostatic interactions, that are obtained from
simulations and the iPB, with gs(NY ) (or the surface pressure derived from it). Note that
the properties of the electrolyte (valency and concentration) only enter the NY expression
through the Debye length κ−1.

3 Results

An important convergence (and code) check for both simulations and the iPB theory is that
the pressure evaluated either at the surfaces or the mid-plane should agree (see SI). In the
case of iPB calculations, the derivative of the grand potential with respect to separation
provides a third route to the pressure. However, as we shall see, at very low salt concentra-
tions the simulated wall densities become noisy and the surface evaluation of the pressure is
of no practical use. In order to obtain convergence in our simulations, we were forced to use
very large systems and a rather high number of reflections in the image potential expression.
We have not analyzed the reasons for this in any great detail, but it is presumably related
to the fact that the net interactions are composed of large, long-ranged, and counteracting
contributions. We have, for instance, found an extremely poor convergence when an odd
number of reflections is used (see SI).

Initially, we will investigate inert surfaces, wherein the non-electrostatic ion-surface inter-
actions are either hard or softly repulsive and do not discriminate between the ionic species
present. Subsequently, we will also consider cases where an ion adsorption potential acts at
the surfaces and is specific to ion type.

3.1 1:1 salt, non-adsorbing surfaces

Here we focus on the simplest case of 1:1 salt, and non-discriminating surfaces. In the
first section, we establish the electrostatic (ion-induced) repulsive pressure, and compare
it the zero frequency vdW pressure. In the subsequent section we report the result of
adding the electrostatic and van der Waals pressure contributions together and integrating
to to obtain the“total” interaction free energy (neglecting non-zero frequency van der Waals
contributions).

3.1.1 Comparing predictions and simulation data for ion-induced repul-
sive pressures

In Figure 3, we show the interaction between simple, inert, and hard conducting surfaces,
at various salt concentrations. As described earlier, the zero-frequency vdW attraction is
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P
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3

(a)  1:1 salt, 57 mM
A(+) = A(−) = 0

MC(mid)

MC(wall)

−vdW(0)

iPB

NY
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h/Å

0

4e−05

8e−05

β∆
P

Å
3

(b)  1:1 salt, 99 mM
inert surfaces, A(+) = A(−) = 0

MC(mid)

MC(wall)

−vdW(0)

iPB

NY

5 10 15 20
h/Å

0

0.0001

0.0002

β∆
P

Å
3

(c)  1:1 salt, 0.30 M
inert soft surfaces, A(+) = A(−) = 60

MC(mid)

MC(wall)

−vdW(0)

iPB

NY

Figure 3: The salt-induced net pressure, ∆P , as obtained by simulation methods (MC), iPB calculations, and
NY predictions for the electrostatic component. The negative of the zero frequency vdW pressure (−PvdW (0))
is also shown for comparison. The conducting surfaces are non-discriminating (A+ = A−). At the highest salt
concentration, statistical noise was reduced (for the wall pressure) by the use of softly repulsive surfaces.
(a) 57 mM, hard surfaces
(b) 99 mM, hard surfaces
(c) 300 mM, softly repulsive surfaces.

not accounted for in the electrostatic interaction free energy. Instead we show −PvdW (0)
separately with its sign reversed. We see that this term dominates the repulsive electrostatic
interaction, i.e., this system will overall display a net attractive interaction, even without the
additional higher frequency (quantum) contributions to the vdW attraction. The predictions
of the iPB and NY theories for the electrostatic interaction are in very good agreement with
the simulations.

Note that the repulsive electrostatic pressure increases with added salt, approaching
−PvdW (0) from below, even at short range. This behaviour is opposite to standard DLVO
predictions between charged non-conducting particles, where the electrostatic repulsion
drops when more salt is added. The total net pressure, obtained by adding PvdW (0) to
the electrostatic contribution will thus show a diminished range upon the addition of salt.
This amounts to a reduction of a net attractive pressure. In other words, adding salt to this
system would tend to stabilize the dispersion, or at least make it less unstable (with, pre-
sumably, slower flocculation rates). This is consistent with the NY prediction, that the total
interaction between surfaces in the presence of electrolyte can be described as a screened
zero-frequency vdW force.16,21 In fact, at the highest investigated concentration (300mM),
the salt-induced repulsion is strong enough to almost completely offset the attractive contri-
bution from PvdW (0), even at short-range. As an aside, we note that this finding would be
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relevant to the stability of conducting nanoparticle dispersions in room temperature ionic
liquids, where the salt concentration is extremely high.

Comparisons between the pressures evaluated across the mid-plane and at the surfaces,
show agreement whenever statistics admits this comparison. These checks are reported and
discussed in the SI. At high salt, we encountered a substantial increase in the noise, primar-
ily related to a reduced number of sampled configurations per ion, which was particularly
problematic for pressures evaluated at surface contact (these require numerical extrapola-
tions). In order to circumvent this problem, we utilized soft repulsive walls, for the highest
investigated salt concentration (300 mM). In the SI, we illustrate that the pressures obtained
for hard and softly repulsive (A+ = A− = 60) walls were nearly identical, except at very
short separations.

3.1.2 Net interaction free energies, including vdW(0)

In Figure 4, we demonstrate the agreement between iPB and NY predictions for 1:1 salts,
by plotting the net interaction free energy at 57 mM, where the vdW(0) contribution has
been included, in order to obtain the complete (classical) interaction between the surfaces.
The comparison clearly demonstrates that the two approaches provide nearly identical pre-

0 20 40
h/Å

−0.0002

0

β(
∆g

s+
∆g

vd
W

(0
))

Å
2

1:1 salt
inert surfaces, A(+) = A(−) = 0 

iPB, 57 mM

dashed: NY predictions

vdW(0) included

Figure 4: iPB and NY predictions of net interaction free energies in a 1:1 salt solution, as obtained by adding the
salt induced (∆gs) and zero frequency vdW (∆gvdW (0)) contributions, at various salt concentrations (in the NY
theory, both of these terms are included in eq. (14).) The surfaces are hard, non-discriminating (A+ = A− = 0),
and conducting.

dictions in this case.

3.2 2:1 salts, non-adsorbing surfaces

We now turn our attention to asymmetric salts, specifically 2:1 (or 1:2) salts. Here we shall
study three important aspects:

• verify that the choice α = 2.8 in the iPB interaction will again negate the zero frequency
van der Waals pressure

• compare iPB and NY predictions for the electrostatic component of the pressure with
simulations

• compare the iPB and NY predictions for the net total interaction free energy, i.e., after
adding the zero order van der Waals component.
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3.2.1 Verifying that α = 2.8

As for 1:1 salts, we will use the criterion that the long-ranged tail of the electrostatic
component of the free energy will match −gvdW (0) in order to determine the radius, Rd
of the image disc in the iPB approximation. As shown in Figure 5, the choice Rd ≈ 2.8κ−1,
i.e., the same value for α as was used in the 1:1 salt will accomplish this cancellation.
There is a deeper reason for this, as the asymptotic form of the iPB is independent of the
Debye length. We shall demonstrate this and an analytic derivation for the value of α in a
subsequent publication.

200 250 300 350 400
h / Å

0

4e−07

β∆
g s

Å
2

2:1 salt, iPB predictions
inert surfaces, A(+) = A(−) = 0

vdW(0)

6.8 mM

19 mM

57 mM

99 mM

Figure 5: iPB predictions for the long-range part of the interactions between non-discriminating (A+ = A− = 0)
and conducting surfaces immersed in a 2:1 solution. Eq. (13) was used, for each salt concentration, to establish
the value of Rd (common to both ions).

3.2.2 Comparisons with simulation data for ion-induced repulsive pres-
sures

In Figure 6, we show the electrostatic interactions between hard conducting surfaces, at
various salt concentrations. Here the inaccuracy of the NY theory becomes apparent. As a
linearized mean-field theory for electrolytes, it depends purely on the Debye length κ−1 and
does not differentiate between solutions containing salts of different valency, if they have
the same ionic strength. Furthermore, the NY theory will always predict that the total
interaction is a screened van der Waals interaction, ie., will always be attractive. However,
the simulation data clearly shows that the electrostatic repulsion for 2:1 salts more than
compensates for the zero frequency vdW attraction, i.e., the approach towards -vdW(0)
at long range, occurs from above. This result is faithfully captured by the iPB theory and,
remarkably, the accuracy of iPB appears to be slightly better relative to the case of 1:1 salts.
This is probably due to a cancellation effect. As in any mean-field theory, the iPB neglects
ion correlations. Correlations will tend to increase the adsorption of ions at the conducting
surface, relative to a mean-field prediction, as they allow the ions to pack more densely at
the surface. This increased adsorption will tend to generate a more repulsive electrostatic
pressure, but this is counteracted by the fact that lateral ion correlations across the mid-
plane will lead to a more attractive pressure than would be predicted by a mean-field theory.

3.2.3 Net interaction free energies, including vdW(0)

The resulting iPB and NY predictions for the total net interaction free energies, i.e. the
sum of the repulsive ion pressure and the attractive vdW(0), are shown in Figure 7. The
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(b)    2:1 salt, 20.6 mM
inert surfaces, A(+) = A(−) = 0

MC(mid)

−vdW(0)
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(c)    2:1 salt, 65.5 mM
inert surfaces, A(+) = A(−) = 0

MC(mid)

−vdW(0)

iPB

NY

Figure 6: The salt-induced net pressure, ∆P , as obtained by simulation methods (MC), and iPB or NY
calculations, respectively. The negative values of the zero frequency vdW attraction are also shown, as reference
(-vdW(0)). The walls are conducting, but non-discriminating. Due to the significant noise, the wall pressure is
only displayed for the lowest salt concentration.
(a) 7.00 mM
(b) 20.6 mM
(c) 65.5 mM

demonstrated accuracy of the iPB suggests that its predictions may be regarded as some-
what of a benchmark, especially in those systems where simulations prove to be statistically
unreliable. Our results also clearly show that the NY approach leads to qualitatively incor-
rect results for multivalent ions. The results for this system may be of some relevance to
the stability of gold sols in solutions of organic acid. For example, we have seen how a free
energy barrier may eventuate (in the absence of steric stabilizers) when multivalent ions are
present. It is possible that this stability may be enhanced due to adsorption of multivalent
citric(or ascorbic) acid ions onto the gold particles. At pH 7 citric acid is primarily trivalent
in a bulk solution.

3.3 1:1 salt, ion-specific adsorption

In this section, we shall analyze the effect of introducing an ion-specific adsorption potential
at the surfaces, in a 1:1 salt solution. As already mentioned, it is generally believed that
adsorption is important for the stability of metal particles of colloidal size. We model the
surface specificity by setting A(+) = 4.5 and A(−) = −4.5, i.e., we assume that the anions
are adsorbed more strongly than cations. A possible mechanism leading to this discrimi-
nation is due to ion hydration, whereby the cations (typically being strongly hydrated by
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Figure 7: iPB predictions of total interaction free energies, as obtained by adding 2:1 salt induced (∆gs)
repulsions and zero frequency vdW (∆gvdW (0)) attractions, at various salt concentrations. The surfaces are
non-discriminating (A+ = A− = 0) and conducting.

water) are effectively repelled from the surfaces.

3.3.1 Comparing predictions and simulation data for ion-induced repul-
sive pressures

Figure 8 shows the repulsive electrostatic pressure at various salt concentrations in the
presence of the discriminating surfaces described above. To the best of our knowledge, the
NY theory has not been generalized to account for ion adsorption, so no predictions from
that theory are presented here.

In Figure 8(a) (at 6.8 mM salt), we see that the iPB proves to be reasonably accurate,
only slightly underestimating the repulsion. We note, however, that these forces are mea-
sured at relatively long range, where the pressures are weak, and the observed differences
may also be due to uncertainty in our estimate of the bulk pressure in the simulations. At
this low salt concentration simulated pressures, evaluated at the surfaces, were noisy on this
scale and are not given. The reason is the dramatically varying density profiles, primarily
the anions, in the vicinity of the walls. This makes accurate extrapolations of the density
profiles difficult leading to large relative uncertainties when the net pressures as weak as
they are at these large distances. One interesting observation is that ion specific adsorption
generates a strong repulsion that exceeds −PvdW (0) at long range. We note, however, the
latter dominates at short separations, which results in a non-monotonic total interaction.

In Figure 8 (b), at about 19 mM, this behaviour is even more apparent whereby the total
interaction is clearly repulsive at long range, but turns attractive at short separations. This
is the same qualitative behaviour as predicted by the standard DLVO model for charged
particles without dielectric discontinuities, though we note that the particles considered
here are uncharged. The iPB approximation again proves to be very accurate, which is an
encouraging observation as the simulations are computationally expensive. On the other
hand, the iPB calculations are quickly obtained at high precision. The results at a salt
concentration of 57 mM are presented in Figure 8 (c). The simulated pressures include
those evaluated at the surface (as well as across the midplane) as the bulk concentration
is now high enough to allow density extrapolations with a relatively high precision. The
substantial increase in repulsion at large surface separation, brought about by ion specific
adsorption, can be appreciated by comparing with the results obtained for non-adsorbing
surfaces, cf. Figure 3. We again note there is almost quantitative agreement between the
simulations and the iPB predictions.

At even higher salt concentrations, Figure 8 (d), the electrostatic repulsion dominates
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(c)    1:1 salt, 57 mM
ion−specific adsorption, A(+) = −A(−) = 4.5
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(d)    1:1 salt, 0.30 M 
ion−specifc adsorption, A(+) = −A(−) = 4.5
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Figure 8: Interactions between ion-discriminating (A+ = −A− = 4.5) and conducting surfaces, immersed in
salt solutions. The notation is the same as in Figure ??.
(a) 6.8 mM salt
(b) 19 mM salt
(c) 57 mM salt
(d) 0.30 M salt

PvdW (0) for all simulated separations. The two will of course merge at long range, but
the total interaction will approach zero from above. These results suggest that ion-specific
adsorption may completely stabilize dispersions of conducting particles at high salt concen-
tration. 1. This prediction will naturally depend upon the strength of the finite frequency
van der Waals pressure, which is not considered here. Nevertheless, from a fundamental
point of view, this is an interesting observation and one which would be substantially am-
plified in an ionic liquid. The long-ranged tail of the interaction free energy is investigated
in the SI, where we confirm that the electrostatic component, obtained by the iPB theory,
cancels the zero frequency van der Waals term.

3.3.2 Net interaction free energies, including vdW(0)

A summarizing graph of the total interaction free energies, for systems with ion-specific
adsorption, is given in Figure 9. We see how an increased salt concentration sees a gradual
build-up of the repulsive regime. At intermediate concentrations, this leads to a free energy
barrier, but at high concentrations, the interaction free energy is repulsive at all separations.

1Adding a non-adsorbing salt will of course not have the same effect.
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Figure 9: iPB predictions of total interaction free energies, as obtained by adding the salt induced (∆gs) and
zero frequency vdW (∆gvdW (0)) contributions, at various salt concentrations. The surfaces are ion-discriminating
(A+ = −A− = 4.5) and conducting.

3.3.3 Comparing with charged surfaces without images

The stability of dispersions containing metal nanoparticles is often attributed to ion-specific
adsorption, effectively charging up the particles. The results presented above support this
suggestion. On the other hand, DLVO treatments generally neglect effects from image
interactions and only include a combination of double layer repulsions and van der Waals
attractions. It is instructive to try to map our model to the simpler one envisaged in DLVO
calculations on charged surfaces.

We consider the 19 mM system, with ion-specific adsorption, as illustrated in Figure 8
(b). The adsorption potential gives an excess of anions close to the surface, which can be
interpreted as producing a surface-bound charge density. It is useful to define an effective
z-dependent, surface charge density, σ(z), as:

σ(z) =

∫ z

0

n+(z′)− n−(z′)dz′ (16)

The quantity is plotted for our system in Figure 10 (a). A“natural” choice for the effective
surface-bound charge density is the minimum value of σ(z). In this case, we obtain from
Figure 10 (a) σeff ≈ −0.0001e/Å2. This value remains relatively insensitive to the distance
between the surfaces. We now construct a standard double-layer model, with two charged
surfaces, separated by a salt solution. The charge density on the surfaces are set to σeff .
As in the usual DLVO approach, we perform PB calculations neglecting the effect of the
dielectric discontinuities. The density profiles against a single surface are illustrated in
Figure 10(b). We see that, beyond about 25 Å from the surface, the ion density profiles of
the simple double-layer model agree quite well with those obtained with the iPB. The total
surface interactions are displayed in Figure 10(c). The agreement is reasonable at long range,
but deteriorates for separations below h = 80Å or sos. The surfaces with adsorbing ions
shows a maximum at h ≈ 80Å, below which the vdW term dominates. On the other hand
the system at constant surface charge predicts a repulsion in this region. To summarize, the
long-ranged behaviour can probably be modelled using a fixed effective surface charge and
no image effects, but substantial errors can be expected at short range.
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Figure 10: Comparing interactions and density profiles between ion-discriminating (A(+) = −A(−) = 4.5)
conducting surfaces, and a simple “analogue”, with non-conducting surfaces (see main text. The salt concentration
is 19 mM
(a) Effective surface charge density at the conducting surface.
(b) Corresponding ion density profiles, at the conducting and the “simplified” (see text) surfaces, respectively.
(c) Corresponding interaction free energies.

4 Conclusions and outlook

We have studied the interaction of conducting particles immersed in electrolyte solutions.
Computer simulations for non-adsorbing neutral surfaces show that the electrostatic contri-
bution, to the surface interactions is repulsive, due to an ionic solvation effect. That is, the
ions in solution are attracted to the surfaces via polarization (modelled by image charges)
and as the surfaces approach, ions are excluded from the interstitial region of favourable
interactions. On the other hand, the electrostatic contribution does not contain the vdW
contribution to the free energy. The zero-frequency contribution of the latter exactly cancels
the long-ranged repulsion of the electrostatic interaction. When added to the electrostatic
interaction, we find that the force between the surfaces becomes attractive, albeit, screened
by the salt. Indeed, the attraction diminishes as the salt concentration increases. The
Ninham-Yaminsky (NY) theory is very accurate for 1:1 salt solutions against non-adsorbing
surfaces. As far as we know, this is the first time that the accuracy of this theory has been
evaluated against simulations. However, the NY approach generates qualitatively incorrect
net interactions for solutions containing asymmetric (M:1 or 1:M) salts. Furthermore, we
are not aware of the generalization of the NY theory to adsorbing surfaces. Our simula-
tions show that if the surfaces are able to specifically adsorb ions they obtain a residual net
charge, and the interaction becomes more repulsive. We find that even with the addition
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of the zero-frequency vdW contribution, such surfaces may be completely repulsive at high
enough salt concentration.

In addition to the simulations, we have proposed a simple correction to the Poisson-
Boltzmann theory, the so-called image Poisson-Boltzmann, which accounts for the dielectric
discontinuity. The resulting theory is surprisingly accurate, even for an asymmetric 2:1
(or 1:2) salt, giving essentially quantitative agreement with the simulations, even when the
NY theory is qualitatively incorrect. For instance, the total surface interactions in 2:1 (or
1:2) salt solutions are repulsive at long range. This is nicely captured by iPB, whereas
NY theory predicts a monotonic attraction. The iPB theory may prove a useful adjunct to
studies on systems with dielectric inhomogeneities, especially as simulations of these systems
are numerically demanding. An important additional advantage of the iPB approach is that
ion-specific adsorption can be included in the theory without loss of accuracy. The ability to
account for ion-specificity is of crucial importance for studies on metal particle dispersions,
such as gold sols. For instance, it has been been hypothesized that trivalent citric acid anions
are displaced by monovalent gold tetrachloride anions, at the surface of gold particles. This
study clearly shows that such displacements will require a very strong preferential adsorption
of the monovalent species. Finally, given the density functional formulation of the iPB it
would be relatively straightforward to move beyond the mean-field level, and to include other
mechanisms, such as excluded volume effects. Additionally, realistic models of oligomeric
ions, as for example, occur in room temperature ionic liquids is also possible.
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