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Abstract 

 Molecular dynamics (MD) simulations have been performed to generate the radial 

distribution functions (RDFs) of confined Lennard-Jones (LJ) fluid into (33,0) carbon 

nanotube (CNT) from room temperature to 600 K. Then, we have fitted the obtained RDF 

values to a new analytical expression in a good accordance with the simulated values. 

The new RDF expression predicts the configurational energy and the radial and axial 

pressures of the LJ fluid with an uncertainty that is comparable to that obtained directly 

from the MD simulations.  

 

 

 

 

 

 

 

 

 

 

* Corresponding author. Tel.: +985144013322 

 E-mail Address: m.abbaspour@hsu.ac.ir; mohsenabbaspour@yahoo.com 

Page 1 of 23 RSC Advances

R
S

C
A

dv
an

ce
s

A
cc

ep
te

d
M

an
us

cr
ip

t



 2

1. Introduction 

Reduction of the size of a substance to the nanometer scale endows it with the properties 

and behavior that are different from those of the bulk material.1 The interaction with the 

walls that confine a sample in a small volume further alters the properties, behavior, and 

structure of the material. For example, gas and liquid inside a carbon nanotube (CNT) has 

a remarkable change because of the nanoscale confinement for the molecular motions.2,3 

These unconventional phenomena provide a challenge for the development and 

application of the fluids at nanoscale.4 Among the different properties of the fluids which 

may changes in the nanoconfinement state, the radial distribution function (RDF) is of 

great importance which has been the subject of some recent investigations.5,6 The RDF is 

the best characteristic of the nature of substances, specially liquids, and its knowledge  

could reveal the peculiarities of fluids and fluid mixtures.7 It acts as a bridge for relating 

macroscopic thermodynamic properties to interparticle interactions of substances.8 For a 

normal (non-confined) fluid, knowledge of the RDF is very important because of the 

following reasons; First, the knowledge of the RDF is sufficient to calculate the 

thermodynamic properties such as the pressure and internal energy. Second, the RDF 

allows us to calculate direct correlation function integrals which are the basis of the 

fluctuation theory of mixtures. Third, the RDF is the best characteristic of the nature of 

fluids.7-11 For these reasons, there are many investigations about the RDF of the fluids 

and fluid mixtures. For example, Matteoli and Mansoori12 presented a simple expression 

for the RDF of a LJ fluid using 21 parameters at different values of temperature and 

density. Their values of the reduced pressure and internal energy calculated by numerical 

integration of the completely parametrized RDF equation, have been compared fairly 

with literature MD simulation results. Morsali et al.8 presented an accurate expression for 

the RDF of the LJ fluid with total of 65 constants as a continuous function of reduced 

interparticle distance, temperature, and density. Their expression predicted the pressure 

and the internal energy of the LJ fluid with an uncertainty which was better than the 

expression of Matteoli and mansoori.12 Abbaspour and Keyvanloo13 determined an 

analytical expression for RDF of the Hartree-Focked Dispersion (HFD)-like fluid. They 

also calculated the pressure, internal energy, and infinite-frequency shear modulus of the 

HFD-like fluid using statistical mechanical formulas. They also investigated many-body 
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and quantum corrections for the RDF of the HFD-like fluid. Abbaspour and Jorabchi14 

developed the RDF expression of Abbaspour and Keyvanloo13 for the HFD-like fluid as a 

continuous function of reduced interparticle distance, temperature, and density. They also 

calculated the shear viscosity, self-diffusion coefficient, and thermal conductivity of the 

HFD-like fluid using the proposed RDF equation and the many-body and quantum 

corrections.  

     The RDF of the confined fluids and nanoparticles into the CNTs or slit pores has been 

also subject of some of the works in recent years.5,6,15 For example, Das and Singh5 

calculated radial distribution function to analyze the structure and phase for each layer of 

confined LJ system into slit pores. To gain insights into the local structure of a confined 

ionic liquid (IL) in silica nanopores, Ori et al.15 calculated the pair correlation functions 

between the cation or anion of the IL and atoms of the silica surfaces and between the 

cation and anion of the IL. In order to better understand the melting and freezing of 

confined copper nanoclusters into CNTs, Akbarzadeh et al.6 employed the Cu-CNT 

RDFs of the Cu55 and Cu923 nanoclusters at 300 K (before melting) and 1200 K (after 

melting) in the heating and cooling processes. 

     For the first time, we have presented an analytical expression for the RDF of the 

confined LJ fluid. We adopted argon as a LJ fluid. Argon is a component of the air, 

which is an inert gas and has a wide application in industry.5 It is also utilized in the 

synthesis of CNTs and CNT bundles of specified characteristic size or chemical 

functionalization.16,17 Some previous investigations have proved that the argon can 

adsorb on the CNTs and CNTs bundles.18-20 We have also tried to calculate the 

thermodynamic properties of the confined LJ fluid using the proposed RDF equation. In 

fact, the investigation of the properties of the confined fluids (such as the RDF) can 

provide an insight into the many real‐world physical and biological phenomena and 

industrial processes,1,5 some examples of which are properties of fluids in porous media21 

as in underground petroleum recovery,22 gas storage,5 and transfer of ions through 

biological ion‐channels.23-25 
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2. The approach 

2.1 The RDF expressions  

      There are two kinds of the RDFs for the confined LJ fluid into the nanotube; The Ar-

Ar RDF and the Ar-C(CNT) RDF. We have calculated the Ar-Ar and Ar-C RDFs of the 

confined atoms into the (33,0) CNT as a function of reduced separation in the reduced 

temperature (T*=kT/ε) and density (ρmix
*=ρmixσ

3) ranges from 5.2 ≤ T*≤ 10.4 (298 K ≤ T≤ 

600 K) and 1.58 ≤ ρmix
*≤ 1.66 (160≤ NAr

 ≤ 320) using the MD simulation and then fitted 

to the following equations using the Sigmaplot software:26 

( )[ ] 1exp 4 ≤+−= xnxmsg a                                                                     (1) 

( ) ( )[ ] ( )[ ] ( ) ( )[ ] ( )[ ] 1cosexpsinexp1 44 >++−+++−+= −−
xlxkhxqxdxcbxaxgb    (2) 

where g represents the RDF and a, b, c, d, q, h, k, l, m, n, and s are the adjustable 

parameters. The details of the fitting procedure and the parameter values of Eqs. (1) and 

(2) along with the R2 values for the Ar-Ar and Ar-C RDFs have been presented in Tables 

S1 and S2 in the supporting information. The Eqs. (1) and (2) are the modifications of our 

previous expressions for the normal LJ and HFD-like fluids [8,14]. It should be also 

noted that all of the quantities have been reduced using the Ar-C LJ parameters (Table 1).  

     The calculated Ar-Ar and Ar-C RDFs of the confined LJ fluid (using the Eqs. (1) and 

(2)) for the two different confined argon atoms and temperatures have been compared 

with those of the MD simulation in Figs. 1 and 2, respectively. According to Figs. 1 and 2 

and the R2 values in Tables S1 and S2, there are good agreements between our calculated 

values and the simulation. It should be also reminded that the Ar-C RDF shows the 

probability of finding the argon atoms around a reference carbon atom. According to Fig. 

2 at NAr=160, two atomic layers can be distinguished inside the CNT and so, there are 

two peaks in the Ar-C RDF. It is also shown that there are three peaks (and atomic layers) 

in the Ar-C RDF at  NAr=320. 

 

2.2 The energy and pressure expressions  

    We have considered the confined LJ fluid into the CNT as a mixture of the argon and 

carbon atoms. Therefore, according to the different interactions, the reduced configurational 

energy of the system, E*=E/ε (ε is the well depth of the interaction potential), can be 
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calculated from the following statistical mechanical expression: 
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where ρmix
*=ρmixσ

3 is the reduced density of the mixture (σ is the distance at which the 

intermolecular potential is zero), x=r/σ is the reduced intermolecular distance, U*(x) is 

the reduced LJ potential, g(r) is the RDF, and βE is an adjustable constant. According to 

the two ranges of the RDF equations (Eqs. 1 and 2), the Eq. (3) can be rewritten as: 
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        For the LJ fluid confined inside a CNT, the radial and axial forces are different.27 

Therefore, according to the both Ar-Ar and Ar-C interactions, the reduced radial and 

axial pressures (denoted by PR and PL) of the system (P*=Pσ3/ε) can be calculated from 

the following statistical mechanical expressions: 
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where βR and βL are adjustable parameters and (∂U*/∂x) is the first derivative of the reduced 

interaction potential relative to the reduced intermolecular distance.  

 

2.3 Simulation details  

      The MD simulations have been performed on the confined argon atoms inside (33,0)  

CNT with the radius of 1.29 nm and the length of 4.24 nm from room temperature to 600 

K and for the confined 160 to 320 argon atoms. During the simulation, one (33,0) CNT 

was immersed in an equilibrated periodic LJ fluid reservoir containing 8000 argon atoms. 
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Without any filling, an initial optimization at the pressure of 1 atm and the temperature of 

300 K was performed and the argon atoms were allowed to fill into the nanopore from the 

bulk outer fluid (Fig. 3). After completing the filing process (320 confined atoms after 

about 5 ns), the system was equilibrated for 5 ns. We also ran simulations by diminishing 

the confined atoms into the CNT from 320 to 160 (by 20 atoms) and then we equilibrated 

the system for 5 ns again.  

      The MD simulations were carried out in canonical ensemble (NVT). The equations of 

motion were integrated using Verlet leapfrog algorithm with a time step of 0.001 ps. In 

these simulations, we have used Nose-Hoover thermostat algorithm28,29 with DLPOLY 

4.03 package.30 The relaxation time for thermostat is 0.1 fs. The periodic boundary 

conditions were applied only in the axial direction of the CNT. All interatomic 

interactions between the atoms in the simulation box have been calculated within the 

cutoff distance 15 Å. The simulations were carried out for 5 ns of equilibration followed 

by production time of 2 ns for the calculated properties (The details of the choosing of 5 

ns as the equilibration time have been presented in the supporting information). The 

Argon-Argon interaction energy was modeled using the Lennard-Jones (12,6) potential.31 

In these simulations, the CNTs have been kept in fixed position. For the intermolecular 

interactions between Argon and CNT, we have used Lennard- Jones potential utilizing 

the geometric mean for ɛ and the arithmetic mean for σ.
32 Table 1 shows the different LJ 

interactions used in this work. 

 

3. Results and discussion 

3.1 The confinement effect  

We have compared the Ar-Ar RDF of the normal (non-confined) fluid with the Ar-Ar 

 RDFs of the fluid confined into the (33,0) and (19,0) CNTs in Fig. 4. According to 

this figure, the RDF, or g(r) =ρ(r)/ρ, of a normal LJ fluid tends toward zero as the 

reduced distance x(=r/σ) goes to zero, since additional particles cannot occupy the same 

location as the reference particle. It is also shown at large distance, the influence of the 

reference particle is zero, and g(r) must approach unity (which means that the local 

density (ρ(r)) is equal to the macroscopic density (ρ). It is also illustrated at intermediate 
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separation, ( )rρ  may be less than or exceed ρ , depending on whether the distance r 

corresponds to the repulsion or attraction between the particles.7 

According to Fig. 4, the Ar-Ar RDF of the confined fluid into the (33,0) CNT has three 

differences with that of the normal fluid. First, the RDF peaks are higher for the confined 

fluid. This means that there is more probability of finding other particles around a 

reference atom in a confined fluid than the normal fluid. Second, there are less peaks and 

oscillations (almost three peaks) in the RDF of the confined fluid than the normal one. 

This means that there are less layers of the neighbor particles around the reference atom in 

the confined fluid than the normal one. Third, the RDF does not approach unity at large 

distances but approaches to a number which is greater than unity (here is about 4). The 

reason of all of these differences is called the confinement effect.4 In the other words, the 

density of the argon atoms in the atomic layers (in the confinement state) is evidently 

higher than the density of the normal fluid due to the layered structure inside the CNT. It 

is also shown in Fig. 4 that there are two atomic layers inside the (19,0) CNT in which the 

first atomic layer locates at the center of the tube. It is also shown that the Ar-Ar RDF 

peaks are higher in the (19,0) CNT which is due to the stronger confinement effect in the 

smaller CNT than the bigger nanotube. 

 

3.2 Calculation of configurational energy 

    We have considered the confined LJ fluid into the CNT as a mixture of the argon and 

carbon atoms. In Eq. (4), the βE is an adjustable parameter which its value for a 

homogeneous mixture is 2. It should be noted that our system (confined Ar atoms into the 

CNT) is a heterogeneous mixture of argon and carbon atoms and so, the value of the 

parameter βE should be investigated.  

       We have determined the values of the parameter βE at different temperatures and 

densities (different argon atoms) by comparison between the calculated energy values 

from Eq. (4) and the MD simulated data and presented in Fig. 5. According to this figure, 

the βE values show almost the same trend at different temperatures and their values are 

between 1 to 5. The βE values increase sharply with increasing the confined argon atoms 

in the CNT until the NAr=240 and then become almost constant. It is also shown that the 

βE values increase with increasing the temperature.  
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 8

      Suppose a homogeneous mixture of argon and carbon atoms. For this mixture, 

increasing the temperature or density will change the Ar-Ar and Ar-C interactions in the 

mixture identically and so the both terms in the Eq. (3) changes identically and the βE will 

be constant (which is 2). But for our heterogeneous system, by increasing the temperature 

or density, the significance of the second term increases than the first term in Eq. (3). In 

the other words, the interactions and collisions between the confines atoms and the CNT 

wall increase by increasing the density and temperature. It is also surprising that the βE is 

almost equal to 2 at high densities for 300 to 400 K which is equal to the value for the 

homogeneous mixture. 

      We have also compared the simulated values of the configurational energy and our 

calculated energy values for the confined argon atoms into the (33,0) CNT using the Eq. (4) 

and the RDF values calculated from Eqs (1) and (2) in Fig. 6. According to this figure, 

there are very good agreements between our calculated and the simulated values.  

 

3.3 Radial and axial pressures 

       For the LJ fluid confined inside a CNT, the radial and axial forces are different.27 

Therefore, we have two kind of pressure for the system; radial pressure and axial pressure. 

According to Eqs. (5) and (6), it may be very difficult or impossible to introduce the 

interaction potential and RDF in the radial and axial directions. Instead, we have used 

alternative method. It is obvious that the both Ar-Ar and Ar-CNT interactions are 

responsible for the radial or axial pressures. Therefore, we have tried to know what 

combination of the Ar-Ar and Ar-C terms in Eqs. (5) and (6) is responsible for the radial 

pressure or axial pressure. In the other words, we have considered the same interaction LJ 

potential and the same RDF equations (Eqs. 1 and 2) but the different adjustable parameters 

(βR and βL) for the both radial and axial pressure equations. Such as the energy calculation, 

we have also considered the confined LJ fluid into the CNT as a heterogeneous mixture of 

the argon and carbon atoms. 

      We have determined the values of the parameters βR and βL at different temperatures 

and densities (different argon atoms) by comparison between the calculated pressure 

values from Eqs. (5) and (6) and the MD simulated data and presented in Fig. 7. 

According to this figure, the βR and βL values show almost the same trend at different 
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temperatures and their values are between 0 to 2. It is shown until the NAr= 300 that the 

both βR and βL parameters oscillate around average values of 0.95 and 0.92, respectively. 

It means that the second parenthesis in Eqs. (5) and (6) (i.e. the Ar-wall interaction) is a 

bit more significant than the first parenthesis in the radial pressure. After the NAr= 300, 

the both βR and βL parameters increase sharply with the confined atoms as expected. The 

different trends of the both βR and βL parameters relative to the βE parameter can be due 

to the fact that the LJ fluid inside the nanotube is an anisotropic system for which the 

pressure is a tensor.     

      We have also compared the simulated values of the radial and axial pressures and our 

calculated pressure values for the confined argon atoms in the (33,0) CNT using the Eqs. 

(5) and (6) and the RDF values calculated from Eqs. (1) and (2) in Fig. 8. According to 

this figure, there are very good agreements between our calculated and simulated 

pressure values. These good agreements between our simulated and calculated values 

verify the new expressions proposed for the RDF of the confined LJ fluid. 

 

4. Conclusion 

     We have calculated the Ar-Ar and Ar-C RDFs of the confined argon atoms into the 

(33,0) CNT as a function of reduced separation in the reduced temperature and density 

ranges from 5.2 ≤ T*≤ 10.4 and 1.58 ≤ ρmix
*≤ 1.66 using the MD simulation. Then, we 

have fitted the obtained RDF values to new analytical expressions whose the R2 values of 

the adjustable constants (Tables S1 and S2) show good agreements with the simulated 

values.  

     We have considered the confined LJ fluid into the CNT as a heterogeneous mixture of 

the argon and carbon atoms and calculated the reduced configurational energy and radial 

and axial pressures of the system from the statistical mechanical expressions. In order to 

get the good agreement between the calculated and simulated values of the 

thermodynamic properties, we have introduced the adjustable parameters βE, βR, and βL 

for the configurational energy, radial pressure, and axial pressure, respectively. Our 

energy results showed that the βE values increase with the confined argon atoms and the 

temperature which can be due to the more significance of the second term than the first 

term in Eq. (3).  
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Our pressure results indicated that the βR and βL values show almost the same trend at 

different temperatures and they oscillate around average values of 0.95 and 0.92, 

respectively. The different trends of the both βR and βL parameters relative to the βE 

parameter can be due to the fact that the LJ fluid inside the nanotube is an anisotropic 

system for which the pressure is a tensor. We have also calculated the configurational 

energy, radaial and axial pressures using the new RDF expressions for the confined LJ 

fluid in very good agreements with the simulated values.  

For the first time, we have presented the analytical expressions for the RDF of the 

confined LJ fluid (Eqs. 1 and 2). In fact, the investigation of the properties of the 

confined fluids (such as the RDF) can provide an insight into the many real‐world 

physical and biological phenomena and industrial processes, some examples of which are 

properties of fluids in porous media as in underground petroleum recovery, gas storage, 

and transfer of ions through biological ion‐channels. 

 

 

Keywords: Radial distribution function; Confined Lennard-Jones fluid; Carbon  

                       nanotube; Radial and axial pressure; Configurational energy. 
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Figure captions 

 

Fig. 1. Comparison between our calculated Ar-Ar RDFs of the confined LJ fluid (using  

            the Eqs. (1) and (2)) and those of the MD simulation at different states. 

 

Fig. 2. Comparison between our calculated Ar-C(CNT) RDFs of the confined LJ fluid  

            and those of the MD simulation at different states. 

 

Fig. 3. The Snapshot of the nanotube immersed in 8000 argon atoms at 300K. 

 

Fig. 4. Comparison between the Ar-Ar RDFs of the normal (non-confined) and the  

            confined LJ fluids into the (33,0) and (19,0) CNTs. 

 

Fig. 5. The βE values at different temperatures and densities (different argon atoms). 

 

Fig. 6. Comparison between the simulated values (points) of the configurational energy  

            and our calculated values (solid lines) using the Eq. (4) and the RDF equations  

            (Eqs. 1 and 2). 

 

Fig. 7. The βR and βLvalues at different temperatures and densities (different argon  

            atoms). 

 

Fig. 8. Comparison between the simulated values (points) of the radial and axial  

            pressures and our calculated values (solid lines) using the Eqs. (5) and (6) and the  

            RDF equations (Eqs. 1 and 2). The symbols have the same meaning of Fig. 6.
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  Table 1.  The values of LJ parameters for the different interactions.30,31 

          Interaction                   σ (Å)                   ε/k (K)                                                                                   
 
              Ar-Ar                      3.4050                  119.80 
              Ar-C(CNT)             3.4025                    57.67 
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Fig. 1 
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Fig. 2 
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Fig. 3 
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Fig. 4 
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Fig. 5 

NAr

140 160 180 200 220 240 260 280 300 320 340

ββββΕΕΕΕ

0

1

2

3

4

5

T= 300 K

T= 350 K

T= 400 K

T= 450 K

T= 500 K

T= 550 K

T= 600 K

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Page 19 of 23 RSC Advances

R
S

C
A

dv
an

ce
s

A
cc

ep
te

d
M

an
us

cr
ip

t



 20

 
Fig. 6 
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Fig. 7 
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Fig. 8 
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A new and accurate expression for the RDF of the confined LJ fluid into carbon nanotube has 

been obtained. 
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