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Heat-capacity increase near liquid-amorphous (glass) transition temperature (1060 K) is caused by 

dynamical instability leading to  freezing of 4-coordinated network. 
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The freezing tendency towards 4-coordinated amorphous network causes

increase in heat capacity of supercooled Stillinger-Weber silicon

Pankaj A. Apte∗a Nandlal Pingua,a Arvind Kumar Gautam,a Uday Kumar,a Soohaeng Yoo Willow,b

Xiao Cheng Zeng,c and B. D. Kulkarnid

The supercooled liquid silicon (Si), modeled by Stillinger-Weber (SW) potential, has been shown to undergo transi-

tion to low density amorphous phases at 1060 K in previous studies. Further, the constant pressure heat capacityCp

has been found to exhibit a large increase as the liquid is cooled to 1060 K. In this work, we examine the nature of

the equilibrium and the relaxation process of the supercooled SW Si, in the temperature range of 1060 K–1070 K at

zero pressure. We find that the relaxation of the supercooled liquid leadsto a sharp irreversible decrease in fluctuation

of two body energy of the largest connected network of 4-coordinatedparticles. Such a process implies tightening

of the bonds (i.e. freezing or jamming) of the network, and is accompanied bya sharp increase in the fraction of the

4-coordinated particles in the system. We find that the jamming (or freezing) process shows a sudden acceleration

across a dynamical instability point that occurs at a unique potential energy state of the network. Further, we find that

the occurrence of the dynamical instability is associated with the appearanceof a straight line region in the cumulative

potential energy distributions with a configurational temperature close to 1060 K. We conclude that the supercooled

liquid state must be regarded as a constrained equilibrium state, since the accessible microstates are constrained by

the inherent tendency of the system to approach the dynamical instability point. Thus all properties of supercooled

liquid SW-Si including the rise inCp at 1060 K can be attributed to the freezing tendency of the 4-coordinated particle

network.
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1 INTRODUCTION

Many commonly found alloys and materials are known to undergo “lambda” transitions (also known as order-disorder

transitions) across a certain temperature at which the constant pressureheat capacity displays a maximum.1 The shape

of theCp–T curve around the maximum resembles that of the Greek letterλ . Such transitions differ from first-order

transitions in that no known discontinuity in volume or enthalpy exits at the transition point. As the transition point is

approached, there is a large increase inCp and after the transition there is a sharp drop to a value which is characteristic

of the vibrations of molecules around lattice sites. Theβ -Brass (Copper-Zinc) alloy is an example of this kind.1 The

supercooled silicon (Si), modeled by Stillinger–Weber (SW) potential2 (a commonly used computationally tractable

model of silicon with a melting temperature ofTm≈1678 K), displays aCp maximum (around 1060 K at zero pressure)

that is reminiscent of a lambda transition3,4 (see Fig. 1 of Ref. 3 and Fig. 6 of Ref. 4). In this work, we examine the

nature of equilibrium of the supercooled state and the relaxation process at and just above 1060 K, whereCp shows a

maximum. We find that the equilibrium state properties, including the rise ofCp at 1060 K, can be attributed to the

cooperative behavior of the network of 4-coordinated particles.

First, we review below the important literature results on supercooled SW-Si.At the outset, it must be pointed

out that most of the previous studies were based on cooling ‘experiments’, i.e., the changes in the properties of the

supercooled liquid were investigated while the system is cooled in molecular dynamics (MD) simulations at a certain

rate. In the earliest of such studies,5,6 a sharp change in the average density and average energy at 1060 K and zero

pressure was observed leading to the conclusion that supercooled SW-Si undergoes a ‘transition’ to a low density phase

near 1060 K. More recent MD cooling studies confirm this observation.4,7,8 At the transition temperature of 1060 K,

Hujo et. al.4 observed a heat capacity maximum as well as a maximum in the rate of change of4-coordinated particles

in MD cooling simulations.4 A detailed structural analysis of amorphous SW-Si was performed by Luedtke and

Landman6. This investigation found 1061 K as the “effective temperature” (denotedasT∗
4 ), below which amorphous

network ‘freezes’ in SW-Si, i.e., the mobility of 4-coordinated particles is reduced significantly. This conclusion was

based on analysis of the straight line region (SLR) in potential energy distributions of 4-coordinated particles (see

Fig. 16 of Ref. 6). Sastry and Angell9 found a two order of magnitude reduction in diffusivity across the transition

temperature of 1060 K, which is accompanied by increase in the proportion of 4-coordinated particles from 50 % to

about 80 % across the transition. The above studies suggest that there isa link between cooperative behavior of the

4-coordinated particles and the transition observed at 1060 K.
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Inspite of the persistent interests in the liquid-amorphous transition of SW-Si,there are relatively few previous

studies on the nature of equilibrium of the liquid phase at or just above the transition temperature of 1060 K. Lim-

mer and Chandler10,11 performed extensive computation of the reversible free energy surface of supercooled liquids

including SW-Si and several water models. These investigations suggestthat there is a free energy minimum asso-

ciated with the liquid state of SW-Si at or above 1060 K but no such minimum is associated with the low density

amorphous phases formed after the relaxation of the supercooled liquid, which indicates that amorphous phases are

non-equilibrium phases. In a previous work12, the properties of the equilibrium liquid states of the supercooled SW-Si

at and above 1060 K and zero pressure were ascertained on the basisof the fact that the excess enthalpy (with respect

to those of the crystal phase at the same temperature) of such states, together with the computed excess Gibbs free

energiesGe, satisfy the Gibbs Helmholtz equation within the computed error bars ofGe (see Table I of Ref. 12).

Based on the computed enthalpies of equilibrium states in Ref. 12, we find the heat capacities by numerically

differentiating enthalpy with respect to temperature using central different technique. Thus, the computed values of

CP/NkB are 29, 12.7 and 7 at 1062.5, 1067.5 and 1072.5 K, respectively. Note that sinceCp values are obtained by

numerical differentiation, these are highly sensitive to the estimated enthalpiesof the equilibrium states.12 Nonethe-

less, theseCp values show the same qualitative trend, i.e., a sharp rise at 1060 K, as in an earlier investigation.4 In this

work, we find a link between the supercooled liquid properties (including rise ofCp near 1060 K) and the cooperative

relaxation (freezing) of the 4-coordinated particles. In what follows, we first explain our methodology and the result-

ing data, followed by a detailed discussion on nature of the equilibrium and therelaxation process of the supercooled

liquid.

2 Methodology and the resulting data

In this work, we have performed isothermal–isobaric (NPT) Monte Carlo (MC) simulations of the supercooled liquid

phase of SW-Si in the temperature range of 1060–1070 K at zero pressure. We used cubic simulation box with periodic

boundary conditions and different system sizes of 512, 4096, and 10648 particles. We also computed the changes in

the largest network of 4-coordinated particles along the NPT-MC trajectories. At a given temperature, we initiated

several NPT trajectories from arbitrarily selected configurations and generated, by trial and error, the longest possible

trajectory in terms of MC steps (i.e., where the relaxation is delayed the most). Asemphasized in the recent studies

of Limmer and Chandler10,11 (on SW-Si and several water models), the equilibrium state in the supercooled region
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must be associated with a free energy minimum. Based on the entire length of the NPT-MC trajectory (including the

portion of the trajectory after the relaxation), we locate the local maximum (φm,ρm) of the probability distribution

p(φ ,ρ) generated by the trajectory. The point along the trajectory beyond which the local probability maximum is

not accessible is marked as the R-point. We consider the trajectory upto R-point to correspond to the supercooled

equilibrium liquid. Just after the R-point, the cumulative distribution with respect to the potential energy develops a

straight line region (SLR). We compute the correlation coefficientR2 of the straight line fit to the SLR and locate the

point along the trajectory which gives the best possible value ofR2 in the cumulative potential energy distribution.

This point along the trajectory is marked as the SLR point. The importance of theSLR is discussed in Section 3.

To study the network formation along the trajectories, we trace the changes inthe largest network of 4-coordinated

particles. To trace the network, we use the following protocol: two particles are considered to be connected with each

other if the distance between the particles is 1.4 or less (throughout this work, we use the dimensionless quantities

in terms of SW potential2 parametersσ andε). This distance closely corresponds to the first minimum of the radial

distribution function of the crystalline phase. We compute the energy of eachparticle in the system using the protocol

by Luedtke and Landman6: the two body energy between a given pair of particles is assigned equallyto each particle,

while the individual terms in the three-body energy for a given triplet of particles are assigned to the particles at

which the angles are centered. The total energy of a particle is obtained asa sum of the two-body and three-body

energy of the particle. We compute the block averages of the per particle potential energy,〈φ4C〉b, per particle 3-

body energy,〈φ3B
4C〉b, and per particle 2-body energy〈φ2B

4C〉b of the network. The quantitiesφ4C, φ2B
4C , andφ3B

4C for

a given configuration are computed as averages over the total energies, the two-body energies, and the three-body

energies of the particles forming the largest 4-coordinated network in the given configuration. We also compute the

root mean square (RMS) fluctuations of the 2-body energy of the network σ2B =
√

〈(φ2B
4c −〈φ2B

4c 〉b)2〉b. This quantity

is a measure of the rigidity of the bonds connecting the network.

Using the methodology outlined above, data from 5 NPT-MC trajectories at zero pressure is presented in this

work, as described below.

Data Set (1) : Data generated from NPT-MC trajectory atT = 1060 K with N= 4096 particles is shown in

Figures 1–4. The average per potential energy and density (i.e., cumulative averages upto R-point) for this trajectory

are〈φ〉 = −1.8270, and〈ρ〉 = 0.4740. This is close to the the corresponding values listed in Table I of Ref. 12 for

1060 K : -1.8272 and 0.474.
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Data set (2) : Data generated from NPT-MC trajectory atT = 1065 K withN= 4096 particles is shown in Fig-

ures 5–8. The average per potential energy and density (i.e., cumulativeaverages upto R-point) for this trajectory are

〈φ〉 = −1.8222, and〈ρ〉 = 0.4773. This is close to the the corresponding values listed in Table I of Ref. 12 for 1065

K : -1.8216 and 0.478.

Data set (3) : Data generated from NPT-MC trajectory atT = 1060 K with N= 10648 particles is shown in

Figures S1–S4 (supplementary information). The average per potential energy and density (i.e., cumulative averages

upto R-point) for this trajectory are〈φ〉 = −1.8271, and〈ρ〉 = 0.4741. Again, this agrees well with the values listed

in Table I of Ref. 12 for 1060 K [see also Data set (1)].

Data set (4) : Data generated from NPT-MC trajectory atT = 1060 K with N= 512 particles is shown in Fig-

ures S5–S9 (supplementary information). (This is the same trajectory as in Figs. 1 and 2 of Ref. 12). The average

per potential energy and density (i.e., cumulative averages upto R-point) for this trajectory are〈φ〉 = −1.8272, and

〈ρ〉 = 0.4740. These values agree well with cumulative averages (reported in Table I of Ref. 12) computed upto the

point beyond which cumulative average show a steady and continuous decrease.

Data set (5) : Data generated from NPT-MC trajectory atT = 1070 K with N= 512 particles is shown in Fig-

ures S10–S14 (supplementary information). The average per potential energy and density (i.e., cumulative averages

upto R-point) for this trajectory are〈φ〉 = −1.8204, and〈ρ〉 = 0.4784. The values listed in Table I of Ref. 12 for

1070 K are -1.8195 and 0.479.

The following are the important common observations based on the above data.

There is a unique point along the trajectory across which there is an discontinuity (i.e. sudden increase) in the rate

of changes of〈 f4〉b, 〈 f4C〉b, 〈φ〉b, 〈φ4C〉b, 〈φ3B
4C〉b, and〈φ2B

4C〉b. This point is called as dynamically unstable point. The

point corresponds to the condition that the block averages〈φ4c〉b and〈φ3B
4c 〉b have specific values, i.e.,〈φ4c〉b ≈−1.853

〈φ3B
4c 〉b ≈ 0.21 (see Table I). The specific point is found to be independent of the temperature, suggesting a mechanical

cause for the relaxation. Also this point coincides with themaximain the rate of increase in the 4-coordinated particles

and the overall potential energy of the system along the trajectory (see Figs. 1, 5, S1, S6, and S11). This indicates

that the relaxation process at a given temperature (just above 1060 K) issimilar to the observed changes in the MD

cooling experimentsacross1060 K.4

The second important observation is that the cumulative potential energy distribution upto R-point, is tangential

to the SLR which eventually appears in the cumulative distributions (Figs. 4, 8,S4, S9, and S14). Further, when-
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ever the configurational temperature corresponding to the SLR approaches 1060 K, the mid-point of the SLR region

approaches−1.827 which is the equilibrium (i.e., cumulative average upto R-point) energy ofthe supercooled liquid

at 1060 K. For 512 particle trajectories at 1060 K and 1070 K, there are two SLRs simultaneously appear with dif-

ferent configurational temperatures (see Figs. S9 and S14 of supplementary information file). In these cases the SLR

with configurational temperature close to 1060 K is more relevant for the relaxation of supercooled liquid, since it is

tangential to the supercooled liquid distribution (cumulative distribution upto R-point).

The third observation concerns with the equilibrium properties of the supercooled liquids. We find that the cu-

mulative average potential energy and density computed upto R-point in all five trajectories is found to be in close

agreement with the equilibrium properties listed in Table I of Ref. 12. Note thatdata set (4) corresponds to the same

trajectory as in Ref. 12. The criteria used in Ref. 12 to identify the relaxationpoint was : it is a point beyond which the

cumulative averages show a continuous decrease. This criteria yields thesame average values as those based on the

probability maximum criteria used in the current work [see values listed underData set (4) above]. But the cumulative

averaged based criteria (used in Ref. 12) to identify the relaxation point works only for for smaller system size, i.e.

512 particle system. In general, the local probability maximum criteria should beused.

3 Equilibration and the relaxation of the supercooled states

In normal metastable liquids, the system can explore all possible microstates in and around the metastable basin and

the basin shape is thus well defined. The term local relaxation refers to theprocess where fluctuations away from

the metastable basin equilibrate towards the basin, i.e., the system returns to the bottom of the basin. In the case

of supercooled SW-Si, the system cannot explore all possible microstatesdue to the freezing process (as explained

below) and hence it must be regarded as a constrained equilibrium state. Therefore, the concept of local relaxation

and relaxation time (as applied for the normal metastable liquids) is not applicablein the case of supercooled SW-

Si. Before we discuss the nature of equilibrium of the supercooled liquid states in more detail, we first discuss the

important of SLR and the configurational temperature of the SLR, which we call as the effective temperature.

From the dynamical point of view, the changes along the NPT-MC trajectories occur such that after SLR point

there is a sharp irreversible decrease ofσ2B =
√

〈(φ2B
4c −〈φ2B

4c 〉b)2〉b, which shows tightening of the bonds of the

network. But beforeσ2B shows a sharp decrease, a brief period (between R and SLR points) appears at whichσ2B

stabilizes (see Figs. 3 and 7), and attains a minimum value with respect to the values before the R-point. It is
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also notable that the unique mechanical state of the network (see Table I) across which the system shows the sharp

irreversible changes in the potential energy occurs close to the SLR point.This indicates that the potential energy

changes of the entire system are correlated with the changes in the 4-coordinated network close to the SLR point.

We now discuss the importance of the configurational temperature of the SLRpoint, which we call as the effective

temperature. The concept of effective temperatures is based on fluctuation-dissipation relations.13–15 For systems

near equilibrium, when the concept of effective temperature is applicable,there are two time scales associated with

the system.14,15 The effective temperature is usually associated with fluctuations of slower modes, while the bath

temperature is associated with fluctuations of fast-modes. Based on these previous studies and the current data, we

propose that the effective temperature close to 1060 K is associated with long-wavelength fluctuations (slow-modes),

i.e. potential energy fluctuation resulting from the large-scale diffusion ofparticles. On the other hand, the energy

fluctuations resulting from particles vibrations around their average position are fast-modes, and are associated with

bath temperature. Based on effective temperature definition provided by Ono et. al.14, we propose that the effective

temperature associated with freezing of the network may be defined as follows.

N−1kBT2
c C = 〈(δφ)2〉s (1)

whereTc is the configurational (or effective) temperature at the mid-point of the SLR, 〈(δφ)2〉s are the potential

energy fluctuations on the longer time scale (slow modes), i.e., fluctuations resulting from large scale excursions of

the particles from their original position,kB is the Boltzmann constant, and andC= dφ/dTc is theconfigurationalheat

capacity per particle. This latter quantity may be expressed in terms of curvature of the potential energy distributions.

∂ 2 ln p(φ)

∂φ2 =
∂ 2Sc

∂φ2 (2)

=
1

N−1

d
dφ

(

1
Tc

)

= −
1

N−1T2
c C

Expressing the left hand side of Eq. (1) in terms of the curvature of the potential energy distributions, we get,

kB
−1

∂ 2 ln p(φ)
∂φ2

∣

∣

∣

∣

∣

∣

φm

= 〈(δφ)2〉s (3)
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After the R-point, as the curvature approaches in the SLR approaches zero ∂ 2 ln p(φ)
∂φ2 → 0 atφ = φm, according to our

proposed relation Eq. (3), the long-wavelength fluctuations approach infinity 〈(δφ)2〉s → ∞. This means that longer

time-scale fluctuations are not defined, i.e., cease to exist, as the curvatureapproaches zero atφ = φm just after the

R-point. The following observations based on the data support this assertion. (i) We note that after the R-point, the

cumulative potential energy distribution is tangential to the SLR (see Figs. 4, 8, S4, S9, and S14). This condition

implies that there are no potential energy fluctuations observed above SLR, as the trajectory evolves from R to the

SLR point. Moreover, the fluctuations are increasingly biased towards potential energies below SLR, as the curvature

at φ = φm increases towards zero. This increased bias towards lower energies isalso obvious from the irreversible

decrease in the block average potential energies after the R-point (seeFigs. 1, 5, S1, S6, and S11). Hence the long

wavelength fluctuations cannot be defined due to monotonic and irreversible decrease of the energy across the R-point.

(ii) The fluctuations in the 2-body energies attain a minimum value at the R-point with respect to the values before the

R-point. This signals the onset of the freezing process of the network (see Figs. 3, 7, S3, S8, and S13). The particles

in the network can no longer undergo large scale diffusion due to initiation ofthe tightening process of the bonds

after the R-point. We note that our suggestion about the vanishing of the long-wavelength fluctuations (resulting

from large scale diffusion) after the R-point (i.e., as SLR is formed) is consistent with the analysis of Luedtke and

Landman6. These authors described 1061 K as the effective temperature for freezing of the 4-coordinated particles,

i.e. the temperature below which the large-scale diffusion of 4-coordinatedparticles is no longer possible.6

The SLR and the configurational temperatureTc at its mid-pointφm are transient features of the cumulative distri-

bution, since the curvature at the SLR and theTc changes, as the system evolves further (see Figs. 4, 8, S4, S9, and

S14). However, we find that in all trajectories, dynamical instability occursclose to the SLR point andσ2B shows a

sharp irreversible decrease (see Figs. 3, 7, S3, S8, and S13). Thisshows that the SLR is associated with the dynam-

ical instability that leads to the freezing of the 4-coordinated network. We find that atT = 1060 K, there are unique

(independent of system size) values ofTc andφm of the SLR. The configurational temperature corresponding to the

SLR (also called effective temperature) is found to beTc ≈ 1056 K and the mid-point of the SLR is found to be at

φm ≈ −1.829 for the 1060 K trajectories usingN = 512, 4096, and 10648 particles (see Figs. 4, S4, and S9). At

higher temperatures 1065 K (withN=4096 particles) and 1070 K (N=512 particles) the value of effective temperature

is found to beTc ≈ 1060 K (see Figs. 8 and S14). Moreover the mid-point of the SLR has alsothe unique value

φm ≈ −1.827, which matches closely with the equilibrium per particle potential energy ofthe supercooled liquid at
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1060 K. Hence our numerical data suggests that SLR is associated with the dynamical instability and is well defined,

i.e.,Tc andφm have unique values at givenT, P, andN.

Based on the simulation data, we propose that the supercooled liquid state is a constrained equilibrium state,

i.e., the Gibbs free energy of the supercooled liquid is given byG = G(T,P,N,Xeq), whereXeq are the equilibrium

(average) properties at givenT, P, N. These average properties are considered to be constraints since these are

determined by the inherent tendency of the system to approach the dynamical instability point. Our simulation data

indicates that there exists a maximum possible length (τ) of the trajectory at a givenT, P andN, before the onset

of the freezing process, i.e., before the instability is approached. Our trajectories at 1060 K shows thatτ decreases

with increase in system size fromN = 512 to 10648 particles. Furtherτ decreases with decrease in temperatureT. A

systematic study of dependence ofτ on bothT andN is desirable. However it will require enormous computational

effort that involves generating longest NPT-MC trajectories, by trial and error, for a range of values ofT andN. Hence

we have not pursued it in this work.

Can this constrained equilibrium state be regarded as a non-equilibrium or aglassy state ? The answer is no for the

following reasons. (i) Unlike non-equilibrium states, the properties of the supercooled liquid are uniquely determined

and correspond to the longest possible trajectories at givenT andN, i.e., the trajectories in which the approach to

the instability is delayed the most. Further the equilibrium properties at 1060 K are found to be independent of the

system size, i.e., the average properties agree well forN = 512, 4096, and 10648 particle trajectories. (ii) As shown

in Ref. 12, the supercooled liquid properties obey the Gibbs Helmholtz relation, at least, within the computed error

bars of the free energy calculations (see Table I of Ref. 12). The termglassy state can however be applied to the

system after the R-point, i.e., after the onset of the freezing process. This freezing process leads to a sharp irreversible

decrease inσ2B, indicating the tightening of the bonds, which is expected to prevent the large-scale diffusion of the

particles in the network, a characteristic feature of a glass.

Our results compare well with the phenomenology associated with glass formingor jamming systems, as ex-

plained in the work by Pastore et. al.16 (we thank one of the reviewers for referring us to this work). This study

concerns with the relation between the relaxation time of the glass-forming liquidswith the time (t∗χ4
) required to

achieve a maximum value of the dynamical susceptibilityχ∗
4 , which can be equated to the number of dynamically

correlated particles in the system.16 In case of supercooled SW-Si, the size of the 4-coordinated cluster (atthe R-point)

can be considered as the number of dynamically correlated particles. Based on our data, it appears that the constrained
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equilibrium liquid state corresponds to the condition thatτ ≈ t∗χ4
, i.e., the trajectory with a maximum length (where

the approach towards the instability point is delayed the most) also yields the maximum value (compared with the

shorter trajectories) ofχ4(= χ∗
4) at the R-point. However, in order to understand the mechanism about whythe two

time-scales are related, we need to quantify the dynamical susceptibilityχ4, and this is beyond the scope of the present

work. In this work, we are mainly focused on equilibrium properties of the supercooled liquid states.

Having discussed the effective temperature and the nature of equilibrium of the supercooled liquid state at 1060–

1070 K, we now turn to the importance of dynamical instability point (see Table I) found in our data. This instability

occurs close to the point where the SLR is formed in the cumulative energy distributions. The ‘near-equilibrium’ con-

dition (discussed in the context of effective temperature for steady-statedriven systems13–15) is probably associated

with the condition that the liquid state is in the vicinity of this dynamical instability point in the configurational space.

This is consistent with the conclusion of Ono et. al. that “the concept effective temperature should be useful forany

system near the onset of jamming” (see page 095703-4 of Ref. 14). From a dynamical view point, the system exhibits

a non-deterministic dynamics due to coupling with the heat-bath. For a non-deterministic (or a chaotic) system, the

instabilities are governed by the Lyapunov exponents. It is conceivablethat the instability is associated with the Lya-

punov exponent of the system crossing the zero value. But in this work we do not compute the Lyapunov exponent

and the associated dynamics and we leave it for a future study. If the system is simulated in the NPH ensemble start-

ing from a liquid phase configuration (as was done in Ref. 9), a decrease in potential energy of the system would be

necessarily accompanied by an increase in the kinetic energy (i.e., an increase in the internal temperature) in order to

maintain the total energy constant (note thatH = E at P = 0). On the other hand in the NPT ensemble, a decrease in

potential energy occurs at constant temperature. Hence the equilibrium liquid states simulated in the NPT ensemble

(as in the present case) in the temperature range of 1060–1070 K would be inaccessible in NPH ensemble due to the

expected differences in the dynamical evolution of the system in the two ensembles, when starting from a liquid phase

configuration.

4 SUMMARY

In this work, we examined the nature of equilibrium of the supercooled liquid state in the temperature range of 1060–

1070 K at zero pressure. By trial and error, we generated longest possible NPT-MC trajectories for a givenT and

N. The equilibrium liquid state properties were computed based on the portion ofthe trajectory (upto the R-point)
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associated with the local minimum of Gibbs free energy distribution (or equivalently local maximum of the probability

distribution) with respect to the energy and the density. The cumulative potential energy distribution (upto R-point)

is found to be tangential to the SLR that eventually forms. This tangential condition coincides with the onset of the

freezing process, i.e., the RMS fluctuations of the two-body energyσ2B attains a minimum value (with respect to the

values before the R-point), indicating that large scale excursions of the particles in the network are no longer possible.

The cumulative average properties upto R-point are found to be close to the equilibrium values reported in earlier work

based on free energy computations.12 Further, these average properties are found to be independent of thesystem size

at 1060 K (for N = 512, 4096, and 10648 particle trajectories), as is expected for the equilibrium states.

We find that in all trajectories, there is a sudden change in overall potentialenergy and density of the system,

when the 4-coordinated network approaches a unique mechanical state (independent ofT andN) along the trajectory,

where〈φ4c〉b ≈−1.853 and〈φ3B
4c 〉b ≈ 0.21. Across this point, there is a discontinuity, i.e., a sudden acceleration in the

changes of〈 f4〉b, 〈 f4C〉b, 〈φ〉b, 〈φ4C〉b, 〈φ3B
4C〉b, and〈φ2B

4C〉b. This is also accompanied by a sharp irreversible decrease

in σ2B indicating a sudden increase in the rigidity of the bonds joining the 4-coordinated network. Due to the observed

discontinuities in the rate of change of these quantities across this unique mechanical state, we call it as a dynamical

instability point. It is interesting to note that the occurrence of the instability alongthe trajectory closely coincides

with the formation of the SLR with a configurational temperature close to 1060 K.

Our simulation data suggests that due to the presence of the dynamical instability, the maximum possible lifetime

(τ) of the supercooled liquid state at a givenT, P andN is limited. Our data indicates that the longest trajectory (with

length≈ τ) at a givenT, P andN yield the unique average (i.e. equilibrium) values of per particle potential energy and

density. The supercooled liquid state (at or just above 1060 K) must, then,be regarded as a constrained equilibrium

state since the accessible microstates are constrained by the inherent tendency of the system to approach the dynamical

instability point. Hence, we conclude that the equilibrium state properties (at or just above 1060 K) including the rise

in Cp at 1060 K can be attributed to the freezing tendency of the 4-coordinated amorphous network. We would like to

add that below the melting temperature (≈ 1678 K) but much above 1060 K, the supercooled liquid SW-Si can still be

considered as a metastable equilibrium state, if the dynamical evolution towardslow density amorphous states does

not dominate the crystal nucleation process.

At 1060 K, we find that the effective temperature (i.e., configurational temperature at the SLR) and the mid-

point of the SLR have the unique valuesTc ≈ 1056 K andφm ≈ −1.829, i.e., independent of the system size for
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N = 512, 4096, and 10648 particle trajectories. For 1065 K and 1070 K trajectories we findTc ≈ 1060 K and

φm ≈ −1.827, which is the equilibrium value for the supercooled state at 1060 K. Thus our simulation data suggests

that both the properties of the SLR,Tc andφm, have unique values at a givenT, P, andN. It is notable that these

values ofTc are close to to 1061 K, which was identified by Luedtke and Landman6 as theeffectivetemperature

below which significant atomic mobility of the 4-coordinated particles is not possible. In the case of steady-state

driven systems such as sheared foam, the concept of effective temperature has been used extensively.13–15 These

previous studies suggest that systems, where effective temperature is relevant, exhibit two time scales. The effective

temperature is associated with fluctuations on longer time scales (slow modes) while the bath temperature is associated

with fluctuations on shorter time-scales (fast modes). Hence we propose that for supercooled SW-Si, the effective

temperature is associated with fluctuations resulting from large-scale diffusion of particles [see Eqs. (1)–(3)]. After

the initiation of the freezing process (R-point), as the SLR is formed, the long-wavelength fluctuations cease to exist.

In order to make the link with the SLR more quantitative, measurements of long-wavelength fluctuations is essential

and we will do this in a future study.

Since the instability point is found to be independent of the temperature (see Table I), similar changes in 4-

coordinated network (in particular the instability) are expected to occuracross1060 K in MD cooling simulations.

Indeed, the MD cooling experiments4,9 show a sudden increase in fraction of 4-coordinated particles across 1060 K

as well as a 2-order of magnitude decrease in the diffusivity9. Such changes are most likely due to the instability point

(identified in this work) that leads to the freezing of the network. When seenin the general context of order-disorder

or λ -transitions, our results highlight the important role of the effective temperature and the cooperativity (which are

intrinsic properties of the system) in such transitions.
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Table 1 The dynamical instability point of the 4-coordinated network for various MC trajectories is listed in terms block
averages of per particle potential energy (third column) and the per particle 3-body energy of the network (fourth column).
Averaging over the values in the 3rd and 4th columns, we conclude that the instability occurs when〈φ4c〉b ≈−1.853 and
〈φ3B

4c 〉b ≈ 0.21. The fifth and sixth column show the block averages of the fraction of particles in the network (f4c = N4c/N) and
the total number of 4-coordinated particles in the system (f4 = N4/N) at the instability point.

T(K) N 〈φ4c〉b 〈φ3B
4c 〉b 〈 f4c〉b 〈 f4〉b

1060 512 -1.8542 0.2098 0.476 0.551
1070 512 -1.8519 0.2099 0.487 0.560
1060 4096 -1.8529 0.2083 0.488 0.565
1065 4096 -1.8527 0.2128 0.433 0.534
1060 10648 -1.8522 0.2136 0.435 0.535
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Fig. 1 The NPT-MC trajectory at 1060 K with 4096 particles. The trajectory is shown in terms of block averages
obtained after every 0.2 million MC steps. The solid black line shows the trajectory in terms of cumulative averages.
The blue dotted line (indicated by horizontal arrow) denotes the points alongthe trajectory at which the minimum
(φm,ρm) of the probability distribution is accessed. This minimum is located within the rectangular area formed by
the points(φ ,ρ) and(φ +∆φ ,ρ +∆ρ), whereφ = −1.8283,ρ = 0.4729,∆φ = 3×10−4, and∆ρ = 1.4×10−4. The
point along the trajectories at which straight line region is formed in the cumulative energy distribution (see Fig. 4) is
denoted as ‘SLR’. The figure also shows block averages (taken over0.2 million MC steps) of the fraction of particles
in the largest 4-coordinated networkf4c = N4c/N and the fraction of the 4-coordinated particlesf4 = N4/N. (please
refer to ordinate on the right hand side for these quantities). The verticaldashed line is the point ofinstabilityalong
the trajectory as explained in the text (see Fig. 2).
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Fig. 2 The block averages of the per particle potential energyφ4c and the per particle 3-body energyφ3B
4c along the

NPT-MC trajectory at 1060 K with 4096 particles (shown in Fig. 1). Both of these properties are for the largest
network of 4-coordinated particles. Note that the axis for〈φ4c〉b is inverted. The location of the vertical dashed line is
decided as the point at which〈φ3B

4c 〉b ≈ 0.21 and〈φ4c〉b ≈−1.853. The values corresponding to the vertical dashed
lines (and indicated by horizontal arrows) are listed in Table I.
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4c 〉b)2〉b. Both of these properties are for the largest network of 4-coordinatedparticles. The data

is for the trajectory in Fig. 1 at 1060 K withN=4096 particles. Note that just after the SLR point,σ2B shows a
continuous decrease.
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Fig. 4 The cumulative potential energy distributions for the trajectory in Fig. 1. Theordinate is obtained as
logNc(φ) = logp(φ)+constant, whereNc(φ) is the number of configurations along the trajectory with per particle
potential energy betweenφ andφ +∆φ ; ∆φ = 3×10−4 is the width of the bin. The blue stars represents the
equilibrium liquid distribution, i.e., based on data collected from the trajectory upto ‘R’ point (see Fig. 1). The
intermediate distribution (denoted by pink square symbols) containing the straight line region (black squares) is
obtained by data collected from the trajectory upto ‘SLR’ point (see Fig. 1). The ‘x’ (green) symbols representsfinal
cumulative distribution obtained from trajectory upto 15 million MC steps. Byfinal, we mean that the distribution is
not expected to evolve further since after the system is unlikely to visit the part of the phase space corresponding to
the range ofφ values in the above figure. The values of the correlation coefficientR2, the mid point of SLR region
φm and the configurational (or effective) temperatureTc of the SLR region (black squares) are given in the inset.
Note that the equilibrium liquid distribution, at least approximately, is tangential tothe straight line fit to the SLR.
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Fig. 5 The NPT-MC trajectory at 1065 K with 4096 particles. All the symbols have thesame meaning as explained
in Fig. 1. The local maximum of the probability distributionp(φm,ρm) is located within the rectangular area formed
by the points(φ ,ρ) and(φ +∆φ ,ρ +∆ρ), whereφ = −1.8226,ρ = 0.4771,∆φ = 3×10−4, and∆ρ = 1.4×10−4.
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Fig. 6 The same as in Fig. 2, but for the 1065 K trajectory with 4096 particles (see Fig. 5). See Table I of the main
article for the values of〈φ3B
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figure).
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Fig. 7 The same as in Fig. 3, but for the 1065 K trajectory with 4096 particles (see Fig. 5).
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