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Fig. 3 Morlet wavelet analysis of the dipole moment with h̄ωL = 2 eV and IL = 10
14 W/cm2 and R=2.7 a0 for β = 0

◦,45
◦,90

◦ and an initial angular

momentum L > 0 (top line) and L < 0 (bottom line).

Ex,y HI HII HR1 HR2 Lz

0 0 0 0 0 0 0

1 0 1 1 1 1 0

0 1 1 1 1 1 0

1 1 1 0 1 0 1

L = 0 OR XOR OR XOR AND

Table 1 Truth table: in input we have the laser states Ex,y and in output

we have the first two odd harmonics, the Raman transitions and the final

angular momentum.

logic gates permit to construct the universal reversible Toffoli and

Fredkin gates, hence the possibility to construct any logic circuit.

We give examples of implementation of nanoring to construct a

basic logic circuit such as the half and the full-adder and finally

we discuss the possibility of constructing a memory mass device

using an array of nanorings.

2 Theory

In our system we consider one nanoring of radius R in the single

active electron approximation driven by one laser elliptically po-

larized along the same plane. The equation of the electric field

is:

~EL(t) = E0 f (t)
[

ε̂x cos(β )cos(ωLt)+

+ ε̂y sin(β )sin(ωLt)
]

(1)

where f (t) is the pulse shape, ε̂x and ε̂y are the unit vectors along

the x and y axes respectively, ωL is the angular frequency of the

external laser field and β is a parameter that characterize the po-

larization of the electric field. In particular for β = 0
◦ we have

a laser polarized along the x axis, for β = 90
◦ we have a laser

Ex,y H1 HII HR1 HR2 Lz

0 0 1 0 1 0 1

1 0 1 1 1 0 1

0 1 1 1 1 0 1

1 1 1 0 1 0 1

L>0 BUFFER XOR BUFFER RESET BUFFER

Ex,y H1 HII HR1 HR2 Lz

0 0 1 0 1 0 1

1 0 1 1 1 0 1

0 1 1 1 1 0 0

1 1 1 1 1 1 0

L<0 BUFFER OR BUFFER AND //

Table 2 Truth table: in input we have the laser states Ex,y with a initial

positive angular momentum (top) and with a negative initial angular

momentum (bottom). In output we have the first two odd harmonics, the

Raman transitions and the final angular momentum.

polarized along the y axis and for β = 45
◦ we have a circular po-

larized laser. In dipole approximation and within the single active

electron approximation, the Hamiltonian of the system is4,47

H =
h̄2ℓ2

z

2meR2
+ eE0R f (t)

[

cos(β )cos(ωLt)cos(ϕ)+

+ sin(β )sin(ωLt)sin(ϕ)
]

, (2)

where ℓz is the z component of the orbital angular momentum op-

erator (in units of h̄), whose eigenvectors and eigenvalues are the

angular momentum states ℓz | m〉 = m | m〉 with m = 0,±1, . . . ,

and me is the electron mass48. Solving the time dependent

Schrödinger equation of the system, we find the expansion co-
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Fig. 4 Morlet wavelet analysis of the dipole moment for β = 0
◦,45

◦,90
◦, a radius of R = 25 (top line) and R = 50 a0 (bottom line), a energy of laser

photon of 0.1 eV and an intensity of 10
10 W/cm2.

efficient am of the wave function | t〉:

| t〉=
+∞

∑
m=−∞

am(t) | m〉 (3)

where | m〉 are eigenstates of the free Hamiltonian with energy

h̄ωm =
h̄2

2meR2
m2. (4)

From the state| t〉 we can calculate the dipole moment of the

system as:

~D = e~r(t) = ε̂x〈t | x | t〉+ ε̂y〈t | y | t〉=

=
+∞

∑
m=−∞

[

ε̂xℜ
(

a∗m−1am

)

+ ε̂yℑ(a∗mam−1)
]

(5)

where ~r is the position of the electron. The angular momentum

acquired by the electron is:

Lz(t) =
+∞

∑
m=−∞

|am(t)|
2h̄m, (6)

and the correspondent time averaged angular momentum is:

〈Lz〉=
1

T

∫ T

0

Lz(t)dt. (7)

From the angular momentum we can define the magnetic mo-

mentum as ~m = γ~L, with γ the gyromagnetic ratio of the elec-

tron49.

Ex,y Sum Carry

0 0 0 0

1 0 1 0

0 1 1 0

1 1 0 1

Table 3 Truth table of the half adder: in input we have the laser states

Ex,y and in output we have the values of the second odd harmonic and

the HR2 line for the sum, and the values of Lz for the carry.

3 Results

In our calculations we use different configurations of laser inten-

sity and laser photon energy. In particular we use laser intensities

IL in the range 10
10−10

14 W/cm2 and laser photon energy h̄ωL in

the range 0.1− 2 eV (12398 and 620 nm) and a radius between

R = 2.7 a0, like the radius of the aromatic group, and R = 100 a0.

In fact large values of radius require small energies of the laser

photon and less laser intensity. Then the dependence upon the

radius permits to engineer the nanoring to obtain particular tran-

sition energies and to make it flexible for various uses. In Fig. 1

(top) we show the final and the time averaged angular momen-

tum versus the polarization angle with R=2.7 a0, h̄ωL = 2 eV and

IL = 10
14 W/cm2. The time averaged angular momentum is cal-

culated for each polarization angle using Eq. 7. In this simulation

we use a laser duration of 32 optical cycles (oc) with a trape-

zoidal pulse shape. To understand when a signal is present, we

performed a Morlet wavelet analysis on the total spectrum. The
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Morlet mother wavelet is defined as:

M(x) =

(

e−ix − e−
σ2

0

2

)

e
− x2

2σ2
0 (8)

where σ0 is a parameter that indicates the time-frequency reso-

lution of the integration50. In our calculation, we chose σ0 = 6,

that correspond to 6 oscillations of the signal within the Morlet

wavelet shape. We indicate with H1 and HII , the first two odd

harmonics of the spectrum and with HR1 and HR2 the signals cor-

responding to the Raman transitions located near the first and the

second even harmonics of the HHG spectrum51. In fact from Eq.

4 we have h̄ω1 = 1.9 eV, h̄ω2 = 7.6 eV, h̄ω3 = 17 eV, then we can

define the signal HR1 as the transition between the virtual level

with energy of 2h̄ω1 = 3.8 eV and the ground state, and the sig-

nal HR2 as the combination of two Raman transition: h̄ω2 and

h̄ω2+ h̄ω1 = 9.4 eV. The photon energy Raman transitions depend

upon the radius of the nanoring, we chose the value R=2.7 a0 in

order make the system comparable to a single cell of graphene or

an aromatic group.

In Fig. 1 (bottom) we show the wavelet analysis for β =

0
◦,45

◦,90
◦. In this analysis the line HR1 is slightly shifted up the 4

eV by the presence of a non Raman line. In fact if within the oscil-

lations in σ0 we have several lines, the final value of the wavelet is

shifted towards the more intense line. Now we create a truth table

where we associate the values 1 and 0 to the polarization states

of the incident laser field and to the presence or absence of sig-

nals. In particular we can divide the elliptical polarized laser into

two components: Ex parallel to the x axis and Ey parallel to the y

axis. When the laser is off, we have the state Ex = 0 and Ey = 0

(Ex,y = (0,0)); for β = 0
◦ → Ex,y = (1,0) , for β = 90

◦ → Ex,y = (0,1)

and for β = 45
◦ → Ex,y = (1,1). We also associate the value 1 when

the system presents a final angular momentum Lz. In Tab. 1 we

can see that the first odd harmonic and the HR1 line behave as a

OR logic gate, the second odd harmonic and the HR2 line behaves

as a XOR logic gate and Lz behave as a AND logic gate. Now we

study the system using two consecutive laser pulses. We use the

first laser pulse, circularly polarized, as a pump (β = 45
◦) and the

second laser pulse, elliptically polarized, to probe the system. We

make this choice in order to prepare the system with an initial an-

gular momentum. From the dashed line of Fig. 1 we can see that

for β = 45
◦ we have a positive time averaged angular momentum

and the emission of the first odd harmonic and the HR1 line (Fig.

1 (bottom-center)). We obtain different results varying the sign

of the initial angular momentum. In Fig. 2 we show the final

and the time averaged angular momentum with different signs of

the initial angular momentum: L < 0 (top) and L > 0 (bottom). In

this simulation we used a laser duration of 64 oc where in the first

32 oc we prepared the system with an initial angular momentum

in order to study the nanoring with different starting conditions.

We used a trapezoidal laser shape with 2 oc of ascent and descent

laser. In Fig. 3 we show the respective wavelet analysis. If we

have a positive initial angular momentum we obtain a BUFFER

for the first odd harmonic, the HR1 line, and for the final angular

momentum, a XOR logic gate for the second odd harmonic and a

RESET for the HR2 line; if the initial angular momentum is nega-

tive, we obtain a BUFFER for the first odd harmonic and the HR1

line, an AND logic gate for the HR2 line and an OR for the second

odd harmonic. These results are listed in the truth table of Tab.

2.

We also decrease the laser intensity and the energy of the pho-

ton laser and increase the radius up to 100 a0. In fact with large

radii we obtain the same results but using a laser intensity of 1010

W/cm2 and a laser photon of 0.1 eV. These new parameters are

preferable for the constructions of logic port because for manufac-

turing purposes. In Fig. 4 we show the wavelet transform using

a radius of R = 25 and R = 50 a0 respectively, a laser intensity of

10
10 W/cm2 and a laser photon of 0.1 eV and without an initial

angular momentum. We can see that the structure of the emit-

ted lines is the same but less defined. This because the harmonic

spectrum present several non Raman lines that shift and enlarge

the lines.

Now we show how nanorings can be arranged to form logic cir-

cuits. Examples of logical circuits are the half and the full adder.

The half adder is a digital electronic component that has in in-

put two bits (Ex and Ey in our case) and give in output their sum

(S) and their carry (C). We can use the nanoring without initial

angular momentum as an half adder using as output the second

odd harmonic, the HR2 line and Lz (Tab. 3). Combining two

nanorings, we have the possibility to make a full adder, where we

use the carry of a previous summation. In fact we can use the har-

monics obtained by one nanoring as input for a second nanoring

et cetera. In this way we obtain a logic circuit with a set of con-

catenated nanorings. The presence of XOR and AND logic gates

give us the possibility to make a Toffoli gate. The Toffoli gate is

an universal reversible logic gate that permits to construct any re-

versible circuit. It has 3 bit inputs (a,b and c) and outputs and

realizes the function c XOR (a AND b). In fact if we set the first

two bits, the Toffoli gate inverts the third bit, otherwise all bits

remain unchanged. Then it is possible to use the nanorings as a

Toffoli gate and create any logic circuit. Moreover, XOR and AND

logic gates permit us to construct the Fredkin gate (controlled-

SWAP). This gate is important for the reversible computing, in

fact this is a three-bit gate that swaps the values of the second

and third bits if the first bit is set to 1.

We now suggested a way of using the nanoring to store infor-

mation. When a nanoring is driven by a circular polarized laser

field, the electron will round on it with a circular motion. This

movement will generate a current I. If we call ~S the surface of the

nanoring, the magnetic moment generated by the motion of the

electron will be:

~m = I

∫

d~S, (9)

or, in terms of the angular momentum: ~m = γ~L. If we have a

planar array of nanorings and if ~σ is the surface of the laser spot

containing several nanorings, the magnetic momentum generated

will be proportionally to the summation of the the contributions

of each nanoring within the laser spot surface (Fig. 5). Then

we can use the nanoring to store information with the magnetic

momentum.

When the nanoring is driven by a laser field in the state (1,1),

it acquire an angular momentum and we obtain Lz = 1. Then if
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