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self-assembled nature of the particles makes them inherently soft

and floppy, providing additional control over the target structure

and its properties32,33. However, such a subtle dependence of the

bulk properties on the single-star conformation calls for a precise

determination of the latter. In this work, we carry out extensive

simulations of single, large telechelic star polymers for a wide

range of parameters, characterising the self-assembly process and

the resulting conformation as functionality, diblock copolymer

length and solvent quality vary. We show that by tuning the chem-

ical and physical parameters in solution, it is possible to influence

and control the number and size of the attractive patches that

each particle forms. Interestingly, we also demonstrate that dif-

ferent combinations of the parameters can generate stars with the

same number of patches but different radial and angular stiffness.

This mechanism could provide a neat way of tuning the elastic

properties of the supramolecular network without changing its

topology.

2 Model and methods

We simulate TSP’s made of f diblock copolymer chains, anchored

to a central point through their athermal parts. Each chain is

made of NA monomers of type A (solvophilic) and NB monomers

of type B (solvophobic). We define the fraction of monomers of

type B as α = NB/(NA +NB). We fix the minimum number of A

and B monomers per chain to Nmin
A = 40 and Nmin

B = 80, respec-

tively. The resulting stars are thus comparable with experimental

systems20,21,34. Bonded neighbours, i.e. particles which share a

backbone link, are kept close together by a FENE potential of the

form

VF(r) =−15ε
r2
F

σ2
log

(

1−
r2

r2
F

)

(1)

where rF is the allowed maximum distance between monomers.

We set rF = 1.5σ . ε is the interaction strength. In what follows,

we set σ = 1, ε = 1 and also kB = 1 (Boltzmann’s constant) and

we express all dimensional quantities (length, density and tem-

perature) in these units.

All the repulsive interactions acting between both bonded and

non-bonded A−A and A−B pairs are modelled through a gener-

alised Lennard-Jones (LJ) potential,

VAA(r) =VAB(r) =

{

4ε

[

(

σ

r

)48
−
(

σ

r

)24
]

+ ε if r < rc
rep,

0 otherwise
(2)

with rc
rep = 2

1
24 σ ≈ 1.03. Finally, the attraction between the termi-

nal solvophobic monomers is provided by the attractive tail of the

same generalised LJ potential as in Eq. 2, rescaled by a parameter

λ :

VBB(r) =

{

VAA(r)− ελ if r < rc
rep,

4ελ

[

(

σ

r

)48
−
(

σ

r

)24
]

otherwise
(3)

Therefore, the λ parameter plays the role of an inverse temper-

ature for the B−B interaction. The value of λ at which purely

solvophobic chains have a Gaussian statistics, equivalent to the

so-called θ -temperature, is λθ ≈ 0.92. For performance reasons

we truncate and shift this potential at rc = 1.5.

We run Brownian Dynamics simulations at fixed temperature

kT/ε = 0.535. Single TSP’s with functionality f ranging between

3 and 18 and values of α ranging between 0.3 and 0.8 are inves-

tigated. In this work we characterise how chemical and physical

parameters can influence single star properties, self-assembling

behaviour, localisation and flexibility of the patches, both angular

and radial, focussing on monomer-resolved stars so as to access a

broad temperature range and investigate a large number of ( f ,α)

combinations.

Recent studies33 showed that soft patchy particles assemble

into different gel-like structures depending on the softness of

both angular and radial position of the patches with respect to

the equilibrium position; at the same time, works on coarse-

grained telechelic star polymers27 showed that the single star

self-aggregating scenario is preserved upon increasing density in

solution, for stars with various different ( f ,α) combinations. It

hence becomes important to completely characterise, on the full

monomer scale, how a change of chemical (solvent quality e.g.

λ−1−temperature effect), and physical parameters (such as ( f ,α)

combinations) can lead to the formation of particles with a given

number of patches, and how the radial and angular flexibility of

those functionalised domains can be tuned and controlled by pa-

rameters external to the macromolecules. We hence carry out an

extensive characterisation of the stars and of their self-assembling

behaviour as a function of λ , f and α.

The first parameter that we use to classify the stars is the num-

ber of patches Np that the macromolecules self-assemble, defined

as the number of clusters formed by multiple arms. If the inter-

action energy between at least two monomers of different arms

is negative, i.e., if they experience a net attraction, then the two

arms belong to the same cluster, and hence to the same patch. Ac-

cording to this definition, Np ≈ 0 in the good solvent limit (λ → 0),

since the attractive nature of the entropic-solvophilic monomers

does not play any significant role in the self-aggregating be-

haviour that is instead driven by the enthalpic-solvophobic part

of the molecule.

We start off by making a characterisation of the stars based

on the number of self-assembled functionalised regions. We then

move deeper into the description of the soft molecular building

blocks by quantifying how the patch population sp, defined as the

number of arms that form a patch, is influenced by the choice

of the parameters. Stars with different compositions can assem-

ble into soft-patchy nano building blocks decorated by the same

number of functionalised regions. Their radial and angular flex-

ibility will crucially depend on the number of arms that are par-

ticipating to the formation of a patch and on the size of the patch

itself. Hence we perform a radial-angular flexibility analysis by

characterising the geometry of the assembled TSP. We compute

the average distance between the centre of mass of a patch and

the position of the anchoring point, rp, and the average angle be-

tween two patches, θp, defined as the angle between two vectors

pointing towards each pair of patches, starting from the anchor-

ing point. The quantities rp and θp are two very important param-

eters to play with when looking to hierarchically self-assemble
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specific structures. For example, particles with an excess of radial

and angular flexibility might lose the capability to crystallise36.

The overall conformation and shape of the stars is another key

characteristic, and we will elucidate its dependence on f , α and

λ . The latter analysis is done by computing the shape anisotropy

δ , the prolateness S and the acylindricity c37–39. These quantities

are derived from the gyration tensor:

Gmn ≡
1

N

N

∑
i=1

(rm
i − rm

cm) · (r
n
i − rn

cm) (4)

where N is the total number of monomers, rm
i is the m-th com-

ponent of the position of the i-th monomer and rm
cm is the m-th

component of the position of the star centre of mass. Diagonal-

ising the tensor G yields three eigenvalues λi, i = 1,2,3, which

are ordered as λ1 ≥ λ2 ≥ λ3. We use these values to compute the

aforementioned shape parameters, which are defined as follows:

δ = 1−3

〈

I2

I2
1

〉

(5)

S =

〈

(3λ1 − I1)(3λ2 − I1)(3λ3 − I1)

I3
1

〉

(6)

c =

〈

λ2 −λ3

I1

〉

(7)

where I1 = λ1 +λ2 +λ3 and I2 = λ1λ2 +λ2λ3 +λ3λ1 and the an-

gular brackets have the meaning of ensemble averages. The first

parameter, δ , is positive definite and quantifies the asphericity. S,

which takes values between −0.25 and 2, measures prolateness

(S > 0) or oblateness (S < 0). We notice that, in the system under

investigation, δ and S turn out to follow the exact same trends.

Therefore, for the sake of clarity and conciseness we decided to

only show the latter quantity. The last parameter, c, is always

equal to or larger than 0 and quantifies the cylindrical symmetry

of the star, taking the value 0 only for perfectly cylindrical con-

formations. It is defined as to take into account the fact that, as

demonstrated in Section 3.2, all investigated conformations are

always prolate, i.e. S > 0.

Finally, here and in what follows we use the expression soft

particle to refer to building blocks that are partially or completely

interpenetrable and exhibit an intrinsic floppiness, in contrast to

usual “hard” colloids. An overview of wide classes of soft particles

can be found in Ref.40.

3 Results

Due to their intrinsic nature, telechelic star polymers exhibit a

self-assembling behaviour arising from the competition between

the entropic self-avoiding repulsion of the inner part (good sol-

vent) and the enthalpic attractions amongst the solvophobic tails

of the f arms that constitute the macromolecules. It hence ap-

pears evident how a change in solvent quality (chemical perturba-

tion to the system that can be performed by a change in tempera-

ture), modifies the enthalpic contribution, therefore affecting the

whole single-macromolecule self-assembling process. For small

values of the coupling constant λ , stars with a small percentage

of attractive monomers do not have enough enthalpic contribu-

tion to assemble into a patchy structure. However, as soon as a

minimum amount of attractive monomers is reached (a number

that depends on the solvent quality and it is thus linked to the λ

parameter), patchy structures arise.

Figure 1 shows representative snapshots of a star with f = 15

and α = 0.5 for different values of the attraction coupling con-

stant λ . The picture sketches the self-assembly process that takes

place as λ increases for a fixed ( f ,α) combination. When the

B-monomers, coloured in green, are in a good solvent (i.e. for

small values of λ), the star is open and the inter-chain attraction

is negligible. In this regime stars resemble the usual athermal star

polymers41. Upon worsening the solvent-quality, the solvophobic

monomers start to collapse on themselves forming patches. A fur-

ther increase of the attraction leads to a coarsening of the patches,

which decrease in number but grow in size, as shown in the right-

most snapshot of Figure 1. Similar figures are used in the plots

throughout the paper to increase readability and to show how

stars with different parameters look like.

We note that the functionalities investigated here yield small

numbers of patches, ranging from one to four. We will put

particular emphasis on stars that exhibit one to three patches

since these can be used to generate low-density disordered (gel)

phases10,14,42. However, other combinations of ( f ,α) can be

used to select higher-valency particles that can be used to assem-

ble denser, and possibly ordered, phases19,27. Additional con-

trol could be provided by confining the system, effectively reduc-

ing its dimensionality to generate two-dimensional or quasi two-

dimensional phases with distinct symmetries and properties43,44.

3.1 Characterisation of the patches

Extensive studies of toy models of rigid hard patchy particles

have shown that the single most important parameter in deter-

mining the overall phase behaviour of the system is the num-

ber of patches45,46. These models usually employ particles with

fixed numbers of patches, even though it is possible to enforce

a temperature-dependent valence by using particles decorated

with dissimilar patches14,42. By contrast, soft self-assembling sys-

tems as soft patchy particles or molecular telechelic star polymers

present a variable number of patches that depends on external

parameters such as solvent quality or temperature, role which is

here played by λ . Therefore, understanding how a change in λ

affects the average number of patches Np for stars with fixed com-

binations of f and α will allow to change the functionalisation of

the molecular building blocks, and hence their hierarchical self-

assembling process, without the need to change the molecules in

solution.

Figure 2 shows Np as a function of λ for all investigated f and

α = 0.3, 0.5 and 0.7. For the lowest values of λ investigated here,

all the curves are increasing functions of the coupling constant,

signalling the onset of the self-assembly process. A comparison

between different α suggests that this onset occurs at lower val-

ues of λ as α increases. For the lowest value of α considered

here, all the curves but the f = 18 one are monotonic with both
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Fig. 1 A TSP with f = 15 and α = 0.5 for, from left to right, λ = 0.80, 1.00 and 1.10.
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Fig. 2 Number of patches Np as a function of λ for (top) α = 0.3,

(middle) α = 0.5 and (bottom) α = 0.7.

λ and f . However, for high values of α and λ the curves exhibit

a clear non-monotonicity. Indeed, when the attraction between

solvophobic monomers exceeds a certain threshold, the arms start

feeling a strong mutual attraction, collapsing on themselves and

forming fewer, although larger, patches. Upon further increas-

ing λ (λ > 1.15) these high-α systems fall off of equilibrium and

Np eventually plateaus. A visual inspection of the configurations

shows that monomers in the largest patches eventually crystallise.

Depending on the number and size of the patches, these low-

valence TSP’s will assemble into different large-scale structures. A

single patch can yield micelles or interconnected (wormlike) mi-

celles, depending on the patch size25. As the number of patches

increases so does the connectivity, meaning that inter-star bonds

become more common, eventually leading to network formation.

The overall properties of this network will depend not only on

the number and size of the patches, as it is the case for patchy

colloids6, but also on the radial and angular stiffness of the stars

themselves33.
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Fig. 3 Patch population sp as a function of λ for (top) α = 0.5 and

(bottom) α = 0.7.

We now move on to the average patch population sp, which

is defined as the average number of arms per patch. Figure 3
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