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(i.e. there are no terms with simultaneous variations of nx and

ny). To verify if the DB condition holds, we use the ‘commu-

tator’ C(nx,ny)
46,

C(nx,ny) =
g
(ny)
nx−1,ny−1 ·g

(nx)
nx−1,ny

r
(ny)
nx−1,ny

· r
(nx)
nx,ny

−
g
(nx)
nx−1,ny−1 ·g

(ny)
nx,ny−1

r
(nx)
nx,ny−1 · r

(ny)
nx,ny

. (9)

if C(nx,ny) = 0, it holds, whereas if C(nx,ny) 6= 0, it does not

hold.

3 Results

Unlike equilibrium idealized models, biological systems work

far from equilibrium, a cell, for example, is an open system

that exchange molecules and energy with its environment, but

in its homeostatic state all concentrations and fluctuations are

stationary. Therefore, modeling the stationary state is very

useful to describe biological systems and in this way we are

proposing the analysis of the agreement between the determin-

istic and stochastic approaches at stationary state. With the

simplified model that we have described in section 2 we ex-

pect to have both, monostable and bistable systems. Monosta-

bility is characterized by one stable point in the deterministic

approach and one peak in the stochastic distribution, which

means that there is just one possible fate for the system: apop-

tosis or senescence. On the other hand, bistability presents

two stable points and one unstable point in the deterministic

approach, and a bimodal distribution in the stochastic case,

which means the possibility of having two states: one associ-

ated to apoptosis and other to senescence. We compare the de-

terministic and stochastic approaches through the calculation

of the fixed points (5) and numerical integration of the master

equation (8), respectively. In the deterministic approach we

have considered the phase space of the system at t = ts, where

ts is the time when the system reaches the stationary state.

At time ts, the system does not change anymore and it can

be characterized by the fixed points that are solutions of the

system

dφx

dt
= 0 and

dφy

dt
= 0. (10)

The fixed points are functions of φx and φy, therefore, we can

use this information to construct the phase space and for sake

of simplicity we will present just results related with variable

φy and plot the function
dφy

dt
. The variable φx is trivially derived

from φy: at stationary state we can write

φ s
x =

1

2kd

(

k0− j2kd −k2φ s
y +

√

4 j2k0kd +(k0 − j2kd − k2φy)2

)

,

which let us see how the derivative behaves and also deter-

mines in a very simple way the sign of the function at fixed

points.

For our system represented by the equations (8) the detailed

balance condition is not valid for any set of parameters that we

have considered, therefore we are integrating the master equa-

tion and recognize the stable stationary state (ps(nx,ny)) as the

the point when the distribution probability does not change

anymore. An important result that we considered is the max-

imum value of the stationary distribution is equivalent to the

value of the stable points in the deterministic system, which let

us compare the two approaches. We have a complete descrip-

tion of the behavior of the system based on equations of each

approach and a detailed description of each parameter can be

found in the table 1 of appendix A. From them we know how

terms are related with production (activation and phosphoryla-

tion) or destruction (decay and dephosphorilation) of the com-

ponents of the system. The relationship between different pa-

rameters is not trivial, but in a general way we can predict their

behavior. The results are divided in two parts: 1) validation of

the model: comparison with experimental results to verify if

the model is able reproduce the phenotypes reported in liter-

ature and 2) study of the influence of the parameters in the

behavior of the model and possible predictions about cellular

phenotype.

3.1 Validation of the model

p53 and p16INK4a have a central importance in our model

because the experimental data shows that high levels of p53

drive cells into apoptosis47–49, while high levels of p16INK4a

drive cells into senescence11,50. Using this information we

can simulate in the models the overexpression of these pro-

teins and also change other parameters according to biolog-

ical knowledge. In the equations we identify that the prin-

cipal parameter related to senescence is k0, the rate of acti-

vation of p16INK4a by p38MAPK, while for apoptosis are

k1 and j1 that are the rates of phosphorylation of p53 by

p38MAPK and the Michaelis constant of phosphorylation of

p53 by p38MAPK, respectively. In case of senescence, k0 is

linearly related to p16INK4a, contrastingly k1 is linearly re-

lated to the phosphorylation of p53, but it is inversely related

to j1. The list of parameters considered is shown in Table 2 of

Appendix A.

Analyzing the solution of the deterministic system (5) and

using the parameters of Case 1 of Table 2 we found only one

stable fixed point, φx = 29.9224,φy = 0.1002. Figure 4 ex-

hibits the corresponding phase space plotted in terms of con-

centration φy. This result implies that the system is in the

senescent state by equations (3) and (4), as the concentration

of φy is almost null and all other molecules are concentrated in

φx. When we consider the stochastic distribution (figure 5) we
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A Appendix

Here we present the detailed mathematical derivation of the deterministic

model introduced in section 2.1 and the parameters values used in our study.

A.1 Mathematical derivation of the deterministic model

and description of parameters

Considering the abstract model in figure 3 we can derive the following dy-

namical equations
d[p16INK4a]

dt
= v1 − v2 − v3

d[p53∗]

dt
= v4 − v5 − v6 (11)

where each component represented in the following way:

v1 = k0

is the activation rate of p16INK4a by p38MAPK and it is assumed to have a

constant value k0.

v2 = kd · [p16INK4a]
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is the p53-independent degradation of p16INK4a.

v3 =
k2 · [p53∗] · [p16INK4a]

j2 +[p16INK4a]

is the p53-dependent decay rate of p16INK4a.

v4 =
k1 · [Ny − p53∗]

j1 +[Ny − p53∗]

is the phosphorylation rate of p53 by p38MAPK assumed to have a Michaelis-

Menten type expression.

v5 =
km1 · [p53∗]

jm1 +[p53∗]

is the deactivation rate of p53∗ assumed to have a Michaelis-Menten type

expression.

v6 =
km3 · [p16INK4a] · [p53∗]

jm3 +[p53∗]
is the inhibition rate of p53∗ induced by p16INK4a assumed to have a

Michaelis-Menten type expression.

Then we have

d[p16INK4a]

dt
= k0 − kd · [p16INK4a]−

k2 · [p53∗] · [p16INK4a]

( j2 +[p16INK4a])

d[p53∗]

dt
=

k1 · [Ny − p53∗]

j1 +[Ny − p53∗]
−

km1 · [p53∗]

jm1 +[p53∗]
−

km3 · [p16INK4a] · [p53∗]

jm3 +[p53∗]
.

(12)

Taking φx = [p16INK4a]/Nx and φy = [p53∗]/Ny where Nx is the total

concentration of [p16INK4a] and Ny is [p53tot ] then the mean field equations

are

dφx

dt
=

k0

Nx
− kdφx −

Nyk2φxφy

j2 +Nxφx

and
dφy

dt
=

k1(1−φy)

j1 +Ny(1−φy)
−

km1φy

jm1 +Nyφy
−

km3Nxφxφy

jm3 +Nyφy
. (13)

That is the system we have considered in our study. In Table 1 we present a

detailed description of the parameters.

Table 1 Model parameters.

Description Parameter

p16INK4a activation

by p38MAPK k0 (µM/min)
Degradation of

p16INK4a kd (min−1)
Phosphorylation of p53

by p38MAPK k1 (µM/min)
Michaelis constant of

p53 phosphorylation by p38MAPK j1 (µM)
Dephosphorilation of p53* km1 (µM/min)
p16INK4a dependent degradation

of p53* k2 (min−1)
Michaelis constant of p16

degradation by p53* j2 (µM)
Michaelis constant of p53*

dephosphorilation jm1 (µM)
Dephosphorilation of p53*

by p16INK4a km3 (µM/min)
Michaelis constant of p53*

dephosphorilation by p16INK4a jm3 (µM)

A.2 Set of parameters used in the study

Table 2 Parameters used in section 3.1.

Parameters Case 1: Senescence Case 2: apoptosis

k0 (µM/min) 1.5 0.1

kd (min−1) 0.05 5

k1 (µM/min) 0.6 0.6

j1 (µM) 0.01 0.1

km1 (µM/min) 0.2 0.2

k2 (min−1) 0.04 0.4

j2 (µM) 1 0.1

jm1 (µM) 0.1 0.1

km3 (µM/min) 0.05 0.05

jm3 (µM) 0.2 2

Table 3 Parameters used in section 3.2.

Parameters Case 1 Case 2 Case 3 Case 4

k0 (µM/min) 1 15 7 15

kd (min−1) 0.05 0.9 5 4

k1 (µM/min) 0.9 16 3 16

j1 (µM) 0.01 0.01 0.001 0.01

km1 (µM/min) 0.2 0.2 2 2

k2 (min−1) 0.04 0.78 4 0.78

j2 (µM) 0.76 0.99 1.99 0.099

jm1 (µM) 0.1 0.1 1 0.1

km3 (µM/min) 0.37 7.5 1.5 7.5

jm3 (µM) 0.2 2 5 2
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