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Abstract

Recently, manganese-oxide compounds have attracted considerable attention, in particular, as a candi-

date of materials exhibiting a photochemical water-splitting reaction. Here, we investigate electronic states

of pristine manganese dioxides (MnO2) at different crystal phases using spin-polarized density functional

theory (DFT) with Hubbard U correction. Geometrical structures and band dispersions of α-, β-, δ-, and

λ-MnO2 crystals with collinear magnetic [ferromagnetic (FM) and antiferromagnetic (AFM)] orders are

discussed in detail. We reveal that penalty energies that arise by violating the Goodenough-Kanamori rule

are important and the origin of the magnetic interactions of the MnO2 crystals is governed by the superex-

change interactions of Mn–O–Mn groups. In addition, it is found that momentum-dependent band spin

splitting occurs in the AFM α-, β-, and δ-MnO2 crystals while no spin splitting occurs in the AFM λ-MnO2

crystal. Our results show that spin-split band dispersions stem from the different orientations of Mn-centred

oxygen octahedra. Such interesting electronic states of the MnO2 crystals are unraveled by our discussion

on the relationship between the effective (spin-dependent) single-electron potentials and the space-group

symmetry operations that map up-spin Mn atoms onto down-spin Mn atoms. This work provides a basis

to understand the relationship between the spin-dependent electronic states and the crystallography of man-

ganese oxides. Another relationship to the recent experimental observations of the photochemical oxygen

evolution of MnO2 crystals is also discussed.

PACS numbers: 71.15.Mb, 75.50.Pp
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I. INTRODUCTION

Manganese oxides have been synthesized with a wide variety of crystallographic structures1,

and attracted extensive research attentions such as electrode materials for rechargeable lithium-

ion batteries2,3, agents for magnetic resonance imaging4, and catalysts5,6 especially for water-

splitting reactions. One of the most representative examples of the manganese-oxide catalysis is

the oxygen-evolution complex (OEC) in photosystem II (PSII) for natural photosynthesis7. The

OEC, a manganese-oxide cluster, is a central component of oxygen evolution in the PSII function-

ing without any bias voltage and only with abundant sunlight energy.

A geometrical structure of the OEC had been unknown for many years. Very recently, Shen’s

group8,9 has determined the structure of the OEC, that is a Mn4CaO5 cluster, by X-ray diffraction

with high resolution of 1.9 and 1.95 Å. Based on the X-ray structures, many researchers have

attempted to reveal a reaction mechanism of water oxidation on the OEC10, however, the details

of the oxidation mechanism on a molecular level still remain unclear. The reason for the difficulty

lies at least in two aspects. One is from electronic structural point of view; the difficulty exists

in the spin state of the catalyst accelerating a reaction that two water molecules (reactants) of

singlet spin states produce one oxygen molecule (products) of triplet spin states. The other is from

precise geometrical structural point of view; the difficulty lies in the fact that the OEC structure

is known only for a dark-stable S1 state11–14, although the OEC catalytic cycle consists of at least

four states7,10,15.

When it comes to the oxygen-evolution reaction by water splitting, in most of the artificial

electrodes, precious metals such as platinum, ruthenium, and iridium are often indispensable16,17,

owing to their durability. By contrast, in natural photosynthesis, an abundant metal of manganese

is used at the heat of the OEC manganese-oxide catalysis. Therefore, for future precious-metal-

free artificial photosynthesis, it is crucial to learn the catalytic mechanism of the Mn4CaO5 cluster

in PSII.

Aiming at the elucidation of this mechanism, many studies are already reported focusing on

its molecular properties7. In parallel with these molecular quantum chemical studies, we believe

it indispensable to investigate the bulk solid catalyst of manganese oxides. It will be natural

to presume that the first stage candidate-material of the devices for artificial photosynthesis is

consisting of solid state catalysts such as manganese oxides. In fact, there are recent experimental

observations of the oxygen evolution of manganese oxides18–21 and related substances22–24.
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In the present work, we systematically investigate the electronic states of stoichiometric man-

ganese dioxides (MnO2) using first-principles calculations as a first step toward the investigation

of such materials. The aim of this work is to present the explicit spin-dependent band structures

of α-, β-, δ-, and λ-MnO2 crystals with the most probable magnetic orders. The spin-polarized

density functional theory (DFT) with Hubbard U correction (DFT+U) is used in our calculations.

So far, antiferromagnetic (AFM) α-MnO2 was investigated by Cockayne et al.25 using DFT+U; β-

MnO2 was investigated by Franchini et al.26 using DFT, DFT+U, and hybrid functional methods;

ferromagnetic (FM) δ-MnO2 was investigated by Kwon et al.27 using DFT (monolayer system

was investigated by Sun et al.28 using DFT+U); AFM λ-MnO2 was investigated by Morgan et

al.29 using DFT. However, all these literatures have not shown explicitly or not well explored the

details of the spin-dependent band structures. We focus in this study on the spin-dependent band

structures of the pure crystalline phases, which would govern an essential property in natural OEC

as well as artificial systems for oxygen-evolution reaction.

In particular, a variety of spin-dependent band structures appears in these MnO2 crystals. The

interesting feature is the spin splitting and degeneracy in the band structures, which have never

been discussed so far. We will demonstrate that there is a beautiful group-theoretical rule that

determines the spin splitting and degeneracy at a given k-point in the first Brillouin zone. It is

related to the existence of the symmetry operations that map up-spin Mn atoms onto down-spin

Mn atoms. Recently, spin splitting and degeneracy have been discussed with much interest in

surfaces, edges, or low-dimensional systems in a context of topological insulators30,31. However,

the mechanism is quite different from the present systems; in our discussion of the MnO2 systems,

it is not necessary to introduce neither the spin-orbit coupling nor the time-reversal symmetry.

Instead, it is enough to recognize that AFM α-, β-, and λ-MnO2 have at least one space-group

symmetry that maps every oxygen octahedron surrounding an up-spin Mn atom onto the other

oxygen octahedron surrounding a down-spin Mn atom. What we find in this paper is that, if a

wave vector k is unchanged under such a symmetry operation, there is a spin degeneracy at this

k-point. Otherwise, if k is transferred to k
′ under such a symmetry operation, the up-spin energy

levels at the k point coincide with the down-spin energy levels at the k
′ point, and vice versa.

The rest part of this paper is organized as follows. In Chapter II, we describe a computational

method used in this study. In Chapter III, after briefly presenting a general explanation on the

interaction between Mn-centred oxygen octahedra, we present the resulting band structures and

the density of states (DOS) as well as the unit cell and the first Brillouin zone each for α-, β-, δ-,
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and λ-MnO2. The mechanism of the spin splitting and degeneracy and then a possible relationship

of the present results to the catalytic behaviour observed experimentally in MnO2 crystals18,19 are

discussed in Chapter IV. Finally, Chapter V concludes this paper.

II. COMPUTATIONAL METHOD

In the present study, we use Vienna ab initio simulation package (VASP)32 based on DFT and

the projector-augmented-wave (PAW) pseudopotential approach33,34. Perdew-Burke-Ernzerhof

(PBE) generalized gradient approximation (GGA) functional35 and Hubbard correction36 with dif-

ferent Ueff (0.00, 3.00, 4.00, or 5.00 eV) are used. The cutoff energy for plane-wave basis is set

high enough at 800 eV, and the magnetic moment of each Mn atom is initially set at ± 3.00 µB

corresponding to Mn(IV). We carry out geometrical optimizations with the unit-cell relaxations.

For the k-points, we use a Γ-centred grid with 12 × 12 × 4 for α-MnO2, 8 × 8 × 12 for β-MnO2,

and 12 × 12 × 4 for δ-MnO2, and a Monkhorst-Pack grid37 with 6 × 6 × 6 for λ-MnO2. The tetra-

hedron method38 is used for the DOS calculations. All primitive unit cells and conventional unit

cells (in the cases of α-MnO2 and λ-MnO2) with the most probable magnetic order (see Chapter II

I) are generated by Phonopy39. All symmetry k-points and symmetry k-lines in the Brillouin zone

are determined by Automatic Flow (AFLOW)40,41.

III. RESULTS

We have to discuss the spin configuration of Mn atoms in the MnO2 crystals. There are two

types of sharings of Mn-centred oxygen octahedra: point and ridge sharings; see Fig. 1. Focusing

on any of two adjacent Mn atoms, a preferable spin configuration can be easily identified according

to the Goodenough-Kanamori rule42–44. It states that superexchange interactions favour AFM

when the d orbitals of transition metal cations overlap the same p orbital of a shared anion as in

a linear (180◦) Mn–O–Mn group, while they favour FM when the d orbitals overlap the same p

orbital as in a bent (90◦) Mn–O–Mn group. After the structural optimization of all MnO2 crystals

studied here, Mn–O–Mn groups at the point sharing are almost linear (about 130◦) and those at the

ridge sharing are bent (about 100◦). Therefore, we find that AFM configuration is favourable in the

case of point sharing, whereas FM configuration is favourable in the case of ridge sharing (similar

discussion on the relationship between the bond angle and the spin configuration of metal–ligand–
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Fig. 1: Spin configuration of Mn atoms in oxygen octahedra. Magenta-, green-, and red-coloured balls

denote Mn atoms with up-spin magnetic moment, Mn atoms with down-spin magnetic moment, and O

atoms, respectively (the definition is also applied for Figs. 2, 4, 6, 9, and 11). Yellow-coloured arrows

denote the spin orientation of each Mn atom. AFM configuration is favourable with the point sharing (blue

solid circle), whereas FM configuration is favourable with the ridge sharing (blue solid line).

metal groups was described by P. J. Hay et al.45). The resulting magnetic moment of each Mn

atom remains at ± 3.00 µB, which corresponds to Mn(IV).

We have performed density functional calculations with different Ueff and compared these re-

sults. Table 1 shows the total energy difference between FM and AFM configurations depending

on Ueff values (the AFM configuration for each crystal phase in the main text of our paper is more

stable than any other AFM configurations; see Figs. S1–S4 and Table S1 in Supplementary In-

formation). It is found that the energetic stabilities of the MnO2 crystals except δ-MnO2 depend

on the strength of Hubbard U correction. Because FM and AFM orders compete in α- and β-

MnO2, AFM is favoured for Ueff = 0.00–4.00 eV but FM is favoured for Ueff = 5.00 eV as seen in

Table 1. According to the discussion in the perspective article authored by H. Xiang et al.46, the

strong Hubbard U correction results in the energetic stability of FM systems due to the weak AFM

component of the spin exchange interaction. In the case of δ-MnO2, there is no energy difference

between FM and AFM orders. For λ-MnO2, oxygen octahedra are ridge sharing, and FM should

be favoured. Indeed, FM is favoured in our calculations with Ueff = 3.00, 4.00, and 5.00 eV. How-

ever, AFM is observed experimentally. In our calculation, AFM is favourable when we set Ueff =

0.00 eV. Therefore, there is a quite delicate energy competition between the AFM and FM orders

5
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Table 1: Total energy difference ∆E
ρ
tot (ρ = α, β, δ, and λ) between FM and AFM configurations per MnO2

unit depending on Ueff values. The energy difference is defined as ∆E
ρ
tot = E

ρ,FM
tot − E

ρ,AFM
tot , where E

ρ,FM
tot

and E
ρ,AFM
tot denote the ground-state total energies of the FM and AFM ρ-MnO2, respectively. The unit of

the energy is eV.

Ueff α-MnO2 β-MnO2 δ-MnO2 λ-MnO2

0.00 0.068 0.097 0.000 0.012

3.00 0.009 0.020 −0.001 −0.011

4.00 0.006 0.006 0.000 −0.017

5.00 −0.047 −0.047 0.000 −0.024

in λ-MnO2, it is difficult to draw any decisive conclusion about the magnetic energy stability. It

is commonly known that DFT is a reliable first-principles method to calculate the ground-state

total energy but not so reliable for discussing band structures. On the other hand, the DFT+U is

considered to be more reliable for the band structures in a sense that it enlarges the band gap that

was largely underestimated by standard exchange-correlation functionals (e.g. GGA functional).

The DFT+U calculations are reviewed in Ref. 47. The typical examples are the magnetic oxides

such as MnO and NiO. The usual spin density functionals give correct spin states, but their energy

gap is much too small. This is corrected by the introduction of U that increases the gap between

the filled and empty 3d states48. Therefore, the energy difference might be more reliable for Ueff

= 0 and the band structures might be more reliable for Ueff > 0. However, we believe that such

an inconsistent use of different Ueff values for different purposes is not relevant for current study.

More detail energy comparison is left for the future study. In this paper, only the results in the

case of Ueff = 4.00 eV are adopted. Before taking up the details of our results, it is noteworthy that

different Ueff does not affect the description of spin splitting and degeneracy in band structures of

any MnO2 crystal (see Figs. S5–S7 in Supplementary Information).

A. α-MnO2

The α-MnO2 crystalline phase has a space-group symmetry I4/m (87) with a body-centred

tetragonal lattice type 1 (BCT1, see Fig. 2). The relaxed lattice constants inferred from our geo-

metrical optimization are a = 9.887 Å and c = 2.920 Å (experimental lattice constants49 are a =
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Fig. 2: (a) Primitive and (b) conventional unit cells of AFM α-MnO2.

9.750 Å and c = 2.861 Å). All the oxygen octahedra in α-MnO2 are connected to each other

by point or ridge sharing like Fig. 1. Therefore, the AFM order is preferable in this case. The

Brillouin zone is shown in Fig. 3(a). Comparing to the original figure of the Brillouin zone given

in the reference of AFLOW40, we draw twice a larger number of the symmetry k-lines to discuss

spin-dependent band structures. For example, the X and X’ points in the Brillouin zone are equiv-

alent in terms of the geometrical symmetry of α-MnO2. However, the electronic states at the X

and X’ points are not equivalent; meanwhile the energy levels of up-spin state at the X point and

down-spin state at the X’ point are the same, and vice versa (the detail is explained in Chapter IV).

The DOS is shown in Fig. 3(b). There is a large contribution of oxygen 2p orbitals to the DOS

of the valence bands. In contrast, there is a large contribution of manganese 3d orbital to the DOS

of the conduction bands. Our result shows that α-MnO2 is a semiconductor with an indirect band

gap of 1.40 eV [between the M point (valence band) and the X point (conduction band)]. Its band

structures are shown in Figs. 3(c) and (d). Along the symmetry Γ − Z and Z1 −M lines, the en-

ergy bands of up- and down-spin electrons are completely the same. On the other hand, along the

other k-lines, the energy bands of up- and down-spin electrons are different. In brief, momentum-

dependent band spin splitting occurs in some manner (the mechanism of the spin splitting and

degeneracy of this and the following structures will be discussed in Chapter IV).
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Fig. 3: (a) Brillouin zone of BCT1 lattice for α-MnO2. The figure is made by modifying Fig. 5 in the

reference of AFLOW40. The red circles and lines denote the symmetry k-points and k-lines. (b) Total

DOS (black solid line) and partial DOS of manganese 3d and oxygen 2p orbitals (blue and red solid lines,

respectively) for AFM α-MnO2. Band structures of AFM α-MnO2 along (c) the Γ − Z |Z1 −M − Γ − X −

M−X’−Γ−M’ lines and (d) the X − P − Z−N’−P − Z1 − N−P’−X’ lines. Red and blue points denote up-

and down-spin energy levels at each k-point, respectively. A black dashed line in (b)–(d) is the Fermi level

(these definitions are also applied for Figs. 5, 7, 8, and 10).
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B. β-MnO2

The β-MnO2 crystal has a space-group symmetry P42/mnm (136) with a simple tetragonal

lattice (TET, see Fig. 4). The relaxed lattice constants from our geometrical optimization are a =

4.450 Å and c = 2.937 Å. All the oxygen octahedra in the structure of β-MnO2 are connected

to each other by point or ridge sharing. Being the same as α-MnO2, our result indicates that the

AFM order is preferable. The Brillouin zone is shown in Fig. 5(a) and the DOS is shown in Fig.

5(b). Similar to the case of α-MnO2, there is a large contribution of oxygen 2p orbitals to the

DOS of the valence bands, whereas there is a large contribution of manganese 3d orbital to the

DOS of the conduction bands. According to our result, β-MnO2 is a semiconductor with a very

small band gap of 0.04 eV (direct band gap at the Γ point). This band gap, however, becomes a

bit larger ∼0.17 eV if we use the experimental lattice constants50 (a = 4.404 Å and c = 2.876 Å).

The band structure is shown in Fig. 5(c). Along the symmetry k-lines Γ −M, Γ−M’, Z − A, and

Z−A’, the energy bands of up- and down-spin electrons are split. On the other hand, along the

other symmetry k-lines and on the symmetry planes Γ −X −R − Z − Γ and X −M −A −R −X,

they are completely the same. Thus, momentum-dependent band spin splitting occurs in the case

of β-MnO2 in a somewhat different way compared to the previous case for α-MnO2.

In β-MnO2, both the valence band top (VBT) and the conduction band bottom (CBB) appear

with the full spin degeneracy at the Γ point. Franchini et al.26 showed a FM ground state of β-MnO2

with a half-metallic character despite using the same PBE+U calculations with the same value

Ueff = 4.00 eV as our work. A width of Gaussian smearing is set at 0.01 eV in our calculations,

whereas it was set at 0.60 eV in their calculations. Indeed, we also derive the FM ground state

instead of the AFM ground state if we increase the smearing to 0.60 eV in our calculation. It

suggests that PBE+U calculations with a large smearing width might give misleading information

concerning appropriate magnetic order of the manganese-oxide systems.

C. δ-MnO2

The δ-MnO2 crystal has a space-group symmetry P63/mmc (194) with a hexagonal lattice

(HEX, see Fig. 6). The relaxed lattice constants from our geometrical optimization are a =

2.925 Å and c = 11.427 Å, which are somewhat different from the experimental data51 (a = 2.840

Å and c = 14.031 Å). The discrepancy between experimental and theoretical lattice constants is
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Fig. 4: Primitive unit cell of AFM β-MnO2.
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Fig. 5: (a) Brillouin zone of TET lattice for β-MnO2. The figure is made by slightly modifying Fig. 4 in the

reference of AFLOW40. (b) Total DOS and partial DOS of manganese 3d and oxygen 2p orbitals for AFM

β-MnO2. (c) Band structure of AFM β-MnO2 along the M−Γ−Z−A−M−X−R−Z−A’−M’−Γ−X |R−A

lines.
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due to the fact that the stoichiometric crystal structure is very far from the experimental samples

that include potassium atoms and water molecules, etc51. However, it was confirmed that our re-

sult does not change qualitatively even if we use the experimental lattice constants (see Fig. S8

in Supplementary Information). In both FM and AFM cases, each layer has FM ordering because

all the oxygen octahedra are connected by ridge sharing [see Figs. 6(a) and (b)]. The calculated

energy difference between FM and AFM configurations is almost zero (see Table 1), because the

interlayer magnetic interaction is so weak. Therefore, we present band structures of both FM and

AFM δ-MnO2. The Brillouin zone and the DOS in the case of FM configuration are shown in

Figs. 7(a) and (b), respectively. In contrast to the two previous cases, the DOS plots for up- and

down-spin electrons are separated, although it is the same that the valence and conduction bands

are mainly composed of oxygen 2p and manganese 3d orbitals, respectively. The result indicates

that δ-MnO2 is a semiconductor with a band gap of 1.70 eV. The FM band structure is shown in

Fig. 7(c) and the AFM band structures are shown in Figs. 8(a) and (b). Naturally, the FM system

reflects that the energy bands of up- and down-spin electrons are different at any k-point. In the

AFM case, energy bands of up- and down-spin electrons are degenerate at the Γ −M − K − Γ,

A−L−H−A, Γ−K−H−A−Γ, and M−K−H−L−M symmetry planes. On the other hand, band

spin splitting occurs at the other areas in the Brillouin zone containing also the Γ−M−L−A−Γ

symmetry plane. For example, if we write the middle points of the symmetry line segments Γ−A,

M − L, and K −H are P, Q, and R, the P −Q line is spin split but the Q − R and R − P lines are

spin degenerate. Moreover, as can be seen in Fig. 8(b), energy levels of up-spin electrons at the

P −Q line are the same as energy levels of down-spin electrons at the P −Q’ line, and vice versa,

where Q and Q’ points are equivalent with a six-fold rotation C6 around the c axis.

For this FM δ-MnO2 phase, we found that the indirect band gap appears between the majority

spin (up-spin) states, which is different from the previous result by Kwon et al.27 who suggested

the indirect band gap between different spin states. The reason for this difference is presumably

due to the absence of the parameter U (i.e., pure GGA) in their calculation. With Ueff = 0.00 eV,

we also found that the CBB becomes the minority spin (down-spin) state. However, when we set

finite value for the Hubbard U, the minority spin state goes up due to the repulsive interaction with

the occupied majority spin electron in the manganese 3d orbital, and becomes a higher conduction

band.
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Fig. 6: Primitive unit cells of (a) FM and (b) AFM δ-MnO2.

D. λ-MnO2

Unlike the three previous MnO2 crystals, the definition of spin configuration in λ-MnO2 is very

difficult because there is spin fluctuation in Mn tetrahedron framework52. The λ-MnO2 crystalline

phase has a space-group symmetry Fd3̄m (227) with a face-centred cubic (FCC) lattice without

consideration of spin configuration. All the oxygen octahedra in the structure of λ-MnO2 are

connected to each other by ridge sharing, and a FM order might be appropriate according to the

Goodenough-Kanamori rule for the superexchange interaction. However, it was reported that λ-

MnO2 exhibits an AFM order in the previous experimental study52. Following to the reference,

we set the AFM order along (111) crystal orientation of λ-MnO2. Considering to the AFM order,

we can set the primitive unit cell having a space-group symmetry R3m (160) with a rhombohedral

lattice type 1 (RHL1, see Fig. 9). The relaxed lattice constants from our geometrical optimization

are a = 10.062 Å and α = 33.67◦ (the RHL1 unit cell with a = 9.833 Å and α = 33.56◦

corresponds to the original FCC unit cell with the experimental lattice constant a = 8.029 Å52;

the corresponding relaxed value is a = 8.216 Å). The Brillouin zone and the DOS are shown in

Figs. 10(a) and (b), respectively. Again, there is a large contribution of oxygen 2p (manganese

3d) orbitals to the DOS of the valence (conduction) bands. The resulting λ-MnO2 phase is a

semiconductor with an indirect band gap of 1.86 eV [between the L point (valence band) and
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Positive and negative values of DOS are for up- and down-spin electrons, respectively. (c) Band structure

of FM δ-MnO2 along the Γ −M −K − Γ − A − L −H − A |L −M |K −H lines.

the P point (conduction band)]. The band structures of λ-MnO2 are shown in Figs. 10(c) and

(d). Same as AFM δ-MnO2, there are spin-degenerate band dispersions at any k-point. Thus,

momentum-dependent band spin splitting does not occur in this case.

IV. DISCUSSION

As we mentioned in Chapter III, it is difficult to determine the magnetic interactions of MnO2

precisely. In spite of the doing it, we estimate penalty energies, which represent the energy en-

hancement due to the Goodenough-Kanamori rule, i.e., due to the appearance of FM-coupling

point sharing and AFM-coupling ridge sharing, E
ρ

P
and E

ρ

R
(ρ = α, β, δ, and λ), respectively (the
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Fig. 8: Band structures of AFM δ-MnO2 along (a) the Γ−M−K−Γ−A−L−H−A |L−M |K−H lines

and (b) the P −Q − R − P−Q’−R’−P lines.

detail of how to estimate the penalty energies is described in Supplementary Information). From

our analysis, we estimate Eα
P
= 0.003–0.004 eV and Eα

R
= 0.004–0.005 eV for α-MnO2, E

β

P
=

0.003 eV and E
β

R
= 0.023 eV for β-MnO2, Eδ

R
= 0.031 eV for δ-MnO2, and Eλ

R
= 0.013–0.019

eV for λ-MnO2 (see Tables S3 in Supplementary Information). First, we emphasize that E
ρ

P
and

E
ρ

R
are all positive; FM-coupling point sharing and AFM-coupling ridge sharing are energetically

unfavourable. In the case of α- and β-MnO2 having both point and ridge sharings of oxygen oc-

tahedra, it is found that E
ρ

R
is energetically larger than E

ρ

P
. It means that the larger the number of

AFM-coupling ridge sharings, the less stable the AFM MnO2 system, independent of the number
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Fig. 9: (a) Primitive and (b) conventional unit cells of AFM λ-MnO2.

of FM-coupling point sharings.

The results of spin splitting and degeneracy for all the MnO2 structures studied in this paper are

briefly summarized as follows. In the case of AFM α-, β-, and δ-MnO2, up- and down-spin band

dispersions fully coincide along some symmetry k-lines (and on some symmetry k-planes for β-

and δ-MnO2), while they are splitting at the other k-points. In the case of FM δ-MnO2, up- and

down-spin bands are completely different at any k-point. In the case of AFM λ-MnO2, they are

fully degenerate at any k-point. Regarding the relationship between geometrical structures and

band dispersions, we found that the orientation of oxygen octahedra in each AFM MnO2 crystal

is very crucial to understand whether up- and down-spin energy bands split or degenerate in the

AFM MnO2 crystals. It is essentially related to the fact that the effective single-electron potential

(or the nuclear potential plus the self-energy) Vσ (σ =↑ or ↓) is spin dependent in the Kohn-Sham

(or quasiparticle) equations

[

1

2

(

k − i∇
)2
+ V↑

]

uk↑ = ǫk↑uk↑, (1a)

[

1

2

(

k − i∇
)2
+ V↓

]

uk↓ = ǫk↓uk↓, (1b)

for up-spin (Eq. 1a) and down-spin (Eq. 1b) electrons, where ǫkσ and ukσ denote the eigenvalue

and the periodic eigenfunction at each k-point, respectively.
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Fig. 10: (a) Brillouin zone of RHL1 lattice for λ-MnO2. The figure is made by modifying Fig. 14 in the

reference of AFLOW40. (b) Total DOS and partial DOS of manganese 3d and oxygen 2p orbitals for AFM

λ-MnO2. Band structures of AFM λ-MnO2 along (c) the Z−Γ−X−L1 −Γ−L−X−B1 −L−P−Z lines

and (d) the B − P1 − F − P2 − L1 − B1 −Q − B − Z |F −Q lines.
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Fig. 11: The PDDs of the CBB of (a) up-spin density at the X point and (b) down-spin density at the X’

point for α-MnO2. They can be seen from a direction along the c axis of the tetragonal supercell showed in

Fig. 2(b).

Suppose a space-group symmetry operation R that maps the magenta-coloured (up-spin) octa-

hedra onto the green-coloured (down-spin) octahedra, i.e., it satisfies RVσ = V−σ. For example,

consider a four-fold rotation C4 around the c axis of α-MnO2; see Fig. 2(b). It maps the magenta-

coloured octahedra onto the green-coloured octahedra. In the case of β-MnO2 (see Fig. 4), there

are a four-fold rotation C4 around the c axis and two-fold rotations C2 around the a and b axes both

of which follow glide-plane (1/2) translation. For δ-MnO2, a horizontal reflectionMh perpendic-

ular to the c axis and a combination of a vertical reflectionMv parallel to the c axis and a six-fold

rotation C6 around the c axis (namely, MvC6) are important [see Fig. 6(b)]. In this case, they

satisfyMhVσ = V−σ andMvC6Vσ = V−σ, respectively. For λ-MnO2, the magenta-coloured octa-

hedra map onto the green-coloured octahedra under a translation T , so that we have TVσ = V−σ,

because all the orientation of the oxygen octahedra are the same regardless of their spin configu-

rations; see Figs. 9(a) and (b). All these operations as well as their alternatives ICn (n = 2 or 4)

combined with the inversion operation I satisfy RVσ = V−σ. Now, if a certain wave vector k is

unchanged under at least one of these space-group operations R, i.e., satisfies Rk = k, the square

parenthesis of the left hand side of Eq. (1a) under this operation becomes identical to that of Eq.

(1b), and vice versa. That is, for such wave vector k, Eqs. (1a) and (1b) become identical to each

other, and we find the spin degeneracy: ǫk↑ = ǫk↓. For example, the Γ − Z line continuing to the
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Z1 −M line in α-MnO2 [see Fig. 3(a)] is spin degenerate because we have C4k = k for any k

vector along this line. Similarly, the Γ−X−R−Z−Γ and X−M−A−R−X planes in β-MnO2

[see Fig. 5(a)] are spin degenerate because we have IC2k = k or IC2k = k −G, where G is a

reciprocal lattice vector. In the case of δ-MnO2, the Γ −M −K − Γ and A − L −H −A planes are

spin degenerate becauseMhk = k orMhk = k−b3 is satisfied. In addition, the Γ−K−H−A−Γ

and M − K − H − L −M planes are spin degenerate becauseMvC6k = k orMvC6k = k −G

is satisfied. Moreover, λ-MnO2 is fully spin degenerate for arbitrary k-points because Tk = k.

Using a similar argument, we can also derive ǫk↑ = ǫk′↓ for two different wave vectors k and k
′

that are related to each other by Rk = k
′. Indeed, the up- and down-spin energy bands on the

Γ − M and Γ−M’ lines in α- and β-MnO2 [see Figs. 3(c) and 5(c)] are identical if we change

↑ and ↓. Similarly, the Γ − X and Γ−X’ lines in α-MnO2 are also related to each other in this

manner. Figures 11(a) and (b) represent, the up-spin partial density distribution (PDD) at the X

point and the down-spin PDD at the X’ point of α-MnO2. It is readily seen from these figures that

the up-spin PDD at the X point precisely coincides with the down-spin PDD at the X’ point when

we rotate the system by 90◦ around the c axis. Such spin degeneracies exist in these crystalline

phases. However, for general wave vectors k that do not satisfy Rk = k, we have spin splitting

ǫk↑ , ǫk′↓.

In this manner, different orientations of oxygen octahedra in the AFM α-, β-, and δ-MnO2

crystals can keep spin degeneracy only at some symmetry k-lines or planes due to some space-

group symmetries, but the same orientations of oxygen octahedra in the AFM λ-MnO2 crystal

can keep spin degeneracy at any k-point inside the whole Brillouin zone due to the translational

symmetry.

It indicates that there is no spin degeneracy in the vicinity of the VBT and the CBB for AFM α-

and β-MnO2 even though the VBT and the CBB themselves are the symmetry points (the M, M’,

X, and X’ points for α-MnO2 or the Γ point for β-MnO2) and spin degenerate. In contrast, there

are spin degeneracies in the vicinity of the VBT and the CBB for AFM λ-MnO2 because this phase

has the full spin degeneracy. Since the electronic states in the vicinity of the VBT and the CBB

should have major contribution to any kind of catalytic reactions, we speculate that AFM λ-MnO2

can be a more efficient catalyst in a sense that both up- and down-spin electrons can contribute

to the same chemical reaction. Indeed, it has been recently observed that the oxygen-evolution

rate is the highest in λ-MnO2 compared to the other crystal phases of MnO2
18,19. Whereas, in the

case of AFM α- and β-MnO2, it is expected that a catalytic reaction depending on the electron-
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momentum and spin orientations may take place because only up- or down-spin band exist in

the vicinity of VBT and CBB according to the electron momentum [e.g., around the X and X’

points (along the Γ−M and Γ−M’ lines) in the Brillouin zone of α-MnO2 (β-MnO2)]. However

the meaning of this catalytic reaction depending on the directions of the electron-momentum and

the spin orientation is still abstract, and it is required to further explore its real physical meaning

and possible applications in the future.

V. CONCLUSION

We have presented a comprehensive study of stoichiometric α-, β-, δ-, and λ-MnO2 crystals

using spin-polarized DFT with PAW and PBE+U. Due to the lack of accurate experimental and

theoretical information on the pristine MnO2 crystals, it is not easy to judge which magnetic order

is the most appropriate. Nevertheless, we have estimated the penalty energies in order to reveal

the origin of the magnetic energy difference between the different FM and AFM configurations of

the MnO2 crystals. It is found that superexchange interactions of Mn–O–Mn groups dominate the

magnetic interactions in the MnO2 crystals. According to our analysis, we have determined the

magnetic configurations of the pristine MnO2 crystals with focusing on each spin orientation of

Mn atoms. Based on some references on electronic states and magnetic behaviours of the MnO2

crystals, we have selected the most probable magnetic orders of the MnO2 and discussed their

momentum-dependent band spin splitting.

In the case of FM MnO2 (the layered δ-MnO2 in this study), majority- and minority-spin

band dispersions exhibit different energy levels at all k-points in the band structure shown in

Fig. 7(c). The synthesized δ-MnO2 crystals in experimental references are non-stoichiometric

compounds containing some alkali metals, alkaline earth metals, water molecules, and/or oxygen

vacancies51,53–57. Our results would give a good starting point in discussing the accurate electronic

states of such imperfect δ-MnO2 in a future work on artificial photosynthesis. In contrast, AFM

orders are investigated for all of the four different MnO2 crystals. Looking at their band struc-

tures in Figs. 3(c) and (d) of α-MnO2, Fig. 5(c) of β-MnO2, and Fig. 8(b) of δ-MnO2, there are

spin-split band dispersions at some symmetry k-lines or planes. However, there is no spin-split

band dispersion in the band structures in Figs. 10(c) and (d) of λ-MnO2. We find that such unique

momentum-dependent band spin splitting and degeneracy are related to the orientation in the AFM

MnO2 crystals of Mn-centred oxygen octahedra.
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The most important point in these crystals is that there is a symmetry operation R that maps

all up-spin Mn-centred oxygen octahedra onto all down-spin Mn-centred oxygen octahedra (i.e.,

RVσ = V−σ is satisfied). For any wave vector k that satisfiesRk = k, we have spin degeneracy. For

two different wave vectors k and k
′ that satisfy Rk = k

′, the up-spin bands at k coincides with the

down-spin bands at k′, and vice versa. These facts provide a better understanding for the accurate

spin states of AFM materials. Recently, spin-split band dispersions have attracted much attention

in the context of topological insulators. In the present case, we can find the spin-split band struc-

tures even in ordinary three-dimensional systems without the spin-orbit coupling or the breaking

of the time-reversal symmetry. The mechanism is independent of the time-reversal symmetry. In

our case, the difference in the symmetry on particular axes (e.g., rotational symmetry on the c axis

and no rotational symmetry on the a and b axes in the α-MnO2) leads to the momentum-dependent

band spin splitting or degeneracy.

If we compare the present results with the experimental measurements on the reaction rate of

the photochemical oxygen evolution of various MnO2 phases by Dismukes’ group18,19, our results

seem to be consistent with their experimental findings that AFM λ-MnO2 has the largest reaction

rate in a sense that both up- and down-spin electrons in the vicinity of the VBT and the CBB can

equally contribute to the oxygen-evolution reaction. However, further discussion concerning the

relationship to the catalytic behaviour is needed and left for the future study.
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