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ABSTRACT

The inclusion of the ionic size (steric) effects into the steady and locally developed diffusioosmotic flow inside a
uniformly charged slit microchannel through a theoretical analysis is the subject of this study. The results indicate
essential quantitative and qualitative distinctions between the steric effects on classical electrokinetic phenomena
like electroosmosis and on diffusioosmosis. For example, although the steric effect on electroosmotic flow is always
unfavorable, it may have a positive influence on diffusioosmosis and even double the mean velocity under certain
conditions. Moreover, finite ionic sizes can even change the flow direction with a tendency to increase the chance of
flow toward higher concentration. Another interesting finding is that, unlike electroosmosis, the steric effects on
diffusioosmotic flow do not vanish even when the EDL is very thin. The main quantitative difference between the
ionic size effects on diffusioosmosis and the other electrokinetic phenomena is the critical zeta potential above which
these effects become important which is here found to be only about several tens of millivolts. The more sensitivity of
diffusioosmosis to the steric effects and also the above-mentioned surprisingly different trends are attributed to the

induced electric field which may drastically get influenced by the steric factor.
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1. INTRODUCTION

Microfluidics has been a growing research field through the past two decades because of its unique specifications
which have resulted in its wide applications in different microdevices such as the clinical diagnosis instruments called
lab-on-a-chip (LOC). High test speed, low sample and/or reagent consumption, and executing multiple tests
simultaneously are just some of the many advantages of these devices. The main functions being performed in LOCs
including transport, mixing, and separation of samples are usually carried out by making use of the electrokinetic
phenomena'™®. The main reason the electrokinetic-based mechanisms are favored over the classical instruments is that
they usually do not have any moving parts which increases their reliability and drastically simplifies the production
process. Moreover, they are easily incorporated into the whole design and the operating parameters are fully under
control with a much smaller response time.

The classical electrokinetic phenomena including electroosmosis, streaming potential, electrophoresis, and
sedimentation potential are usually classified by the criterion that whether the electric field is external or is induced by a
mechanically-driven motion. When an ionic concentration gradient is served as the driving force, a fluid flow named
diffusioosmosis and a particle motion termed diffusiophoresis are achieved’ ™. The diffusioosmotic flow, which is the
subject of the present study, is created when a tangential concentration gradient of an electrolyte next to a charged wall
spontaneously sets up both an induced electric field (IEF) and an osmotic pressure gradient. The electric field upon acting on
the net electric charge within the electric double layer (EDL) near the wall creates a net fluid flow which together with that
created by the osmotic pressure gradient constitutes a diffusioosmotic flow. It deserves mentioning that although
diffusioosmosis (DO) occurs in many practical applications, nonetheless, for cases involving other driving forces (e.g.
electric field or pressure gradient) its effects are usually negligible because of having very low flow rates.

Although, in comparison with the other electrokinetic phenomena, diffusioosmosis has received less attention in the
literature” ® % put the highlight of DO is attributed to flow actuation under no external electric field or pressure gradient
while both are intrinsically created®” ?. Also the concentration-dependent velocity of DOF may have applications in self-
regulated drug delivery systems where the release rate of the drug can be regulated as a function of the physiological
change in pH?. Besides, DO could be important in LOC devices or biosensors wherein it is capable of intensifying the
current recognition which gives rise to enhancing the performance of moving charged particles®. Although DO is not
as good as electroosmosis (EO) in flow control, but where there is a need for continuous, long lasting, easier fabrication,

and restriction of no external driving force, it can be a proper option.

7,8,11-22,31 12,14,15,17,21,

Whereas the main aspects of DO for both Newtonian and non-Newtonian®*2° behaviors and at low

25, 32 h7, 8, 11, 13, 16, 18-20, 22, 23, 26

and hig surface potentials have been totally explored, all of our knowledge is based on
considering the ions to be effective point charges. The ions, however, are of finite sizes and such an assumption may lead to
significant errors when either the channel characteristic length is very small or the ionic concentration is high, especially at
large surface potentials for which there will be a huge condensation of ions near the wall***. The importance of the ionic
size (steric) effects is determined by the steric factor v which is the mean volume fraction of each ion in the bulk and is
therefore given as v = a3n®. In this relationship, a denotes the effective ionic size and n® is the ionic concentration at
neutral conditions. The fact that the effective ionic size is considered instead of common radius is due to gyration radius

made by hydration of ions surrounded by water molecules that could extend a up to several nanometers®. Such high values
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of a for ionic concentrations of about several tens of moles per cubic meter may result in the steric factors of the order 0.1
which is believed to be high enough for the steric effects to show up at moderate zeta potentials.

The aim of the present work is to theoretically analyze the ionic size effects on diffusioosmotic flow invoking the
Bikerman’s model*’. Along this line, a slit-like geometry is chosen for a better tractability of the problem. The
smallness of the ionic concentration gradient, the validity of a locally developed flow, as well as the uniformity and
constancy of the surface potential are the limiting assumptions considered. The results show up to 2 orders of
magnitude increase in IEF along with a doubled mean velocity just for a low steric factor of 0.05, indicating that

considering steric effects is inevitable in many practical situations.

2. MATHEMATICAL FORMULATION

Diffusioosmotic flow in a slit microchannel of height 2H is theoretically being investigated by taking the ionic size
effects into account. The schematic of the physical problem including the direction of decrease in the number
concentration in the bulk n*(z) and the coordinate system is given in Fig. 1. We assume that the flow is steady and
locally developed and the liquid is a symmetric electrolyte of valence z. It is further assumed that the zeta potential is
constant and uniform. Finally, it is supposed that the ionic concentration gradient Vn® is negligible as compared with

n® for the axial variations of the electrostatic potential and ionic concentration to remain negligible.

@ Cation
© Anion
[ Charged surface

Fig. 1. Schematic representation of the slit microchannel including the direction of decrease in the number
concentration in the bulk and the coordinate system.

2.1. Electrical Potential Distribution

One of the main parts of any analysis of the electrokinetic phenomena is to evaluate the electrical potential distribution
within the domain. Of the two components of the electrical potential in diffusioosmosis, that is the EDL potential and that
associated with the induced electric field, only the former is to be dealt with in this section. The electric potential within

dielectric materials is described by the Poisson equation which for our case reduces to
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Sv__Pe 1)

where 1 stands for the EDL potential, € represents the fluid permittivity, and p, = ze(n, —n_) is the net electric
charge density with e being the proton charge. It can be shown that, when the ionic size is taken into account, the ionic

concentration for a two component solution is given by the following modified form of the Boltzmann distribution®

nmel i)

ny =

@

1 + 4v sinh? (ZZlce:g")

Here, kg is the Boltzmann constant and T denotes the absolute temperature. Substituting Eq. (2) into the charge
density relationship and using it in the Poisson equation, one comes up with the modified Poisson-Boltzmann

equation, also known as Poisson-Bikerman equation, given as

d?y  2n%ze sinh (ZellJ)
v

” ©)

€ 1+ 4vsinh? (Zk T)

which is reduced to the classical Poisson-Boltzmann equation for the conditions under which the ionic size effects are
negligible, that is when v = 0. Unlike the classical Poisson-Boltzmann equation, Eq. (3) does not predict unrealistically
large ion densities adjacent to highly charged surfaces; instead, at a certain critical zeta potential a maximum density is
reached®. Utilizing the Debye length, given as A, = (2n®e?z?/ekzT)~/2, and introducing the dimensionless

parameters Y* = zey/kgT,y* = y/H,and K = H/ 4, the dimensionless Poisson-Bikerman equation reads

d*y K2sinhy*
dy*? 1+ 4vsinh2(y*/2)

(4)

Writing d2y*/dy*? as (dy*/dy*)[d(dy*/dy*)/dy*] and multiplying both sides of Eq. (4) by dy*, it may be
integrated across the channel height regarding dy*/dy* = 0 at centerline where y* = 1} to yield

®)

dy* 4 1(2l (1—2v+2v coshy* )
dy*  — 1—2v+ 2v coshy;

Taking the positive sign in Eq. (5) for the upper half of the channel, a one more integration with the consideration of the fact that

the electrical potential at the wall is the so-called zeta potential { provides

Y —1—f v (6)
K2 1—2v+2v coshd;)
1—2v+2v cosh

Hence we have an implicit relationship for the electrical potential in the form y* = f(y*). The main difficulty in using Eq. (6)
is the determination of ¥ which is not known a priori. Our calculations show that this parameter may be set to zero for 5 < K
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without incurring any significant error. For smaller values of the Debye-Hickel parameter K, the shooting method
may be invoked to obtain i using the criterion that the corresponding value of y* be sufficiently close to zero.

2.2. Induced Electric Field (IEF) Distribution

The concentration gradient of the ions forces them to travel along the channel. Since dissimilar species are of generally
different diffusivities, a larger number of the ionic type having a higher diffusion coefficient will present at the region of
lower concentration. This phenomenon, which sets up an electrical potential difference between the two channel ends, may
occur even when the ionic diffusivities are similar, due to the fact that there is an excess of counterions over coions within
EDL. The non-uniformity of the ionic concentration in the axial direction also gives rise to the so-called osmotic pressure
gradient that creates a fluid flow termed chemiosmosis. This type of flow coupled with the electroosmotic flow created by
the induced electric filed upon acting on the net electric charge within EDL results in a diffusioosmotic flow. The
determination of the induced electric field is crucial for the electroosmotic part of the flow to be evaluated. Following the
literature, we determine the electric field by equating the total axial ionic flux in the axial direction to zero. In the presence of

the steric effects, the ionic flux vector, ], is given by the following modified form of the Nernst-Planck equation®® *°

vn, Y Vn,  zeny
= + — (VY — E 7
n® —vYyn,  kgT Ve )] Tt 0

where u represents the velocity vector, D.. is the diffusion coefficient of the cations/anions, and E represents the 1EF that

acts in z-direction only. Equating /. , and J_ ,, we get

n® VY N zen,
—D, |— 1 - E
+[n°° n+< +n°°—v2knk> kgT 2 T
__p vn® 14 VYK Nk +zen_E N ®)
B T n® —vy,n, kgT 2 -tz
wherein V,n. has been replaced with Vn*n,. /n* by making use of Eq. (2). Solving for E,, yields
£ - kgTVn® [D,n, — D_n_ VYK Nk n® u,(n_ —ny) )
" ze n*® |D,n, +D_n_ n® —vYy,n,/ Vn*D,n,+D_n_
that is reduced to the following form by utilizing dimensionless parameters
_ kgTVn® (1 +B)e ¥ — (1 — B)e¥" [1+ 4vsinh?(*/2) sgn(Vn®)Pesinhy* | (10)
27 ze n® |(1+Be ¥ +(1—pBe¥’ 1-2v 1+ p)e ¥ +(1-pe¥ b

in which g8 = (D, — D_)/(D, + D_) is the dimensionless diffusivity difference and Pe = 4n*U/(D, + D_)|Vn®|

represents the Peclet number with U being the characteristic velocity of DOF, given as

2kpT3
U= ""L|vn"| (11)
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Besides, sgn(Vn®) = |Vn*|/Vn® and u* = u,/U denotes the dimensionless axial velocity. It is worth noting that Eq.
(10) is reduced to the expression of IEF given by Ma and Keh*® for DOF in a fine capillary slit by setting v = 0. The

electric field far away from the wall where the electrical potential approaches zero becomes

kgTVn®
Ew=ﬂ( p ) (12)
zen® \1-—2v

2.3. Velocity Distribution

The physical principle governing the velocity distribution of surface driven phenomena is the momentum conservation

equation with a body force vector F that, for a Newtonian behavior, is written as

Du
PDr= —Vp +uV?u+F (13)

where p represents the fluid density and p is the pressure. For the present case, F = p,(E — Vi) and therefore acts
in both y and z directions. The equation of continuity suggests a velocity vector of the form u = [ 0,u,(y)] for a
fully developed incompressible flow; on the other hand, for a steady fully developed flow Du/Dt = 0. Under this

circumstance, the following equations are reached

op dy

3y po— 5 =0 (142)
op  d?u
~og tHgE TReE =0 (14b)

Multiplying both sides of Eq. (14a) by dy and integrating with the consideration of the associated boundary

conditions, one will have

zey
nookBTln 2v cosh (m) —-2v+1

(15)

v 2v cosh (ZeBTC) —-2v+1

where p®(z) is the centerline pressure. Having the pressure distribution in hand, one can simply derive an expression
for the axial pressure gradient required for solving Eq. (14b). This is done by assuming a negligible Vp> as a

consequence of no applied pressure force, leading to the following z-momentum equation

zey . zey
. d?u, ~ kpTVR® . 2v cosh (K) —-2v+1 + 2enE, smh( )
dyz2 v zey, zey (16)
2 h -2 1 1+ 4 h?
Vv cos (kBT) v+ + 4vsin ( 7k, T)

Integrating the dimensionless form of Eq. (16) with respect to y* from centerline to an arbitrary point with the
consideration of the symmetry conditions and integrating the resultant equation again from the wall to an arbitrary

place subject to the no slip conditions, one can obtain the velocity field as
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*

*

2vcosh1/)*—2v+1>+ p sinhy* E*

1
2 o i * *
Ksgn(Vn™) [21/ In (21/ coshr —zv+ 1) T T avsimnzipr ) Y (9

:*

I
me—
o ¢

wherein the dimensionless electric field is E* = E,/E,Z,.

Before proceeding further, we skim through the domain of operating conditions in which DOF is important in
practical situations. Evidently, diffusioosmosis is the only important phenomenon wherever solely an ionic concentration
gradient is present. If DOF is accompanied by other driving forces, its importance is determined by checking the ratio of
DOF characteristic velocity to the velocity scale of the other external driving force. As it is usually the case, when the
external force is either of an electric field or a pressure gradient, the DOF velocity given by Eq. (11) should be compared
with the Helmholtz-Smoluchowski electroosmotic velocity — e{E,/u and the pressure-driven velocity scale, given by
— H?Vp®/2u. Accordingly, when (|e{E,| or |H?Vp®/2|) = 20k T1%|Vn®| DOF may be ignored whereas it is the
only phenomenon of interest for cases in which (|{E,| or |[H?Vp®/2|) < kzTA%3|Vn®|/5. When (|eCE,| or |H?Vp®/

2|)~2kgT2%|Vn>| a thorough analysis should be performed by taking all effects into account.

3. RESULTS AND DISCUSSION
A quick glance at Egs. (10) and (17) reveals that the electric and velocity fields are strongly coupled and hence
should be obtained simultaneously. Method of solution starts by calculating the electric field utilizing Eqg. (10)
assuming a zero velocity and using it in Eqg. (17) to evaluate the velocity distribution. The predicted velocity values
are then used to estimate a new electric field. The procedure is going on until the relative difference between the results
of two successive steps reaches a value less than a certain tolerance. It is worth mentioning that since the procedure
presented is based on a non-zero v for which no data is available in the literature, our results were validated utilizing
those reported by Ma and Keh *® for DOF with no steric effects by limiting the steric factor to zero. The comparison,
which is omitted here for brevity, revealed a complete agreement between the results conforming a common condition of
Pe = 0.

The presentation of results starts by illustrating the steric effects on the mean velocity in dimensionless form given

as uy, = fol u*dy* in Fig. 2. The mean velocity is the most valuable parameter to a LOC designer. Comparing the two

parts of Fig. 2 reveals that the steric effects are more pronounced at high surface potentials, in agreement with our
previous deductions. The alteration due to the ionic size effect is absolutely vital at high ¢* since, unlike low zeta
potentials, it not only affects the magnitude but also can change the flow direction. It is observed that the mean velocity
generally increases in magnitude when taking the ionic size into account, in sharp contrast to EO*. Although the physical
interpretation of the variations is generally very difficult because of the complicated nature of DO, we try to do this by
considering the special case of § = —1 for which the diffusivity of the positive ions is negligibly small. For this case,
there will be an accumulation of the negative ions at the region of lower concentration, establishing a positive electric
field which creates a negative velocity upon acting on mostly negative ions within EDL, as justified by the figure. When
the ionic size is accounted for, the number of the ions in EDL is reduced leading to a smaller pressure gradient which in

this case is unfavorable. This is the first reason of getting higher flow rates. On the other hand, the reduction of the ions
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within EDL could result in a lower body force if the induced electric field was remained unchanged, as is the case for
EO™. Nonetheless, in case of DO the electric field may be amplified since, according to Eq. (7), the ionic flux in the axial
direction in the presence of the steric effects is higher under the same conditions. The significantly higher value of the
electric field that can overcome the reduction in the charge density is the second and main reason of the mean velocity
being larger in the presence of steric effects.

The more intense steric impacts for negative values of § may be attributed to the fact that, when the ions are
assumed to be of finite volume, the ratio of the counter ions to the coions increases near the wall to neutralize the
unchanged surface charge®. This slightly increases the electric field when g is negative; however, the opposite is
true when D_ < D, since it gives rise to a smaller number of cations at the channel end where the positive pole of
IEF locates. Moreover, the pressure gradient, which is reduced by the steric effects, is mostly in favor of flow for
this case. Another interesting point taken from Fig. 2 is that, unlike EO, the asymptotic values of velocity at thin
EDL limit with and without steric effects differ significantly. The reason is that even when the double layer effects

on IEF are small, it is amplified by the higher ionic fluxes in the bulk when the ionic size is included.

. )
e S -
v=005 v=0 B al’ v=005 v=0 ]
2+ — p=1 . B=1 . — p=1 . B=1
7777777 B=05 e B=05 - B= 05 e B=05
—— - B=0 X B=10 5 — - B=0 X B=10 b
— == B=0s °  B=05 ——— B=-05 o B=05
-3 . Bi_ | ’ B__l L B=71 i B:_l
10° 10 10° G 10 10°
(@) K (b) K

Fig. 2. Mean velocity vs. K at different g and v fora) {* = 2and b) {* = 6.
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Fig. 3. Distributions of (a) velocity and (b) induced electric field in normalized form at different values of {*.

The influences of the zeta potential on the velocity profile for § = 0.5 are studied through Fig. 3a. The corresponding
electric field distributions are also shown in part b of the figure. It is noted that for the case the ions cannot be
considered as point charges quite different patterns may be achieved for the velocity by varying the surface potential.
Specifically, an irregular velocity overshoot is seen adjacent to the wall for high zeta potentials. At small zeta
potentials such as {* = 1, the electric field is mainly negative (note that E;2, used for normalization of IEF is negative
itself), because of the excess of cations over anions having a smaller diffusivity at the channel end, producing a
positive velocity. By increasing the surface charge, the number of mostly anions located within the double layer is
increased. In addition, as mentioned previously, the ratio of anions to cations will be higher due to the more intense
steric effects. Accordingly, we may anticipate more accumulation of the negative ions at the channel end, especially
near the wall, resulting in a positive electric field therein, as observed in the figure. The mentioned change in IEF
gives rise to a reverse flow near the wall since the net electric charge is negative close to the channel surface. A
careful inspection of the velocity profile for {* = 5 reveals that unlike EO the increase of the surface potential may not be a
good idea for getting higher flow rates when the ionic size effects are included at the time 8 > 0.

Since most of the body force is produced adjacent to the wall, the value of the electric field at the wall, E,,, has a
significant impact on the velocity profile. Fig. 4 illustrates the functionality of the normalized form of this parameter on
the zeta potential at various steric factors. The interesting point with reference to the ionic size consideration is that
whereas the premise of point charge ions looks reasonable when either v < 1073 or {* < 1 (¢ < 25 mV) it could lead to
dramatic errors at high surface charges for which the inclusion of the steric effects may lead to even 2 orders of
magnitude larger electric fields. As the effective ionic size increases, the chance of presence within EDL is decreased for
cations since the same number of anions are needed to neutralize the positively charged surface; accordingly, the anions
gradually form a packed-shaped layer contiguous to the wall that leads to more accumulation of negative charge at the

channel end, thereby amplifying the electric field, as is clear in Fig. 4.
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Fig. 4. Induces electric field at the wall vs. {* at different steric factors.

A better demonstration of how the steric factor affects DO is presented in Fig. 5 which depicts the centerline velocity

versus v. It is totally interesting that serious alterations are started at about v = 3 x 1072, a value that is very low to

cause variations in EO* **%_ |t can be seen that, in case of positively charged surface, such a phenomenon gets bolder

as the diffusivity of the anions increases. The opposite should be the case for negatively charged wall since DO always

comes with a symmetrical response with respect to {* and 3.

[ | \1‘\

. 5. Velocity at centerline vs. steric factor at different £5.
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Fig. 6. Flow direction diagram for various v at K = 5 and Pe = 1.

We now turn our attention to the most applied graph in the field of DO which is the flow direction diagram. The
graph, given in Fig. 6, shows a large degree of synchronization. Each curve divides the graph into four sections
that are bounded by the curve and the line {* = 0. Generally, {*f < 0 ensures a negative DO velocity whereas
the opposite depends on the other flow parameters. As it can be obviously seen, a higher steric factor is
accompanied by a diminished chance of flow toward lower concentration. The fact that the flow direction may
be changed by making use of for example higher ionic concentrations provides the organ-on-a-chip designers
(particularly kidney-on-a-chip where passive mass transport plays an important role) with another mechanism of
flow control. Another interesting feature of the graph shown in Fig. 6 is that, unlike the conditions that the ions
may be assumed size-less, the flow direction may be changed in the presence of the steric effects by enhancing

the surface potential even when 0.4 < |B].

4. CONCLUSIONS

In this research, the ionic size (steric) effects on diffusioosmotic flow through slit microchannels were investigated in
order to delineate a closer-to-realistic physics. A theoretical framework was developed under the conditions of a
steady and locally developed flow, a small ionic concentration gradient, and a uniform surface potential. It was
observed that the steric effects on diffusioosmosis are drastically higher than on other electrokinetic phenomena such
as electroosmosis, mainly because of the linkage between the ionic size and the induced electric field. In this respect,
the ionic size effects were found to be only negligible when either the steric factor is below 0.001 or the zeta potential
is smaller than 25 mV. The steric effects not only change the magnitude of the mean velocity but also can change the

flow direction with a tendency to increase the chance of flow toward higher concentration. The interesting thing is

11
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that, again unlike electroosmotic flow, the ionic size effect may lead to higher flow rates for diffusioosmosis; the
reason is that the induced electric field may be amplified due to the fact that the stream-wise ionic flux is higher when
the ions are assumed to occupy space. Another important finding is that the thin EDL mean velocities are different
from those obtained without considering the steric effects which is an evidence for the surprising presence of the ionic
size effects even when the EDL is vanishingly small. Last but not least, the deviation from the infinitesimal ionic size
results increases by raising the diffusivity of the counterions.

This study was merely dealing with the ionic size effects on the hydrodynamic features of DOF; nevertheless,
due to potential applications of diffusioosmosis in both LOCs and drug delivery systems, an understanding of the
steric effects on mass transfer capabilities of DOF is highly desirable. The importance of such an analysis is magnified
knowing that nothing is reported on the species transport characteristics of DOF. The authors have a plan to provide a
thorough mass transfer analysis in the presence of diffusioosmosis in a future work including the effects of finite ionic

size on species transport.
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