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metals, irradiated by an ultrafast laser, that include mechanics

and the two temperature model (TTM) for heating have been sug-

gested in Ref.16,18. However, they did not include kinetics of

melting and were not able to resolve superheating or the cou-

pling of phase transformation with temperature evolution. The

melting models coupled to TTM for heating and an interface-

tracking model based on melt nucleation kinetics were developed

in Ref.19,20. However, they did not include mechanics and cou-

pling between temperature evolution and mechanics. The model

in Ref.21 was focused on heating processes without the kinetics

of melting and elastic waves.

Recently15, we have suggested a phase field approach, which

combined melting with the TTM for heating and mechanics. It

was successfully applied to the study of kinetic superheating and

melting beyond the theoretically-predicted ultimate superheating

limit of aluminum, for example, 1.38Teq , based on the entropy

catastrophe22. However, this model has several drawbacks: tem-

perature evolution includes laser heating only and neglects cou-

pling to melting (latent heat of fusion) and mechanics. Also,

the static equilibrium equation was used instead of the dynamic

equation of motion. This could result in an overestimation of

kinetic superheating temperature and inaccuracy in melting ki-

netics. In Ref.23, this model was expanded by developing a new

lattice temperature evolution equation, which takes into account

thermoelastic coupling, transformation heat, and the dissipation

rate due to phase transformation. It was applied to a relatively

slow heating rate; it was demonstrated that internal stresses can

reduce the melting temperature for an Al nanolayer below the

bulk melting temperature, Teq . Still, mechanical equilibrium was

imposed and electron temperature and electron-phonon coupling

were neglected. In the current research, in order to study higher

heating rates, we further improved our model. Thus, we included

advanced thermomechanical coupling, transformation heat, and

the dissipation rate due to melting in the TTM and substituted the

elastostatic formulation with an elastodynamic one. The melting

of a free standing aluminum nanolayer irradiated by a picosecond

laser14 is simulated and compared with experimentally observed

melting times to verify the validity of the model, and with the

results of a simplified model15. The details of melting and su-

perheating physics are analyzed and some surprising effects have

been revealed. In particular, an increase in heating rate leads

to temperature reduction at the moving solid-melt interfaces due

to fast absorption of the latent heat. Also, a sharp temperature

decrease exceeding several hundred K (even below melting tem-

perature) at the final stage of melting occurs, which is caused

by a collision of two interfaces and accelerated melting. When

surface melting is suppressed, barrierless bulk melting occurs in

the entire sample above the instability temperature of the solid,

promoted by elastodynamic effects.

1 Phase field, temperature evolution, and elasto-

dynamic models

Governing equations are comprised of the coupled Ginzburg-

Landau equation for melting, equations of elastodynamics or elas-

tostatics, and the TTM which includes contributions due to heat

of fusion, thermoelastic effects, and dissipation due to melting.

They represent further development of equations formulated in

Ref.15,23–25.

Kinematics. Total strain tensor ε = (∇0u)s is decomposed into

elastic εe , transformation εt , and thermal εθ strains in an addi-

tive way:

ε = εe + εt + εθ ; ε = 1/3ε0I + e; (1)

εin = εin I = εt + εθ ; εt = 1/3ε0t
(

1 − φ
(

η
))

I ; (2)

εθ = αs
(

Teq − T0

)

I +
(

αm + ∆αφ
(

η
))

(

T − Teq
)

I . (3)

Here, u is the displacement vector; ∇0 is the gradient opera-

tor in the undeformed state; the subscript s designates sym-

metrization; η is the order parameter ( η = 1 represents solid

and η = 0 is melt), αs and αm are the linear thermal expansion

coefficients for solid and melt, respectively; ∆α = αs−αm , I is the

unit tensor; T0 is the reference temperature; ε0 is the total volu-

metric strain; ε0t is the volumetric transformation strain for com-

plete melting; e is the deviatoric strain, and φ
(

η
)

= η2 (

3 − 2η
)

is

the interpolation function for variation of any material property

between solid and melt.

Free energy. Free energy per unit undeformed volume is formu-

lated as in Ref.15,24:

ψ = ψe
+ Jψ̆θ

+ ψθ
+ Jψ∇; ψ̆θ

= Aη2(1 − η)2; (4)

ψe
= 0.5Kε2

0e + µee : ee ; ψθ
= H (T/Teq − 1)φ(η); (5)

ψ∇ = 0.5β |∇η |2, A := 3H (1 − Tc/Teq ), (6)

where ψ̆θ , ψe , ψθ , and ψ∇ are the double-well, elastic, thermal,

and gradient energy, respectively; ρ0 and ρ are the mass densities

in the undeformed and deformed states, respectively; J = ρ0/ρ =

1 + ε0; K (η) = Km + ∆Kφ(η) and µ(η) = µsφ(η) are the bulk and

shear moduli, where ∆K = Ks − Km ; β is the gradient energy

coefficient; H is latent heat of fusion; ∇ is the gradient operator

in the deformed state; and Tc is the melt instability temperature.

Stresses. A thermodynamic procedure similar to that in

Ref.26–28 leads to the following equations for the stress tensor

σ

σ =

∂ψ

∂ε
− J−1

∇η ⊗
∂ψ

∂∇η
= σe + σst ; (7)

σe = Kε0e I + 2µee ; σst = (ψ∇ + ψ̆θ )I − β∇η ⊗ ∇η,

where σe and σst are the elastic stresses and interface stresses

(interface tension), and ⊗ means the dyadic product of vectors.

Correct expression for the interface stresses are obtained by using

the gradient operator in the deformed state of the gradient energy

ψ∇ and by multiplying ψ̆θ and ψ∇ by the Jacobian J.

Ginzburg-Landau equation. The explicit expression for the ther-

modynamic driving force X , work-conjugated to the η̇, can be

obtained using the same thermodynamic procedure. A linear re-

lationship between X and η̇ results in the Ginzburg-Landau equa-
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tion for melting:

1

L

∂η

∂t
= X = −J−1 ∂ψ

∂η

���ε
+ ∇ ·

(

J−1 ∂ψ

∂∇η

)

= J−1{−ε0t pe + 3pe∆α(T − Teq )}
∂φ

∂η

− J−1{0.5∆Kε2
0e + µee : ee + H

(

T

Teq
− 1

)

}
∂φ

∂η

− 4Aη(1 − η)(0.5 − η) + β∇2η −
ς

L
, (8)

where L is the kinetic coefficient, pe = σe : I/3 = −p̄ is the

mean elastic stress, p̄ is the elastic pressure (as usual, compres-

sive pressure is positive), and ς is the term that mimics thermal

fluctuations.

The equation of motion is written in a traditional form

ρ
∂2

u

∂t2
= ∇ · σ. (9)

It allows the description of elastic waves caused by fast heating

and melting. When melting occurs at a time scale much larger

than that for an elastic wave, the static equilibrium equation, ∇ ·

σ = 0, is used instead.

Two-temperature model. The TTM states that energy absorbed

by electron gas near the metal surface spreads over the electron

gas by collisions of electrons within the femtosecond time scale

and later transfers to a phonon by electron-phonon coupling29.

The heat transfer mechanism can be represented by the lattice

conduction equation, the electron conduction equation, and their

coupling:

Cl
∂T

∂t
= ∇ ·

(

κl∇T
)

+ G (Te − T ) − 3T
(

αm + ∆αφ
) ∂pe

∂t

+

(

∂η

∂t

)2

/L −

[

3pe∆α −
H

Teq

]

T
∂φ

∂η

∂η

∂t
, (10)

Ce
∂Te

∂t
= ∇ · (κe∇Te ) + I − G (Te − T ) , (11)

where T and Te are the temperature of lattice and electron gas,

respectively, κl and κe are the lattice and electron thermal con-

ductivity coefficients, respectively, I is the laser power absorbed

by the electrons, G is the electron-phonon coupling coefficient,

and Cl = Clm +
(

Cl s − Clm
)

φ(η) is the lattice heat capacity where

Clm and Cl s are the heat capacities for melt and solid, respec-

tively. In the lattice heating equation (10), the second term is

due to electron-phonon coupling, the third term appears due to

thermoelastic coupling, the fourth term is the dissipation due to

melting, and the final term is a contribution due to heat of fusion

and change in the thermal expansion coefficient during melting.

Usually, only heat of fusion is included in the temperature evo-

lution equation30. Also, since entropy of fusion H/Teq is consid-

ered to be constant, heat of fusion decreases for melting below

Teq at slow heating and increases for the high heating rates with

overheating.

2 Problem formulation for the laser heating

Experimental observation of the melting of a free-standing alu-

minum nanolayer with the thickness w = 25nm, irradiated by a

picosecond laser14, is simulated. Because the radius of the irradi-

ated spot was much larger than w (mm vs. ns) the problem could

be safely considered to be a 1-D problem with zero displacements

orthogonal to the laser axis; all parameters vary along the laser

axis x only. Figure 1 shows the schematic of a computational do-

main.

Fig. 1 Schematics of a sample and distribution of irradiated energy.

Six different laser fluences (7, 8, 9, 10, 11, 13 mJ/cm2) are

used in simulations with corresponding pulse durations (1000,

350, 180, 115, 60, 20 ps) in accordance with experimental

data14. While the laser beam may have Gaussian fluence

distribution orthogonal to the axis across its 4 mm diame-

ter, we operate with averaged fluences due to two reasons.

First, in Ref.14 the averaged laser fluences were measured

and reported for the central spot masked by 1 mm diameter

hole, and the diameter of examining electron beam was even

smaller, namely 500 µm, where the energy distribution on a

Gaussian profile is possibly flat. Second, accounting for such

a distribution would require consideration of axisymmetric

problem with the sample diameter of more than 2 mm, while

resolving numerically 1 nm wide surface melt. This is not

only computationally prohibitive but also not smart. Cases

with fluences 11 and 13 mJ/cm2 only are treated in elastody-

namic formulation since the time scale for heating for other cases

is at least more than an order of magnitude larger than the acous-

tic time ta =
w
2c
≃ 3ps (i.e., the time of propagation of an elastic

wave with velocity c = 4000 m/s through half of a sample width

w/2). The finite-element code COMSOL Multiphysics was used for

the simulations31.

Boundary and initial conditions, and source terms. Both plane

boundaries are stress-free in the case of an elastodynamic prob-

lem, and one of the boundaries is fixed to prevent translation and

rotation of a sample for elastostatic formulation. Since energy

irradiated by the laser is included as a volumetric heat source ac-

cording to Beer-Lambert law in Eq.(12), the heat flux was zero

at both plane boundaries. Attenuation of the laser irradiated is

modeled as16

I = I0exp(−ζ (w − x)); I0 = ζW/(1 − exp(−ζw));

W = (1 − R)F0/tp, (12)
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nucleation of melt within an interface between two phases44.
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