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In contrast to other glass formers, silicon exhibits a thermodynamic discontinuity between its liquid and amorphous solid 

states. Some researchers have conjectured that a first-order phase transition occurs between two forms of liquid silicon: 

the high-density liquid (HDL) and the low-density liquid (LDL). Despite the fact that several computer simulations have 

supported a liquid-liquid phase transition (LLPT) in silicon, recent work based on surface free energy calculations 

contradicts its existence and the authors of this work have argued that the proposed LLPT has been mistakenly interpreted 

[J. Chem. Phys. 138, 214504 (2013)]. A similar controversy has also arisen in the case of water because of discrepancies in 

the calculation of its free energy surface [Nature, 510, 385 (2014); J. Chem. Phys. 138, 214504 (2013)]. Current evidence 

supporting or not supporting LLPT is mostly derived from the thermodynamic stability of the LDL phase. Provided that the 

HDL-LDL transition is a first-order transition, the formation of LDL silicon should be an activated process. Following this 

idea, the nature of the LLPT should be clarified by tracing the kinetic path toward LDL silicon. In this work, we focus on the 

transformation process from the HDL to the LDL phase and use the mean first passage time (MFPT) method to examine 

thermodynamic and dynamic trajectories. The MFPT results show that the presumed HDL-LDL transition is not 

characterized by a thermodynamic activated process but by a continuous dynamic transformation. The LDL silicon is 

actually a mixture of the high-density liquid and a low-density tetrahedral network. We show that the five-membered Si-Si 

rings in the LDL network play a critical role in stabilizing the low-density network and suppressing the crystallization. 

1. Introduction 

The hypothesis of a liquid-liquid phase transition (LLPT) in 

silicon was initially proposed for interpreting the structural and 

thermodynamic gaps between the liquid and amorphous phases. 

1-6 Liquid silicon is metallic at high temperatures and has a 

coordination number of approximately 7, whereas amorphous 

solid silicon exhibits semiconducting properties and has an 

open network structure with a coordination number of 

approximately 4. In addition, the extrapolated Gibbs free 

energies of the amorphous and liquid phases do not join 

smoothly.1 These dissimilarities appear to be reasonably 

explained by the assumption that a phase transition occurs 

between two forms of liquid silicon: the low-density liquid 

(LDL) and the high-density liquid (HDL). Earlier molecular 

dynamics (MD) simulations showed that the transition from a 

high-temperature liquid to a LDL is accompanied by a release 

of latent heat in the constant temperature and volume (NVT) 

and the constant enthalpy and pressure (NPH) ensembles, 

indicating a first-order thermodynamic transition.2,3 Analogous 

to the LLPT in water, the LLPT in silicon is claimed to be 

terminated at a critical point.4 In fact, whether a first-order 

LLPT in tetrahedral liquids occurs has long been a 

controversial issue. Chandler et al. calculated the free energy 

surfaces of several atomistic models including Stillinger-Weber 

(SW) silicon, monatomic water (mW) and ST2 water, and 

found that there is no one stable or metastable liquid phase 

basin in the supercooled region.7,8 They argued that the LDL 

phase of ST2 water observed in previous computer simulations 

is an artifact associated with the non-equilibrium and finite-

time sampling, and the LLPT is actually a coarsening of ice. 

This was then contradicted by Debenedetti et al.,9-11 who 

presented two metastable liquid phases of ST2 water on the 

reversible free energy surface. Moreover, the transition between 

the two liquids has the characteristic feature of first-order phase 

transition, namely the LLPT does occur in ST2 water. Further 

studies on the possibility of an LLPT require new evidence 

from a different perspective on the process. 

The HDL-LDL transition is initiated by nucleation in the 

LDL phase, provided that this process is a first-order 

thermodynamic transition; i.e., the existence of an LLPT is 

validated if the nucleation of LDL silicon is identified. 

Nucleation is a thermodynamically activated process in which 
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the system crosses a free energy barrier into a new stable or 

metastable state. The kinetic trajectory of an activated process 

can be traced by the average time between when the system is 

activated to when it reaches the next state for the first time — 

the so-called mean first passage time (MFPT).12-14 Prompted by 

this analysis, we here report our investigation of the presumed 

HDL-LDL transition using the MFPT method. We show that 

this transition is characterized by a continuous transformation 

associated with the maximum compressibility in both 

thermodynamics and dynamics. We provide a comprehensive 

structural description of LDL silicon and elucidate the critical 

role of five-membered covalent rings in the transformation. 

2. Computation Methods 

2.1 Molecular dynamics simulations 

The present investigations were implemented using MD 

simulations. The Stillinger-Weber (SW) potential was adopted 

to calculate interatomic interactions.15 In the SW potential, the 

total energy of a system was approximated by a combination of 

the two-body and the three-body contributions as follows, 

( ) ( )2 3 , ,ij ij ik ijk

i j i i j i k j

E r r rφ φ θ
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= +∑∑ ∑∑∑          (1) 
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where φ2 and φ3 are the two-body and the three-body terms, 

respectively. rij is the distance between atoms i and j, and θijk is 

the angle between vectors 
ir  and 

kr  subtended at the point j. 

σij=2.0951 Å and εij=2.0913 kJmol-1 for silicon, and the values 

of the parameters A, B, p, q, b and λ are referred to Ref. 15. 

The supercooled HDL phase was first prepared by isobaric 

quenching in the NPT ensemble as the following procedure: 

The system was equilibrated at 2000 K for 2 ns, then cooled to 

1300 K at a rate of 100 K per 1.2 ns, and finally cooled down to 

1200 K at a rate of 10 K per 1.2 ns. The temperature and 

pressure were controlled with the Nosé and Hoover thermostat 

and barostat, respectively.16-18 In addition, to test enthalpy-

temperature behaviour at different pressures, we cooled the 

systems to 1300–1400 K in the NPT ensemble. The thermostat 

was then switched off, and the cooling was continued in the 

NPH ensemble while the sampling time remained 1.2 ns. 

Periodic boundary conditions were applied in all three 

directions. All the simulations were performed using the code 

LAMMPS19 and a time step of 1 fs was used for integration. 

2.2 Mean first passage time 

The MFPT τ(x) is defined as the average elapsed time that a system 

starting at the initial state x0 leaves a given domain for the first time. 

For a continuous transition process, τ(x) shows a monotonic increase 

as the transition proceeds. If the process is activated, the MFPT 

exhibits a sigmoidal shape, which distinguishes it from non-activated 

MFPTs.  

Nucleation is an activated process characterized by 

overcoming the free energy barrier. The dynamics of the 

activated process can be described using a Fokker-Planck 

equation:20 

( ) ( )( , ) ( , )
[ ( ) ( ( , ) )]G x G xP x t J x t
D x e P x t e

t x x x

β β− ∆ ∆∂ ∂ ∂ ∂
= = −

∂ ∂ ∂ ∂
    

(2) 

where x is the reaction coordinate, P(x,t) is the probability density at 

x and time t, D(x) is a generalised diffusion coefficient, J(x,t) is the 

state current, ∆G(x) is the free energy barrier and 1
B
k Tβ = . The 

steady-state rate of crossing the free energy barrier can be measured 

by the MFPT, τ(x). The MFPT for an activated process described in 

Eq. 2 is then given by21 

0

1
( ) d exp[ ( )] d exp[ ( )]

( )

x y

x a
x y G y z G z

D y
τ β β= ∆ − ∆∫ ∫  ,      (3) 

where a is the transition state corresponding to the top of the free 

energy barrier. The barrier crossing rate (nucleation rate in the case 

of crystallization) is related to the MFPT by21 

1

2 ( )
J

xτ ∗=  ,                                     (4) 

where x* is the reaction coordination corresponding to the transition 

state, which can be evaluated on the basis of the location of the 

inflection point in the MFPT curve. In our simulations, we adopted 

the alternative method that was proposed by Wedekind et al. to 

calculate the nucleation rate.12,13 This method allows us to evaluate 

the critical size, x* and the nucleation rate, J by fitting the MFPT to 

the following expression: 

( ) [1 erf(( *) )]
2
Jx x x c

τ
τ = + −   ,                    (5) 

where 1
J

Jτ = , erf(x) is the error function, and 

( )
2 B

G x
c

k T

∗′′∆
=  .                                    (6) 

For an activated process, when the system crosses the activated 

barrier and reaches a steady state, the probability density Pst(x) has 

the time independence, 0stP x J x∂ ∂ = −∂ ∂ = , thus Eq. 2 is 

rewritten as 

ln ( )( ( ))

( ) ( )
st

st

P xG x J

x x D x P x

β ∂∂ ∆
= − −

∂ ∂
  .             (7) 

The free energy barrier is then given by12,13 
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x
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dx
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and V is the system volume. Using Eqs. 8 and 9, ∆G(x) can be 

calculated from the knowledge of P(x,t), J and τ(x). Then, the 

nucleation barrier, ∆G(n*) is obtained from the maximum of ∆G(x).  

In the simulations, the reaction coordinate was the size of the 

largest LDL or crystalline cluster. The cluster was identified using 

three kinds of order parameters associated with the volume, locally 

structural order and dynamic activity, respectively. We calculated 

the MFPT for the HDL-LDL transition at T = 1060 K, P = 0 GPa 

and that for crystallization at T = 1080 K, P = 0 GPa. The initial 

configurations were selected from the quenched HDL systems at 

1200 K. In each simulation, the size of the largest cluster was 

calculated at regular intervals (2-20 ps depending on the choice of 

the order parameter), and the time at which it appears for the first 

time was stored. The MFPT τ(n) was then obtained by averaging 

several trajectories. Each trajectory sampling was run for 10 ns (107 

MD steps) and a total of 200 independent samplings were performed 

from a set of initial configurations with newly randomized velocities. 

The system-size dependence of MFPT was examined for N = 1000, 

2744 and 4096. 

2.3 Local order structure 

In the structural analyses, we employed three local order parameters: 

the local structure index (LSI), I, the local bond-orientational order 

parameter, q, and the structural order parameter, a, based on the 

CHILL algorithm, respectively. The LSI was used to measure the 

inhomogeneity of atoms distributed in the coordination shells.22 The 

LSI, I(o,t) of the atom o at time t, is defined as 

2

1

1
( , ) ( ; , ) ( , )

n

i

I o t i o t o t
n =

 = ∆ −∆ ∑                      (10) 

where 
1( ; , ) i ii o t r r+∆ = −  and 

ir  is the distance between atom o and 

its ith neighbour. The atoms centered around atom o are sequenced 

according to distance: 
1 2 1 1i i n nr r r r r r+ +< < < < < < <L L , 

where n is chosen such that rn < 3.2 Å < rn+1. ( , )o t∆  is the average 

of ( ; , )i o t∆ , ( , ) ( ; , )o t i o t n∆ = ∆∑ . The atoms with I > 0.08 Å2 are 

the locally ordered atoms, and those with I < 0.08 Å2 are locally 

disordered. 

The local bond-orientational order parameter q is defined by 

23 4

1 1

3 1
( ) 1 cos

8 3ikj

i j i

q k θ
= = +

 = − + 
 

∑∑                 (11) 

where θikj is the angle connecting atom k with two of its four closest 

neighbors, i and j; ( )q k is 1 for a tetrahedral configuration. For 

tetrahedral crystals and disordered liquids, ( )q k shows different 

characteristic probability distributions, thereby allowing these 

structures to be identified. 

First proposed by Moore and Molinero,23 the CHILL algorithm 

is used to analyze the arrangement of adjacent tetrahedral 

configurations. In the algorithm, a local order parameter a(i,j) is 

defined by 

( ) ( )
( ) ( )

( , ) l l

l l

q i q j
a i j

q i q j

⋅
=                           (12) 

where 

( ) ( )
l

l lm

m l

q i q i
=−

= ∑ ,                                  (13) 

                  ( ) ( )
4

,
1

1

4
lm l m ij

j

q i Y
=

= ∑ r
 ,                            (14) 

and rij is a vector connecting the atom i with one of its four closest 

atoms j; Ylm(rij) are the spherical harmonics; and a(i,j) represents the 

alignment of the orientation between atom i and its closest neighbour, 

j. As l = 3, a(i,j) = −1 for a staggered bond and a(i,j) = −0.11 for an 

eclipsed bond. In the simulations, the ensemble average of a(i,j) has 

a statistical distribution because of thermal fluctuations. We 

identified a staggered bond when a(i,j) < −0.8 and an eclipsed bond 

when −0.2 < a(i,j) < −0.05. 

We used the three vertex ring count algorithm to count the 

polygons composed of Si-Si covalent bonds, where only the smallest 

rings with continuous Si-Si bonding were considered.24 

3. Results and Discussion 

3.1 Non-thermodynamic transition 

Crystallization starts from an activation-type nucleation 

followed by continuous crystal growth. Because the time scale 

for crystal growth is much smaller than that for nucleation, the 

MFPT curve ultimately reaches a plateau after a sharp rise, 

displaying a sigmoidal shape. The MFPT curve provides us a 

straightforward method to check whether a transition is initiated 

from nucleation. If the LLPT is a first-order transition, the 

MFPT curve should exhibit a sigmoidal-type increase 

corresponding to the nucleation of the LDL phase. Prior to 

verifying this, we need to choose appropriate order parameters 

to distinguish the LDL from the HDL environment. Given the 

considerable changes in density, locally structural order and 

dynamic slowdown through the HDL-LDL transition,3,4 we 

chose three independent order parameters associated with 

density, structure and dynamics to trace the HDL-LDL path in 

parallel. The first one is LSI, I, which quantifies locally 

tetrahedral order within the first and second coordination shells. 

The second one is the atomic volume. An attempt to clearly 

identify LDL silicon using the Voronoi atomic volume25 failed. 

Instead, we define an average atomic volume, l, 

1

2
2

0

1

1

aN

i i

ia

l v
N =

 
=  + 

∑                                   (15) 

where vi is the Voronoi volume of atom i, Na is the nearest-

neighbouring coordination number, and i = 0 denotes atom i itself. 

This index holds the information of the atomic volume in both the 

first and the second coordination shells, and thus improves the 

identification of large-volume atoms. (see Fig. S1 of the ESI†) The 

last one is the local dynamic activity, ki, 
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( ) ( )
obs 2

0

t

i i i

t

k r t t r t
=

= + ∆ −∑ ,                            (16) 

where ri(t) is the atom position at time t; ki sums the squared 

displacement of atoms i between t and t + ∆t over the observation 

period, tobs, and along the trajectory to another state. The incremental 

time, ∆t, is taken as the time interval in which atoms in normal liquid 

silicon move a diameter distance. This order parameter has shown a 

good performance in the studies of dynamic glass transition.26 The 

volume-, structure- and dynamics-based MFPTs (i.e., l-, I- and k-

MFPT) for SW silicon were calculated using MD simulations in the 

isothermal-isobaric (NPT) ensemble, respectively. A trial was first 

made for the crystallization of diamond-structured silicon (Si-I) in 

HDL at 1080 K and N=2744, as shown in Fig. 1a. All the MFPTs 

indicate that the crystallization of Si-I is an activated process. 

Although the critical nucleus sizes evaluated from the inflection 

points of MFPT curves differ from each other, the nucleation rates 

that are inversely proportional to the nucleation time, τ, are 

approximately identical. Then, we used the three order parameters to 

trace the HDL-LDL transition. Before the MFPT calculations, we 

first estimated the LLPT temperature by quenching the system from 

T = 1200 K. The rapid decrease of density suggests the existence of 

a low-density phase below 1060 K at zero pressure. The structural 

and thermodynamic characteristics of this low-density silicon have 

been proven to be identical to those of reported LDL silicon. (see 

ESI†) Therefore, we speculate that LLPT occurs around T=1060 K. 

The growth trajectory of LDL clusters was sampled at 1060 K and 

zero pressure, and a total of 200 independent trajectories were 

averaged to obtain the MFPTs (i.e., l-, I- and k-MFPT) of the HDL-

LDL transition. Figure 1b illustrates the l-, I- and k-MFPTs as a 

function of largest cluster size for the HDL-LDL transition. All of 

three MFPTs do not exhibit the sigmoidal growth like an activated 

process; the clusters continuously grow without any evidence of 

overcoming a free energy barrier. The presumed LLPT in silicon is 

actually not a first-order transition in thermodynamics. 

Generically, the crystallization proceeds in two manners.27 If 

there is nucleation characterized by a free energy barrier that must be 

overcome, the crystallization shows an activated process, for 

example, the crystallization of Si-I phase shown in Fig. 1a. In this 

manner, there is an introduction period before nucleation. The 

second manner is the coarsening of crystalline nuclei in which 

numerous subcritical nuclei disperse in supercooled liquids and the 

growth of nuclei undergoes through the aggregation between them. 

In the process, the introduction period is not well distinguished. For 

the nucleation-dominated crystallization, the crystallization time 

depends on the system size;27 in contrast, for the coarsening process, 

such dependence becomes much weak. We calculated the nucleation 

rate in unit volume, JV=J/V by fitting the MFPTs to Eq. 5 and then 

the free energy barriers of crystallization from Eqs. 8 and 9 for 

N=1000, 2744 and 4096. Despite that the values of the free energy 

barriers decrease from 3.89 to 1.70 kBT with increasing system size, 

JV actually decreases, as shown in Fig. 2, implying that the number 

of the critical nucleus per unit time and volume decreases and 

correspondingly the mean crystallization time increases. We traced 

the crystallization processes as a function of time for the three 

systems using k parameter, and Figure 3a presents the corresponding 

growth curves of crystalline Si. The inset in Fig. 3a shows that the 

crystallization time that is approximately determined by the rise 

interval increases when the system size increases, which agrees with 

the speculation from the nucleation barriers. We then plotted the 

LLPT as a function of time, as shown in Fig. 3b. The LDL clusters 

form immediately when the systems relax at 1060 K, and then 

continuously grow without the introduction period. Furthermore, the 

growth rate does not depend on the system size: the three systems 

finish the transition nearly at the same time. These results clearly 

indicate that the HDL-LDL transformation in Si is a continuous 

dynamic slowdown rather than a first-order phase transition. This is 

consistent with the free energy calculations presented in Ref. 8. In 

contrast, however, freezing occurs by an activated process that is 

consistent with classical nucleation. Consequently, the appearance of 

the transient LDL phase cannot be attributed to the coarsening of 

crystalline phase as previously suggested.7,8 Another problem of 

concern is whether the continuous transition results from the first-

order-like LLPT close to the spinodal decomposition. Sastry et al. 

claimed that the liquid-liquid critical point of the SW silicon lies at 

Tc = 1120±12 K, Pc = –0.60±0.15 GPa.3 To test its possibility, we 

sampled the LLPT at P = 1.2 GPa, which is away from the estimated 

critical point. The transformation from HDL to the LDL silicon 

occurs at 900±20 K at P = 1.2 GPa and proceeds by a continuous 

growth of LDL silicon like the case at P = 0 GPa. Therefore, it is 

 

 

 

FIG. 1. MFPTs for HDL-LDL transformation and crystallization. (a) 

MFPTs for the crystallization of silicon, τ(n), as a function of cluster 

size at 1080 K and 0 GPa. The MFPTs were calculated using three 

order parameters: the local structure index, I (blue triangles), the 

average atomic volume, l (green diamonds) and the local dynamic 

activity, k (red circles). (b) MFPTs for the HDL-LDL transformation 

at 1060 K and 0 GPa. 
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reasonable to exclude the possibility that the continuous 

transformation is due to the proximity to the spinodal. 

Figure 4 shows the number of the LDL cluster as a function of 

simulation time at T = 1060 K. The LDL cluster that is identified 

using the k parameter sharply increases during the first 0.25 ns and 

then slowly decreases by the end of simulations, suggesting that the 

transformation is dominated by the coalescence of clusters. For the 

nucleation-dominated crystallization, due to the growth of crystalline 

nuclei, the nucleus number exhibits a stable period until approaching 

the end of crystallization where the large crystalline clusters merged 

together. It is noteworthy that a weak plateau period (∆t = 0.34 ns) 

appears in the HDL-LDL transformation for the system with N = 

4096. It suggests that the LDL clusters also undergo a growth 

process, in other words, the LDL clusters tend to slow down the 

regions surrounding them, which likes the dynamic heterogeneity in 

the glassy system.28 We speculate that this phenomenon becomes 

more distinct in the larger systems. The transformation processes 

measured by the density and structural ordering parameters, l and I 

exhibit the similar characteristics that are consistent with a dynamic 

transformation, rather than thermodynamic phase transition. 

Chandler et al. calculated the reversible free energy surfaces of 

supercooled mW water and SW silicon, in which they did not 

observe the existence of a stable or metastable liquid phase.7,8 Our 

observation qualitatively agrees with these free energy calculations. 

Sciortino and co-workers showed that the softness of the 

intermolecular interactions and the flexibility of the bonds promote 

the LLPT in tetrahedral liquids.29 They compared the softness and 

the flexibility of ST2, TIP4P and mW water and the SW silicon, and 

found that ST2 and TIP4P water have high flexibility due to the 

formation of hydrogen bonds.30 It suggests that the LLPT is possible 

in ST2 and TIP4P water, which was supported by the subsequent 

numerical studies.31,32 In contrast, the mW model is an atomistic 

model of water and it shows limited flexibility,30 which reasonably 

interprets the simulation results that the LLPT is not achieved using 

the mW model.33 Similar to the mW water, the three-body potential 

in the SW model induces a lack of bond flexibility. It is consistent 

with our conclusion that the LLPT is actually difficult to occur in the 

SW silicon.  

3.2 Structure of LDL silicon 

The LDL cluster has the characteristic of the locally tetrahedral order 

in the first and second coordination shells.3 Consequently, the 

knowledge of the orientation relationship between the neighbouring 

tetrahedrons is necessary for an accurate description of the LDL 

structure. Tetrahedral crystals exhibit two geometric conformations: 

 

 

 

FIG. 2. (a) Free energy difference as a function of the cluster size 

for crystallization of N = 1000, 2744 and 4096. The solid lines are 

fitting to the quadratic polynomial functions for evaluating the free 

energy barriers. (b) Nucleation rates per unit time and volume at 

T=1080 K corresponding to the above systems. 

 

 

FIG. 3. (a) Fraction of crystalline atoms as a function of simulation 

time during crystallization. The green triangles, blue squares and red 

circles denote the cases of N = 1000, 2744 and 4096. The inset 

shows the crystallization time, ∆tx versus system size. (b) Fraction 

of LDL atoms as a function of simulation time in the HDL-LDL 

transformation. The solid curve shows the case at P = 1.2 GPa for N 

= 2744.  
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staggered and eclipsed. In the cubic phase, an atom bonds to its four 

closest neighbours in a staggered arrangement; in the clathrate phase, 

the four bonds are eclipsed. If the four bonds consist of three 

staggered bonds and one eclipsed bond, the atom belongs to the 

hexagonal phase. Aside from these arrangements, some 

arrangements exhibit partial characteristics of crystals; for instance, 

when the four bonds are only composed of two or three staggered 

bonds but at least one neighbour has more than two staggered bonds, 

they are defined as the interfacial phase by Moore et al.23 The 

structural analyses using the local orientational order parameter, q, 

show that the largest low-density clusters are composed of two types 

of atoms with different local structures: more than 60% of the atoms 

are tetrahedral order, which is referred to as the LDL network, and 

the remaining over 30% coordinate these tetrahedral atoms. In the 

LDL network, 55% of the atoms are arranged in random tetrahedral 

stacking and the remaining atoms are in crystalline (whose size 

reaches 6 ± 3% of the whole system) and interfacial phase. The 

crystalline fragments remaining in the low-density phase have been 

extensively observed in experiments and simulations.33,34 For 

example, the calorimetry and x-ray diffraction experiments have 

detected 5% ice in low-density amorphous (LDA),35 which is in 

agreement with our results in LDL. The formation of crystallites is 

critical to understanding why the enthalpy-temperature curve 

displays a non-monotonic behaviour, which was taken as vital 

evidence for the existence of an LLPT in previous NPH and NVT 

simulations.3,5,6 We quenched the liquid silicon to 1300 K using the 

 

 

FIG. 4. Number of LDL clusters as a function of simulation time for 

N = 1000, 2744 and 4096. The dashed line is the number evolution 

of crystalline clusters in crystallization for N = 4096.  

 

 

FIG. 5. Crystallinity in LDL silicon. (a) Enthalpy as a function of 

temperature. The data were obtained from isobaric quenching in the 

NPH ensemble from T = 1300 K in the pressure range of 0 < P < −1.6 

GPa. (b) Fraction of crystal-like atoms in the LDL phase 
corresponding to the cases in (a). 

 

 

FIG. 6. (a) The LDL framework in isobaric quenching. The cyan lines represent the interfacial structures and the bonds connecting crystal-like atoms 
are labelled as red lines. (b) Snaps of the HDL-LDL transformation. The blue and red balls represent sluggish and active atoms, respectively. 
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NPT simulations and then continued to cool it in the NPH ensemble. 

The isobaric quenching covers a pressure range from 0 to −1.6 GPa. 

Figure 5a shows that the enthalpy-temperature curves return to high-

temperature values because of the release of latent heat during the 

transformation. The average intensity of the latent heat decreases 

with increasing tensile stress until it evolves into an inflection point 

at P = −1.0 GPa and eventually disappears when P ≤ −1.2 GPa. We 

find that the pressure at which the latent-heat peaks are smoothed is 

consistent with the pressure at the liquid-liquid critical point 

estimated by first-principles calculations.5 Figure 5b shows the 

fractions of crystal-like atoms in systems after the transformations; 

the temperature jumps due to the release of latent heat, ∆T, are 

approximately linearly proportional to these fractions, fx, as ∆T ~ 

74.8 fx. We speculate that the latent heat is likely induced by the 

liquid-crystal transition rather than by what is known as liquid-liquid 

transition. When the tensile stress increases to greater than 1.2 GPa, 

the fraction is approximately 6% and the average radius of the 

crystallite is approximately 1 nm given a spherical shape. These 

crystallites are too small to be detected in the enthalpy-temperature 

curve and are therefore often mistakenly thought to result from the 

presence of a liquid-liquid critical point. 

We note that the fractions of the crystal-like atoms in some 

NPH simulations reach 20% and the size of crystalline clusters 

exceeds that of the critical nuclei. However, the overall 

crystallization does not occur. Our task is now to account for why 

these crystalline clusters cannot stimulate further crystallization. The 

fraction of interfacial Si atoms remains at approximately 30% after a 

prolonged equilibration period. We refer to the tetrahedral network 

composed of crystalline and interfacial Si atoms as the “ordered 

LDL framework”, which is the intrinsic structure characterized by 

locally tetrahedral order. Figure 6a shows the evolution of the 

ordered LDL framework during the transformation. Small tetrahedral 

clusters form in the initial period and then consolidate into a three-

dimensional configuration with a fractal dimension of 2.6 (P = 0 

GPa), (see Fig. S7 of the ESI†)  where numerous five- and six-

membered Si-Si covalent rings form. The ordered LDL framework 

greatly contributes to the slow dynamics of LDL Si, and its size is 

approximately 30% of the total slow atoms. More than one-third of 

the other slow atoms neighbour the ordered LDL framework in the 

first shell, and the remainder lie in the second neighbouring shell. 

Figure 6b shows snapshots of the system undergoing the dynamic 

HDL-LDL transition. The ordered LDL framework is the core of the 

slow region and it tends to slow down its neighbours in the medium 

range. Although several simulations have shown that the 

crystallization of Si preferentially occurs in the LDL region,36,37 our 

work suggests that the catalytic effect of LDL on crystallization due 

to their similarity in structure will be countered by the low mobility 

of LDL. We compared the atomic mobility of the five-membered 

rings in the ordered LDL framework with that of the regular six-

membered rings in the Si-I phase. From the results of the average k 

of atoms in the two types shown in Fig. 7a, the five-membered rings 

are more mobile than the regular six-membered rings, and both are 

much slower than the random five-membered rings in the high-

density region (Fig. 7b). We find that the crystallites in LDL are 

usually surrounded by the LDL framework, particularly by the five-

membered rings. It indicates that the growth of these crystallites 

requires the five-membered rings to be broken and the regular six-

membered rings to be built up. Under the condition of high cooling 

rate, the systems do not sufficiently relax to break the five-

membered rings, and consequently the growth of the crystallites is 

suppressed. Figure 7c provides a comparison between the fraction 

change of five-membered rings in the HDL-LDL transformation and 

that in crystallization. The number of five-membered rings begins to 

decrease at the onset of crystallization, whereas it continuously 

increases throughout the HDL-LDL transformation, which gives a 

direct evidence for our interpretation. The crystallites surviving in 

the LDL network serve as underlying growth sites to promptly 

trigger crystallization if the appropriate conditions are provided. For 

 

 

FIG. 7. Mobility of ring-like structures in the LDL phase. (a) Average k of five-membered rings in the LDL framework and six-membered rings in 

the crystalline structure plotted against temperature. (b) Average k of the atoms in the HDL region. (c) Changes in the number of five-membered 

rings throughout the HDL-LDL transformation and crystallization. The inset shows a crystallite in the ordered LDL framework. The number of 
five-membered rings is normalized by the number of LDL atoms. 
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example, we heated LDL silicon and observed that crystallization 

occurred exclusively. A reversible path from LDL to HDL was not 

achieved at the conditions investigated here. In addition, Figs. 7a and 

7b show that the LDL phase undergoes another dynamic transition at 

T = 1000 ± 10 K, which should correspond to the transformation 

from LDL to LDA silicon. Although the LDL-LDA transition has 

been argued to proceed smoothly in thermodynamics,38 we here 

show that it can still be identified by a dynamic signature. 

The HDL-LDL transformation characterized by rapid but 

continuous changes in thermodynamic and dynamic properties is 

essentially a limited relaxation process in which tetrahedral atoms 

are clustered together to form a locally tetrahedral order framework. 

We calculated the isothermal compressibility,
 

( )T T
V P Vκ ≡ − ∂ ∂ , by 

decompressing liquid silicon from P = 5 GPa to P = –4 GPa at a rate 

of 0.2 GPa per 1.2 ns in the NPT ensemble, as shown in Fig. 8. The 

decompressing is terminated by liquid cavitation beyond –4.2 GPa. 

In addition, the maximum density of liquid silicon is determined in 

the isobaric quenching simulations from T = 1800 K to T = 900 K at 

a rate of 20 K per 1.2 ns. Along the isothermal HDL-LDL path, the 

compressibility is shown to peak at the transformation temperature. 

The HDL-LDL transformation is simply a relaxation process. 

4. Conclusions 

We investigated the kinetic trajectories of the HDL-LDL 

transformation in SW silicon using the MFPT method. The 

MFPTs based on the local structure, density and dynamic 

activity consistently show that the formation of LDL silicon 

does not follow the sigmoidal manner, which indicates that the 

putative LLPT in silicon is not a thermodynamic phase 

transition. In the HDL-LDL transformation, a large amount of 

LDL clusters form at the beginning of the simulation and then 

they continuously grow accompanied by the decrease of cluster 

number. Furthermore, we studied the system size dependence 

of the crystallization and HDL-LDL transformation, and found 

that the nucleation time increases considerably with increasing 

system size, whereas the characteristic time for the HDL-LDL 

transformation less depends on the system size. All of the 

results suggest that the HDL-LDL transformation is a dynamic 

process. The LDL silicon is a precursor to amorphous solid 

silicon, or in a sense, the liquid counterpart of the amorphous 

phase.39 We examined the non-monotonic behaviour of the 

enthalpy-temperature curves in the NPH simulations and 

confirmed that the liquid-crystal transition hidden in the HDL-

LDL transformation is responsible for this phenomenon. Our 

simulations show that the dynamic process corresponds to the 

relaxation of the LDL framework associated with the maximum 

of compressibility. The five-membered Si-Si rings in the LDL 

framework are of importance in stabilizing the LDL framework 

and suppressing the crystallization.  
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