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tional energy transport in molecules. The corresponding two time scales ¢, and 7, are explored.
The coherence-population entanglement is found to considerably promote the time scale 7, for de-

phasing and the amplitude of coherence. This is attributed to the suppression of the environment-
induced drift force by the coherence. Moreover the population dynamics is shown to be signifi-
cantly amplified and survive much longer with the coherence-population entanglement. Contrary
to the previous studies, we exactly elucidate a coherent process by showing 7; < ,. We predict
the relaxation of vibrational and orientational dynamics of OH-stretching modes in consistence
with the recent experiments, when applying to the water molecules dissolved in D,O. Finally we
explore the conherence effect on the heat current at macroscopic level.

1 Introduction

Vibrational energy transport, as one of the fundamental molec-
ular motions, attracts much attention in recent studies of con-
densed phases, excitation energy transfer and chemical reaction
energy dissipation 8. The significance of the vibrational energy
transfer has been already recognized several decades ago®10 and
the classical kinetic description was well established in the con-
densed phase. However, the role of quantum effect, i.e., co-
herence and entanglement, in the intramolecular vibrational en-
ergy transport is still challenging11:12, especially in the far-from-
equilibrium regime 13-15,

Quantum nature, characterized by the coherence, has been ex-
plored as assisting the energy transfer in a wide range of com-
plexes, such as the photosynthetic reaction center15-1° and the
thermal transport in nano-device. Moreover, the coherence may
also play a significant role in the intramolecular vibrational en-
ergy transfer, owing to the delocalization of the molecular stretch-
ing observed in experiments!2., The coherence relaxation was
monitored in the experiments which uncovered the long-lived ori-
entation dynamics with the presence of strong hydrogen bond
between the D,O molecules, accompanied with the resonant vi-
brational energy transfer in liquid water!%20, The vibrational
dynamics of molecules are usually characterized by two distin-
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guished relaxation time scales2-25, ¢ and #, associated with
the population (longitudinal) and phase relaxations (decoher-
ence), respectively. In the past studies it was always shown
that 7; > 1,26-28 which gives rise to the incoherent energy trans-
port. However, there is a long debate on coherence assistance
to the energy transfer at the molecular scale??-31, that whether
the long-lived coherence within #; < #, considerably promotes the
energy transfer in coherent regime. Many theoretical and exper-
imental work addressed this issue recently and further provided

some evidences of the oscillation feature of the coherence dynam-
jcs17,32,33

In this article, we explore the vibrational and coherence dy-
namics in intermolecular vibrational energy transport in an ana-
lytical manner, by exploring the two typical time scales 71, ;. First
we find that the phase relaxation is much slower than the popula-
tion, namely, #; < r,. This, in other words, gives rise to the coher-
ent energy transfer, in contrast to the incoherent one prediceted
by Forster theory34-36, Secondly the environment-induced coher-
ence is found to considerably improve the phase-surviving time
t, and amplify the amplitude of the coherence dynamics, by the
comparison to the secular approximation where the coherence dy-
namics is decoupled to the populations. This result, on the other
hand, can be applied to the processes (including both the bosonic
and fermionic cases) described by quantum master equation in
general®’. By applying our model to the water molecules dis-
solved in D, 0, the prediction of typical time scale of orientational
relaxation based on our theoretical investigation leads to the per-
fect agreement with the experiments!220, Moreover we also
demonstrate that the coherence-population entanglement beyond
the secular approximation has non-trivial contribution to the sup-
pression of the energy consumption of the molecular mechine for
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reaching the nonequilibrium steady state. In other words, this
indicates the enhancement of the energy transport efficiency.

2 Two-oscillator model

2.1 Hamiltonian

The molecular vibrations can be properly described by the two
quantum-mechanically coupled oscillators with different excita-
tion frequencies. In order to realize the vibrational energy trans-
fer, the two-oscillator system needs to interact with two indepen-
dent environments, one of which provides the excitation energy
in molecules and the other harvests the dissipation energy. This
model on the other hand, also captures some features of the en-
ergy transfer process in light-harvesting complex, even though it
is the excitonic excitations in photosynthesis. The free and inter-
action Hamiltonian of system and environments read

2
Hy= Sla-{al + SzaZaz +A(a-{-a2 —O—a-z‘-al) + Z Z bl((‘;m bf(‘;)
v=1k,o

€]
Hip = ngc (C bl(((z +c b](“y ) +qu5 <a;b§(6) t+a bl(«: )

where ¢ = a; +a, and bl((lg, bl((zg are the bosonic annihilation op-

erators of environments. The rotating-wave approximation 38:39
has been applied to the vibration-bath interactions, owing to ig-
norance of virtual-process in long time limit. Notice that the dis-
sipation environment only connects to one molecular vibration
since in water molecules some of the surface OH groups cou-
ple to bulk water which is described by the harmonic oscilla-
tion bath40*2, In realistic systems, the two vibrational modes
do interact with other discrete vibrations, i.e., the stretching of
OH bond in other molecules 4243
treated as the vibron-phonon (VP) interaction. As pointed out
previously 1>#*, the strong interactions between the system and
some discrete vibrational modes due to the quasi-resonance be-
tween frequencies, leads to the comparable time scales of system
and these vibrational modes, which subsequently acquires us to
include the dynamics of these modes together with the system.
In other words, these vibrational modes must be seperated from
the bath degree of freedoms. They cause the renormalization of
the coupling strength A between the excitations in system. The

, which in some sense, can be

J

ot
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remaining modes consisting of low-energy fluctuations can then
be resonably treated as the baths, which are in weak coupling to
the systems owing to the mismatch of the frequencies between
these continous modes and system.

2.2 Quantum Master Equation

Based on the perturbation theory with the rational given in last
subsection, the whole solution of the density operator can be writ-
ten as psg = ps(t) ® pr(0) + pg (¢) with the traceless term in higher
orders of system-bath coupling. From the Born-Markoff approx-
imation where the time scale associated with the environmen-
tal correlations is much smaller than that of system over which
the state varies appreciably, the reduced density matrix of the
systems can be arrived by the operator master equation p; =
%[ps,Hs] + ﬁ@(px) with H, = Sla}Lm + Sza;az + A(aiaz + a;al)
and

2

'Zl [YPTM- (app.qa; - a;apps> + 7;"_ (a;psaj — aja;pxﬂ
Jj:p=

@(ps) =

+ i |:7/[7;2¢+ <app3ﬂ; *a;appx) + }’;‘2’_ (G}L;Psaz 7a2a;ps)} +h.c.
1
(2)

where the reservoirs are assumed to be in thermal equilibrium.
The expressions of dissipation rates y,{”’i will be given in Supple-
mentary Information (SI) and 7,’s are the temperatures of envi-
ronments.

We will solve the QME in coherent representation which dif-
fers from the conventional way in Liouville space. This method
was first developed by Glauber®. It is alternatively named as
Glauber-Sudarshan P representation in quantum optics. As is
known the density matrix is expanded in terms of the eigenstates
of the annihilation operators

pé‘([) :/P(aﬂaa;7t)|a]7a2><alva2|d2ald2a2 (3)

where djlag,00) = ajlo, o) and P(ay,ap,t) is called quasi-
probability, due to the overcompleteness of the coherent basis.
By projecting into the coherent representation, the QME is in the
form of PDE

d . d , d . 0 )
= Poy,04,1) = (lwl—H/)aia]al+(lﬂ)2+27/)a7052052+(1”+97) 670524'8 o o | +c.c | Pay,o.t)

@

)
+7v 2Y}aafa

with w; = &;/h, u=A/h. y=rnD(V)g3/h* and D(¢) is the den-
sity of states (DOS) which is a smooth function. The coupling
between the coherence and population dynamics is governed by
the adiabatic parameter €, of which the importance will be uncov-

2| I -7

N 32 ol 82 32
2Y Y —Ft=—— | |P
a + 200500 tEn (805;‘052 + 80518055‘)} (00, a,1)

ered in Sec.4. To solve the dynamical equation Eq.(4) we adopt
the approach illustrated in the literature for Ornstein-Uhlenbeck

process47 and then write down the drift as well as diffusion ma-
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trices

(r o) (0 M)
T = .| D=y (5)
0 I M 0

p_ (fonty ey o Yl £y ©
u+ey im+2y) &l Y2
To solve the PDE in Eq.(4) above, we need to get the eigenvalues

and biorthogonal eigenvectors of the drift matrix, which will be
shown in detail in SI. Here two quantities F and G are introduced

where

1
F= \/2 {1 +4e—4d2—w2+\/(1 +4g—4d2—w2)2+4(w—48d)2}

ded —
G:TW., F2+G2:\/(1+4£—4d2—w2)2+4(w—48d)2
7
where pr = 1+F, g+ =GFw, d = % and w = @52, Ini-

tially the system is properly assumed to stay at the ground state
Po =10,0)(0,0|, since there is no excitation at the beginning. To
solve the PDE above, one needs to obtain the Glauber represen-
tation of the initial state py. First we get the matrix element
(—oq,—op|poloy, o) = e~(laalP+22) \hich leads to the Glauber
representation of the initial state based on the Fourier transform
in the complex domain

eloaP+laaf? e
P(oy,04,0) = ———— [ [ d°B1d"Ba(=B1,—B2lpolB1. B2)
& ®)
« e\ﬁl\2+\Bz\26211m(l3fal+ﬁz*az) _ 5(2)(061)5(2)(062)

Notice that the measure we used is d’a = d(Reo)d(Ima).
Therefore under the initial condition (8), the full solu-
tion to the dynamical equation Eq.(4) is P(oy,oy,t) =

AP OP exp—[a(r)]ou]? + b(1)]0al? + c(t) ot o + " (1) 5]}

and

2yl | A2AN2 | p24 321
alt) = ALY +ARY) AT Y
det(B)

13yl | Al3y2 4 Al3 y2I
_ AN AR A Y

det(B) ©)

b(r)

vl | Aldv2 | ald 121
CANY AR HAG YD
det(B)

elt) =
The coefficients A are given in SI.

3 Coherence and population dynamics

Given a density matrix representing the state of the molecular vi-
brations, we wish to evaluate the amount of entanglement in the
state, which refers to non-local correlations between the vibra-
tional modes of spatially seperated molecules. The mixed-state
entanglement entropy quantifying the degree of entanglement of
mixture ensemble is still an open question, despite the fact that it
is well defined for the pure state. Another measure of entangle-
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ment is the concurrence, which is computable for only two qubits.
Here we choose the coherence

Clpl =Tr(psajaz) = Y, Y, /arna (n — Lim|pslny,ma—1) (10)
n=lny=1

to quantify the entanglement between different vibrational
modes, from the combination of off-diagonal elements of den-
sity matrix in Fock space. First this quantity is basis-independent
while the conventional description is not. Secondly as reflected
in the operator master equation Eq.(2) the C[p] introduced here
interacts with the populations, which in other words, may have
significant contribution to the population dynamics. In analogy
with the NMR experiment, the population dynamics is governed
by the polarization
_m—m

M.

= 11
S m (1D

or alternatively M, can be also called population imbalance. n; =
Tr(psa]ra] ), np = Tr(psa;az). In our model, these two observables
are written as

W] | aldsg2 | aldx 2l
Clp] =AY +A% Y3 +A 5 Y

13 a24vul 13 A24\v2 13 u o1 (12)
(Al —ATDY] + (A —AR)YS + (Al — A
(Al +ATHY] + (A +A5)Y3 + (Al +AT,)YT

7=

The first column of Fig.1 illustrates the coherence dynamics. It
is commonly shown that the coherence is generated by the envi-
ronments, before the dephasing takes place. Fig.1(a,b) show that
(i) the sharp increase of both coherence as well as population im-
balance and (ii) the considerable promotion of the amplitude of
both coherence as well as population imbalance contributed from
the thermal fluctuations in environments. In other words, these
results elucidate that the environments do not only cause the de-
phasing process, but can also considerably enhance the quantum
coherence, especially at the beginning of the dynamics. In fact the
origination of (ii) is from the improvement of steady-state coher-

ence in far-from-equilibrium regime, as uncovered before 1448,

It is widely known that the intramolecular relaxation process
is governed by two distinct time scale #; and #, where #; refers
to the time constant of longitudinal relaxation or relaxation in
z-direction and , refers to the transverse relaxation or phase
relaxation. Physically #; relaxation describes the process of re-
establishing the normal Guassian distribution of populations in
states in the presence of environments. f, is the loss of phase
correlation among molecules. Classically #; > 7,. In quantum sys-
tems, however as shown later, 7, can be larger than 7|, which indi-
cates a strong coherent nature and further means that the coher-
ence will survive during the process of energy or charge transfer.
Roughly by comparing the decay tails between the two columns
in Fig.1 it seems to be apparent that the relaxation of phase coher-
ence is slower than the longitudinal relaxation. This is reflected
by the tail of decay which is smooth for coherence while it is of
sharp decrease for population. To quantify this issue in detail, we
need to estimate the time length of relaxation by ¢~! decay, since
the behavior of time evolutions of population and coherence is of
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1 (K) 11 (fs) 1 (fs) n/t
3500 36 71.6 1.98
5600 35.8 70.4 1.97
8000 35.6 80 2.25

Table 1 Time constants 7; and 1, with different temperatures. A =0.1eV,
de =0.15eV, T, = 2100K and y = 10ps .

A(eV) 11 (fs) 1 (fs) h/h
0.005 —— 14.6 ——
0.08 28.3 79.1 2.8

0.3 28.3 112 3.96

Table 2 Time constants 7, and 7, with various vibron-vibron couplings.
de =0.15eV, Ty = 5600K, T» = 2100K and y= 10ps~'.

exponential feature as reflected in A~ and Eq.(12). Both Table I
and II show that the longitudinal relaxation is faster than the co-
herence relaxation, namely, #; < 7, which is contrary to the usual
cases27-28, On the other hand, both of longitudinal and coherence
relaxations are nearly not affected by the thermal fluctuations in
reservoirs while they are sensitive to the vibron-vibron interac-
tion. This is because the F, G defined before are independent
of the bath parameters. In particular, the longitudinal relaxation
becomes faster while the coherence relaxation becomes slower,
as the vibron-vibron coupling increases. This originates from the
vibron-phonon interaction (i.e., hydrogen bond) which leads to
the renormalization of vibron-vibron couplings. Furthermore, the
slower relaxation of phase coherence indicates that the dynamical
energy transport process is more coherent at large vibron-vibron
couplings.

By applying our model to the OH-stretching mode of HDO dis-
solved in D,0, the parameters are £ = 3500cm !, & = 3320cm !
and y=0.3ps~! according to Ref.20. The vibrational and orienta-
tional dynamics of OH-stretching mode of HDO molecules was
measured by the femtosecond mid-infrared pump-probe study.
Here, the orientational dynamics refers to the coherence dynam-
ics in our terminology. Our theoretical investigation illustrates the
coherence (orientation) dynamics in Fig.2(left).

The ¢~ !-decay-estimation of the time constant for coherence-
surviving gives T ~ 2.6ps associated with strongly hydrogen-
bonded water molecules, whereas 7 ~ 0.7ps for the weakly
hydrogen-bonded water molecules. These are in good agreement
(at least qualitatively, except the minor deviation caused by the
simplification of theoretical model) with the measurements in re-
cent experiments 1220
stants gives T ~ 13ps and 0.7ps, respectively.

, where the measurement of the time con-

4 Quantification of coherence effect

There was long debate on the coherence contribution to the vi-
brational and coherence dynamics, and also the energy (charge)
transport. By introducing an adiabatic parameter € in Eq.(2) and
(4) before, here we will study how the coherence-population en-
tanglement gradually affects the relaxation process. Notice that
the coherence-population entanglement is mainly generated by
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Fig. 1 (Color online) Time evolution of coherence and magnetization
(population imbalance) under various (a,b) 71 measuring the thermal
fluctuations of environments, (c,d) vibron-vibron interactions and (e,f)
coherence-population entanglement; In (a,b) the blue, red and purple
lines are for 77 = 8000K, 5600K and 3500K, respectively. A=0.1eV; In
(c,d) the blue, red and purple lines are for A =0.3eV, 0.08eV and 5meV,
respectively. 71 = 5600K; In (e,f) the blue and red curves correspond to
the cases without and with secular approximation. Other paramters are
8e =0.15eV, T, = 2100K and y = 10ps .

the environments. We will further perform a comparison between
our full quantum dynamics (¢ = 1) and the one within the secu-
lar approximation (¢ = 0), in which the coherence and popula-
tion dynamics are unentangled. The secular approximation has
been popularly appiled to the Lindblad equation describing the
chemical reactions and light-harvesting complex, so that its valid-
ity should be examined hereafter. The dissipation term in Eq.(2)
reduces to

_ 2 T+ - _ N
@(ps) = Z [7/1']7 (ajpsa}' *a;ajps> + '}’jTl’ (a;psaj 7aja;ps)]
=1
+ A2 (axpsal —alaspy ) + 72 (abpsar — aralpy ) +hec,
(13)

which leads to the case € =0 in Eq.(4). Correspondingly the solu-
tion shares the same expression as Eq.(4) by setting € = 0. There-
fore the population imbalance (magnetization) and coherence are
in the same formalisms as the ones in previous Eq.(12), under the
limit € — 0". Moreover the residue coherence in long time limit
even under secular approximation (shown in Fig.1(e)) is due to
the coupling between vibrational modes (vibron-vibron interac-
tion as mentioned before), although in the dissipation part the
coherence is decoupled from population dynamics.

As is shown in Fig.1(e) and 1(f), for phase coherence we found
that (i) the amplitude is considerably improved and (ii) the time

This journal is © The Royal Society of Chemistry [year]
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Fig. 2 (Color online) (Left) Orientation (coherence) dynamics for the

OH-stretching mode of HDO dissolved in D,O and (right) 2D plot of
= ﬂi" as a function of A and Se. (Left) The blue and purple lines
correspond to A =0.0112eV and 0.5meV, respectively. Other parameters

are T} = 5600K and 7, = 2100K

3.0 s 0.17
@ 0.16
2.5 S
3 0.15
it £
20 2 0.14
8
15 §0.13
2
00 02 04 06 08 10"0%, 0.2 0.4 0.6 0.8 1.0

Fig. 3 (Color online) (Left) The parameter 3 — F varies as a function of
€. The blue, red and purple lines are for A= 0.35¢eV, 0.1eV and 0,
respectively; (Right) Energy consumption as a function of &, where blue
and red lines are for A=0.1eV and 0.05eV, respectively. Other
parameters are §e = 0.15eV and y= 10ps~'.

constant for decay is significantly extended (see the tail of de-
cay), by the coherence-population entanglement. Quantitative
analysis gives rise to #, ~ 81fs and 37.3fs for including coherence-
population entanglement and not, respectively. This behavior is
attributed to the reduction of drift force quantified by eigenvalues
of the drift matrix ¥, by adding the coherence. Quantitatively it
iS3—F|e=1 <3 —F|e—o in the region 2A > g — &,, as estimated in
the right figure in Fig.2. To elucidate this, we adopt the Langevin-
Heisenberg theory38 to develope the dynamical equation for the
system operators ay

. . . 1 1
a; = —iway — iuay + W nggbl(«z
k.o

. . . 1 1 2
dp = —iuay —itna + — ) (gkobf(; +fkob§((2>
k.o

(14
j g
E(1) i ( ) kG ( ai 2)
] jk{;
b]<2) 71(1)](5 ] + —a

Eliminate the bath freedom by formally solving the last two equa-
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tions in Eq.(14) above

a o +y iuty a Fi(1)
=- +
a iu+y im+2y) \ay Fy (1)
1 (D) () p— ikt (15)
= ngo'bkc(o)e °
k,o

= 2 ¥ [srobil(0) + i) 0)] 7%
k

which indeed is the quantum Langevin equation. F;(¢) on the
right hand side of Eq.(15) stands for the stochastic force. As is
known, the left hand side of Eq.(15) represents the drift force
in phase space and then the right hand side recovers the drift
matrix defined before as quantifying the drift force induced by
Therefore, the dephasing originates from the
drift force induced by the random scattering between the system and
environmental modes. The effect of environment-induced coherence-
population entanglment is to reduce the drift force and the coherence
subsequently survives much longer. On the other hand, it eluci-
dates here that the environments have non-trivial contribution to
the long-lived coherence in the excitation energy transport, con-

the environments.

trary to the previous statements.

To explore the gradual effect of coherence-population entan-
glement on the drift force and the relaxation process, we need to
further study the response of quantity F to the adiabatic variation
of the strength of the environment-induced coherence-population
entanglement in QME. As shown in Fig.3, the dephasing becomes
rapid in the weak € regime (¢ < 1) while it is reduced in the
strong € regime (& ~ 1), as the coherence-population entangle-
ment increases. Physically this indicates that the coherence can
reduce the environmental diffusion only when its coupling to pop-
ulation dynamics becomes significant. Such behavior can be un-
derstood in general by the following expansion of F about € =0
and 1

1—(2d +w)? +o(e?)
o
V(I —4d2 —w2)2 +4uw? ) Fle=o

5+ (6d +w)(2d —w) e—1 (16)
V(5—4d2 —w2)2 +4(4d —w)? ) Fle=1

F=Fle—o+ <1+

F=Fle_1+ <1+

+o [(8 - 1)2}

In our regime of parameters for vibrational energy transport,
JF /de|e— is always negative while dF /de|.—; is always positive.

Before leaving this section, it is worthwhile to point out that the
mechanism of the increase of lifetime of coherence is not only re-
stricted to the molecular vibrations as discussed here, but can also
be applied to the exciton process in photosynthesis37 described
by the Redfield equation3?, where the coherence-population en-
tanglement (beyond secular approximation) led to the enhance-
ment of coherence lifetime as well. In this sense the reduction
of decoherence caused by the environmental-induced coherence-
population coupling is a general feature based on the structure of
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quantum master equation.

5 Heat current

Macroscopically, the energy transfer should be affected by the
quantum interference, as being much debated in the excitation
energy transport in light-harvesting complex. Here we will care-
fully explore the contribution by the non-local correlation origi-
nated from coherence, to the heat current. The transient process,
or in other words, the relaxation, demands the non-vanishing
energy consumption for the molecular mechine to reach the
nonequilibrium steady state. The energy consumption in our
model is therefore Q = [;°((J1) — (2))dt = [ [(1) — (JT) — ((J2) —
(J5°))]dr and after some algebra the energy consumption reads

0= pr4A/0wRe (Clp)) dt

|
I
o

(81 TP+ gzjn4) Y+ (51 Tz + 32%122421> Yh 17)

i=1

[ Re (Clpl) dr = Rel A 1Y} + Re[. 74513 + Re[.7 5, ¥}
0

where Clp] = Cp](t) — Clp](e). F:7 =7y o dt and their ex-
pressions will be given in SI. In general the 21d term in Eq.(17)
originates from the coherence, which demonstrates the non-
negligible contribution from the coherence. To support this
point numerically, Fig.3(b) shows the non-trivial contribution of
coherence-population entanglement to the energy consumption
of the QHE. Moreover the coherence leads to the overall sup-
pression of the energy consumption which in other words, indi-
cates that the energy transport efficiency is effectively enhanced
by adding the quantum interference.

6 Conclusion and remarks

We have studied the dynamical energy transport mediated by
the molecular vibrations. It was found that the decohernece
is much slower than the population relaxation, which suggests
the coherent energy transfer, contrary to the one described by
Forster theory. Since the quantum interference suppresses the
drift force originated from the environments, the environment-
induced coherence-population entanglement leads the coherence
to survive much longer than the case with population involving
only. Moreover the amplitudes of both coherence and popula-
tion dynamics are also considerably amplified by the coherence-
population entanglement. These demonstrate the significance of
the environment-assisted coherence effect on the vibrational re-
laxation process. Our theoretical exploration further provides
the prediction of the time scale of orientational relaxation of
OH-stretching mode, with good agreement with the experimen-
tal measurements in HDO molecules dissolved in D,O. On the
macroscopic level, the coherence is shown to have non-trivial con-
tribution to the enhancement of the quantum yield of vibrational
energy transfer, as reflected by the suppression of the energy con-
sumption.
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