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Practical approach to calculate time evolutions 

of magnetic field effects on photochemical 

reactions in nano-structured materials 

Tomoaki Yago*
a
 and Masanobu Wakasa

a 

Practical method to calculate time evolutions of magnetic field effects (MFEs) on 

photochemical reactions involving radical pairs is developed on the basis of the theory of the 

chemically induced dynamic spin polarization proposed by Pedersen and Freed. In the theory, 

stochastic Liouville equation (SLE) including the spin Hamiltonian, diffusion motions of the 

radical pair, chemical reactions, and spin relaxations are solved by using the Laplace 

transformation technique. In our practical approach, time evolutions of the MFEs are 

successfully calculated by applying Miller-Guy method instead of the final value theorem to 

the inverse Laplace transformation process. Especially, the SLE calculations are completed in 

a short time when the radical pair dynamics can be described by the chemical kinetics 

consisting of diffusions, reactions and spin relaxations. The SLE analysis with the short 

calculation time enables one to examine the various parameter sets for fitting the experimental 

date. Our study demonstrates that simultaneous fitting of the time evolution of the MFE and of 

the magnetic field dependence of the MFE provides valuable information on the diffusion 

motions of the radical pairs in nano-structured materials such as micelles where the lifetimes 

of radical pairs are longer than hundred nano-seconds and the magnetic field dependence of the 

spin relaxations play major role for the generation of the MFE. 

Introduction 

Magnetic field effects (MFEs) on photochemical reactions 

through radical pairs (RPs) and biradicals have attracted the 

considerable attentions since the reproducible observations of 

the MFE phenomena supported by the solid theory in the 

middle of 1970s.1–3 An unique aspect of the MFE is that the 

magnetic energy, which is smaller than the thermal energy, can 

alter the rate of the RP recombination reactions that proceed via 

the activated states. According to the Pauli exclusion principle, 

the singlet RP can react to form the recombination product 

whereas the triplet RP have no reactivity. Magnetic field can 

change the populations of the singlet and the triplet RPs 

therefore affects the recombination reaction of RP, quantum 

mechanically. The changes of the populations of the singlet and 

triplet RPs occur in nanometer-separated RP where the singlet-

triplet energy splitting in RP is comparable with or less than the 

magnetic interactions in RP such as the hyperfine coupling 

constants and the g-value differences (∆g) between radicals. In 

contrast, the recombination reactions efficiently proceed in the 

contact RP. Thus the MFEs are generated when the radicals 

diffuse back and forth between the nanometer-separated and the 

contact RPs. Consequently the diffusion motions of the radicals 

in the nanometer space significantly influence the MFEs on the 

RP. It has been proposed that the molecular diffusion process in 

nanometer space  can be probed from the observation of the 

MFEs on RPs.4–7  

 In the nano-structured materials, the diffusion motions of 

molecules are often controversial to understand the mechanisms 

of the chemical reactions because of their heterogeneous 

characters. On the other hand, the large and clear MFEs have 

been observed in the photochemical reactions systems where 

the RPs are confined in the nanometer-structured materials such 

as micelles8–10 and mesoporous silicates.11,12 Therefore MFE 

study can be a powerful tool to probe the heterogeneous 

molecular diffusions in nano-structured materials. Recently we 

discussed the solute molecular diffusions in mesoporous 

silicates of MCM-418 and in ionic liquids13–19 from the 

observations of the MFEs on the photochemical reactions. To 

discuss the solute molecular diffusions, the observed magnetic 

field dependences (B-curve) of the yield of the radicals were 

fitted by using the stochastic Liouville equation (SLE)20,21 in 

which the spin dynamics, diffusive and reactive dynamics were 

treated simultaneously. The procedure of our SLE analysis 

followed the SLE analysis reported by Pedersen and Freed.22–24 
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First, the time (t)-domain differential equation is Laplace 

transformed to the frequency domain algebraic equations. Then 

the frequency domain algebraic equation is numerically solved 

with the matrix equation. Finally, the obtained result is 

recovered by the inverse Laplace transformation. In the final 

step, the final value theorem is employed to obtain the limiting 

values (t → ∞) of the density matrix. The use of the final value 

theorem greatly reduces the calculation procedure and time. 

Thus this type of the SLE analysis has been routinely utilized 

for the analysis of the MFE and chemically induced dynamic 

electron and nuclear polarizations (CIDEP and CIDNP).25–30 

However one cannot calculate the time evolutions of the 

density matrix with the final value theorem. It is obvious that 

the SLE analysis on the time evolution (t-curve) of the MFE is 

helpful to obtain the detailed information on the RP dynamics 

including the diffusion process. 

 The SLE studies on the t-curve have been reported to clarify 

the mechanism of the MFE observed in the uniform solvents 

where the RP lifetime is on the order of nanosecond.4,31,32 The 

effects of the hyperfine coupling constant and of the ∆g on the 

recombination reactions in RP in the absence and presence of 

the magnetic fields (MFE due to the hyperfine coupling and ∆g 

mechanism) are qualitatively studied by using the SLE. It has 

been shown that the coherent spin motions induced by the 

hyperfine coupling and the ∆g effects convert the singlet RP to 

the triple RP, and vice versa and the MFEs are generated within 

a ten nanoseconds. However there are few SLE studies in 

which the experimental observations of the t-curve are fitted 

qualitatively to extract the diffusion parameters on RP. This is 

because the SLE analysis is time-consuming method when one 

employs the realistic molecular parameters. The large number 

of the hyperfine coupling constants and huge number of the 

grids for the RP diffusion description should be incorporated to 

describe the MFE phenomena with the realistic RP molecules. 

Both increase the number of columns and rows in the density 

matrix and prolong the computing time drastically. Since one 

needs to examine the various parameter sets to fit the 

experimental data, fitting of the experimental data remains a 

difficult task. 

 When RPs are generated in nano-structured materials, RPs 

have lifetimes longer than hundreds nanosecond due to the 

restriction of the RP diffusions. RPs in nano-structure materials 

therefore have enough time to change the spin states by the spin 

relaxations in the absence of the magnetic field. As the RP 

lifetime is prolong from nanoseconds to hundred nanoseconds, 

the mechanism of the MFEs is gradually switched from the 

combination of the hyperfine coupling and the ∆g mechanisms 

to the spin relaxation mechanism.33 In the time regions longer 

than hundreds nanoseconds, the spin coherence motions caused 

by the hyperfine coupling and the ∆g effects are averaged by 

the translational and rotational diffusions of the solute 

molecules. The spin dynamics can be approximately 

represented by the incoherent spin conversion rate associated 

with the spin relaxations33 and the coherent spin dynamics 

become less important. In this situation, it may be not necessary 

to incorporate all the hyperfine coupling constants into the 

calculation and one can use the SLE analysis for fitting of the t-

curve due to the calculation times shortened. 

 We report herein a SLE analysis on the t-curve of the MFEs 

generated in the nano-structured materials where the RP 

lifetime is longer than hundred nanoseconds. The procedure of 

our SLE analysis follows the SLE reported by Pedersen and 

Freed22–24 except the inverse Laplace transformation process. 

Instead of the final value theorem, Miller-Guy method34 is 

employed for the inverse Laplace transformation to calculate 

the time evolution of the RP dynamics. To reduce the 

calculation time, only one hyper fine coupling constant is took 

into account while the diffusion motion of the RP is treated by 

the simple Brownian motion. The results show that the method 

proposed in the present study can correctly calculate RP 

dynamics and can be used for the simulation of the MFE data. 

When the coherent spin dynamics in RP is not important for the 

MFE generation, one can calculate the t-curve within a short 

time. Therefore it is possible to fit the t-curve of the MFE as 

well as the B-curve of the MFE by examining the various 

parameters sets. Our analysis demonstrates that fitting of both 

of the t-curve and the B-curve of the MFE data provide the 

detailed information on the diffusion parameters of RPs in 

nano-structured materials. 

Methods 

Stochastic Liouville equation and Laplace transformation 

In the present study, we employed the Pedersen-Freed type 

SLE22–24 to describe the RP dynamics. The SLE includes the 

spin-spin interactions, the molecular diffusions, the 

recombination reactions at the contact RP, and the spin 

relaxations as follows, 

( ) ( ) ( ) ( ) ( ) ( )trRtrKtrDtrriH
t

tr
rrr ,,,,

,
ρρρρ

ρ
++Γ+−=

∂
∂ ×

          
    (1) 

In this equation, H(r)× is the commutator associated with the 

spin Hamiltonian H(r) at the radical–radical distance r. ρ(r, t) is 

the density matrix of RP at time t and distance r. D and Γr are 

the mutual diffusion coefficient and the diffusion operator, 

respectively. Kr and Rr are the superoperators for the 

recombination reactions and the spin relaxations, respectively. 

 The spin Hamiltonian is composed of the Zeeman 

interactions for the radicals, the hyperfine interactions between 

electron and nuclear spins with a hyperfine coupling constant 

(A), the r-dependent exchange interaction (J) and electron-

electron dipole coupling Hamiltonian (Hdd),  

( ) ( ) ( ) ddbaaabzbaza

1

B 2
2

1
HrJASgSgBrH +







 +−++= − SSIShµ

         (2) 

Here, S and I represent the electron and the nuclear spin 

operators, respectively. Subscripts a and b denote the individual 

radicals. ga and gb are the isotropic g-factor for radical a and b, 

respectively. In the present analysis, one magnetic nucleus in 
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radical a is included. The J gives the energy gap between the 

singlet and triplet states and is exponentially decayed with r as 

follows,  

( )[ ]drJJ −= γexp0
                                  (3) 

where J0 is a magnitude of the exchange interaction (J) at the 

closest distance d and γ is an exponential decay constant in r. 

The original SLE proposed by Pedersen and Freed was 

developed for the analysis on the CIDEP and CIDEP generated 

in solutions and does not include the dipole-dipole interaction 

because the dipole-dipole interaction averages to zero in 

solution where molecules are rotating freely.22–24 Theoretical 

studies however suggested that the dipole-dipole interaction 

affects the spin dynamics by giving the energy gap between the 

spin state and by enhancing the spin relaxations even in 

solutions.35–38 In the present study, the spin Hamiltonian in RP 

also includes dipolar coupling Hamiltonian of Hdd. Hdd is 

generally dependent on r and orientation of RP (Ω), 

( ) ( )( )




 −=Ω abbaba2ba3

2

Bba0

dd

3

4
, rSrSSS

rr

gg
rH

µ
π
µ
h

         (4) 

where rab is the vector connecting between two electron spins. 

In eqn (1), the angular dependence of the SLE is integrated out 

to simplify the calculations. The spin Hamiltonian in eqn (1) is 

therefore Hamiltonian averaged with respect to Ω and only 

dependent on r. For conveniently we use the following dipole 

coupling parameter in the r-dependent spin Hamiltonian,38 

( )
3

2

Bba0

42

3

r

gg
rD

d hµ
π

µ
−=                           (5) 

Eqn (5) gives the energy gap between the triplet spin states 

even in the absence of the magnetic field. Eqn (5) also accounts 

the fluctuations of dipole coupling parameters caused by the 

translational diffusion motion of RP. Such fluctuations of 

dipole coupling induce the spin relaxations in RP. In solutions, 

the dipole coupling is also fluctuated by the rotational motion 

of RP. This effect is taken into account as magnetic field 

dependent spin relaxations in RP. The details of the spin 

relaxation operators are described later. 

 The Laplace transform of eqn (1) is 

( ) ( ) ( ) ( ) ( ) ( ) ( )srRsrKsr
r

DsrriHtrsrs ,ˆ,ˆ,ˆ,ˆ0,,ˆ
2

2

ρρρρρρ ++
∂
∂

+−==− ×

 (6) 

where 

( ) ( ) ( ) ( ) ( )∫ ∫
∞ ∞

−≡−≡
0 0

,ˆexp,exp,ˆ dttrrstdttrrstsr ρρρ
         (7) 

The time dependent RP population (PRP(t)) is defined as, 

( ) ( )tt ρTrRP =P                                 (8a) 

( ) ( )∫
∞

≡
d

drtrrt ,ρ̂ρ                               (8b) 

The diffusion of the radical in RP is treated as simple Brownian 

motion with finite difference technique as follows, 

( ) ( ) ( ) ( )
22

2
,ˆ,ˆ2,ˆ,ˆ

r

srrsrsrr
D

r

sr
D

∆

∆++−∆−
=

∂

∂ ρρρρ          (9) 

where ∆r is small but finite increment in r. The application of 

the finite difference technique is essentially equivalent to 

transforming the continuous diffusion equation into the discrete 

master equation involving the transition probability matrix W. 

The W couples ρ(r,t) between discrete values ρ(r0+j∆r, t) 

where j = 0,1,2,...., L when the one ∆r value is used. These 

discrete value form a column vector ρρρρ. 

                          ρW ˆ
ˆ
2

2

→
∂
∂

r
D

ρ                                   (10)  

In the analysis, we set needed segments in the distance r from 

the closest distance of d. The ∆r values were ∆r1= 0.01 nm in 

the first 16 segments, ∆r2= 0.02 nm in the second 16 segments, 

and ∆r3= 0.05 nm in the third segments. The number of the 

third segments was a variable parameter in fitting process. Thus 

the total number (L) of the segments was also variable in the 

analysis. With the finite difference technique, we approximate 

the integral in eqn (8b),  

( ) ( )∑∫
=

∞
=

L

j
d

tjjVdrtrr
0

,ˆ)(,ˆ ρρ                          (11) 

where V(j) is the radial weighting factor for the jth position. 

 The mutual diffusion coefficient D is a sum of the diffusion 

coefficients of radical a and b: D=Da+Db. In our analysis, Da 

and Db are determined by using Stokes-Einstein equation as 

follows,  

a

B
a

6 d

Tk
D

πη
= , 

b

B
b

6 d

Tk
D

πη
=                           (12)  

where η is the viscosity for the RP diffusion area and da and db 

is the radii of the radical a and b, respectively. 

 In the present study, we employed a cage model27,28 to 

reproduce the MFE observed in the micellar solution. In the 

cage model, the RP diffusion is restricted by the spherical cage 

with the radius of R. The one radical is fixed to the center of the 

sphere and the other radical is freely diffused with the viscosity 

η in the spherical cage. At the contacted RP, RP is recombined 

with a rate constant of krec. When the radical reaches the 

interface of the cage, the radical escapes from the cage with a 

probability of Pesc. Once the radical escapes, it cannot diffuse 

back to the inside of the cage. In the SLE analysis, the terms of 

WL, L and WL+1,L determine the escape rate of RP from the cage 

and represented as, 

( ) ( ){ }
2

3

3in3out
,

/1/1

r

rrkrrk
LL

∆

∆−+∆+−
=W           (13a) 
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2

3

out
,1

r

k
LL

∆
=+W                               (13b) 

where kin is equivalent with D and the escape rate of the RP 

(Pesc) at the interface is defined as Pesc=kin/kout. In the simulation, 

RP is collected at the last segments and cannot diffuse back. 

 The recombination reaction operator is described as, 

( ) ( ) ( ) ( )[ ]SS,ˆ,ˆSS
2

,ˆ rec srsr
rk

srK r ρρρ +−=           (14) 

We assumed that RP is recombined with the rata constant of krec 

at the closest distance with the reaction zone of 0.05 nm. In 

other r regions, the recombination reactions were assumed not 

to proceed and the values of krec(r) were set to be 0. 

 The form of the spin relaxation matrix used in SLE is 

described in the literature39and also in Supplemental 

Information. The longitudinal relaxation rate constant 

(1/T1)radical for the radicals is represented as,2,40  

( ) ( )

( )
2

b

2

b

2

2

Bb

2

a

2

a

2

2

Ba

2

Ba

radical1

130

3

130

31

τω
τµδ

τω
τµδµδ

+
×

×
+

+
×

×+×
=









h

h

Bg

gABg

T           (15) 

where δga and δgb are anisotropies for the g-factors for radical a 

and b, respectively. δA is the anisotropy for the hyperfine 

coupling constant. ω is the energy splitting for the spin states 

associated with the spin relaxations. τa and τb are the rotational 

correlation time for radical a and b, respectively, and 

represented as follows, 

Tk

d

B

3

a
a

3

4πη
τ = ,  

Tk

d

B

3

b
b

3

4πη
τ =                         (16) 

For the T-T relaxation, ω =gµBh-1B+|Dd(r)/2π| is used while 

ω =gµBh-1B+|2J(r)/2π| is used for the S-T- and S-T+ relaxations. 

In the presence of the large J value in the closed RP, the 

transverse relaxation rate constant (1/T2) for the S-T0 relaxation 

may be represented as,  

For 2J(r)>δga×µBB/ħ, 2J(r)>δgb×µBB/ħ, and 2J(r)>δA×gaµB/ħ, 

( ) ( )
( )[ ]

( )
( )[ ] 2

b

2

b

2

2

Bb

2

a

2

a

2

2

Ba

2

Ba

2

22130

3

22130

31

τπ
τµδ

τπ
τµδµδ

rJ

Bg

rJ

gABg

T

+
×

×
+

+
×

×+×
=

h

h          (17) 

When the S and T0 state is nearly degenerated, on the other 

hand, 1/T2 may be represented as, 

For 2J(r)<δga×µBB/ħ, 2J(r)<δgb×µBB/ħ, and 2J(r)<δA×gaµB/ħ, 

( ) ( )

( )
b2

2

Bb

a2

2

Ba

2

Ba

2

4
30

3

4
30

31

τ
µδ

τ
µδµδ

×
×

+

×
×+×

=

h

h

Bg

gABg

T              (18) 

For the T-T relaxation, the following longitudinal relaxation 

rate constant due to the dipole interactions is added,2 

2

ab

2

ab

62

2

b

2

a

4

B

RP1 1

3

10

1

τω

τµ

+
×=









r

gg

T h

                      (19a) 

Tk

r

B

3

ab
3

4πη
τ =                                     (19b) 

The complete solution given by eqn (6) becomes the matrix 

equation, 

[ ] ( ) ( )0ˆˆ'1 ρρΩR'W'Κ =+−−− sis                       (20) 

One solves matrix eqn (20) for the elements of ( )sρ̂ . The detail 

of the SLE analysis is described in Supplemental Information. 

Inverse Laplace Transformation by Miller-Guy Method.34 

 ( )sρ̂  corresponds to the set of the density matrix elements in 

the frequency domain. For the MFE calculation, one needs the 

density matrix elements in the time domain ( )tρ̂ . Thus, ( )sρ̂
has to be recovered to ( )tρ̂  by the inverse Laplace 

transformation. 

 For the inversion of the Laplace transform, we change the 

variable from t to x. The variable integration may be changed 

by the substitution. 

( ) 1exp2 −−= tx δ                               (21) 

For δ, one should select the appropriate number to give the 

correct answer. Basically the δ value close to 1/t seems to be 

appropriate. If this equation is solved for t, then 








 +







−=
2

1
log

1 x
t

δ
                                (22) 

 t in eqn (22) is substituted to ( )trρ ,ˆ , 

( ) ( )xrg
x

rρtrρ ,
2

1
log

1
,ˆ,ˆ =
























 +







−=
δ

                (23) 

( )trρ ,ˆ is now the function of x and is represented as g(r,x). t in 

eqn (22) is also substituted to exp(-st), 

δ

s

x
st 







 +
=−

2

1
)exp(                                 (24) 

Differentiation of time t by x (eqn (22)) gives the following 

equation,  

1

2

1

2

11

1

2

2

11
−








 +
××−=

+
××−=

x

xdx

dt

δδ                  (25) 

Substitution of eqn (23)-(25) into eqn (7) gives, 

Page 4 of 11Physical Chemistry Chemical Physics

P
hy

si
ca

lC
he

m
is

tr
y

C
he

m
ic

al
P

hy
si

cs
A

cc
ep

te
d

M
an

us
cr

ip
t



Journal Name ARTICLE 

This journal is © The Royal Society of Chemistry 2012 J. Name., 2012, 00, 1-3 | 5  

( ) ( )∫−









−








 +







=
1

1

1

,
2

1

2

1
,ˆ dxxrg

x
sr

s

δ

δ
ρ

                        (26) 

According to eqn (22), the values of t=0 and t=∞ give the 

values of x=1 and x=-1, respectively. The function g(r,x) in eqn 

(26) is expanded over -1≤x≤1 in terms of the Jacobi 

polynomials,41  

      
( ) ( ) ( ) ( )∑

∞

=

=
0

,0,
n

nn xPrCxrg β

                                (27a) 

( ) ( ) ( ) ( ) ( ) ( )[ ]βββ +− +−−
−

= nn

n

n

n

n

n xx
dx

d
x

n
xP 111

!2

1,0

           (27b) 

where Cn(r) are undetermined coefficients, β is an integer 

which should be chosen to give the correct answers, and  

Pn
(α,β)(x) is a Jacobi polynomials. In the present study, β=0 was 

used in the all calculations. If the coefficients Cn(r) are known, 

then g(r,x) is known, which implies that ( )trρ ,ˆ  can be calculated 

by means of eqn (23). The next step is to obtain the coefficient 

Cn(r) to calculate g(r,x) according to eqn (27). Substitution of 

eqn (27) into eqn (26) results in, 

 
( ) ( ) ( ) ( )∫ ∑−

∞

=









−
















 +







=
1

1
0

,0

1

2

1

2

1
,ˆ dxxPrC

x
sr

n

nn

s

βδ

δ
ρ

          (28) 

By substituting s=(β +1+k)δ into the previous equation and 

simplifying terms one has, 

( )[ ]
( )

( )( ) ( ) ( ) ( )∫ ∑−

∞

=

+
++









+







=++
1

1
0

,0

1

1
2

1
1,ˆ dxxPrCxkr

n

nn

k

k

ββ
β

δβρδ
              

(29) 

k is a positive integer. By the expansion the term of (1+x)k into 

the series and the use of integral transforms,42  we can finally 

get the following relation,  

( )[ ] ( ) ( )
( ) ( )2!

!1
1,ˆ

0 +++Γ−
++Γ

=++ ∑
= nknk

kk
rCkr

k

n

n β
β

δβρδ
          (30a) 

( ) ( )!1−=Γ zz                                   (30b) 

Here k also determines the number of coefficient Cn(r). In the 

present study, we used value of k=12 in all calculations. By 

changing k value as 0, 1, 2, 3, 4··· , one obtain (k+1) sets of 

equations from eqn (30). The left side of eqn (30a) is obtained 

by the density matrix in s-domain using eqn (20) with the 

relation of s=(β+1+k)δ. The obtained liner equation can be 

solved with the general procedure. Thus the coefficient Cn(r) 

can be determined. Since x=2exp(-δt)-1, the Jacobi polynomials 

may be expressed as functions of t directly. From eqn (21), (23) 

and (27), the function of ( )trρ ,ˆ , which is the inverse Laplace 

transformation of ( )srρ ,ˆ , is represented as,  

( ) ( ) ( ) ( )[ ]∑
=

−−≈
k

n

nn tPrCtrρ
0

,0 1exp2,ˆ δβ

                   (31) 

When the terms of n and n+β are nonnegative integers, the 

Jacobi polynomial can be written as,41 

( ) ( ) ( ) ( ) ( )[ ]∑ 






 +







 −
−+−×+=

−
−

q

qqn

n

xx
qnqqnqnnxP

2

1

2

1
!!!!)!(!

1,0 βββ

             (32) 

where q is positive integer and summation extends to q values 

which satisfy the relation of n-q≥ 0. The time dependent RP 

population, PRP(t), is given by, 

( ) ( ) ( ) ( ) ( ) ( )[ ]∑
=

++ −−
+++=

M

j

TTTTTTSS tjtjtjtjjVt
0

,,,,RP ,ˆ,ˆ,ˆ,ˆ
00

ρρρρP

(33) 

RP is generated by the photochemical reactions with the rate 

constant of kgen. To reproduce the experimental results, the 

obtained PRP(t) was convoluted with kgen. 

( ) ( ) ( )∫
∞

−−=
0

RPgenRP exp' τττ dtkt PP                         (34) 

We examined two methods, method 1 and 2 (Fig. 1) to evaluate 

the above procedure for the t-curve calculations. In method 1, 

the time dependences of the density matrix are directly 

calculated from the initial condition of the density matrix by 

changing the t value. One only calculates the density matrix 

elements needed for the analysis therefore one can save the 

calculation time. In method 2, the density matrix is calculated 

with a fixed small time increment ∆t. First the density matrix at 

time t is calculated from the initial condition of the density 

matrix. Then the density matrix at time 2t is calculated from the 

density matrix at time t. By repeating this procedure, one 

obtains the time dependence of the density matrix. In method 2, 

one should calculate the all elements in the density matrix since 

the set of the density matrix is necessary for the next time step 

calculations. Though the calculation accuracy in method 2 may 

be greater than that in method 1, one needs the longer 

calculation time in method 2.  

 

 

 

 

 

 

 

Fig. 1 Schematic representations for calculation methods used in the present 

study. In method 1, the time dependences of the density matrix are directly 

calculated from the initial condition of the density matrix ρ(0). In method 2, the 

time dependences of the density matrix are calculated by a recurrence equation 

manner with a fixed time increment t. For example the density matrix at time 2t 

was calculated from the density matrix at time t 

0   t   2t  3t  4t  
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Results and Discussions 

Test of SLE program 

The simple calculations were performed to test the abilities of 

the inverse Laplace transformation procedures for the 

calculations of the time evolutions of the MFEs. We examined 

how the time dependence of the RP populations are influenced 

by the effects of the recombination reaction, the spin 

relaxations, the diffusion and the spin interactions included in 

the spin Hamiltonian. For this purpose, the SLE of eqn (1) was 

modified to the specialized SLE where only one term in the 

right hand side of eqn (1) is included and other three terms are 

omitted. Fig. 2 shows time dependences of the RP populations 

calculated by using the SLE specialized in the recombination 

reaction (Fig. 2a), in the transverse spin relaxation (Fig. 2b), 

and in the longitudinal spin relaxation (Fig. 2c). The singlet RP 

state is initially populated and the recombination reaction or the 

spin relaxations occur from the singlet RP state. A rate constant 

of 1×107 s-1 is used for the recombination reaction rate and the 

spin relaxation rates. The calculations are performed with 

method 1 and method 2. Both methods give the identical results. 

As can be seen in Fig. 2a, the singlet RP decays with the rate 

constant of 1×107 s-1 by the recombination reaction. In the SLE 

calculations with the spin relaxations (Fig. 2b and 2c), the 

singlet RPs also decay with the rate constant of 1×107 s-1 

whereas the triple RPs are increased with the rate constant of 

1×107 s-1. The population of the singlet RP decreases to 0.5 for 

the calculation with the transverse spin relaxation and to 0.25 

for the calculation with the longitudinal spin relaxation as is 

expected from the number of the spin states associated with the 

spin relaxations. Simultaneously, the population of the triplet 

RP increases to 0.5 and 0.75 in the presence of the transverse 

and longitudinal spin relaxations, respectively. The transverse 

spin relaxation involves the S and T0 states while the 

longitudinal spin relaxation involves the S, T+, T0 and T- states. 

The results indicate that method 1 and 2 can calculate the time 

evolutions of the RP populations caused by the spin relaxations 

and the recombination reaction perfectly. 

We also examined how the recombination process 

from the triplet state is modulated by the transverse and 

longitudinal spin relaxations in RP. In the calculations, the SLE 

only includes the spin relaxation and recombination terms. In 

the initial states, the three triplet states in RP were equally 

populated. The recombination reaction occurred from the 

singlet state. The transverse or longitudinal spin relaxation rate 

was set to be 1×107 s-1 while the recombination reaction rate 

was 1×1010 s-1. In this parameter set, obviously, the rate 

determining step of the recombination process is the spin 

relaxation in RP. Fig. 3 show time dependences of RP 

population (PRP(t)) calculated in the presence of the spin 

relaxation and the recombination reaction. In Fig. 3, time 

dependences of the singlet and triplet RP populations caused by 

the spin relaxations in the absence of the recombination 

reactions are also shown. When the transverse spin relaxation 

occurs with the rate constant of 1×107 s-1, PRP(t) decays with a  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2 Time evolutions of populations of singlet (red lines) and triplet (blue lines) 

radical pairs calculated by method 1 (solid lines) and method 2 (dashed lines) 

with an initial condition of a pure singlet radical pair. The calculations are 

specialized (a) in a recombination reaction from singlet, (b) a transverse spin 

relaxation and (c) a longitudinal spin relaxation with a rate constant of 1×10
7
 s

-1
. 

In all calculations, method 1 and 2 give identical results. 

rate constant of 0.5 ×107 s-1. When the longitudinal spin 

relaxation rate is 1×107 s-1, PRP(t) decays with a rate constant of 

0.25 ×107 s-1. Though the rate determining step is the spin 

relaxation processes, the spin relaxation rate does not directly 

give the rate of the recombination process. In RP, the spins are 

relaxed to achieve the thermal equilibrium where the 

populations of the spin sates associated with the spin relaxation 

are approximately the same. On the other hand, RP recombines 

only from the singlet state. Therefore one needs to consider the 

number of the spin states involved in the spin relaxations of RP. 

When the rate determining step is the spin relaxations rate (1/T), 

the rate of the recombination process is given by (1/T) × 

(Mrec/Mall) where Mrec, and Mall are the number of the spin states 

in which the recombination occurs, and the number of all spin 

states associate with the spin relaxations, respectively. In the 

transverse spin relaxation, the number of the spin states 

associated with the relaxation is two (S and T0) while that is 

four (S, T+, T0, T-) for the longitudinal spin relaxation process. 

Thus the rates of the recombination from the triplet RP induced 
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Fig. 3 Time evolutions of radical pair population (PRP(t)) calculated in the 

presence of spin relaxations and recombination reaction from the singlet state. 

An initial condition is triplet sate where the three triplet states are equally 

populated. (a) PRP(t) calculated with a transverse spin relaxation rate constant of 

1×10
7
 s

-1
 and recombination reaction rate of 1×10

10
 s

-1
. (b) Time evolutions of 

populations of singlet (red lines) and triplet (blue lines) radical pair calculated 

with a transverse spin relaxation rate constant of 1×10
7
 s

-1
 in the absence of the 

recombination reaction. (c) PRP(t) calculated with a longitudinal spin relaxation 

rate constant of 1×10
7
 s

-1
 and recombination reaction rate of 1×10

10
 s

-1
. (d) Time 

evolutions of populations of singlet (red lines) and triplet (blue lines) radical pair 

calculated with a longitudinal spin relaxation rate constant of 1×10
7
 s

-1
 in the 

absence of the recombination reaction. 

by the transverse spin relaxation and the longitudinal spin 

relaxation are represented as (1/T)×1/2 and (1/T)×1/4, 

respectively. 

 Next the diffusion motion of RP in the SLE calculations 

was examined. Here we employed the uniform solvent model 

rather than the cage model for simplicity. The two radicals with 

the radius of 0.3 nm initially form the contacted RP at the 

separation of r = 0.6 nm. After the generation of the contacted 

RP, the RP diffuses freely by the simple Brownian motion. The 

viscosity was set to be 1 cP, assuming the common organic 

solvents. These parameters give the value of D=1.4×10-9 m2s-1 

for the mutual diffusion coefficient. Fig. 4a shows r distribution 

of RPs calculated by method 1 at the delay time of 0.1 ns and 1 

ns after the generation of the contacted RP. The maximum RP 

population is obtained at r = 1.2 nm with the delay time of 0.1 

ns. At the delay time of 1 ns, the r value for the maximum RP 

population is shifted to 2.5 nm and the distribution of r 

becomes broader as expected. The calculated results are 

evaluated by using the mean square distance (<rMS
2>) of 

diffusing particle in time t. By the simple diffusion model, the 

<rMS
2> value is represented with the delay time of t and the 

diffusion coefficient of D as follows,43,44 

NDtr 2
2

MS =
                                   (35) 

where N represents the dimension for the diffusion and we used 

value of N=3 in the present calculations. In our program, r does 

not directly give the diffusion distance of the radicals. The 

diffusion distance of the radicals can be estimated from the 

value of r-d therefore <(r-d)2> corresponds to <rMS
2> in the 

present analysis. At the various delay time t, we obtain the 

values of <(r-d)2> from the r distributions of the RPs calculated. 

Fig. 4b shows t dependence of <(r-d)2> obtained by our 

computer calculation. The good liner relationship between <(r-

d)2> and t suggests that eqn (35) well holds in the analysis. The 

D value is estimated to be 1.4×10-9 m2s-1 from the slop of t 

dependence of <(r-d)2> by using eqn (35). The estimated value 

is equal to the D value inputted to the computer calculations, 

indicating the validity of the diffusion motions of RPs 

calculated by method 1. Fig. 4c shows time dependences of 

PRP(t) at r = 1.2 nm calculated by method 1 and method 2, 

respectively. Around time 0, RP at r = 1.2 nm is not populated 

because RP is initially contacted and can not reach the 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4 Time evolutions of radical pair populations (PRP(t)) obtained by calculations 

specialized diffusion motion of radical pairs with an initial condition of contacted 

radical pairs (r = 0.6 nm) and the parameter of D=1.4×10
-9

 m
2
s

-1
. (a) r distribution 

of radical pairs calculated by method 1 at the delay time of 0.1 ns (red line) and 1 

ns (blue line). (b) Delay time dependence of mean square distance (<rMS
2
>, red 

circle) obtained by radical pair distributions calculated by method 1. Blue line 

shows least square fit. (c) Time evolution of the RP population at r = 1.2 nm 

calculated by method 1 (red line) and method 2 (blue line). 
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distance of r = 1.2 nm. With the increase of time, the 

population of RP at r = 1.2 nm is increased by the diffusion 

motion and PRP(t) have the maximum at the delay time of 0.1 

ns. The RP populations gradually decrease after the delay time 

of 0.1 ns. The results obtained by method 1 are slightly 

different from the results obtained by method 2 in the time 

region of 0.5 ns < t < 2.5 ns. The results suggest that one must 

be careful to choose the δ value in eqn (21) for the calculation 

of method 1. Nevertheless, both method 1 and method 2 give 

the similar results for the diffusion motion of RPs. 

 As can be seen in Fig. 2 and 4, the RP dynamics calculated 

by method 1 and method 2 are in good agreement with that 

obtained by the simple expectations and the analytical formula 

and we concluded that the inverse Laplace formation by 

method 1 and method 2 sufficiently functions to describe the 

time variation of the RP distributions caused by the 

recombination reactions, the spin relaxations and the diffusion 

motion in which the time dependence of the RP populations can 

be approximately represented by the exponential function with 

the real exponents. 

 Finally, the time dependences of the RP populations were 

calculated with the spin Hamiltonian including the hyperfine 

interaction or the ∆g effect. The precursor of the spin states was 

set to be a pure singlet state. In order to check the results 

obtained by method 1 and method 2, the time dependences of 

the RP populations were also evaluated by integrating the 

Liouville-von Neumann equation with the time independent 

spin Hamiltonian,45  

( ) ( ) ( ) ( )iHtiHtt exp0exp ρρ −=                          (36) 

In the calculations, we used the value of J=0 and Dd=0 to make 

the calculated results easy to understand. Fig. 5 shows time 

dependences of the singlet RP populations calculated with the 

hyperfine interaction of 0.5 mT in the absence (Fig. 5a) and 

presence (Fig. 5b) of the magnetic field of 1 T and with the ∆g 

effects (∆g = 0.001) in the presence of the magnetic field of 1 T 

(Fig. 5c). In the presence of the external and intramolecular 

local magnetic field, the spins precess with respect to the 

quantization axis and the system starts to oscillate. The singlet 

state is mixed to the triplet states and the population of the 

singlet RP shows oscillatory behaviour with respect to the time. 

In the absence of the magnetic field, three of four spin states are 

mixed by the hyperfine interaction, giving the eigenstates 

energetically separated by the magnitude of the hyperfine 

coupling constant. As can be shown in Fig. 5a, the singlet RP 

population oscillates with the frequency equal to the hyperfine 

coupling constant (0.5 mT ≈ 1.4 × 107 s-1 ≈70 ns) as expected. 

Since the spin Hamiltonian is constructed with the high field 

approximation in the present study, the calculated RP dynamics 

may be somewhat different from the real spin dynamics in the 

absence of the magnetic field. In the presence of the magnetic 

field of 1 T, the frequencies for the oscillations correspond to 

the difference in the EPR resonant lines between two radicals 

and are determined by the half of the hyperfine coupling 

constant (0.25 mT ≈ 7 × 106 s-1 ≈35 ns) or the ∆g effects (1.4 

×107 s-1 ≈ 70 ns). The SLE calculations by method 2 give the 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5 Time evolutions of singlet radical pair populations calculated with spin 

Hamiltonian by method 1 (red lines) and method 2 (blue lines). The calculations 

were performed with an initial condition of pure singlet radical pair and 

parameters of J=0 and D
d
=0. The spin Hamiltonian consists of a hyperfine 

coupling constant of 0.5 mT in the absence (a) of and presence (b) of the 

magnetic field of 1 T. In (c), the spin Hamiltonian includes the ∆g effect (∆g = 

0.001) in the presence of the magnetic field of 1 T whereas the hyperfine 

coupling constant is not included. Time evolutions of populations of singlet 

radical pairs calculated by eqn (36), which are identical with the calculation by 

method 2 (blue lines), are also depicted by black lines. 

identical results with the calculations by eqn (36), indicating 

that method 2 can correctly calculate oscillatory spin dynamics. 

In the SLE calculations by method 1, on the other hand, the 

oscillations are dumped with time and the populations finally 

settle on the averaged populations with respect to the time. 

These charactesristics are quite similar to the decoherence 

phenomena caused by spin relaxations46 though the SLE does 

not include the sources of the spin relaxations in the present 

calculations. In addition to that, the frequencies for the 

oscillations are not constant in method 1 and slightly decrease 

with respect to the time. The results suggest that method 1 

cannot be applied to the spin systems where the coherent 

oscillations play important roles. However it may be possible to 

apply method 1 to calculate the time dependence of the RP 

populations in the systems where the spin coherences are not 

important since method 1 only cause the decoherences and does 

not bring the serious artefacts. 
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Application to the MFEs Observed in the Micellar Solution 

Micelles are well-known self-organized materials and provide 

the nanometer sphere like spaces for chemical reactions.47,48 

When RPs are generated in the micelles, RPs are often confined 

inside of the micelle. The RP lifetimes are prolonged to 

microseconds and the large MFEs have been observed in the 

micellar solutions.10,49,50,10 Previously we reported the MFEs on 

the RP generated by hydrogen abstract reaction between photo-

excited triplet of xanthone (XO) and xanthene (XH2) in 

aqueous micellar solutions consisting of the surfactant of 

sodium dodecyl sulfate (SDS).12 Under the various magnetic 

fields, the yield of the XO ketyl radical (XOH•) were evaluated 

by using a nano-second laser flash photolysis. Fig. 6 shows 

time profiles (A(t)) of the transient absorption observed at the 

wavelength of 490 nm in the absence and presence of the 

magnetic field of 4 T. The observed transient absorptions 

compose of the absorption due to the photo-excited triplet state 

(3XO*) of xanthone and the absorption of XOH•. The fast decay 

component within a few hundred nanoseconds can be ascribed 

to the decay of 3XO* and the transient absorptions after the 

delay time of 1 µs are associated with the absorption of XOH•. 

Apparently the yield of XOH• is affected by the magnetic field. 

The R(B) values on the yield of XOH• were obtained by using 

the transient absorbance at the delay time of 15 µs after the 

laser excitation: R(B) = Y(B T)/Y(0 T) = A(15 µs, B T)/ A(15 µs, 

 

 

 

 

 

 

 

Fig. 6 Time profiles of transient absorption observed by a nanosecond laser flash 

photolysis at a wavelength of 490 nm in sodium dodecyl sulfate (SDS) micellar 

solution containing xanthone (0.5×10
-3

 mol dm
-3

) and xanthene (1.0×10
-3

 mol 

dm
-3

) in the absence of (red line) and presence (blue line) of a magnetic field of 4 

T.
12

  

 

 

 

 

 

 

 

 

Fig. 7 Magnetic field effects on the yield of xanthone ketyl radical observed at 

490 nm with a delay time of 15 µs in sodium dodecyl sulfate (SDS) micellar 

solution (black circles). Solid lines show fitting by method 1 with parameter set 1 

(red line), parameter set 2 (blue line) and parameter set 3 (green line). 

0 T). Fig. 7 shows a magnetic field dependence of R(B) 

observed in the SDS micellar solutions, indicating the 

experimentally obtained B-curve. The R(B) value increases with 

increasing B in the region of 0 < B < 1.5 T and is saturated in 

1.5 T < B < 4 T. The observed MFEs are quite large, suggesting 

that the MFEs are caused by the spin relaxation mechanism and 

the RPs were confined in the micelles. To obtain the 

experimental t-curve, the time profile of the transient 

absorption observed at 0 T is subtracted from that observed at 4 

T (Fig. 8). By the subtraction procedure, the contribution of 
3XO* to the t-curve is cancelled out. The MFEs are generated 

within 1 µs and reaches the constant value at 2 µs. 

 To extract the parameters for the RP diffusion in the SDS 

micellar solution, we attempted simultaneous fitting of the t-

curve and the B-curve of the MFE by using the SLE with the 

cage model. In the cage model, the RP diffusion is restricted by 

the spherical cage with the radius of R and inside viscosity η. 

When the radical reaches the interface of the cage, the radical 

escapes from the cage with the probability of Pesc. The detail of 

the cage model is described in the method section. For the 

initial condition, we assumed that RPs are populated with three 

triplet state (T+, T0, T-) equally at the closest distance d. The 

core radius and hydrodynamic radius for the SDS micelle has 

been estimated to be 1.6 nm and 2.1 nm, respectively, from the 

molecular structure of SDS.51,52 The η value in the SDS micelle 

were reported to be 9-36 cP.53–57 Keeping these values in mind, 

fitting were performed by using method 1. The best fit for both 

of t-curve and B-curve was obtained with parameter set 1, 

which is listed in Table 1. The values of the other parameters 

such as kgen, J0, and γ used in fitting are described in 

Supplemental Information. We also examined other parameter 

set 2 and 3 to evaluate the fitting procedure proposed in the 

present study. In parameter set 2, the η value is the same with 

that in parameter set 1 while R is extended from 1.7 nm to 2.5 

nm. In parameter set 3, on the other hand, we employ the value 

of η=10 cP and R is fixed to 1.7 nm. As is shown in Fig. 7, the 

 

 

 

 

 

 

 

 

 

 

Fig. 8 Time evolution of magnetic field effect on the yield of the xanthone ketyl 

radical obtained by subtracting time profile of transient absorption in the 

absence of the magnetic field from that obtained in the presence of the 

magnetic field of 4 T (black line). Colored lines show fitting by method 1 with 

parameter set 1 (red line), parameter set 2 (blue line) and parameter set 3 

(green line). 
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Table 1. Cage parameters used for the SLE analysis; viscosity (η) in the cage, 

mutual diffusion coefficient (D) for the radical pair in the cage, escape 

probability (Pesc) at the interface, radius (R) of the cage, recombination 

reaction rate (krec) at the closest radical-radical distance, respectively. 

No 
Cage Parameters 

η / cP D / m2s-1 
Pesc R / nm krec / s

-1 

1 30 4.8×10-11 7.8×10-4 1.7 1.0× 1010 

2 30 4.8×10-11 3.5×10-4 2.5 3.5 × 109 

3 10 1.1×10-8 2.1×10-4 1.7 1.0× 1010 

 

calculations with parameter sets 1 and 2 can reproduce the B-

curve observed in the SDS micellar solutions, whereas two 

parameter sets give the different t-curves as shown in Fig. 8. 

The parameter set 1 reproduces the t-curve observed by the 

transient absorption measurements while the parameter set 2 

cannot reproduce the t-curve. In parameter set 2, RP dynamics 

slow down due to the expansion of the cage radius and the 

magnitude of the MFE does not reach the constant value even 

at the delay time of 3 µs. On the other hand, parameter set 3 can 

reproduce the t-curve observed by the transient absorption. 

However parameter set 3 can not reproduce the B-curve 

obtained at the delay time of 4 µs. Because of the low viscosity, 

the correlation times for the radicals and RP are shortened in 

parameter set 3. The frequencies for molecular motions, which 

cause the spin relaxations, in parameter set 3 are higher than 

that in parameter set 1. Thus the spin relaxations caused by the 

anisotropy of hyperfine interaction and the dipole-dipole 

interaction occur even in the presence of the higher magnetic 

field. As a result, the B-curve calculated with parameter set 3 is 

not saturated around 2 T, which differs from the B-curve 

observed by the transient absorption measurements. The present 

calculation with the three parameter sets suggests that fitting of 

both of B-curve and t-curve are necessary to extract the detailed 

information on the RP diffusion from the MFE data when the 

B-curve has no characteristic feature. 

 By fitting of the B-curve and the t-curve, we estimated the 

diffusion parameters (parameter set 1) for the RP consisting of 

XOH• and XH• in the SDS micellar solution. The estimated 

parameters are in good agreement with the reported core radius 

and η values for the SDS micelle and are also consistent with 

the cage parameters obtained by the SLE analysis on the 

product-yield detected ESR observed for the photoreduction of 

anthraquinone in SDS micellar solution (D=5.5×10-11m2s-1 and 

Pesc = 5.2×10-4).28 The results show that one can extract the 

diffusion parameters in the nano-structured materials from 

simultaneous fitting of the B-curve and the t-curve of the MFE 

by using the SLE analysis proposed in the present study. 

Finally the t-curve obtained by method 1 is compared with that 

obtained by method 2, which can correctly reproduce the 

oscillatory spin dynamics caused by the hyperfine interactions 

and ∆g effect. Fig. 9 shows t-curve calculated by method 1 and 

method 2 with the parameter set 1. The method 1 and 2 give the 

nearly identical results, indicating that method 1 can be applied 

to calculate the t-curve observed in the micellar solutions where 

the lifetime of RPs are longer than a few hundred nanoseconds. 

 

 

 

 

 

 

 

 

Fig. 9 Time evolution of magnetic field effect on the yield of radical calculated by 

method 1 (red line, identical with the red line in figure 8) and method 2 (blue 

line) with parameter set 1. Method 1 gives the almost identical results with 

Method 2. The data was obtained by subtracting the time profile of RP 

populations (PRP(t)) in the absence of the magnetic field from that obtained in 

the presence of the magnetic field of 4 T. 

Conclusions 

To calculate the t-curve of the MFE, we have developed the 

new method to solve the SLE by using the Miller-Guy 

procedure for the inverse Laplace transformation process. One 

can correctly calculate the time evolution of the MFEs in a 

short time by using our method when the spin coherence 

motions caused by the hyperfine interaction and the ∆g effects 

are not important for the generation of the MFE. The t-curve 

and the B-curve of the MFE observed in micellar solution were 

simultaneously fitted by using the SLE. Our study 

demonstrated that simultaneous fitting of the t-curve and the B-

curve of the MFEs provides the detailed information on the 

diffusion motion of the radical pair in nano-structured materials. 
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