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Thermodynamics of thorium substitution in 

yttrium iron garnet: Comparison of experimental 

and theoretical results 

X. Guo,a Z. Rakb, A. H. Tavakolia, U. Beckerc, R. C. Ewingd,  and A. 
Navrotskya*  

The thermodynamic stability of Th-doped yttrium iron garnet (Y3Fe5O12, YIG) as a possible 

actinide-bearing material has been investigated using calorimetric measurements and first-

principles electronic-structure calculations. Yttrium iron garnet with thorium substitution ranging 

from 0.04 to 0.07 atoms per formula unit (Y3-xThxFe5O12, x = 0.04 ~ 0.07) were synthesized using 

a citrate-nitrate combustion method. High-temperature oxide melt solution calorimetry was used 

to determine their enthalpy of formation. The thermodynamic analysis demonstrates that, 

although the substitution enthalpy is slightly endothermic, an entropic driving force for the 

substitution of Th for Y leads to a near-zero change in the Gibbs free energy.  First-principles 

calculations within the density functional theory (DFT) indicate that the main limiting factors for 

Th incorporation into the YIG structure are the narrow stability domain of the host YIG and the 

formation of ThO2 as a secondary phase. Nevertheless, the defect formation energy calculations 

suggest that by carefully tuning the atomic and electronic chemical potentials, Th can be 

incorporated into YIG. The thermodynamic results, as a whole, support the possible use of 

garnet phases as nuclear waste forms; however, this will require careful consideration of the 

repository conditions. 

Keywords: thorium, yttrium iron garnet, nuclear waste form, calorimetry, DFT. 

Introduction 

One of the most critical environmental issues related to the 
nuclear industry is the disposal of highly-radioactive waste 
discharged from nuclear reactors. Currently, borosilicate and 
phosphate glassy matrices1-5 are used for the immobilization of 
nuclear waste. However, there is a need for durable waste forms 
that can be used for the incorporation and disposal of actinides, 
either separated during chemical processing or from dismantled 
nuclear weapons. Considerable work has been completed on 
crystalline waste forms for the incorporation of actinide waste5-

18. One of the most recent suggestions has been to use materials 
with garnet structure as hosts for actinides11, 14, 15, 17, 19-30. Three 
issues are important: (i) the ability of the structure to 
incorporate actinides of variable oxidation state11, 14, 19-21, 26-28, 

30; (ii) the stability of actinide garnet16, 25, 28; (iii) the response of 
the garnet structure to alpha-decay event radiation damage11, 15, 

22-24, 29. This paper addresses the first two issues, the ability of 
garnet to incorporate Th and the stability of Th-bearing garnet.   

 
Radiation tolerance investigations performed on garnet reveal 
that the average amorphization dose is comparable to that of 
zircon.22, 23, 29 The radiation response of garnet was found to be 
topologically constrained and less related to the chemical 
composition,29 implying that garnets as waste form with various 
compositions should have similar and predictable radiation 
tolerance. More importantly, the garnet structure has good 
chemical stability as shown by the negligible influence of 
alpha-decay damage on the leaching rate in aqueous solution.25 
This suggests that garnet may be a good candidate for nuclear 
waste forms. Maintaining chemical integrity is an essential 
characteristic, especially when the waste form is in contact with 
subsurface water that may cause release of the radionuclides to 
the environment. Such scenarios can be encountered, for 
instance, during the long-term storage of nuclear waste in deep 
geologic repositories. The long-term stability of garnet was also 
highlighted by the recent discovery of elbrusite-(Zr), a natural 
uranium (U) bearing garnet,28 containing ~27 wt. % U. It is 
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notable that garnet with high concentration of U (~30 wt. % U 
up to date11, 31) was also synthesized in laboratory conditions.10, 

11, 19, 21, 22, 26, 31 
 
The isomorphic capacity of garnet with respect to actinides 
increases with its iron (Fe) content.10, 11, 18, 26, 31 The energetics 
and the incorporation mechanisms of actinides (U, Np, and Pu) 
into the structure of Ca3(Ti,Zr,Hf,Sn)2(Fe2Si)O12 garnet series 
have been investigated using theoretical methods within DFT.30, 

32-34 The results suggest that the magnetic coupling between the 
actinide 5f and Fe 3d states plays a crucial role in the stability 
of actinides inside the ferric-garnet structure. The presence of 
Fe is important because it can accommodate the extra charges 
introduced by the actinides by switching between 2+ and 3+ 
oxidation states.33    
 
The relatively wide choice of possible compositions (a variety 
of actinides and lanthanides) due to three different cation sites 
and presence of Fe as a crucial element in the structure 
motivated the choice of yttrium iron garnet (YIG) as a host 
structure for investigating the incorporation mechanisms of 
actinides/lanthanides and investigating their energetics. The 
structure of YIG (Figure 1), Yc

3Fea
2(FedO4)3 (Ia3d, Z=8), has 

three types of polyhedral cation sites.  

 
Fig. 1 Schematic figure of garnet structure. The translucent polyhedra are c sites. 

The brown octahedral and tetrahedra are a sites and d sites, respectively.  

The Fe-occupied polyhedra, FeO4 tetrahedra and FeO6 
octahedra, are connected alternately by shared corners, and they 
share edges with YO8 dodecahedra to form a three-dimensional 
framework.35-37 The 24c eight-coordinated dodecahedral sites 
can be occupied by large divalent, trivalent, or tetravalent 
cations, while the 16a six-coordinated octahedral sites can be 
occupied by trivalent and tetravalent cations.36, 38 Thus both 
sites c and a can be utilized to incorporate actinides (or 
lanthanides) depending on the charge balance;36, 39 however, 
due to the larger dimension of site c, it is expected to be 
preferred over site a in accommodating larger tetravalent 
actinide ions. 
 
The incorporation mechanism of U in YIG is complex, not only 
because of multiple oxidation states of U (tetravalent, 

pentavalent, and hexavalent), but also because there are two 
structural sites (dodecahedral and octahedral) that can 
potentially accommodate the U cation.  Questions concerning 
the location of U inside the garnet structure were also raised 
when attempting to assign a proper charge-balanced crystal-
chemical formula to natural U-bearing garnets, e.g., in the case 
of elbrusite-(Zr)28. First-principles investigations point to the 
complexity of incorporation of U in YIG system. Electronic 
structure calculations on U-doped YIG indicate that U at the 
dodecahedral site, in 4+ oxidation state, has donated a single 
electron and at the octahedral site, i.e., in its 5+ oxidation state, 
has given up two electrons to the neighboring Fe3+ ions.34  
 
Earlier work on Ce substituted YIG (Ce:YIG) were shown that 
Ce, used as an analogue of U, can be incorporated in YIG at 
high concentrations21, 26, 40-42, but Ce can appear in different 
oxidation states, depending on the amount of substitution. 
When it is in higher concentration in the garnet system, Ce 
tends to exist as Ce4+ coupled with the reduced Fe2+ from 
tetrahedral Fe3+ originally present in YIG.42 The energetics of 
coupled Ce3+Fe3+-Ce4+Fe2+ substitution in Ce:YIG was 
investigated both calorimetrically and theoretically. The results 
revealed a competition between energetically unfavorable Ce 
oxidation/Fe reduction and a favorable contribution due to 
strain-energy attenuation.42 The present work parallels the 
previous investigations and deals with the energetics of 
substitution of Th in YIG through calorimetric measurements 
and theoretical calculations. Although Th is expected to behave 
similarly to U, it has only the 4+ oxidation state, in contrast to 
Ce which may vary between 3+ and 4+.  Thus, upon 
substitution of Th4+ for Y3+ in YIG, a portion of the tetrahedral 
Fe3+ is expected to become reduced to Fe2+ in order to 
compensate for the higher oxidation state of Th. 

Experimental Methods 

Sample synthesis 

Substituted yttrium iron garnet samples with thorium content 
from 0.04 to 0.07 atoms per formula unit (apfu), Y3-xThxFe5O12 
(x = 0.04 ~ 0.07) were synthesized using a citrate-nitrate 
combustion method.43-45 Stoichiometric mixtures of 
Y(NO3)3‧6H2O (Alfa Aesar, 99.9%), Fe(NO3)3‧9H2O (Sigma-
Aldrich, 99.99%), and Th(NO3)4‧5H2O (CERAC, 99%) were 
dissolved in an aqueous solution of citric acid monohydrate 
(Alfa Aesar, 99.9%), where the ratio of citric acid to nitrate was 
kept equal to 0.75. The obtained solutions were stirred by a 
magnetic bar to ensure homogeneity, and then were heated to 
~90 °C to evaporate until viscous gels formed. The gels were 
then heated to 350 °C in about 2 hours for drying, and 
subsequently burnt to obtain the brownish-black aggregates of 
loose powders through a self-propagating combustion.45 
Finally, the powders were calcined in air at 1300 °C for 24 
hours. 

Chemical and structural analysis 
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ELECTRON PROBE MICROANALYSIS (EPMA): Chemical 
composition and homogeneity were determined using a Cameca 
SX-100 electron microprobe with wavelength-dispersive 
spectroscopy (WDS) (15 kV accelerating voltage, 10 nA beam 
current and a spot size of 1 µm). The obtained powder samples 
were pelletized, sintered, and then polished prior to analysis. 
Yttrium aluminum garnet (YAG), hematite (Fe2O3), and 
thorianite (ThO2) were used as analytical standards. At least ten 
measurements were done for each sample in order to increase 
the accuracy of the measurements. 

POWDER X-RAY DIFFRACTION (XRD): Phases were identified 
and purity determined by X-ray diffraction (XRD) analysis 
using a Bruker D8 (Cu Kα radiation, 40 kV, 30 mA). XRD 
patterns were obtained from 16 to 80º 2θ with a step size of 
0.016° and a collection time of 2s step-1. 

Calorimetry 

High-temperature drop solution calorimety was used for the 
determination of the enthalpies of formation of the garnet 
samples. For each measurement, a ~5 mg pellet of sample was 
dropped from room temperature into molten sodium molybdate 
(3NaO⋅4MoO3) solvent at 702 oC in a custom-built Tian-Calvet 
twin microcalorimeter.46, 47 Accuracy of the measured data was 
maximized by making multiple drops (5-10 per composition) of 
each sample. Oxygen gas was bubbled through the molten 
solvent at 5 mL/min to maintain oxidizing conditions, to 
facilitate dissolution of samples, and to prevent local saturation. 
In addition, oxygen gas at 51.6 mL/min was continuously 
flushed through the calorimeter glassware assembly to maintain 
a constant gas environment above the solvent and remove any 
evolved gases.48 More details on the equipment, calibration, 
and experimental method have been described elsewhere.46, 47 

Theoretical Methods 

Computational parameters 

The experimental results are complemented by electronic 
structure calculations. The calculations were completed using 
the projector augmented wave (PAW)49, 50 method within 
density functional theory (DFT)51, 52 as implemented in the 
Vienna Ab initio Simulation Package (VASP).53-56 The 
exchange-correlation potential was approximated by the 
generalized gradient approximation (GGA), as parameterized 
by Perdew, Burke, and Ernzerhof (PBE).57 The standard PAW 
potentials, supplied with the VASP package, were employed in 
the calculations. The cut-off energy for the plane wave basis 
was set to 520 eV, and the convergence of self-consistent 
cycles was assumed when the energy difference between two 
consecutive cycle was less than 10-4 eV. All calculations 
involving the garnet structure used a 3×3×3 Monkhorst-Pack k-
point mesh58 and a Gaussian smearing of 0.1 eV. The internal 
structural parameters were relaxed until the Hellmann-Feynman 
forces on each nuclei were less than 0.02 eV/Å. The 
calculations on the Th-containing garnet structures were carried 
out using the calculated lattice constants of YIG (a = 12.49 Å). 

This value is approximately 1% larger than the experimental 
one measured at room temperature (a = 12.38 Å).59   
 
In order to describe the behavior of the localized Fe 3d states, 
we have included the orbital-dependent, Coulomb potential 
(Hubbard U) and the exchange parameter J in the calculations 
within the DFT+U method.60, 61 The value of the Hubbard U 
parameter can be estimated from band-structure calculations in 
the supercell approximation with different d and f 
occupations.62 Here, the U and J parameters were treated as 
adjustable parameters using the following values: U(Fed) = 4.8 
eV with the corresponding J(Fed) = 0.5 eV. These values are 
physically reasonable and are within the range of the previous 
values in the literature.63, 64 The DFT+U method was also 
employed for ThO2, where the values of U(Thf)=6.5 eV and 
J(Thf)=0.5 eV were applied to the localized 5f states of Th. 
Even though these states are unoccupied, as pointed out by 
Cevik and Cagin,65 the inclusion of the orbital dependent 
potential is essential to reproduce experimental cell parameters, 
bulk modulus, and electronic properties of ThO2. It was also 
found that the thermodynamic properties investigated in the 
present work are reproduced in better agreement with 
experiment when the DFT+U method is applied to ThO2. 

First-principle thermodynamics 

The thermodynamic stability of Th in the YIG structure was 
studied using a first-principles-based equilibrium 
thermodynamics in which experimental enthalpies of formation 
are combined with calculated DFT energies. The creation of a 
defect in a crystalline solid can be regarded as a process 
through which atoms and electrons are exchanged between the 
host material and chemical reservoirs. Therefore, the energy 
required to create a defect D in charge state q can be calculated 
as:66 

( ) ( ) ( ) ( )0
q q

f i i i F VBM

i

H D E D E n E q E Eµ∆ = − + + + +∑  (1) 

In Eq. (1), E(Dq) and E0 are the total energies of the defect-
containing and defect-free solids. The last two terms in Eq. (1) 
represent the change in energy due to the exchange of atoms 
and electrons between the host compound and the chemical 
reservoirs: µ i represents the atomic chemical potential of 
species i (i = Y, Fe, O, and Th) referenced to the energy Ei of 
the elemental solid/gas and ni are the number of atoms added to 
(ni < 0) or removed from (ni > 0) the supercell. EF is the 
electron chemical potential (i.e., Fermi energy) referenced to 
the energy of the valence band maximum (VBM), EVBM and q 
represents the charge state of the defect (i.e., the number of 
electrons exchanged with the electron reservoir). In principle, 
by adjusting the atomic chemical potentials and by tuning the 
Fermi energy, one can control the defect formation energy and 
consequently the solubility of the dopant in the host material. 
 
Under thermodynamic equilibrium, the achievable values of the 
atomic chemical potentials are limited by the following 
conditions:  
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 (i) In order to maintain a stable YIG host the µ i’s must 
 satisfy 

 ( )Y Fe O 3 5 123 5 12 Y Fe O (YIG)H Hµ µ µ+ + = ∆ = ∆              (2) 

      where ∆H(YIG) is the formation enthalpy of YIG 
 
  (ii) because the atomic chemical potentials are referenced to 
 the energies of elemental solids/gases, to avoid elemental 
 precipitations, the chemical potentials are bound by 

 
Y Fe O Th0, 0, 0, and 0µ µ µ µ≤ ≤ ≤ ≤                        (3) 

 (iii) In order to avoid formation of competing phases, such 
 as iron oxides (Wüstite, hematite, and magnetite) and 
 yttrium oxide, the following conditions must apply:  

     ( )Fe O Fe On mn m Hµ µ+ ≤ ∆ where ( ) ( ) ( ) ( ), 1,1 , 2,3 ,and 3,4n m =  (4) 

   ( )Y O 2 32 3 Y OHµ µ+ ≤ ∆           (5) 

 (iv) an additional constraint on the chemical potentials is 
 posed by the requirement that the formation of thorium 
 dioxide (ThO2) as a secondary phase is avoided:  

 ( )OTh 22 ThOHµ µ+ ≤ ∆                           (6) 

The elemental reference energies, Ei, required for Eq. (1), are 
evaluated by combining experimental formation enthalpies 
listed in thermochemistry tables67 with calculated DFT 
energies:68-73 

exp ( ...) ( ...) ...DFT

n m n m A BH A B E A B nE mE∆ = − − −           (7) 

Using the DFT energies of the binary oxides that can be formed 
with Y, Fe, and Th, and for which the experimental formation 
enthalpies are available, Eq. (7) becomes an over determined 
system of equations that can be solved for the elemental 
energies using the least-squares method. This has the advantage 
that the elemental energies are evaluated without performing 
DFT calculations on the elemental phases. Therefore, this 
approach avoids the comparison between DFT energies of 
chemically and physically dissimilar systems (e.g., insulating or 
semiconducting oxides and elemental metals or gases) where 
the DFT error cancellation is known to be incomplete. 74-76 The 
elemental energies, Ei, can be inserted back in Eq. (7) in order 
to evaluate the theoretical enthalpies of formation of the various 
compounds used in this investigation. Because the elemental 
energies are calculated using the standard formation enthalpies, 
this method extends the 0 K DFT results to finite temperatures 
and pressures. More precisely, the calculated chemical 
potentials and formation enthalpies correspond to values at 
standard conditions (25 °C at 0.1 MPa).  

Results and Data Analysis 

Structure and composition 

The obtained Th:YIG samples were first characterized by using 
XRD and EMPA to ensure the phase purity and homogeneity. 

For samples with Th content less than 0.07 apfu, no additional 
phases were evidenced in the XRD patterns (Figure 2).  
 

 
Fig. 2 Powder X-ray diffraction patterns of Th substituted yttrium iron garnet. All 

of the patterns are indexed based on cubic yttrium iron garnet structure, JCPDS 

no. 77-1998. 

However, a minor amount of ThO2 impurity (less than 1% in 
area of total sample area) was observed in the backscattered 
electron image. Chemical compositions of the main phase 
Th:YIG were measured by WDS against the standards on the 
basis of oxygen stoichiometry. The measured content of Y, Fe, 
and Th are in stoichiometric values within analytical 
uncertainty (Table 1). The chemical formulas normalized to 12 
oxygen per formula are YIG, (Y2.95Fe0.05)

VIIIFe5O12; 
0.04Th:YIG, (Y2.90Th0.04Fe0.05)

VIIIFe5O12; 0.05Th:YIG, 
(Y2.90Th0.05Fe0.04)

VIIIFe5O12; and 0.06Th:YIG, 
(Y2.88Th0.06Fe0.05)

VIIIFe5O12. 
 

Table 1: Elemental analysis of the synthesized garnet samples analysed by 
electron microprobe analysis (EMPA) 

 
†  wt. % with at. % in parenthesis. Uncertainty is two standard deviations of 
the mean.  
The chemical formula normalized to 12 oxygen are listed as follows: 
-     YIG: (Y2.95Fe0.05)VIII Fe5O12; 
-     0.04Th:YIG: (Y2.90Th0.04Fe0.05)VIII Fe5O12; 
-     0.05Th:YIG: (Y2.90Th0.05Fe0.04)VIII Fe5O12; 
-     0.06Th:YIG: (Y2.88Th0.06Fe0.05)VIII Fe5O12; 

Thermodynamic analysis using experimental calorimetric data 

Sample Y Fe Th 
YIG 35.64 ± 0.56 

(14.73)† 
38.43 ± 0.36 

(25.28) 
-- 

0.04Th:YIG 34.77 ± 0.21 
(14.48) 

38.15 ± 0.39 
(25.29) 

1.23 ± 0.07 
(0.20) 

0.05Th:YIG 34.59 ± 0.21 
(14.49) 

37.77 ± 0.38 
(25.20) 

1.56 ± 0.08 
(0.25) 

0.06Th:YIG 34.50 ± 0.21 
(14.40) 

38.05 ± 0.39 
(25.25) 

1.78 ± 0.09 
(0.29) 
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The enthalpy of drop solution, ∆Hds, was directly obtained from 
the calorimetric measurements. The measured ∆Hds values 
represent the sum of three heat effects: the heat content of  
sample from room temperature (RT) to 702 ºC, the dissolution 
enthalpy of the sample in the melt solvent, and the additional 
enthalpy term from the oxidation of Fe2+ to Fe3+ inside the 
calorimeter.77, 78 The obtained ∆Hds values, listed in Table 2, 
combined with the other known enthalpies of drop solution of 
oxides, were used to derive the enthalpies of formation, ∆Hf,ox, 
of the samples relative to binary oxides Y2O3, Fe2O3, ThO2 
through the thermochemical cycles given in Table 3-a,b. The 
enthalpy of formation of pure YIG from oxides was calculated 
to be -55.8 ± 3.2 kJ/mol, and those of 0.04, 0.05, and 
0.06Th:YIG are -52.9 ± 2.7, -55.7 ± 2.7, and -52.3 ± 2.9 
kJ/mol, respectively. Using the thermochemical cycle given in 
Table 3-b, the enthalpies of formation are calculated relative to 

a different set of the Fe-containing compounds with consistent 
oxidation states to the Fe2+/Fe3+ ratio in the Th:YIG samples. 
Accordingly, ∆H’f,ox, of 0.04, 0.05, and 0.06 Th:YIG were 
determined as -58.8 ± 2.7, -63.0 ± 2.7, and -61.2 ± 2.9 kJ/mol, 
respectively. Obviously, values of ∆H’f,ox are more negative 
than those of ∆Hf,ox. It is understandable because ∆H’f,ox are 
obtained from reactants that is a less stable phase assemblage 
(Fe0.947O+Fe) compared to stable phase Fe2O3 from which 
∆Hf,ox are derived. It should be noted that ∆Hf,ox reflects the 
long-term thermodynamic stability, while ∆H’f,ox characterizes 
the chemistry and energetics of formation of the crystalline 
phase from possible oxide species. Furthermore, the enthalpies 
of formation from elements, ∆H°f, were also derived by using 
the thermochemical cycle given in Table 4, with the obtained 
values listed in Table 2. 

 

Table 2: Enthalpies of drop solution and enthalpies of formation of Y3-xThxFe5O12 from binary oxides and from elements at 25ºC 

Sample Substitution 
amount 

∆Hds(kJ/mol) ∆Hf,ox(kJ/mol) ∆Hf,ox’(kJ/mol) ∆H°f(kJ/mol) 

YIG 0 110.8 ± 1.8 (10)42 -55.8 ± 3.242 -55.8 ± 3.242 -4979.1 ± 5.742 

         -4979.079 

0.04Th:YIG 0.04 110.1 ± 0.4 (7) -52.9 ± 2.7a -58.8 ± 2.7b -4987.3 ± 5.4c 
0.05Th:YIG 0.05 113.5 ± 0.5 (7) -55.7 ± 2.7a -63.0 ± 2.7b -4992.8 ± 5.4c 
0.06Th:YIG 0.06 110.7 ± 1.0 (5) -52.3 ± 2.9a -61.2 ± 2.9b -4992.2 ± 5.5c 

 

a Data taken from ∆H6 in Table 3-a. 
b Data taken from ∆H7 in Table 3-b. 
c Data taken from ∆H5 in Table 4. 

 

Table 3: Thermohemical cycles for determination of the enthalpies of formation of the garnet compounds from binary oxides 

 

 
* Average 
† Two standard deviations of the average value 
ǂ Number of measurements. 
a Data taken from ∆H6 in Table 3-a 

Reaction   ∆H (kJ/mol) 
a: Enthalpies of formation of Th:YIG from the most stable binary oxides (∆Hf,ox) at 25 °C 
(1) Y3-xThxFe5O12(s,25°C)+ x/4O2(g,702°C)  

      → (3-x)/2Y2O3(sln,702°C) + 5/2Fe2O3(sln,702°C) + xThO2(sln,702°C) 
∆H1 = ∆Hds 

(2) Y2O3(s,25°C) → Y2O3(sln,702°C) ∆H2 = -120.7* ± 0.9†(9)ǂ80 
(3) Fe2O3(s,25°C) → Fe2O3(sln,702°C) ∆H3 = 94.5 ± 0.9(8)81 
(4) ThO2(s,25°C) → ThO2(sln,702°C) ∆H4 = 0.9 ± 0.5(3)82 
(5) O2(g,25°C) → O2(g,702°C) ∆H5 = 21.883 
(6) (3-x)/2Y2O3(s,25°C) + 5/2Fe2O3(s,25°C) + xThO2(s,25°C) – x/4O2(g,25°C)  
      →Y3-xThxFe5O12(s,25°C) 
      ∆Hf,ox =  -∆H1 + (3-x)/2 ∆H2 + 5/2 ∆H3 + x ∆H4 - x/4 ∆H5 

∆H6 = ∆Hf,ox 

 

b: Enthalpies of formation of Th:YIG from binary oxides without change of valence state (∆Hf,ox’) at 25 °C 
(1) (3-x)/2Y2O3(s,25°C) + 5/2Fe2O3(s,25°C) + xThO2(s,25°C) – x/4O2(g,25°C)  
      →Y3-xThxFe5O12(s,25°C) 

∆H1  = ∆Hf,ox
a 

(2) Fe2O3(s,25°C) → Fe2O3(sln,702°C) ∆H2 = 94.5 ± 0.9(8)81 
(3) Fe0.947O(s,25°C) + 0.210O2(g, 702°C)→ 0.474Fe2O3(sln,702°C) ∆H3 = -85.2 ± 0.9(8)81 
(4) Fe(s,25°C) + 3/4O2(g, 702°C)→ 1/2Fe2O3(sln,702°C) ∆H4 = -384.0 ± 2.2(8)81 
(5) [Fe0.947O(s,25°C) + 0.053Fe(s,25°C) ] + 1/4O2(g, 702°C)→ 1/2Fe2O3(s,25°C) 

      ∆Hox = -1/2 ∆H2 + ∆H3 + 0.053 ∆H4 
∆H5 = ∆Hox  
        = -152.8 ± 1.0  

(6) O2(g,25°C) → O2(g,702°C) ∆H6 = 21.883 
(7) (3-x)/2Y2O3(s,25°C) + (5-x)/2Fe2O3(s,25°C) + xThO2(s,25°C)  
     + x[Fe0.947O(s,25°C) + 0.053Fe(s,25°C)] → Y3-xThxFe5O12(s,25°C) 

      ∆Hf,ox
’ =  ∆H1 + x ∆H5 + x/4 ∆H6 

∆H7 = ∆Hf,ox
’ 
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Table 4: Thermochemical cycles for determination of the enthalpies of formation of the garnet compounds from elements at 25 ºC 

Reaction   ∆H (kJ/mol) 
(1) (3-x)/2Y2O3(s,25°C) + 5/2Fe2O3(s,25°C) + xThO2(s,25°C) – x/4O2(g,25°C) →Y3-xThxFe5O12(s,25°C) ∆H1 = ∆Hf,ox

a 
(2) 2Y(s, 25°C) + 3/2O2(g, 25°C) → Y2O3(s,25°C) ∆H2 = -1905.3 ± 2.384 
(3) 2Fe(s, 25°C) + 3/2O2(g, 25°C) → Fe2O3(s,25°C) ∆H3 = -826.2 ± 1.384 
(4) Th(s, 25°C) + O2(g, 25°C) → ThO2(s,25°C) ∆H4 = -1226.4 ± 3.584 
(5) (3-x)Y(s,25°C) + 5Fe (s,25°C) + xTh (s,25°C) + 6O2(g,25°C) → Y3-xThxFe5O12(s,25°C) 
      ∆H°f = ∆H1 + (3-x)/2 ∆H2 + 5/2 ∆H3 + x ∆H4 

∆H°f 

a Data taken from ∆H6 in Table 3-a. 

 
To evaluate the accuracy of the computational approach in 
comparison to the calorimetric measurements, the enthalpies of 
formation ∆Hf,ox, ∆H’f,ox, and ∆H°f are calculated using the 
thermodynamic data derived from first-principles calculations. 
The DFT energy of YIG, along with the energies of the binary 
oxides used in Eq. (7), are listed in Table 5. These values can 
be combined with the thermochemical cycles described in 

Table 3-a,b to evaluate the enthalpy of formation of Y3-x-

ThxFe5O12 from the most stable binary oxides (∆Hf,ox) and from 
Fe2+ and Fe3+ containing oxides (∆H’f,ox). For the computational 
model, in the 160-atom supercell, one Y (there are eight Y 
atoms in the cell) was substituted by one Th atom, which 
corresponds to x = 0.125.  

Table 5: The elemental reference energies calculated using Eq. (7), the DFT energies of YIG and binary oxides used in Eq. (7), along with the experimental 
and theoretical formation enthalpies of the same compounds. All values are given in kJ/mol. 

Element/Compound 
Ei 

(from Eq. (7)) 
EDFT ∆H exp 

∆H theor  
(from Eq. (7)) 

∆ (∆H exp – ∆H 

theor / %) 
Y -504.87     
Fe  -511.59     
Th -464.44     
O -494.12     

FeO (cubic)  -1245.47 -263.5a -239.8 9.0 
Fe2O3 (hexagonal)  -3305.68 -823.2a -800.1 2.8 

Fe3O4 (cubic)  -4643.326 -1108.8a -1132.0 2.1 
Y2O3 (cubic)  -4397.15 -1904.9a -1905. 0 0.0 
ThO2 (cubic)  -2802.17 -1225.6a -1225.6 0.0 

Y3Fe5O12,YIG (cubic)  -14910.23 -4979.1 ± 5.7b -4908.2 1.4 
a Data take from Ref.65 
b Data from present experimental result (also listed in Table 2).   

 
Using the reaction described in Table 3-a, the enthalpies of 
formation of Y3-xThxFe5O12, x = 0.125 (0.125Th:YIG) from the 
most stable oxides (∆Hf,ox) was calculated as -39.5 kJ/mol. 
Employing the cycle described in Table 3-b, together with the 
DFT energy of FeO, the calculated formation enthalpy (∆H’f,ox) 
of 0.125Th:YIG is -59.6 kJ/mol. Combining the elemental 
reference energies listed in Table 5 with the thermochemical 
cycles described in Table 4, the formation enthalpies from 
elements (∆H°f) can also be calculated: for the pure YIG, this is 
-4908.2 kJ/mol, while for 0.125Th:YIG, the value is -4931.6 
kJ/mol. Considering that the dopant concentration in the 
theoretical model is considerably higher than that in the 
experimental samples, the calculated formation enthalpies are 
in reasonably good agreement with the experimental values 
listed in Table 2. In addition, assuming a linear trend of energy 
with Th content in YIG based on DFT calculation, we can 
extrapolate the thermodynamics of 0.125Th:YIG that could 
have obtained by calorimetry. That extrapolated value along 
with experimental enthalpy of formation values also show a 
linear relation, plotted in Figure 3.  

 
Fig. 3 Enthalpy of formation of YIG and Th:YIG obtained from both Calorimetry 

and DFT-based calculation based on reaction (7) on Table 3-b (Y2O3, Fe2O3, FeO, 

and ThO2 are the binary oxides for references). Filled circles: calorimetric 

enthalpy data; open squares: DFT calculated enthalpy data; open diamond: 

estimated values and should be considered to be semiquantitative, and the error 

bar was given by averaging four experimental data. 
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Discussion 

The calorimetrically obtained enthalpies of formation of 
Th:YIG are exothermic (Table 2), indicating the formation of 
the garnet phase from a mechanical mixture of its binary oxides 
is thermodynamically favorable. However, the energetics of 
substitution should be calculated based on the reaction below 
that has the pure YIG and thoria as the reference materials: 
 

Y3Fe5O12 + x ThO2 → Y3-xThxFe5O12 + x/2 Y2O3 + x/4 O2     (8) 

The enthalpy change of this reaction (enthalpy of substitution, 
∆Hsub) can be calculated using the drop solution enthalpies in 
Table 2. The resulting enthalpies of substitution, ∆Hsub, for 
0.04, 0.05, and 0.06Th:YIG are 2.9 ± 3.3, 0.1 ± 3.3, and 3.4 ± 
3.4 kJ/mol, respectively, which are slightly endothermic 
considering the experimental uncertainty. 
 
In order to estimate the driving force for substitution, namely 
the Gibbs free energy change (∆Gsub = ∆Hsub – T∆Ssub), we first 
consider the change of entropy during the substitution, ∆Ssub. 
The contributions to ∆Ssub originate from three terms: (i) the 
thermal entropy difference between the reactants and products, 
(ii) the configurational entropy arising from the random 
distribution of Th4+ with remaining Y3+ in the dodecahedral 
sites, and reduced Fe2+ with remaining Fe3+ in the tetrahedral 
sites which has been studied both from computational33 and 
experimental work42, and (iii) evolution of oxygen gas in this 
reaction. The first part is negligible due to the similar heat 
capacities of solids. The second part ∆Sconf(xTh:YIG) is 
basically estimated by the Boltzmann entropy formula,    

( ) ( ) ( )4+ 3+ Tet_2+ Tet_3+
conf conf conf∆ Th:YIG Th ,Y Fe ,Fe

3 3
                          3R ln ln  

3 3 3 3

                              3R ln  + 1 ln 1
3 3 3 3

S x S S

x x x x

x x x x

= +

 − −  = − +  
  

    − − −    
    

          (9) 

where the coefficient x is the concentration of Th in a nominal 
composition of YIG. This ∆Sconf value is about 2 J/(mol·K). 
The last part is described as x/4⋅∆Sth(O2). It is the generated 
from the evolution of oxygen, which has 205.147 J/(mol·K) per 
mole of O2 released83. Thus, the entropy of substitution was 
calculated based on ∆Ssub(xTh:YIG) = ∆Sconf(xTh:YIG) + 
x/4⋅∆Sth(O2), and the Gibbs free energy of substitution can 
consequently be determined. The value of ∆Hsub, 
∆Ssub, and ∆Gsub are listed in Table 6. The values of ∆Gsub are 
also plotted in Figure 4, which are almost zero within standard 
deviation for the substitution reaction. Thus substitution of Th4+ 
for Y3+ in the YIG structure has an almost negligible effect on 
the Gibbs free energy of the system. 

 Table 6: Enthalpy, entropy, Gibbs free energy of substitution at 25 ºC 

Sample ∆Hsub(kJ/mol) ∆Ssub(J/mol⋅K) ∆Gsub(kJ/mol) 
0.04Th:YIG 2.9 ± 3.3 3.8 1.8 ± 3.3 
0.05Th:YIG 0.1 ± 3.3 4.7 -1.3 ± 3.3 
0.06Th:YIG 3.4 ± 3.4 5.5 1.8 ± 3.4 

 
Fig. 4 Enthalpy and Gibbs free energy of substitution in garnets versus thorium 

concentration, based on reaction from the most stable binary phases (Y2O3, 

Fe2O3, ThO2, with release of oxygen). Filled circles: calorimetric enthalpy data; 

open circles: Gibbs free energy data. 

Even though there is almost no change in the stability of YIG, 
the energetics of substitution contains two contributions from 
the substitution of Th4+ that overall results in a positive 
enthalpy of Th substitution: the enthalpy of reduction of Fe3+ to 
Fe2+, and the strain energy from incorporating the larger Th4+ 
cation. To clearly understand the impact of Th4+ in the 
dodecahedral site, the reduction effect was estimated by 
considering the following reaction that has reactants chosen 
based on the fraction of oxides with different oxidation states 
the same as those in the sample: 
 
Y3Fe5O12 + x ThO2 + x [Fe0.947O + 0.053 Fe]  
                → Y3-xThxFe5O12 + x/2 Y2O3 + x/2 Fe2O3             (10)  
 
The enthalpies of this reaction, ∆Hinco, can be estimated by 
subtraction of ∆H7 in Table 3-b from ∆Hf,ox of pure YIG, which 
yield -3.8 ± 3.32, -8.3 ± 3.3, and -6.6 ± 3.4 kJ/mol, for x = 0.04, 
0.05, and 0.06, respectively. Thus the net effect of 
incorporation of Th4+ in dodecahedral sites of YIG is 
energetically favorable. It also suggests that the substitution of 
Th4+ for Y3+ is driven enthalpically from better size match of 
larger Th4+ than Y3+ in the lattice, and entropically from re-
distribution of cations in dodecahedral and tetrahedral sites. 
The amount of Th substitution is proportional to the fraction of 
reduction of Fe3+ to Fe2+, which has an endothermic enthalpy of 
152.8 kJ/mol81. This positive reduction enthalpy is 
compensated by the negative enthalpy from the incorporation 
effect until the substitution fraction reaches a certain amount, 
above which the substitution of Th4+ for Y3+ is energetically 
hindered due to the dominant enthalpic effect of the reduction.  
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To bring further insight into the stability of Th in the YIG 
structure and to determine the thermodynamic limits of Th 
incorporation, formation energies of substitutional Th are 
calculated using the chemical potentials defined by conditions 
(i)-(iv) [Eqs.(2)-(6)]. To determine the most stable location of 
Th in the YIG structure, three types of substitutional defects are 
investigated, where Th is substituting for Y, octahedral Fe, and 
tetrahedral Fe.  
 
To evaluate the formation energies of the defects, the allowed 
values of the chemical potentials have to be established. The 
enthalpy of formation of YIG, as derived from our quantum-
mechanical calculations, is ∆H(YIG) = 4908.19 kJ/mol; 
therefore, according to Eq.(2), in order to maintain a stable 
host, the chemical potentials must satisfy 3µy + 5µFe + 12µO = 
4908.19 kJ/mol. The upper limit for the Fe chemical potential, 
µFe can be established as a function of µO using the conditions 
described by Eq.(4): µFe ≤ -239.76 - µO, µFe ≤ -400.07 – 3/2µO, 
and µFe ≤ -377.33 – 4/3µO to avoid formation of FeO, Fe2O3, 
and Fe3O4, respectively. Combining these conditions with the 
requirement to maintain a stable YIG host, the lower limit for 
the Y chemical potential as a function of µO is set by: µy ≥ -
1236.46 – 7/3µO, µy ≥ -969.28 – 3/2µO, and µy ≥ -1007.18 – 
16/9µO. An additional constraint is imposed on µy by the 
requirement to avoid formation of Y2O3, as expressed in Eq.(5): 
µy ≤ -952.52 – 3/2µO. Combining these inequalities with the 
conditions to avoid precipitation of elemental phases, the 
limiting values for chemical potentials of O and Y can be 
established as μ���� = -196.78 kJ/mol, with the corresponding 
μ�
���= -675.35 kJ/mol. The highest achievable value of the O  

chemical potential, according to Eq.(3), is μ����= 0, and the 
corresponding μ���� = -969.28 kJ/mol. This analysis can be 

 carried on to determine the limits of the Fe chemical potential 
as well. Combining the conditions to avoid precipitations Y2O3 
and iron oxides with Eq.(2) the lower limit for µFe is given by 

µFe ≥ -410.13 – 3/2µO. Substituting the two extreme values of 
µO derived above, the Fe chemical potential is limited by μ	
���	= 
-410.13 kJ/mol (at μ����= 0) and μ	
��� = -114.96 kJ/mol (at μ���� 

= -196.78 kJ/mol). 

 

The most stable location of Th inside the YIG structure can be 
established by calculating the defect formation energies 
associated with substitutional Th, within the limits of allowed 
chemical potentials. The formation energies expressed in Eq. 
(1) are written in terms of O chemical potential and plotted as a 
function of µO in Figure 5. In the case of the substitutional Th 
at the Y site, for instance, the formation energy of the neutral 
defect is given by ∆Hf ���

0) = -186.84 + µy - µTh. For the 
incorporation to be energetically favorable, µ y has to be as low 
as possible and µTh has to be maximized, while still satisfying 
the conditions to avoid precipitations of secondary and 
competing phases. In terms of µO, this means that µy = max (-
1236.46 – 7/3µO, -969.28 – 3/2µO, -1007.18 – 16/9µO) and µTh  

= -1225.55 – 2µO. With these expressions, the formation energy 
of a neutral Th defect at the Y site, ∆Hf (��

�), is calculated and  

plotted in Figure 5 as a function of µO, for values of µO  
between μ���� = -196.78 kJ/mol and μ����= 0. Figure 5 also 
illustrates the defect formation energies of neutral Th 
occupying octahedral and tetrahedral Fe sites, that are 
calculated in a similar way starting from the expressions ∆Hf 

(�
	
�
� ) = -595.08 + µFe – µTh and ∆Hf (�	
�

� ) = -445.28 + µFe  

– µTh. Figure 5 shows that for all allowed values of µO, Th 
prefers to occupy the dodecahedral site in the YIG structure, 
substituting for Y ion. 

 
Fig. 5 Defect formation energies as a function of O chemical potential. For all 

allowed values of μO the most stable defect is the substitutional Th at Y site (Thy). 

Moreover, for values of µO ≤ -141.89 kJ/mol, the formation 
energy ∆Hf (��

�) becomes negative, indicating that the  

substitution process is exothermic in this range of chemical 
potential. From Figure 5, it is apparent that the defect formation 
energies increase with the O chemical potential. This is because 
under O-rich conditions, instead of Th being incorporated into 
the YIG structure, competing phases (Y2O3, Fe2O3, Fe3O4) and 
secondary phases (ThO2) tend to precipitate. The lowest 
formation energy for ��� occurs at µO = μ�

��� = -196.78 kJ/mol  

and it is ∆Hf (��
�) = -12.20 kJ/mol. This value is slightly lower  

than the experimental incorporation enthalpies of -3.8 ± 3.3, -
8.3 ± 3.3, and -6.6 ± 3.4 kJ/mol obtained for 0.04, 0.05, and 
0.06Th:YIG, respectively. However, considering the 
uncertainties in the calculations introduced by the finite size 
effect as well as the fact that the simulation is performed on a 
0.125Th:YIG system, the agreement with the experiment is 
reasonable. These observations confirm that more reducing 
conditions, i.e., increasing the Fe2+/Fe3+ ratio, favor Th 
incorporation.  
 
In order to evaluate the effect of doping on Th incorporation 
energies, calculations have been performed assuming charged 
defect states. In this case, as indicated by Eq. (1), the formation 
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Table 7: Calculated DFT energies (in eV) of the defect containing neutral and charged supercells. Defect formation energies (in kJ/mol) as a function of the 
atomic chemical potentials and Fermi energy. 

 Q ThY ThFe
O ThFe

T 

DFT 
(eV) 

0 -1237.60 -1241.76 -1240.21 
1 -1242.38 -1246.61 -1245.13 
2 -1245.15 -1249.45 -1247.94 

∆H(Dq) 
(kJ/mol) 

0 -186.84+μY-μTh -595.08+μFe-μTh  -445.28+μFe-μTh 
1 -396.92+ μY-μTh +EF -820.58+μFe-μTh +EF -673.42+μFe-μTh +EF 
2 -406.44+ μY-μTh +2EF -848.67+μFe-μTh +2EF -694.76+μFe-μTh +2EF 

 

 
Fig. 6 Formation energies of defects as a function of the Fermi level, calculated 

using the atomic chemical potentials that produce the most stable defects. The 

slope of the lines represents the charged state of the defect and the value of EF 

where the slope changes represents the charge transition level (or ionization 

level). 

energies also depend on the Fermi level (EF), because in order 
to ionize a defect, electrons must be exchanged with the 
electron reservoir with energy EF. The formation energies of the 
charged defects can be calculated using the DFT energies 
obtained from the charged supercell calculations (values are 
listed in Table 7) combined with the atomic chemical potentials 
that produce the most stable defects. The formation energy 
values are listed in Table 7 and are plotted as a function of EF in 
Figure 6. All defects display similar behavior for the values of 
EF within the band gap of YIG: for EF above the middle of the 
gap (n-type material) the defects are in neutral charge state, 
whereas if EF is tuned closer to the VBM (p-type material), the 
defects become positively charged and their formation energies 
decrease significantly. This suggests that the Th concentration 
inside the YIG structure can be enhanced by p-type doping of 
YIG. Furthermore, when EF is close to the VBM, the formation 
energy of �	
� becomes negative, indicating that in p-type 
YIG the possibility for Th to occupy octahedral Fe sites cannot 
be excluded. 

Conclusions and Outlook 

Both of calorimetric studies and first principle calculations gave 
consistent enthalpies of formation of Th substituted YIGs and 
energies of substitution of Th in YIG. The overall energetic 
effect of the substitution is near zero, due to the close 
competition between the favorable incorporation of larger Th4+ 
cation, and unfavorable reduction of Fe. Entropy has been an 
influence factor, but not a driven force for the substitution. It is 
suggested by the DFT calculation that such incorporation can 
be optimized by p-type doping of YIG. This could be achieved 
by co-doping YIG with divalent elements such as Ca, Mg, Cd, 
or Zn. Preliminary calorimetric studies on Ca,Ce co-doped YIG 
and Ca,Th co-doped YIG has shown a significant increase in 
Ce and Th substitution and exhibited more favorable energetics 
of substitution. 
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