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We theoretically predict the rate of transcription (TX) in DNA brush by introducing the concept of TX dipoles that takes into
account the unidirectional motion of enzymes (RNAP) along DNA during transcription as correlated pairs of sources and sinks
in the relevant diffusion equation. Our theory predicts that the TX rates dramatically change upon the inversion of the orientation
of the TX dipoles relative to the substrate because TX dipoles modulate the concentrations of RNAP in the solution. Comparing
our theory with experiments suggests that, in some cases, DNA chain segments are relatively uniformly distributed in the brush,
in contrast to the parabolic profile expected for flexible polymer brushes.

1 Introduction

The first step in expressing the genetic information encoded
in the sequence of bases of DNA is transcription by which
the complementary sequences of RNA are synthesized by en-
zymes called RNA polymerase (RNAP)1. Each transcribed
unit (TX unit) is preceded and terminated by two non-coding
regions, a promoter and a terminator. Transcription is initi-
ated when RNAP in a solution (nucleoplasm) is bound to the
promoters of TX units; the special sequence of the promoters
stabilizes RNAP-DNA complexes against dissociation. The
enzymes then move from site to site along the TX units, poly-
merizing nucleoside triphosphates into a chain of RNA, until
these enzymes reach the terminators, where they unbind and
are released to the solution. The motion of RNAP along DNA
is unidirectionaldue to irreversible steps in the RNA polymer-
ization2–4.

DNA is densely packed in both prokaryotic and eukaryotic
cells and the rates at which the code of a TX unit is tran-
scribed (TX rate) are, in part, regulated by the local packing
density of DNA in the vicinity of the TX unit. DNA brushes,
in which DNA is end-grafted to a solid substrate (see fig. 1),
are simple synthetic systems that allow quantitative control of
the local packing density of DNA to determine how this mod-
ifies the TX rates of DNA5,6. Experiments on DNA brushes
showed that TX rates are limited by the dynamics of binding of
RNAP to the promoters of TX units; the local concentrations
of RNAP at the positions of the promoters are the key param-
eters that determine TX rates in DNA brush5,6. Moreover,
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the TX rates of DNA brushes were observed to be sensitive to
the orientations of TX units (that are defined by the unit vec-
tor that points from the promoter to the terminator), but not
to its position along the DNA5. These experimental results
cannot be attributed to the interactions between DNA chain
segments and RNAP alone because the concentration profile
of RNAP due to these interactions is approximately uniform
on the length scale of a TX unit; reversing the orientation of
TX units does not change the local concentration of RNAP at
the promoter location. The directional motion of RNAP along
TX units during transcription may modulate the local concen-
tration of RNAP and thus TX rate in DNA brush5. In this
paper, we introduce the concept of transcription (TX) dipoles
that takes into account the directional motion of RNAP in the
relevant diffusion equation. We use this concept to predict
that the directional motion of RNAP is indeed the physical
mechanisms of the observed dependence of TX rates on the
orientations of TX units.

2 Model

2.1 Transcription dipole

We treat a DNA brush in a solution of RNAP, where each DNA
chain has one TX unit at thes0-th chain segment (originating
at the grafted end of the chain), see fig. 1. Above the brush
region,z> h, the concentrationρ0 of RNAP is uniform and
this region plays the role of a reservoir of RNAP (z is the dis-
tance from the substrate andh is the height of the brush). In
the solutionwithin the brush, the local concentrationsρ(z, t)
of RNAP are derived from an effective diffusion equation that
has the form

∂
∂ t

ρ(z, t) =− ∂
∂z

J(z, t)−kon(z)ρ(z, t)+koff(z, t). (1)
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The first term is due to the fluxJ(z, t) of RNAP in the solution
in the brush; this flux includes the contributions of the interac-
tions between RNAP and DNA chain segments (see eq. (2)).
kon(z) is the rate at which RNAP is bound to the promoters
of DNA from the solution in the brush (per unit concentration
of RNAP) andkoff(z, t) is the rate at which RNAP is released
from the terminators of DNA to the solution in the brush. With
the second and third terms, the promoters and terminators of
DNA are treated as the sinks and sources of RNAP relative to
the solution; these terms account for the directional motion of
RNAP during transcription.

The flux of RNAP has the form

J(z, t) =−D

[
∂
∂z

ρ(z, t)+vρ(z, t)
∂
∂z

Φ(z)

]
. (2)

The first term is due to (entropically driven) diffusion and
the second term arises from the interactions between DNA
chain segments and the RNAP (the derivation is shown in
Supplementary Information). For simplicity, we consider the
case in which the concentration of RNAP within the solution
in the brush is relatively small; interactions between RNAP
molecules are negligible.D is the diffusion constant of RNAP
within the solution in the brush region.v is the second virial
coefficients that account for excluded volume interactions be-
tween the DNA chain segments and the RNAP.Φ(z) is the
local concentration of the DNA chain segments (see below).

The binding ratekon(z) (to promoters) has the formλgs0(z),
whereλ is the rate constant for the binding of RNAP to the
promoters andgs0(z) is the local concentration of promoters
on the chains at heightz (see fig. 1). In general, the un-
binding ratekoff(z) from terminators does not have a simple
form and depends on the model of DNA brush because of the
correlations involved in the fact that RNAP is released from
the terminator of a TX unit only when it is be bound to the
promoter of the same unit beforehand; the unbinding rate of
RNAP from the terminator of a TX unit, depends on the lo-
cal concentration of RNAP at the position of the promoter of
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Fig. 1 The geometry of a DNA brush: Each DNA chain in the brush
has one TX unit at thes0-th chain segment (originating at the grafted
end). The unit vector from the promoter to the terminator of the TX
unit is directed outward from the substrate (left) or inwards, towards
the substrate (right).

the same TX unit, at a time before the delay timeτ of tran-
scription. However, one can use a simple and generic treat-
ment for the case in which the TX unit is relatively short.
In the asymptotic limit that the lengthlTX of TX units tends
to zero,−kon(z)ρ(z, t)+ koff(z, t)→ 0, because RNAP that is
bound to the promoters is released at the corresponding ter-
minators (that are infinitesimally close) with negligible travel
time. When the lengthlTX is finite (but still smaller than the
Kuhn lengthla), the promoters and terminators of TX units
can be treated as the dipoles of sinks and sources of RNAP
that are separated bylTX (the TX dipoles): We expand the un-
binding ratekoff(z, t) in eq. (1) with respect to the separation
lTX , koff(z, t) ≃ ⟨kon(z− lTX cosθ)ρ(z− lTX cosθ , t − τ)⟩ ≃
kon(z)ρ(z, t − τ)− lTX⟨cosθ⟩ ∂

∂z(kon(z)ρ(z, t − τ)), where⟨⟩
is the (local) statistical average of the orientation of the TX
dipoles (defined by the unit vector that points from the pro-
moters to the terminators),θ is the angle between TX dipoles
and the normal to the substrate, andτ is the delay time due
to transcription. This leads to an approximate diffusion equa-
tion (see also sec. S2 in the Supplementary Information for a
formal derivation)

0=− ∂
∂z

J(z)− ∂
∂z

PTX(z) (3)

that is applicable for steady states (∂ρ(z, t)/∂ t → 0). PTX(z)
is the local density of TX dipoles and has the form

PTX(z) = λρ(z)lTXS1(z)gs0(z), (4)

whereλρ(z)lTX is the moment of each dipole atz, gs0(z) is
the number of dipoles per unit volume, andS1 (≡ ⟨cosθ⟩) is
the local average projection of DNA chain segments along the
z direction. TX dipoles are directed inwards (‘IN’,S1 < 0) or
outwards (‘OUT’,S1 > 0) from the substrate, dependent on
which end of DNA is end-grafted to the substrate, see fig. 1.
This orientational order parameter is avector, not a tensor, in
contrast to the situations of force dipoles8 and liquid crystals9,
because terminators and promoters are point sourcesλρ(z)
and sinks−λρ(z) that are scalars. The TX dipoles account
for the correlations due to the causality involved in the binding
of RNAP to the promoter of a TX unit and the subsequent
unbinding from the terminator of the same unit.

We solve eq. (3) with two boundary conditions: (i) RNAP
cannot penetrate the substrate and thus the flux of RNAP is
zero atz= 0, J(0) +PTX(0) = 0. (ii) The chemical poten-
tials of RNAP are continuous at the heightz= h of the brush,
ρ(h) = ρ0e−vΦ(h) (see also Supplementary Information). The
TX rate in a DNA brush is defined by the sum of the rateλρ(z)
at which RNAP is bound to a promoter over all of the promot-
ers in the system,

R=
∫ h

0
dzλρ(z)gs0(z). (5)
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The forms of the local concentrationsΦ(z) of chain segments,
the local concentrationsgs0(z) of the TX units, and the orien-
tational order parameterS1(z) depend on the applicable brush
model for a given situation. The TX rateRdepends on the ori-
entations and positions of TX units via the local orientational
order parameterS1(z) and local concentrationgs0(z) of the TX
units.

2.2 Uniform DNA brush

We consider the biologically relevant case in which the so-
lution contains high concentration of salt ions; in this case,
DNA in the brush can be treated as a neutral semiflexible
polymer10,11. We first use a simple model of a DNA brush in
which the concentration of DNA chain segments are uniform
in the brush region (uniform brush);Φ(z) = Φ0 (≡ Nσ/h)
for 0 < z< h, where the heighth of the brush isNlaS1, σ
is the grafting density (number of chains per unit area) of
DNA in the brush,N is the number of chain segments of each
DNA chain, andla is the Kuhn length of double-stranded DNA
(la ≃ 100 nm for fully neutralized DNA12). The distribution
functionn(u) (u is the orientation of DNA chain segments) is
determined by minimizing the free energy that has the form

F
NσT

=
∫

dΩn(u) logn(u)

+
1
2

Φ0

∫
dΩi

∫
dΩ j βi j n(ui)n(u j). (6)

The first term is due to the orientational entropy of the DNA
chain segments and the second term is due to the (anisotropic)
excluded volume interactions between these segments; this
free energy takes into account the semiflexibility of DNA (the
inextensibility of DNA and the anisotropic excluded volume
interactions between DNA chain segments)13,14 in an exten-
sion of a free energy of the Alexander model for flexible
polymer brushes15–17 (see also Supplementary Information).
βi j ≡ 4w

π |ui ×u j |, wherew is the second virial coefficient that
accounts for the excluded volume interactions between DNA
chain segments13,14. The integraldΩ is over all possible ori-
entationsu of chain segments and the subscriptsi and j rep-
resent two interacting chain segments; this treats the excluded
volume interactions among the chain segments near the sub-
strate in the same manner as the rest of the brush. In this
model, the substrate plays a role in breaking the symmetry
of the system; the chain segments of DNA are stretched only
towards the outward normal to the substrate, where the sol-
vent is found. Eq. (6) is effective for relatively small concen-
trations of RNAP in which the chain conformations of DNA
in the brush are only negligibly modified by interactions be-
tween DNA chain segments and RNAP. We use a variational
approach18 to derive an approximate form of the orientational
order parameterS1 (defined after eq. (4)) as a function of the
grafting density of DNA (see Supplementary Information).
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Fig. 2 Rescaled TX ratesRw/(λρ0la) are shown as a function of
the segment indexs0/N of TX units with the OUT (orange) and IN
(blue) orientations and for the cases that the local concentrations of
DNA chain segments are uniform (the solid curves) and parabolic
functions (the broken curves) of the distance from the substrate. The
values ofv/w, λ lTX la/(Dw), andσw/la used for these calculations
are 1.5, 1.0, and 1.0, respectively.
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Fig. 3 The rescaled TX rateRw/(λρ0la) is shown as a function of
the rescaled grafting densitywσ/la for the OUT (orange) and IN
(blue) configurations and for the cases that the local concentrations
of DNA chain segments in the brush is uniform (solid curves) and
parabolic functions of the distancez (broken curves). The values of
v/w, λ lTX la/(Dw), ands0/N used for the calculations are 1.5, 1.0,
and 0.5, respectively.

For uniform DNA brushes, TX rate has the form

R=
D

lTXS1
ρ0e−vΦ0

(
1−e−λ lTXS1σ/D

)
. (7)

This expression is obtained by using eq. (5), where the local
concentration of RNAP is derived from eqs. (2) and (4) for the
case in which the local concentration of DNA chain segments
is Φ0 (constant). The form of eq. (7) indeed does not depend
on the specific form of the local concentrationsgs0(z) of the
TX units (see also Supplementary Information); the TX rate
in the DNA brush thus does not depend on the positions0 of
TX units, see also the solid curves in fig. 2.
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3 Results and Discussion

Our theory predicts the rescaled TX rateRw/(λρ0la) as a
function of the rescaled grafting densitywσ/la of DNA as
well as the positionss0/N (along DNA chains) and orienta-
tions of TX units. This rate also depends on the ratiov/w
of the second virial coefficients and the rescaled rate constant
λ lTX la/(Dw), where the values of these parameters are of or-
der unity for physiologically relevant salt concentrations (see
also Table 1 in the Supplementary Information). For relatively
small grafting densities of DNA, the TX rate increases linearly
with increasing the grafting density of DNA, simply because
the number of TX units increases, see the solid curves in fig.
3. The TX rate is not very sensitive to the orientation of the
TX dipoles because, in this limit, the density of the TX dipoles
is too small to modulate the local concentration of RNAP in
the brush region. For larger grafting densities, the TX rate is
always smaller for the OUT configuration than for the IN con-
figuration. This is because, for the OUT configuration, both
the directional motion of RNAP and the excluded volume in-
teractions between RNAP and DNA chain segments (the os-
motic pressures of the brush) tend to expel RNAP from the
brush region; this decreases the local concentrations of RNAP
in the vicinity of the promoters and thus suppresses the TX
rate in DNA brush. In contrast, for the IN configuration, the
TX dipoles tend to accumulate RNAP near the substrate and
thus increase the concentration of RNAP in the brush region,
relative to the OUT configuration. This result is in agreement
with experiments5,6 and thus demonstrates that the directional
motion of RNAP during transcription plays an important role
in the TX rate in DNA brushes.

Our theory predicts that for the IN configuration, the TX
rate shows a plateau at relatively large grafting densities, when
the ratiov/w of the second virial coefficient is as large as the
rescaled rate constantλ lTX la/(Dw), see fig. 3∗. This is be-
cause the fluxes of RNAP due to excluded volume interactions
between RNAP and DNA chain segments (which tend to ex-
pel RNAP from the brush) are as large as localizing effects
of the TX dipoles (that tend to accumulate RNAP near the
substrate). In contrast, when the ratiov/w is small or nega-
tive, TX rate does not show plateau and continues to increase
monotonically with increasing the grafting density of DNA.
Experiments (that are performed at physiologically relevant
salt concentrations for the IN configuration) show that TX rate
saturates for large grafting densities5. The experimentally rel-
evant ratiov/w is thus positive and somewhat large for these
salt concentrations (it is estimated to be∼ 1 from the dimen-
sion of a DNA chain segment and a T7 RNAP19). In this case,

∗This ‘plateau’ is indeed not a saturation, but a relatively broad maximum un-
less the ratiov/w of the second virial coefficients and the rescaled rate con-
stantλ lTX la/(Dw) are fine tuned (see also eq. (7) and fig. 3 in Supplementary
Information).

our theory predicts that the concentration of RNAP is smaller
in the solution in the brush region than in the bulk solution (for
both the OUT and IN configurations). Moreover, for the OUT
configuration, the TX rate decreases as the grafting density of
DNA is increased, see fig. 3, because both TX dipoles and ex-
cluded volume interactions (between RNAP and DNA chain
segments) tend to expel RNAP from the brush. These results
are indeed in agreement with experiments6,7.

Experiments show that the TX rate is not very sensitive to
the positions0 of TX units for σ ∼ 1100µm−2 (that is an or-
der of magnitudes larger than the inverse of square of Kuhn
length)5. This is in agreement with the prediction of our the-
ory for the case of a DNA brush, where the concentration of
chain segments is uniform, see fig. 2. Such a uniform concen-
tration profile has been predicted for strongly stretched poly-
mer brushes due to the anisotropic excluded volume interac-
tions between chain segments and/or the inextensibility of the
polymers20,21. However, recent experiments have shown that
DNA in brushes may not be strongly stretched even for the
largest grafting density (that is used in the experiments) be-
cause the excluded volume of DNA chain segments is rel-
atively small10,25. For a polymer brush that is moderately
stretched, one expects the local concentration of DNA chain
segments to be a quadratic function of the distancez from the
substrate (parabolic brush)20,21. For a parabolic brush, the lo-
cal concentrationΦ(z) of DNA chain segments and the orien-
tational order parameterS1 have the forms

Φ(z) =
3
2

σN
h

(
1− z2

h2

)
(8)

S1(z) =
π
2

z
Nla

cot
(πs0

2N

)
, (9)

whereh (= Nla(4wσ
π2la

)1/3) is the height of the brush22–24 (see
also Supplementary Information). The local concentrations
gs0(z) of TX units are

gs0(z) = 3σ
χ2z

√
h2−χ2z2

h3 (10)

for 0< z< χ−1h and zero forχ−1h< z< h, where we used a
factorχ−1 (≡ sin(πs0

2N ))22–24(see also Supplmentary Informa-
tion)†. In contrast to uniform brushes, for parabolic brushes,
our theory predicts that TX rateis sensitive to the position
s0 of TX units because the local concentrations of DNA chain
segments are not themselves uniform, see the broken curves in
fig. 2. This is not the case in the aforementioned experiments5

that use brushes of DNA with the contour length of∼ 700 nm
(∼ 7 Kuhn segments); such DNA brushes show rather uniform
concentration profile, even for the case in which the DNA is

† Eqs. (8) - (10) are applicable for relatively small concentrations of RNAP in
which the chain conformations of DNA are only negligibly modified by the
excluded interactions between the RNAP and the DNA chain segments.
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stretched only moderately. This prediction may be tested more
directly by experiments using total internal reflection fluores-
cence7,28. The general dependence of TX rate on the grafting
density of DNA is not sensitive to the brush model, at least, for
the values of rescaled grafting densitywσ/la that is smaller
than unity, see fig. 3.

Our results suggest that the approximation of flexible poly-
mer brushes is not relevant to DNA brushes, even for some
cases in which the chains are longer than the Kuhn length and
are only moderately stretched. Indeed, a theory of DNA so-
lutions predicts that the structures of DNA are only slightly
affected by the excluded volume interactions between DNA
chain segments even in semidilute concentrations when the
length of DNA is shorter than a length scale∼ l3

a/d2 (whered
is the effective diameter of DNA chain segments,≃ 4 nm)25.
This is in agreement with recent experiments that use< 50µm
long DNA in solutions26,27. This implies that the conforma-
tion of relatively short DNA chains in brushes may not be very
different from a single DNA chain that is end-grafted to a sub-
strate even for a relatively large grafting density10‡. The uni-
form concentration profile that is predicted by comparing our
results with the experiments discussed here may be rational-
ized by taking into account the stiffness of DNA28. We here
emphasize that our prediction that the TX rate of a uniform
brush is not very sensitive to the positions of TX units along
DNA chains is a generic result that does not depend on the
specific form of the free energy, see sec. S3B in the Supple-
mentary Information. Measurements of TX rate as a function
of the chain length of DNA may provide further information
about the physical mechanisms that stabilize the uniform con-
centration profile.

4 Conclusion

In this paper, we introduced the concept of TX dipoles to treat
the directional motion of RNAP during transcription in a sim-
ple and generic manner. Our theory predicts that the direc-
tional motion of RNAP from the promoter to the terminator
of the TX unit dramatically changes the local concentration of
RNAP in the brush and thus is important in determining the
TX rate in DNA brushes. The dipole approximation is appro-
priate for the case in which the length of TX units is smaller
than the Kuhn length of DNA, which is the case of some ex-

‡ A self-consistent field theory predicts that the local concentration of chain seg-
ments tends to be more uniform than predicted by the classical theory as the
stretching parameterh2/(Nl2a) is decreased24. Moreover, the self-consistent
field theory also predicts that the tangent of the most probable conformation
of DNA chains is directed towards the outward normal to the substrate more
than predicted by the classical theory; the classical theory used here gives a
lower bound on the order parameterS1(z). Both of these effects are underes-
timated in the classical theory since the entropic repulsion between the DNA
chains and the substrate is not taken into account, while the self-consistent
field theory does include this effect24.

periments on DNA brushes5. The typical length of TX units
in bacterial DNA is about 300 nm4 and thus∼ 3 times longer
than the Kuhn length of DNA. In such cases, the local density
of TX dipoles has the form

PTX(z) = λρ(z)gs0(z)⟨zt −zp⟩, (11)

wherezp andzt are the real space positions of the promoter
and terminator sites, respectively. This treatment takes into
account the fact that the chain may fluctuate significantly in
the region between the promoter and terminator; in that case,
the (real-space) distance between the promoter and the termi-
nator of a TX unit may be shorter than the contour lengthlTX

between these sites and the orientation of the unit vector from
the promoter to the terminator may deviate from the tangent
vector along the chain at the position of the promoter. Eq.
(11) is effective for cases in which the length of TX unitslTX

is much smaller than the entire length of DNA chains. TX
dipoles may be thus still useful to approximately treat the di-
rectional motion of RNAP along TX units that are somewhat
longer than the Kuhn length (but are still shorter than the en-
tire length of a DNA chain). Otherwise, one should use eq.
(1) to treat the directional motion of RNAP. An extension of
the concept of TX dipoles may provide insight in other active
transport processes,e.g. the transports of cargos by molecu-
lar motors along cytoskeletal filaments29. A unique feature of
the directional motion of RNAP along TX units may be the
fact that the starting and ending positions of the motion are
prescribed in the base sequence of DNA.
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