
This is an Accepted Manuscript, which has been through the 
Royal Society of Chemistry peer review process and has been 
accepted for publication.

Accepted Manuscripts are published online shortly after 
acceptance, before technical editing, formatting and proof reading. 
Using this free service, authors can make their results available 
to the community, in citable form, before we publish the edited 
article. We will replace this Accepted Manuscript with the edited 
and formatted Advance Article as soon as it is available.

You can find more information about Accepted Manuscripts in the 
Information for Authors.

Please note that technical editing may introduce minor changes 
to the text and/or graphics, which may alter content. The journal’s 
standard Terms & Conditions and the Ethical guidelines still 
apply. In no event shall the Royal Society of Chemistry be held 
responsible for any errors or omissions in this Accepted Manuscript 
or any consequences arising from the use of any information it 
contains. 

Accepted Manuscript

www.rsc.org/softmatter

Soft Matter

http://www.rsc.org/Publishing/Journals/guidelines/AuthorGuidelines/JournalPolicy/accepted_manuscripts.asp
http://www.rsc.org/help/termsconditions.asp
http://www.rsc.org/publishing/journals/guidelines/


T1 Process and Dynamics in Glass-Forming Hard-sphere Liquids

Yuxing Zhou and Scott T. Milner∗

Received Xth XXXXXXXXXX 20XX, Accepted Xth XXXXXXXXX 20XX

First published on the web Xth XXXXXXXXXX 200X

DOI: 10.1039/b000000x

To study the relationship between dynamics and structure in a glass-forming liquid, we introduce a purely geometric criterion for

locally mobile particles in a dense hard-sphere fluid: namely, “T1-active” particles, which can gain or lose at least one Voronoi

neighbor by moving within their free volume with other particles fixed. We obtain geometrical and dynamical properties for

monodisperse hard-sphere fluids with 0.40 < φ < 0.64 using a “crystal-avoiding” MD simulation that effectively suppresses

crystallization without altering the dynamics. We find that the fraction of T1-active particles vanishes at random close packing,

while the percolation threshold of T1-inactive particles is essentially identical to the commonly identified hard-sphere glass

transition, φg ≈ 0.585.

1 Introduction

The dramatic slowing down and heterogeneity of dynamics in

glass-forming liquids is related to growth of regions of parti-

cles that require collective rearrangements to relax. Despite

substantial efforts, the structural origin of glass transition re-

mains unclear. Widmer-Cooper et al., demonstrated that lo-

cal Debye-Waller factor of a particle (corresponding to the

short time dynamics or ”rattling motion”) is correlated with

its dynamical propensity (characterizing long time dynamics

or “cage-breaking” process)1. Both quantities were obtained

from an isoconfigurational ensemble average, in which mul-

tiple simulations are performed with the same starting con-

figuration and different realizations of thermal initial veloc-

ities. Hence both the Debye-Waller factor and the propen-

sity only depend on the initial geometry. Similarly, recent

numerical and experimental results suggest a strong correla-

tion between irreversible structural reorganization and quasi-

localized soft modes, which again reflect the local structure2,3.

However, finding a local measure of the initial configuration

that is causally connected to the dynamics has proven to be

elusive4.

In this paper, we propose a new, purely geometrical crite-

rion that relates directly to the hard-sphere glass transition. By

analogy to rearrangement processes in foams, we define “T1-

active” particles as those that can either gain or lose a Voronoi

neighbor by moving within their own free volumes, with other

particles held fixed. When T1-inactive particles percolate, we

may expect the system to become non-ergodic or glassy. In

fact, we find that the percolation threshold of T1-inactive par-

ticles coincides with the monodisperse hard-sphere glass tran-
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sition, commonly reported at φg ≈ 0.5855,6.

2 Method

Hard-sphere fluids have been intensively studied since they

serve as the simplest model that exhibits a glass transition,

and are well approximated by real colloidal suspensions. Ge-

ometric properties such as free volume and cavities can be de-

fined rigorously and computed conveniently for hard-sphere

systems7. However, monodisperse hard-sphere fluids crys-

tallize readily at volume fractions φ > φf ≈ 0.494. To study

the metastable fluid phase above φg, a small amount of poly-

dispersity δ (defined as the fractional standard deviation of

particle diameter) is typically introduced to suppress crystal-

lization. Recently, the extent to which polydispersity alters the

dynamics near the glass transition has been debated8–10. Also,

algorithms for computing free volume and related properties

are most conveniently implemented for monodisperse hard-

spheres (though extension to polydisperse spheres is possi-

ble)7. For these reasons, it would be attractive to find a way to

carry out molecular dynamics (MD) simulations of monodis-

perse hard-sphere fluids in which crystallization was somehow

suppressed.

We have developed a crystal-avoiding (CA) MD simulation

method based on hybrid Monte Carlo (MC), inspired by pre-

vious works12–15. Each MC move is generated from a short

event-driven MD trajectory and accepted with a probability

p = min{exp(−γN∆q̂6),1}, where N is the number of parti-

cles and q̂6 is the local bond order parameter averaged over

next-nearest neighbors16 (or any other sensitive bond-order

parameter that measures the crystallinity of the system). If

the MC move is rejected, all particle velocities are reassigned

from a Maxwell-Boltzmann distribution before the next trial
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Fig. 1 Mean-squared displacements for monodisperse hard spheres

using crystal-avoiding method (CA) and polydisperse systems with

conventional MD (MD) at φ = 0.55, 0.56, 0.57 and 0.58. Inset:

pressure versus time at φ = 0.57 with different methods. Dotted line

indicates corresponding pressure reported in Ref.11.

move. We emphasize that the simulation time only advances

when a trial is accepted; in this way, the particle dynamics

can be reasonably reproduced despite the low acceptance rate.

In short, the method essentially samples among those trajec-

tories in phase space for which crystallization did not occur.

If the duration of the trial trajectories and hence the time be-

tween velocity randomizations is larger than velocity autocor-

relation time, the resulting dynamics should well represent the

metastable fluid. If nucleation is rapid, this may lead to a low

acceptance rate of trial moves. In practice, we choose the bias

γ and trial trajectory length lMD for reasonably high accep-

tance rates and fidelity to dynamics of polydisperse systems

(see Table 1).

Fig.2 illustrates the dependence of the particle self-diffusion

coefficient D on the crystal bias parameter γ and trial tra-

jectory length lMD, for a dense system with φ = 0.56. The

self-diffusion coefficient is clearly insensitive to the value of γ
(over this range, crystallinity is effectively suppressed). D de-

pends weakly on lMD, until lMD becomes longer than the par-

ticle velocity autocorrelation time. For the largest values of φ
we study φ ≥ 0.57, to maintain a reasonable acceptance rate,

we take smaller lMD values (10–20, see Table 1). This leads

to slightly smaller values of D (by a factor of 100.15 ≈ 1.4),

which is a small effect compared to the strong dependence of

D on φ .

We test the CA method by comparing to monodisperse and

mildly polydisperse systems (Gaussian distributed diameters

with δ = 0.08) at φ = 0.57 > φf simulated with conventional

MD. The inset to Fig. 1 shows that a monodisperse system

under MD will crystallize spontaneously as indicated by an

abrupt drop in pressure. The same monodisperse system sim-

ulated with the CA method maintains a constant pressure, in-

dicating that crystallization is suppressed. Likewise, a poly-

disperse system under MD does not crystallize — but does

display a lower constant pressure, as noted previously5. On

the other hand, the mean-squared displacement (MSD) of sys-

tems simulated with the CA method are consistent with those

of polydisperse systems under MD. Previous work suggests

that MSD is insensitive to the amount of mild polydispersity6

as long as the system is below glass transition, so we conclude

the dynamics of metastable monodisperse fluids are well rep-

resented by our CA method.

In contrast, for systems at or slightly above the glass tran-

sition, we observe a dramatic difference in the dynamics

of monodisperse and slightly polydisperse systems. Fig. 3

compares the dependence of the apparent particle diffusion

coefficient on aging time te (time elapsed after the initial

Lubachevsky-Stillinger configurations are generated, before

the diffusion coefficient is measured). For φ = 0.58, both

monodisperse (filled symbols) and slightly polydisperse sys-

tems (open symbols) show no dependence of D on aging. For

φ = 0.59 — slightly above the commonly reported colloidal

glass transition of φc = 0.5855,6 — the monodisperse system

shows a strong aging dependence of D, which continues to de-

crease with te as far as we can observe. (The inset shows two

representative plots of ∆r2 versus t for the monodisperse sys-

tem for different aging times; values of D are extracted from

the slopes of these plots.) The polydisperse system displays

some aging dependence, but ultimately seems to settle to a fi-

nite value of D. This contrast between the sudden onset of

strong aging in the monodisperse system and the more mod-

est aging behavior of the polydisperse system suggests that

the polydisperse glass transition is smeared or delayed due to

small mobile particles, consistent with recent findings by Za-

ccarelli et al.10.

For our simulations of metastable monodisperse hard-

sphere fluids, we use the Lubachevsky-Stillinger algorithm17

Table 1 Parameters for crystal-avoiding MD simulation. MD trial

length lMD is in unit of collisions per particle. The smaller lMD used

for high φ is a compromise between reproducing dynamics and high

acceptance rate (see main text).

φ γ lMD

< 0.50 0 -

0.50 – 0.53 0.25 40

0.54 0.50 40

0.55 0.50 40

0.56 1.00 40

0.57 1.20 20

0.58 1.20 10

≥ 0.59 1.50 10
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which cannot change their Voronoi neighbors by their indi-

vidual motion, implies a growing degree of collective motion

required for relaxation. The similar power law divergence of

the dynamic correlation length and T1-inactive cluster length

discussed above also suggests a connection between mobility

and T1-inactive particles.

4 Summary

In this work, we have devised a crystal avoiding (CA) method,

which can suppress crystallization in hard-sphere fluids while

preserving the dynamics, to study glassy monodisperse hard-

sphere fluids at φ > φf. The CA method allows us to explore

glassy monodisperse hard-sphere fluids at φ > φf— for which

equilibration has been a “subtle question”29 — and offers new

opportunities to examine the effect of polydispersity on dy-

namics. In searching for the relevant local rearrangements that

permit particles to gain and lose Voronoi neighbors, we show

that the number of uncaged particles vanishes too rapidly com-

pared to the moderate slowing of diffusion, and so cannot be

the primary means by which particles acquire new neighbors.

Instead, we propose that T1-active particles, identified

based purely on geometry, are able to acquire and lose neigh-

bors by single particle motion without cavities present, and

are common enough to contribute to rearrangements, only be-

coming scarce near random close packing. Moreover, clusters

of T1-inactive particles percolate at φ ≈ 0.586, remarkably

close to the glass transition. These results suggest a close

relation between T1-inactive clusters and slow dynamics in

glassy hard-sphere fluids. Establishing the same link for poly-

disperse systems and exploring the possible connection of T1-

(in)active correlation length to the dynamic or static correla-

tion lengths will be the subject of future work.
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