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The macroscopic mechanical behaviour of granular ma-
terials is governed by microscopic features at the particle
scale. Photoelasticimetry is a powerful method for measur-
ing shear stresses in particles made from birefringent ma-
terials. As a complementary method, we here identify the
hydrostatic stress networks through thermoelastic stress
analysis using infrared thermographic measurements. Ex-
periments are performed on two-dimensional cohesionless
monodisperse granular materials composed of about 1200
cylinders comprising two constitutive materials. We show
that the experimental hydrostatic stress distributions fol-
low statistical laws which are in agreement with simula-
tions performed using molecular dynamics, except in one
case exhibiting piecewise periodic stacking. Polydisperse
cases are then processed. The measurement of hydrostatic
stress networks using this technique opens new prospects
for the analysis of granular materials.

Various articles in the literature address the study of the me-
chanical behaviour of granular materials (GMs) via numeri-
cal approaches. These approaches enable us to study in de-
tail the influence of parameters such as particle shape, density,
polydispersity, particle elasticity, friction, etc. Although many
significant advances have been made using these approaches,
there is a lack of experimental data enabling numerical meth-
ods to be validated. Some approaches deal with measurements
in the bulk, such as X-ray tomography >, magnetic resonance
imaging>*, radar-based sensing® and positron emission par-
ticle tracking®. Apart from these techniques, the literature
mainly concerns two-dimensional (2D) techniques based on
optical photography. Concerning the direct observation of
stresses, photoelasticimetry is now a common technique used
for 2D GMs composed of birefringent materials: see for in-
stance Refs.”"!> published in the last few years. Basically,
photoelasticimetry provides the difference between the princi-
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pal stresses, which is proportional to the shear stress. As a new
approach, we apply here a 2D measurement technique which
enables us to obtain the sum of the principal stresses, which
is proportional to the hydrostatic stress. Using thermoelastic
stress analysis 16-18 \we measure stress distributions thanks to
thermal images acquired by an infrared (IR) camera. Indeed,
when a material is subjected to stress, it produces or absorbs a
heat quantity related to its internal energy variation, i.e. to the
volumetric part of the strain (first invariant of the strain tensor,
also named cubic dilatation). This phenomenon is sometimes
named thermoelastic coupling or isentropic coupling. The ex-
pression of the heat induced by material thermo-dilatability
can be deduced from the second derivative of the Helmholtz
free energy function with respect to temperature and strain ',
In the case of an adiabatic evolution and an isotropic mate-
rial, the temperature change is proportional to the hydrostatic
stress change. The advantage is that, contrary to photoelas-
ticimetry, the technique is potentially applicable to all types
of constitutive materials, including opaque materials. The hy-
drostatic stress at the centre of a cylinder being proportional to
the sum of the amplitudes of the normal contact forces applied
to the cylinder, this quantity can be used as a new indicator to
perform comparisons between experiments and simulations.

The procedure is first performed on cohesionless monodis-
perse GMs subjected to confined vertical compression. 2D
media are here prepared by periodically stacking cylinders
with a diameter of 10.50 mm. Two base materials are used
in order to construct composite GMs: high-density polyethy-
lene (HDPE) and polyoxymethylene (POM). The cylinders are
arranged in parallel in a metallic frame placed on a uniaxial
testing machine. Three configurations are tested, each one be-
ing characterized by a different ratio between the number of
POM and HDPE cylinders: 0.54 (sample #1), 1.07 (#2) and
1.83 (#3), see Table 1. The POM and HDPE cylinders are ran-
domly placed in the frame. However, configuration #1 exhibits
piecewise periodic stacking, comprising three zones delimited
by parallel straight lines like grain boundaries (see Fig. 1a).
This configuration is deliberately created to induce a hetero-
geneous mechanical response at the mesoscopic scale, for the
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Table 1 Percentage Py of cylinders exhibiting hydrostatic stresses greater than the mean value. Values are given considering all the cylinders
independently of their constitutive material (column A), and considering only the POM or only the HDPE cylinders (columns B and C,

respectively)
A B C
Numbers of Percentage Py of cylinders with Same, Same,
cylinders stress greater than the mean value for POM cylinders only for HDPE cylinders only
HDPE:POM (ratio)  Experiment Simulation: Experiment Simulation Experiment Simulation
mean (standard deviation)

#1 807:435 (1:0.54) 39.6% 47.4% (1.3%) 41.4% 48.5% (2.1%) 41.9% 49.0% (2.8%)
#2 597:638 (1:1.07) 45.0% 43.5% (1.0%) 49.4% 47.2% (2.1%) 48.3% 46.3% (3.8%)
#3 436:799 (1:1.83) 44.2% 48.1% (2.4%) 43.7% 48.1% (2.3%) 46.4% 41.8% (3.2%)

first illustration of our technique. Each GM is compressed
(here up to -60 kN) prior to testing, in order to reach static
equilibrium. As required for a thermoelastic stress analysis,
force-controlled cyclic loading is then applied (here between
-6 kN and -60 kN at a frequency f of 3 Hz). An IR camera
is used to capture the temperature fields on the front face of
the cylinder network during this cyclic loading. A Cedip Jade
III-MWIR camera featuring 320 <240 pixels is employed here
with an acquisition frequency of 148 Hz. The pixel size on
the measurement plane is equal to 1.60 mm. By considering
the thermal diffusivity D of POM and HDPE materials, the
order of magnitude of the thermal diffusion length /D /mf>°
is equal to 0.1 mm for both materials, which is much lower
than the cylinder diameter and the pixel size in the measure-
ment plane. Note that the choice of the loading frequency
results from a compromise between desired thermal diffusion
length and testing machine capability. A Fourier analysis is
carried out at each pixel to extract the amplitude AT of the
temperature oscillation. The relationship between AT and the
amplitude of the sum of the in-plane principal stresses 6| and
G, is given by AT = A(o; + 65). Cylinder cross sections are
not painted black in order to distinguish POM and HDPE in
optical images and find their centres and diameters, which are
used in the simulations. As thermal emissivity is not guaran-
teed to be close to one, coefficient A is preliminarily identified
from uniaxial tensile tests on non-painted rectangular sheets:
0.0150 K/MPa for POM and 0.0258 K/MPa for HDPE. The
hydrostatic stress ¢ (given by 6 = AT /3A) is obtained for
each cylinder, using the value of A corresponding to the cylin-
der’s material. In practice, we measure the mean hydrostatic
stress at the centre of each cylinder over a zone of 3x3 pixels.
Similarly to what is done for contact forces, values are then
normalised. The normalised hydrostatic stresses Gy, are ob-
tained by dividing by the mean value over the whole GM.

In Fig. 1b, we show the field of G, for sample #1. As a
consequence of the piecewise periodic stacking, we observe a
specific stress pattern which is mainly composed of two zones
separated by an oblique line. For comparison purposes, Fig. ¢
shows the contact force network obtained using a molecular

dynamics simulation?! carried out on a model of this GM. The
method relies on an explicit algorithm in which the particles
are considered as rigid bodies with non-conforming surfaces.
It is based on a predictor-corrector scheme with Gear’s set
of corrector coefficients in order to integrate Newton’s equa-
tions of motion. The contact stiffnesses used in this simula-
tion are initially identified from elementary experiments on a
cylinder of each constitutive material. The normalised hydro-
static stresses are obtained from the simulated contact forces
by dividing the sum of the amplitudes of the normal contact
forces on each cylinder by the mean value over the GM: see
Fig. 1d. From a qualitative point of view, a good agreement is
observed between experiments and simulations. As expected,
some differences can be noted, such as the high stress zone in
the bottom-left corner, which is not obtained experimentally.
It can also be noted that local fluctuations are more heteroge-
neous in the experiment than in the simulation. These differ-
ences can be explained by local fluctuations of microscopic
features and by the difficulty in retrieving the precise location
of each cylinder to be placed in the model.

In Fig. 2a, we show the experimental stress fields for sam-
ples #2 and #3. The two fields share some common features,
such as lines of high stress along directions inclined by +30°
with respect to the vertical, which can be related to a trian-
gular contact network. As a comparison between experiments
and simulations, let us first consider a macroscopic output: the
percentage Py of cylinders exhibiting stresses higher than the
mean value (’strong” network). Table 1 presents the percent-
ages obtained over the whole GMs (column A). Interestingly,
all the experimental percentages are lower than 50%, which
is similar to what is usually estimated for contact forces us-
ing numerical approaches??. The percentages obtained from
our simulations are also given in Table 1. For the three sam-
ples, thirty simulations are performed by placing the POM and
HDPE cylinders randomly in order to obtain a mean value and
a standard deviation for the output data. This enables us to
provide generic data on our simulations. Column A in Table 1
shows that the experimental percentages of cylinders exhibit-
ing stresses higher than the mean values over the whole GM
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Fig. 1 Results obtained for monodisperse granular material #1,
exhibiting piecewise periodic stacking. a) Optical image before
loading. b) Experimental field of normalised hydrostatic stresses
Gnorm- ©) Simulated contact force network; the width of the red lines
is proportional to the force amplitude. d) Field of 6, derived
from the simulated contact force network

are very close to the simulated ones, except for sample #1.
Similar comments can be made when considering only POM
or only HDPE cylinders (columns B and C): experimental out-
puts are close to simulations, within a range of twice the stan-
dard deviation. These observations show that simulations are
sufficient to extract this macroscopic output data, except for
sample #1.

Let us now consider the probability distribution of the stress
in the three tested GMs. Fig. 2b presents the experimental
probability density function P of G,,,, for each sample. We
focus only on stresses higher than the mean value, making this
choice to limit the effect of the low signal-to-noise ratios in our
analysis. Moreover, even if low stresses probably play a role
in sustaining strong stress chains, high stresses are interesting,
for instance, in understanding the damage in granular materi-
als in terms of particle crushing??. As for the case of contact
forces in Ref.?* for instance, we propose to define these distri-
butions using exponential laws: P = Py exp (—B(Cnorm — 1)),
where the coefficient B characterizes the exponential decay
(B > 0). This type of distribution is confirmed experimen-

tally here, even for sample #1, as can be observed in Fig. 2c,
where the distributions are plotted with a semi-logarithmic
graph. Values for P are identified by mean square approxi-
mation from the curves in Fig. 2b. It can be seen in Table 2
that the values of 3 are quite similar for samples #2 and #3.
They are in good agreement with numerical results (within
a range of a few standard deviations). It is noted in the lit-
erature that simulated contact force distributions may be in-
dependent of some parameters, such as particle size distribu-
tion in the case of GMs composed of one type of constitutive
material?*. A similar property is found here experimentally
for hydrostatic stresses in samples #2 and #3, which differ in
terms of the ratio between the numbers of POM and HDPE
cylinders. Let us now analyze the distribution for sample #1.
Although the mesoscopic stress pattern is composed of dis-
tinct zones (see Fig. 1b), an exponential decay is measured
here, too: see the square symbols, which are linearly aligned
in Fig. 2c. Although the distribution for sample #1 obtained
by our simulations is not really of an exponential type (non-
linear curve in semi-logarithmic plotting, curve not reported
here), the value of B extracted from mean square approxima-
tion provides a first-order indicator of the decay which char-
acterizes the simulated stress distribution. Table 2 shows that
the experimental decay is much lower than the simulated one
(e.g. 0.70 as opposed to 1.62 for the data over the whole GM,
see column A). As noted in Ref. 25 although the numerous
models which have been developed for GMs are based on dif-
ferent mathematical structures and microscopic assumptions,
they often share common results in terms of contact force dis-
tribution. The present experimental result for sample #1 thus
constitutes a good candidate for a benchmark of models in
terms of the stress distributions which can be extracted from
simulations. Addressing this issue is however out of the scope
of the present experimental study.

The results obtained here can be used for instance to pro-
vide assistance in the design of new GMs. Composite GMs
can be built by mixing particles with different properties in
terms of size, geometry, thermophysical properties, cost, ease
of supply, etc. Two sets of properties can be represented by the
HDPE and POM polymers, the latter playing the role of rein-
forcement: +300% in stiffness, +400% in strength and +50%
in cost compared to the former. To prevent particle crushing,
we propose to use coefficient B as an indicator of hydrostatic
stress amplification with respect to the mean stress level. The
lower the value of B, the worse the configuration, in the sense
that there is a higher probability of reaching significant hy-
drostatic stress. The objective is then to design a GM using
two criteria: quantity of POM and level of stress amplifica-
tion. Five polydisperse samples are added to the analysis; see
Table 3 and Fig. 3 in which coefficient 3 is the slope of the lin-
ear regression (semi-logarithmic plot) of the probability den-
sity function P as a function of normalised hydrostatic stresses
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Table 2 Coefficient B characterizing the distribution law for hydrostatic stresses greater than the mean value

A B C
for all cylinders for POM cylinders only for HDPE cylinders only
Experiment Simulation: Experiment Simulation Experiment Simulation
mean (standard deviation)
#1 0.70 1.62 (0.14) 0.78 1.62 (0.18) 0.84 1.79 (0.22)
#2 1.32 1.08 (0.06) 1.58 1.69 (0.21) 1.53 1.73 (0.38)
#3 1.26 1.13 (0.11) 1.32 1.62 (0.32) 1.43 1.06 (0.22)

Table 3 Comparison between different granular materials

Diameter Number Surface in dm* B

ratio ratio POM POM +

oo AL HDPE
#1 1 0.54 3.77 10.70 0.70
#2 1 1.07 5.52 10.70 1.32
#3 1 1.83 6.92 10.70 1.26
#4 1.6 091 7.06 10.17 0.94
#5 1.6 0.39 5.05 10.21 0.94
#6 1.6 1.24 7.71 10.22 0.78
#7 3.0 0.37 7.95 10.40 0.58
#8 3.0 0.18 6.45 10.41 0.79

Grorm 10 the strong network. Sample #7 is the worst: it has the
largest quantity of POM and the highest level of stress amplifi-
cation (f = 0.58). Monodisperse samples #2 and #3 minimise
the stress amplification level (f = 1.32 and B = 1.26, respec-
tively). However, obtaining perfect periodic stacking requires
the placement of the cylinders one after another. Filling the
frame without caution leads to piecewise periodic stacking, as
in sample #1, and thus to an increase in stress amplification
(B = 0.70 for sample #1). Sample #5 is the best compromise
here within the tested cases. The proposed experimental ap-
proach is complementary to numerical approaches used in ob-
taining design rules. The importance of modelling the shape of
railway ballast particles was for instance underlined in Ref.%%;
this parameter could be also studied with our experimental ap-
proach. Indeed we are now in a position to test more complex
shapes for 2D grains.

The applicability of the technique to other constitutive ma-
terials, such as metallic powders or geotechnical materials, de-
pends on the value of coefficient A and on the camera mea-
surement resolution, commonly referred to as Noise Equiva-
lent Temperature Difference (NETD) in the supplier datasheet.
The Fourier analysis used to estimate the temperature ampli-
tude AT of the oscillating thermal signal can be seen as a fil-
tering process. This leads to a significant improvement of the
measurement resolution. In the current work, this procedure
enables us to achieve a resolution for AT of an order of mag-
nitude of 1 mK whereas the NETD of the camera is equal to

20 mK. The order of magnitude of coefficient A is given by
the ratio a7y /pC, where p is the density, C the specific heat, o
the coefficient of thermal expansion, and 7j the mean temper-
ature (in Kelvin) at the material point during the cycles o138,
We can now consider two cases which are different from poly-
meric materials. For aluminium alloys and granitoid rocks at
ambient temperature Ty ~ 300 K, we have A ~ 3 mK/MPa
and A ~ 1 mK/MPa respectively (see Refs.?’> for the mate-
rial parameters in the latter case). Thus a hydrostatic stress of
100 MPa for instance leads to a temperature change of 300 mK
and 100 mK respectively for aluminium alloys and granitoid
rocks, which is much higher than the measurement resolution
of AT. Obviously, the stress level depends on the considered
application and these numerical values only provide orders of
magnitude.

As a conclusion, the technique which is proposed here
opens new prospects for the analysis of granular materials.
First, it should be recalled that it is based on a property shared
by all materials, thus potentially allowing us to test any type
of material in the future, including real geotechnical constitu-
tive materials. Second, in the case of sands or powders with a
huge number of particles, mesoscopic hydrostatic stress fields
could be identified. Measurements averaged over one pixel
could be used to estimate the changes in internal energy of
representative elementary volumes (thermoelastic response is
related to internal energy change). This may open prospects
for homogenisation in granular materials from experimental
energetic quantities. Finally, the technique could easily be
adapted to reveal hydrostatic stress paths due to shocks, for
which adiabatic conditions are achieved (due to the large dif-
ference between the shock duration and the characteristic time
of thermal diffusion in the material). The field of tempera-
ture changes just after the shock would provide the hydrostatic
stress path via simple multiplication by coefficient A. As a
consequence, no complex image processing would be neces-
sary, considerably reducing the processing time compared to
any other method.
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Hydrostatic stress networks can be revealed by thermoelastic stress analysis using infrared

thermographic measurements
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