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We study the wall slip of aqueous foams with a high liquid content. We use a set-up where, driven by buoyancy, a foam creeps
along an inclined smooth solid wall which is immersed in the foaming solution. This configuration allows the force driving
the bubble motion and the bubble confinement in the vicinity of the wall to be tuned independently. First, we consider bubble
monolayers with small Bond number Bo < 1 and measure the relation between the friction force F and the bubble velocity V.
For bubbles so small that they are almost spherical, the friction law F o V is Stokes-like. The analysis shows that the minimal
thickness of the lubricating contact between the bubble and the wall is governed by DLVO long-range forces. Our results are
the first evidence of this predicted linear friction regime for creeping bubbles. Due to buoyancy, large bubbles flatten against the
wall. In this case, dissipation arises because of viscous flow in the dynamic meniscus between the contact film and the spherical
part of the bubble. It leads to a non-linear Bretherton-like friction law F o V2/3, as expected for slipping bubbles with mobile
liquid-gas interfaces. The Stokes-like friction dominates for capillary numbers Ca larger than the crossover value Ca* ~ Bo*/2.
The overall friction force can be expressed as the sum of these two contributions. On this basis, we then study 3D foams close
to the jamming transition with osmotic pressures IT small compared to the capillary pressure P.. We measure the wall shear
stress T as a function of the capillary number, and we evidence two friction regimes that are consistent with those found for the
monolayer. Similarly to this latter case, the total shear stress can be expressed as the sum of the Stokes-like friction term 7 o< Ca
and the Bretherton-like one 7 « Ca?/3. However, for a 3D foam, the crossover at a capillary number Ca** between both regimes

is governed by the ratio of the osmotic pressure to the capillary pressure, such that Ca™* ~ (I1/ PC)3/ 2,

1 Introduction ically and theoretically mainly in the dry case (high gas vol-
ume fraction)”~13. It has been shown that the friction arises
from the viscous flow in the films or in the liquid channels
they form at their junctions — the so-called Plateau borders—

in contact with the wall. Since both the size of the films

Aqueous foam is a dense packing of gas bubbles in a soapy
solution. This complex fluid exhibits a rich rheological behav-
ior, depending on gas volume fraction, bubble size and surfac-

tant composition 2. For instance, for an applied shear stress
larger than the yield stress, foam flows as a shear-thinning
fluid. The non-linear stress-strain rate relation observed in
this regime is due to internal friction upon bubble rearrange-
ments. It involves capillary interactions between neighbor-
ing bubbles, viscous friction in the liquid phase as well as
interfacial dissipation®>. In general, the velocity of a sim-
ple liquid flowing near a solid smooth wall matches the wall
velocity at the boundary. In contrast, a velocity mismatch is
frequently observed in complex fluids such as foams, concen-
trated emulsions or soft pastes>°. The wall slip phenomenon
in 2D and 3D foams has been studied experimentally, numer-
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and of the Plateau borders strongly depend on the gas vol-
ume fraction, foam wall friction is expected to depend also on
this parameter, or equivalently on the foam osmotic pressure
which pushes the bubbles against each other and against the
wall %15 With decreasing gas volume fraction, the osmotic
pressure decreases and vanishes at the jamming transition. In
this wet limit, the bubbles are quasi spherical with small con-
tact films and thick Plateau borders. This geometry is very
different from that of a dry foam where bubbles are polyhe-
dral and Plateau borders slender, for which previous foam wall
slip models have been developed. This raises the fundamen-
tal question: What are the mechanisms of friction at play in
the wall slip of foams close to the jamming transition, and
which are the laws that describe them? This issue is relevant
for milli- and microfluidic devices!®!7 and for many indus-
trial applications '® where foams flow near solid boundaries,
such as enhanced oil recovery, drilling operations or nuclear
decontamination. In these applications, wall slip often needs
to be enhanced to minimize pressure drops along the flow. In
contrast, in rtheological measurements, wall slip is a notorious
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artifact that needs to be minimized. Understanding its origin
helps to achieve these goals.

The prediction of foam wall slip is a delicate problem due
to the presence of surfactant molecules. As they adsorb on
the liquid gas-interface and possibly on the wall surface, they
have an impact on the van der Waals or electrostatic sur-
face interactions, which set the static equilibrium contact film
thickness. The interplay between surface forces and hydro-
dynamic forces determines the wall friction '*~2!. In addition,
surfactants can considerably affect the mechanical behavior of
liquid-gas interfaces. It can be either mobile and stress free as
in a pure liquid, or rigid and able to sustain a tangential shear
stress. The flow profile in the region between the bubble and
the wall strongly depends on this stress boundary condition,
and the mechanical dissipation increases with the interfacial
rigidity.

In dry foams, it has been shown that, for mobile interfaces,
the dissipation is dominated by the viscous flow in the dy-
namic meniscus between the film and the Plateau border®-!'!.
This mechanism is similar to the one encountered in the mo-
tion of a bubble pushed in a capillary tube, originally ad-
dressed by Bretherton??, of a single soap lamellae 3, of trains
of bubbles?*? pushed in a narrow capillary, or of a flattened
bubble creeping against a wall?62”. Due to this mechanism,
the wall shear stress scales as V?/3 where V is the foam veloc-
ity at the wall. In contrast, for rigid interfaces %13, dissipation
is dominated by the flow in the contact film, and this leads to
different scalings of the wall shear stress with V.

In wet foams, the bubbles are quasi spherical, the dynamic
meniscus vanishes and no longer contributes significantly to
the viscous friction. A Stokes like friction scaling linearly
with V' is expected to contribute to the total drag, as observed
in an emulsion® or with isolated bubbles creeping along a solid
wall %,

The aim of this paper is to understand how wet foams slip
along a solid smooth wall, depending on the bubble confine-
ment. To tackle this question, we investigate bubble mono-
layers and 3D foams creeping along a slightly inclined plane
immersed in a reservoir. This set-up allows the driving force
as well as the confinement of the bubbles against the wall to be
tuned independently. By studying the impact of these control
parameters on the velocity of a bubble monolayer, we identify
two friction mechanisms and the conditions under which one
or the other dominates.

2 Previous wall friction models for a bubble or
a dry foam

In this section we consider a bubble confined either in a mono-
layer or in a 3D foam that is pressed by buoyancy against a
solid wall. We describe the size and the equilibrium thickness

of the contact film. These parameters are determinant for the
wall friction for both monolayers and 3D foams since they set
the area over which viscous friction occurs and the charac-
teristic length where velocity gradients set in. We recall the
existing predictions for the viscous drag that accompanies the
motion of an isolated bubble or of a dry foam sliding along a
plane.

2.1 Sliding of an isolated bubble

We consider a gas bubble, of diameter d, which is immersed
in an aqueous surfactant solution (surface tension 7, density
p, viscosity 7m7). We describe the equilibrium shape of the
bubble and recall the predictions of the drag force that it
experiences when it slowly creeps along a plane slightly
inclined with a small angle o with respect to the horizontal
(Fig. 1a). The friction laws are summarized in table 1.

Equilibrium bubble shape and film thickness. Under the
action of the buoyancy component normal to the plane, the
bubble is pressed against the wall. It is no longer spherical and
flattens over a circular contact region, of diameter ¢ (Fig. 1a).
We consider the case of total wetting of the surface by the so-
lution so that a thin film remains between the flattened region
and the wall. In addition, we consider bubbles that are small
compared to the capillary length a = \/y/pg. i.e. small Bond
numbers Bo = (d/2a)? < 1. g denotes the magnitude of the
gravity acceleration g. In this regime, neglecting the small
distortion of the spherical cap that is the outer shape of the
bubble, the balance between the capillary force:

2
Foap =7 (1)

and the normal component of the buoyancy force exerted on a
bubble:
F, = (n/6)pgcosad’ )

yields the diameter of the contact 2%-2628;

2
. /cosai 3)
6 a

When the bubble is at rest (&« = 0), the thickness of the contact
film is set by the balance between the capillary force and long
range forces that tend to push the bubble away from the plane,
due to both van der Waals and electrostatic repulsions (DLVO
interactions). Since for Bo < 1, the bubble is only slightly
deformed, we therefore consider the interaction between a gas
sphere and a solid plane separated by a distance A, with liquid
between them. The van der Waals force acting on the bubble
is then given by ?’:

_Acird
12h2

Fow(h) = “)
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where the effective Hamaker constant A.g depends on the
Hamaker constants of the liquid and the solid phases, denoted
Ap and Ag respectively: Aegr & —+/AL (v/As — /AL). Since
Ags > Ap, we have Aqsr < 0, and the effective van der Waals in-
teraction is repulsive. Since the charged surfactant molecules
adsorb either on the solid surface or on the liquid-gas interface,
there is an additional electrostatic repulsion between the plane
and the sphere. Its range is set by the Debye screening length
Kp ! which depends on the electrolyte concentration c. The in-
teraction potential energy, per unit surface area, between two
planes separated by a distance 4 is, for a 1:1 electrolyte solu-

tion29:

(&)

¥,(mV
w(h) ~ 0.0482/c tanh? [1(3;)] e *h

Y, is the surface potential expressed in mV and w(h) is ex-
pressed in the unit J/m?. Using the Derjaguin approximation,
the repulsive force between a sphere of diameter d and a plane,
separated by £, is deduced from w(h) as?°:

Fo(h) = mdw(h) ©)
The force balance then writes:
Fvw(h) + Fel(h) = Fcap (7)

The solution of Eq. (7) using Eq. (1), (3-7) gives the equilib-
rium separation distance #,, expected to be in the range 5-50
nm.

Friction force exerted on an isolated bubble. When the
plane is tilted by an angle «, the bubble moves with a velocity
V in the reference frame of the plane. In steady motion, the
viscous drag force exerted on the bubble, denoted F, is bal-
anced by the tangential component of the driving buoyancy
force:

F = (n/6)pgsinad® 8)

Dissipation of mechanical energy may arise from flow in the
contact film (that we call region I, cf. Figla), in a dynamic rim
(region II) that extends between the film and the part of the
bubble which retains its static shape, or around the bubble fur-
ther away from the wall (region III). In the absence of any sur-
factant, the liquid-gas interface is shear stress free. However,
the presence of surfactants has a strong impact on the stress
boundary condition, which in turn affects the flow profiles in
the three regions. Indeed, surfactant covered interfaces can
offer resistance to shear or compression-dilation as described
by surface stress constitutive laws3!. Two limiting cases can
be distinguished: i) In the mobile case, the interface is shear
stress free as it would be for a pure (clean) liquid. Then the
bubble undergoes what is called a slipping motion along the

plane. In practice this can also be achieved with high surfac-
tant concentrations, well above the critical micellar concen-
tration (cmc), that allow complete surface remobilization 3233,
ii) In the rigid case, the interface can sustain a tangential shear
stress and behaves as if it were incompressible and rigid, yet
deformable (like a sheet of paper). When the liquid velocity
at the interface is equal to the bubble velocity V, the bubble
slides with a no-slip boundary condition. If the interfacial ve-
locity is equal to that of the wall, then the bubble experiences
a rolling motion.

Due to the liquid confinement near the wall, liquid veloc-
ity gradients set in, which induce viscous friction in region I.
Therefore, the viscous drag is not given by a simple Stokes
friction law (F = 2nnVd and F = 3nnVd for the mobile
and rigid cases respectively3*) expected if the bubble were far
away from the wall. Using a lubrication argument, the pres-
sure drop between the front and the rear of a hard sphere can
be calculated >*27. The resulting tangential force is found to be
linear in V to first order with a prefactor that depends logarith-
mically on the separation distance & between the bubble and
the plane. Assuming that 4 is fixed by its static equilibrium
value h, < d imposed by long range forces, the viscous drag
(due to viscous friction in regions I and III — region II does
not exist for hard spheres) has been predicted, to first order in

h,/d, in the mobile case?:

3
F=nnVd (—Sln[Zho/d] + 1.71) 9)
and in the rigid case, as the bubble slides 30,
8
F =mnVd (5 In[2h, /d] +2.86) (10)

For very small bubbles, distortion from the spherical shape
is negligible and Eq. (9) and (10) are expected to predict their
drag force. For bubbles that are slightly larger, so that the dis-
tortion of the bubble due to the action of the disjoining pres-
sure over the contact region is more pronounced, there is a re-
gion that logarithmically matches the flat film to the spherical
cap. The contribution of the viscous friction in this match-
ing region to the total drag has also been predicted for bub-
bles with mobile interfaces?’. We do not discuss further this
prediction because it is not relevant for our experiments. It
holds for bubble sizes such that h,l,/ 3az/ 3« d < a and for
slow flow with a capillary number Ca = nV /7y much smaller
than Camax = 3.4(hy/ d)3/ 2, However, in this case as well as
in the cases of undeformed bubbles (Eq. 9 and 10), for a given
h, or d, the drag force F' is always Stokes-like in the sense that
it increases linearly with the sliding velocity V.

At larger velocity, but still small capillary number Ca < 1,
the thickness of the lubricating film is not equal to its static
equilibrium value, but it is rather set by the flow in regions I or

This journal is © The Royal Society of Chemistry [year]

Journal Name, 2010, [vol], 1-15 |3



Soft Matter

Table 1 Summary of friction laws for an isolated bubble creeping along a plane, with the corresponding assumptions and regimes of validity.

Film thickness 4, fixed by disjoining pressure

Box1
Boundary condition

20,30 13,27

Film thickness fixed by hydrodynamics
Bo < o a?<Bo<1

Mobile (slipping) F =mydCa(—21n[2h,/d]+1.71)

Rigid (sliding) F = nyd Ca (— £ In[2h,/d] +2.86)

Rigid (rolling) —

_ d* ~.2/3
F=172y/cosa ‘- Ca?/

F=5ZydCaln [”"f;dz]

F =38 yiCaln [”pg“"z]

3F F:O.297/cos(x‘a1—z Cal/3

_ d* ~.2/3
— F=217ycosa - Ca?/

a) @ b)

%camera

‘.115 =
Y LS
relale

Fig. 1 Experimental configurations of : a) a bubble, b) a bubble monolayer, or ¢} a 3D foam sliding along an inclined plane, with bubble
diameter d smaller than the capillary length. d) Snapshot of a bubble monolayer (d = 170 um, 5 % polydispersity). ) Snapshot of the bubbles

on top of a 3D foam (d = 115 pm, 10 % polydispersity).

II. Hodges et al have predicted the hydrodynamic film thick-
ness as well as the bubble speed as a function of the force ex-
erted on the bubble?’. For tiny bubbles Bo < o2, regions I and
IT merge and the bubble remains quasi-spherical. The separa-
tion distance is determined by the balance between the buoy-
ancy component normal to the wall and the hydrodynamic lift
force: h increases with the velocity or equivalently with the
drag force. Thus, shear gradients in the confined region are
reduced compared to the case of the fixed static equilibrium
distance. The resulting drag force I deviates from the Stokes
force?’ due to a logarithmic factor that slowly varies with V.
In the mobile case (slipping motion), the following relation is
predicted >’

67

F=-_"=
5

nVdC(F) an

The prefactor C(F) decreases logarithmically with the drag

force (or the velocity) as:

12)

C(F)=1n [W}

3F

In the rigid case for a sliding motion, the predicted drag force
-0 27
is*’:

F= %”nvczC(F) (13)

These implicit relations can be inverted numerically to deduce
the force as a function of the velocity.

For larger bubbles a> < Bo < 1, region II corresponds to
a dynamic meniscus where the flat film of constant thickness
h matches the spherical cap. In the dynamic meniscus, vis-
cous flow is driven by capillary forces which act against the
deformation of the liquid-gas interface. This problem is sim-
ilar to the motion of a small bubble in a capillary tube filled

4| Journal Name, 2010, [vol],1-15
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with liquid, first studied by Bretherton for a bubble with mo-
bile interfaces . Assuming a 2D geometry, he predicted that
the drag force, per unit length of the dynamic meniscus, is
4.9y Ca®3. A recent computational analysis® has predicted
a slightly smaller prefactor equal to 3.6. For a 3D bubble,
since the length of region II scales as ¢ (Eq. 3), we expect
the net drag force resulting from pressure drop difference be-
tween the front and the rear of the bubble to scale as y¢ Ca?/3
as previously derived using scaling arguments?®. Hodges et
al have calculated the prefactor for a 3D bubble with mobile
interfaces, and found?”:

F=42y0Ca*? (14)

Combined with Eq. 3, this gives:

2
F=172y/cosa LPORIE (15)
a

In the case of rigid interfaces with a rolling bubble motion,
the same expression ' is predicted with a prefactor multiplied
by 2!/3. For a sliding motion, the contact film (region I) is
sheared and the dissipation is dominated by the viscous fric-
tion due to this Couette flow. The drag force is predicted to be
a non linear function of Ca, but with a smaller exponent than

in the mobile case?”:

d3
F=029ycosa— Ca'/? (16)
a

Finally, we note that as soon as the film thickness deviates
from its static equilibrium value and is rather set by the hydro-
dynamic flow, the friction force becomes a non linear function
of the sliding velocity. In section 4.2 we will compare the pre-
dictions given by Eq. 9, 10, 15 and 16 to our measurements of
the force exerted on an isolated bubble, depending on its size
and velocity, and we will discuss how the predictions com-
pare to the drag force exerted on compact monolayers where
bubbles get close to each other (Fig. 1d).

2.2 Sliding of a foam

We consider a slab of foam of thickness H containing several
layers of bubbles of diameter d < a, immersed in a reservoir
of surfactant solution, and which slowly creeps along an
inclined plane (cf. Fig. 1c). We describe the equilibrium
shape of a bubble in contact with the wall and we recall the
existing predictions of shear stress exerted on the solid by a
sliding dry foam.

Equilibrium shape of the bubble layer in contact with
the wall. This layer exerts on the wall an upward force, re-
sulting from the sum of the buoyant forces of all the bubbles

below in the slab. Assuming an average gas volume frac-
tion (®) throughout the layer, of area A,, the force writes :
pg (D)A,H. Its component, per unit area, normal to the wall
is, by definition, equal to the foam osmotic pressure IT at the
wall 141536 1 consequence, bubbles flatten over an area of
diameter ¢, and similarly to the case of a single bubble, they
remain separated from the wall by a thin film whose static
equilibrium thickness is set by the balance between the long
range forces (Eq. 4-6) and the capillary force F,, given by :

T
Fup =% P, (17)

where the capillary pressure P. is the pressure difference be-
tween the gas and the liquid phases. Thus, the normal force,
per unit area, exerted by the bubble layer in contact with the
wall is related to the osmotic pressure by:

40,
T ond?

&, is a dimensionless measure of the number of bubbles in
contact with the wall, per unit surface: &g = Nmd?/(4A0)
where N is the number of bubbles over a wall surface area
A,. Eq. 17 and 18 show how the size of the contact film is set
by the ratio of osmotic pressure to capillary pressure:

IT
é_d,/q)spc 19)

The ratio I1/P, represents the fraction of the wall area occu-
pied by the contact films'437. Eq. 19 is the analog for 3D
foams of Eq. 3 that governs the film size in the individual bub-
ble or monolayer cases. The variations of the osmotic pressure
with the gas volume fraction ® have been studied over a range
that extends from the dry limit (& — 1) to packing fractions
a few percent above ®., the packing fraction at the jamming

1 Fap (18)

transition '3-36: )
b — P,
i 0

d,. = 0.64, k = 6.4 for disordered foams, and . = 0.74,
k = 14.6 for ordered ones. This is consistent with the
empirical expression previously proposed by Princen'* valid
for disordered foams with @ > 0.75. Simulations show that
at packing fractions no more than a few percent above @, I1
scales as (® — ®.)! in the case of ordered foams'>3% and
(® — ®,) in the case of disordered foams383°. The vertical
gas volume fraction profile in a foam layer, of thickness H,
at static equilibrium in the gravity field can be deduced3®
from Eq. 20. For instance, in a monodisperse ordered foam
in contact with a liquid reservoir at the bottom, with a ratio
H/d =15, d = 82 um and the capillary length a =~ 2 mm as
in our experiments, ® increases from 0.74 at the bottom to
0.76 at the top.

This journal is © The Royal Society of Chemistry [year]
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Wall shear stress for a dry foam. The viscous friction be-
tween a dry 3D foam and a smooth wall has been predicted for
both rigid or mobile liquid-gas interfaces et al®!'%!13. These
models rely on the calculation of the friction F exerted on
an isolated bubble creeping along the wall with a velocity V.
Then, knowing the size of the contact film ¢, this force is re-
lated to the macroscopic tangential stress exerted on the wall,
that we denote 7. This stress is a quantity that can be de-
termined experimentally using rheological measurements. To
relate F to 7, one needs to take into account the number of
bubbles per unit wall area 4®s /(7d?):

_4DF
T ond?

2n

For the mobile case (stress free interface), Denkov et al as-
sume that the dissipation arises from the flow in the dynamic
meniscus connecting the contact film to the Plateau border
perpendicular to the wall. Thus, the force F scales with the
capillary number according to the Bretherton-Hodges predic-
tion Eq. 15. The shear stress is further calculated assuming
that the number of bubbles per unit area is 4/(7d?). This ap-
proximation corresponds to ®g = 1 and is thus only valid in
the limit of a very dry foam. Again neglecting the liquid con-
tent between the bubbles, Denkov et al relate the diameter of
the film ¢ to the bubble size and to the gas volume fraction
using Eq. 19 with &g = 1 and the empirical relation formerly
proposed by Princen!# in the range 0.75 < ® < 0.97. They

predict the wall shear stress in the limit of dry foams®:
v I o
=C154/=C 22
=GR (22)

where Cj is a constant prefactor. The wall shear stress exerted
on a dry foam (® = 90%) has been measured for foams with
different mean bubble sizes (d in the range 70 to 250 pum), lig-
uid viscosities, and surface tensions®. The variations of 7d /Y
with Ca are found to be consistent with the prediction Eq. 22.
Further experiments!! have also confirmed the scaling with
Ca and a first attempt to test the predicted dependency with the
gas volume fraction in the range 0.75 < ® < 0.95 was made.
However since Eq. 22 is only valid for dry foams, the compar-
ison between the data and this prediction is not pertinent for
wet foams with ® < 0.9.

Note that, in the case of rigid interfaces, for sliding bub-
bles with a no-slip condition at the liquid-gas interfaces, the
contact film is sheared which leads to additional dissipation of
mechanical energy. Denkov et al describe the flow of liquid
in the film in analogy with the aquaplaning problem where a
liquid film is entrained by the relative motion of a solid sur-
face with respect to a fixed wall®!°. According to this model,
which holds in the dry limit, the shear stress can be decom-
posed as the sum of two contributions, one in Ca'/? due to the
film, and a second one in Ca’ (6 =~ 0.7) due to the Plateau

border. Recently, it has been pointed out that dissipation in
the contact film can be taken into account in the framework of
the Bretherton model 3. In the limit of dry foams, the shear
stress is then predicted to be the sum of a Ca'/3 term due to
the film and to a Ca?/? due to the flow in the dynamics menis-
cus. The experiments”!! show that both models can be fitted
to the shear stress data. For a rolling bubble motion (cf. sec-
tion 2.1), the wall shear stress is given by Eq. 22 muliplied by

a prefactor 2!/3 as previously shown !3.

3 Experimental setup

The foaming solution is an aqueous solution, constituted of
the surfactant tetradecyl trimethyl ammonium bromide (TTAB
from Sigma, 99%, No. T4762) dissolved in pure water (Milli-
pore milli-Q) at concentration ¢ =9 mM (0.3 %g/g). This con-
centration is equal to twice the critical micelle concentration.
The solution has viscosity 1 = 0.94 mPa.s, surface tension
y =37.5 mN.m™! and density p = 1.0 g.cm® (i.e. capillary
length a = 1.95 mm) at a temperature of 22.5°C at which the
wall slip experiments are performed. The liquid-gas interfaces
have low interfacial rigidity with a dilational surface modulus
of the order of a few mN.m~! at low frequency*’. Nitrogen
bubbles are generated either using a flow focusing microflu-
idic device*!' or by gas bubbling through a capillary tube (for
the larger bubbles). Monodisperse monolayers are produced
with a bubble diameter d chosen in the range 120 um-2.7 mm,
with a polydispersity of about 5 %. Polydispersity is defined
as the normalized standard deviation of the bubble diameters.
Monodisperse 3D foams are produced with d = 82 um (poly-
dispersity < 3 %). These foams are either used right after their
production or let to age for a few minutes. In the former case,
a polycrystalline foam structure is obtained. In the latter case,
due to diffusive gas transfer between neighbours, the bubbles
coarsen and the foam becomes polydisperse and disordered.
After 10 min the average bubble size is d = 115 um with 10%
polydispersity. We use such foams as polydisperse samples.
We use an immersed inclined plane set-up similar to that
previously used to probe the rheology of wet foams close to
the jamming transition*?. The plane is constituted by the sur-
face of a smooth plexiglas plate (15 mm x 100 mm) that is
maintained at an angle o with respect to the horizontal. o can
be adjusted between 0.18° and 24° with a precision of 0.06°.
The reservoir in which the inclined plane is immersed is filled
with the foaming solution. We collect bubbles in the reservoir
at the bottom of the plane, and store them with a gate. Then
the gate is opened and the bubbles are released. By control-
ling the gate opening we form either isolated bubbles, a bubble
monolayer or a 3D foam that creep upward along the plane
under the action of buoyancy. For the monolayer, the bub-
ble motion is observed using a camera placed above the plane
(Fig. 1b) while for the 3D foam we use two cameras (Fig. 1c),

6| Journal Name, 2010, [vol]1-15

This journal is © The Royal Society of Chemistry [year]

Page 6 of 16



Page 7 of 16

Soft Matter

one above that records the motion of the bubbles in contact
with the wall and a second one below that monitors the bubble
motion at the bottom surface of the foam. If there is a differ-
ence between the top and the bottom velocities, the foam un-
dergoes a shear flow that may lead to a dynamic dilatancy *>**
such that the gas volume fraction decreases compared to the
static case. This second camera is also used to measure the
foam thickness H with a laser light sheet at grazing incidence
(not shown in Fig. 1c), as described in*2, In our experiments,
H ranges between 0.3 and 3 mm, which corresponds to about
3 to 30 bubble layers. Using either image correlations or track-
ing of packing vacancies, we measure the bubble velocity. We
have checked that, in our experimental configuration, at a dis-
tance of more than 1 mm from the sidewalls, the velocity is
constant and stationary*>. We use the top view images to mea-
sure the area fraction of the wall occupied by the bubbles, ®s.
For all of the studied foams, we have ®&; ~ 0.8. For poly-
disperse foams, the average gas volume fraction {®) in the
foam layer is determined by a conductivity measurement us-
ing two electrodes flush-mounted in the plane*? (not shown
in Fig. 1¢). (®) ranges between 0.58 +0.01 and 0.63 +0.01.
The values inferior to @, reflect the shear induced dilatancy**.
For monodisperse foams, a calculation assuming a perfectly
ordered static structure (as in section 2.2), yields for our ex-
perimental parameters, average gas volume fractions (®) in
the range 75.0% — 76.3%. We detect velocity differences be-
tween the bubbles at the top and at the bottom of the sample,
so small that we neglect the dilatancy effect. Since the foam
structure is polycrystalline, we expect grain boudaries to re-
duce the gas volume fraction slightly, and we finally assume
(D) =~ D, =0.74.

4 Bubble monolayers

4.1 Results

Figure 2 shows the velocity V measured for a bubble mono-
layer as a function of the sine of the tilt angle «, for bubble
diameters ranging between d = 120 ym and d = 2.7 mm. The
corresponding ranges of investigated Bond and capillary num-
bers are specified in Table 2. The driving force I exerted on a
bubble is given by Eq. 8. Thus the observed increase of V with
both sin ¢ or d is consistent with Eq. 8. In the steady regime, F'
is equal to the drag force exerted on a bubble. Figure 3 shows
the variations of the drag force with the velocity obtained for
each bubble size, for the same data as in Figure 2. In this
logarithmic plot, we observe two regimes, depending on the
bubble size: For small bubbles (d < 290 pm), we have a lin-
ear relationship F o V, while for large bubbles (d 2> 950 um),
F varies sub-linearly with the velocity as F o< V2/3_ For in-
termediate bubble sizes, the exponent of the power law varies
progressively from 1 to 2/3.

® d=120 pym
2| O d=170 pm
10 A d=290 ym O VV
O d=390 ym
+*
B =58 um o V m
]V a=950pm Uz ]
® 107 T d=19mm # vV n OO
E Od=27mm U . O
g o vv * o
~—r == . g O
N 100 L R Oe®
FH o O A °
[av,] rs O
I—V—f‘!" 2 O o
W HEHOH O ®
10- -1 . |_Q-|
T T 1
3 2 -1 o]
10 10 10 10
sin o

Fig. 2 Bubble velocity V in a dense monolayer as a function of
sin o, for different bubble diameters d as labelled, with Bo numbers
given in Table 2.

4.2 Discussion

Small bubbles. The linear regime F o< V observed with
the small bubbles (Bo < 0.005) is consistent with the linear
friction observed for an emulsion (& = 0.75) sliding along
a non-adhering smooth plane®. In section 2.1, we have re-
called the existing predictions for the drag force exerted on
an isolated bubble where friction arises not only in the con-
tact film but also around the spherical cap (region III). On the
one hand, White and Carnie?® have predicted the Stokes-like
friction when the separation distance /4 in the contact region
is constant and equal to its static equilibrium value h, (Eq. 9
or 10). On the other hand, Hodges et al 27 have calculated the
drag force when the distance is set by viscous forces (Eq. 11
or 13). Compared to these predictions for isolated bubbles,
we expect the viscous friction in region III to be reduced in
the case of monolayers where neighboring bubbles move at
the same speed. Furthermore the surface stress condition is
not entirely known in our experiments: In view of the compo-
sition of the foaming solution, we expect that the interfaces do
not perfectly behave as stress free surfaces, but rather exhibit
small residual surface stress due to non complete remobiliza-
tion of the interfaces.

Thus to determine which mechanism sets the separation dis-
tance and to delineate the impact of the friction between neigh-
boring bubbles from that of the interfacial mobility, we have
measured the velocity of isolated small bubbles in the linear
Stokes-like regime. We consider bubbles dispersed in a di-
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Table 2 Bubble diameters and velocities, with corresponding Bond
and capillary numbers for the experiments with bubble monolayers.
The capillary number Ca* corresponding to the crossover between
linear and non linear friction regimes for a dense monolayer is
calculated using Eq. 24 with A = 15.5 and B = 3.2. The capillary
length is equal to @ = 1.95 mm.

d (um) Bo V (mm/s) Ca Ca*
120 0.0009 0.17—-1.3 4.107°—-3.107° 2.107°
170 0.002 0.20—-2.5 510°%-6.10"° 6.10°°
290 0.005 0.25—-6.2 6.107%—-2.10~* 3.10°°
390 0.01 0.10— 11 3.10°¢—-3.10* 7.107°
580 0.02 0.11—27 3.10°¢—7.10* 2.107%
950 0.06 0.22—85 6.10°°-2.1073 11073
1900 0.2 0.77 — 36 21075 -9.107* 8.1073
2700 0.5 1.1—-73 3.107°-2.1073 2.1072

Iuted monolayer where the fraction of the wall area occupied
by the bubbles &g is small. In Fig. 4, we compare our data
obtained for the bubble diameter d = 290 pm to the different
predictions. We observe that Eq. 11 and 13, corresponding to
a separation distance set by the flow, strongly underestimate
the observed drag force, for both mobile and rigid boundary
condition assumptions. This suggests that the actual separa-
tion distance is much smaller than the one predicted by this
model. Similar results are obtained with the smaller bubbles
(d =120 ym and d = 170 um). We conclude that our results
are incompatible with the models Eq. 11 and 13 where the
separation distance is set by hydrodynamic forces.

As illustrated in Fig. 5 for the three smallest bubble diam-
eters, we find that the friction force varies linearly with the
slipping velocity such that F = {;, V, and that the friction co-
efficient ;, increases with the bubble size (cf. Table 3). To an-
alyze this friction law further, the static separation distance A,
is required. For the surfactant solution used here, we have 29.
Aet ~ — 1.1072° Jand W, in the range 50-200 mV. For our
surfactant concentration, Ky, ! = 3.2 nm. Solving Eq. (7) with
these parameters, we estimate the equilibrium distances A, ~
11-16 nm for d = 120 um, h, ~ 9-13 nm for d = 170 um,
and i, ~ 6-10 nm for d = 290 um. Consequently, with these
equilibrium thicknesses, we can estimate the theoretical coef-
ficients expected in the limit of mobile interfaces using Eq. 9
or in the limit of rigid interfaces using Eq. 10. The calculation
shows that for a given bubble size d, { does not vary signif-
icantly in the range of expected thicknesses /, and potentials
¥, both in the mobile and in the rigid case, as can be seen
in Fig. 4. The predicted {;, are given in Table 3. We conclude
that, for each bubble size, the measured coefficient falls within
the expected range given by the mobile and rigid limit values.
This is consistent with previous measurements on small bub-
bles sliding along a plane in a salty solution, which showed

101 T T T T
10" 10° 10 10
V (mm/s)
b) £, Q)
— Y1077
T 2 +D-E|-EI—EIEI-Q
B0 Aaa, ., §
] “
z. Heo-a80- Z 10 W
< —e AL L
=]
—C—O—0- O '
5 2 |7
S 10° - 290t . . .
& 100 10° 10" E 10" 10° 10" 10°
V (mm/s) V (mm/s)

Fig. 3 Dense bubble monolayer: a) Friction force F' measured as a
function of the velocity V, for different bubble diameters d (same
data with same symbols as in Fig. 2). The lines indicate power laws
fitted to the data: F o< V'2/3 (blue lines) and F o< V (red lines).

b) The quantity F/V is plotted as a function of V for the small
bubbles and, c) the quantity ¥/ V273 is plotted as a function of V for
the large bubbles.

that the terminal velocity is affected by the disjoining pres-

surezl .

Thus, from the analysis of the isolated bubble data, we
conclude that the separation distance is set by DLVO forces
and that the interface rigidity is intermediate between a
completely mobile (stress free surface) and an entirely rigid
one (no slip boundary condition), and we consistently expect
this behavior to affect the friction of the monolayer. As can
be seen in Fig. 5, for a given bubble size, the friction exerted
on a monolayer is systematically less than the friction exerted
on an isolated bubble. This result indicates that dissipation
around the spherical cap (region III) is more pronounced
for an individual bubble than it is for a bubble inside a
dense monolayer. This is also consistent with the fact that
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T
0 0.5 1 15 2 2.5 3 3.5 4

V (mm/ sj

Fig. 4 Drag force F measured on an isolated bubble, with diameter
d =290 pm, in a diluted monolayer (with surface fraction ®g in the
range 8 — 33 %), as a function of the creeping velocity V. The green
symbols correspond to the data points. The black and red lines
represent the force predicted when the separation distance is fixed
by long range forces, with i) mobile interfacial condition (Eq. 9) and
W, =50 mV (thick solid black) or ¥, =200 mV (dot-dashed
black), or ii) rigid interfacial condition (Eq. 10) and ¥, = 50 mV
(thick solid red) or ¥, = 200 mV (dot-dashed red). The thick
dashed blue lines show the drag force when the separation distance
is set by the viscous flow, with mobile interfacial condition (Eq. 11)
(dark blue) and rigid interfacial condition (Eq. 13) (light blue). The
dashed green line illustrates the equation: F = 11.7 V with F in nN
and V in mmy/s.

in a monolayer, there is no dissipation in the interstices in
between neighboring bubbles, and that only friction with
the lower part of the spherical cap at the interface with the
liquid reservoir may remain. From the linear variations
showed in Fig. 5, we deduce the friction coefficient of
the monolayer §,, = F/V. Whereas {,/(nd) increases by
about 27% with the bubble size, the increase of {,/(nd) is
less pronounced as showed in the inset of Fig. 5. In the fol-
lowing analysis, we will take the average value ,,/(nd) =25.

Large bubbles. We now turn to large bubbles i.e. with Bond
numbers Bo > 0.06 where we observe a power law variation
of the friction force, F o V2/3. It extends over at least two
decades in velocity (cf. Fig. 3 and Table 2) where the pre-
dictions based on the lubrication hypothesis hold?>?’. This
scaling is consistent with previous experimental results on rel-
atively dry foams (® 2 0.90), with mobile interfaces, sliding
along a plane®!!. According to Eq. 15, we expect the force
exerted on one bubble to scale as y(d>/a)+/cos o Ca*?. Thus,
we plot in figure 6 the force as a function of this quantity. We
observe a very good collapse of the data on a master curve. By

Table 3 Values of the bubble friction coefficients measured in a
diluted monolayer, 3 , or in a dense monolayer, &, and predicted
coefficients for a single bubble either with mobile interfaces
Ci“"bﬂe = F/V (Eq. 9) or rigid interfaces Zlgld =F/V (Eq. 10) for
the estimated equilibrium thicknesses (see text).

d (1m) 120 170 260
£ (107° Nis.m™ 1) 3.5 6.0 11.7
gmobile (1076 Nus.m~ 1) 24 3.6 6.5
£ 100 Ns.m 5.8 8.6 15.9
{n (1079 Ns.m™1) 24 4.0 7.3

performing least square regression based on the percentage er-
ror (relative to the observed value, with a level of confidence
of 95% and equal weight to each data point), we find a prefac-
tor equal to 4.6 £0.5. This prefactor is about 2.5 times larger
than the prefactor expected for an isolated bubble with a stress
free boundary condition (Eq. 15). A similarly large prefactor
was observed in the friction of a soap lamella sliding in a tube,
but it was not elucidated?*: In this 2D geometry, Dollet et al
measured the viscous force per unit length Foy ~ 137/Ca2/ 3
for 5.107° < Ca < 107!, to be compared to theoretical pre-
dictions F>; ~ 57/Ca2/ 3 for mobile interfaces 222327,

In the presence of surfactants, instantaneous surface stresses
due to surface stretching can build up and rigidify the in-
terfaces. In the Landau-Levich coating problem as well as
in the Bretherton bubble problem, this leads to a thicker en-
trained film and a larger friction force compared to the stress
free case 134546 For soluble surfactants, surface stresses fade
away due to surfactant surface diffusion or convection, and
due to adsorption from the liquid beneath. If these processes
are fast compared to the characteristic time scale of the surface
stretching, the interface is remobilized and behaves as a stress
free one. On the contrary, if they are too slow, the interface be-
comes rigid and two sub-cases can be distinguished as recalled
in section 2.1: 1) If the bubble slides with a no-slip boundary
condition, the force is expected to vary as Ca'’? as given by
Eq. 16. Such a behavior is not observed for our monolayers
as shown in figure 6. ii) If the interface undergoes a rolling
motion, the friction force is expected to scale as Ca2/3 and it
is increased by a factor 21/3 compared to the stress free case 1
(Eq. 15). Since we observe a Ca*/3 scaling and an enhanced
prefactor with our monolayers made of large bubbles, we now
check whether surface remobilization can be achieved in the
range of investigated Ca.

Following the previously proposed arguments >33 for sur-
face remobilization, a first condition is that the film acts as a
surfactant reservoir to replenish the surface. This capacity is
measured by the parameter ¢ = I',/(ch) where h is the en-
trained film thickness and I, is the equilibrium surfactant sur-

This journal is ©@ The Royal Society of Chemistry [year]
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Fig. 5 Monolayer friction in the linear regime: Force F exerted on a
bubble in a dense monolayer vs creep velocity (red symbols, the
data are the same as those of Fig. 2) compared to the force F' exerted
on an isolated bubble, in a diluted monolayer (with surface fraction
Dy in the range 2 — 33 %) (green symbols), for different bubble
sizes as labelled in a) and b). The lines represent linear regressions :
F = {3,V in the dilute regime (dotted lines) and F = £, V for the
monolayer (continuous lines). The values of the coefficients are
reported in Table 3. In b), the inset shows the variation of the
friction coefficient with bubble size measured for the individual
bubble (o), and for the dense monolayer (o). The dashed line
corresponds to the average monolayer value {,, = 251 d.

face concentration. For the bubble problem, / is fixed by the
bubble diameter: h ~ d Ca*/?, thus ¢ ~ T,/(cd Ca*?). The
condition writes*? : ¢ < 0.01. Here, the maximum value of
Cais 2.5 1073, and for d = 950 um we have o ~ 0.02. Thus
this first condition is not satisfied. A second condition is that
the time 7, for surfactants to adsorb on the interface to re-
store the equilibrium concentration I', should be short enough
compared to the time scale of surface stretching 7, &~ £./V
where £, is the length of the dynamic meniscus. This condi-

tion writes 32 7,/7,~ A1 /d < 1, where A = (1, — y)[, /(ken),
% being the surface tension of pure water and k the rate of
adsorption. For our TTAB solution, we have: ¢ =9 mM,
k~1073 ms !, T, ~ 3.107° mol.m2, thus A ~ 0.01 m,
which yields A /d ~ 4. Thus this second condition is not sat-
isfied either. Although the surfactant concentration is above
the cme, it is not large enough to achieve complete surface
remobilization. Consequently, we expect instantaneous sur-
face tension gradients to set in. Since A /d > 1, we can esti-
mate their effect as if the surfactant were insoluble on the time
scale of the flow in the dynamic rim. Following Park®, we
introduce the Marangoni number M = —(I,/7)(dy/dT)r,.
and we estimate it as : M ~ (1, — ¥)/¥% = 0.5. For this M
value and the investigated range 10~> < Ca < 107, the max-
imum of the reinforcement factor is expected*>. However a
factor of 21/3 ~ 1.3 on the drag force will give a prefactor of
2.2 in Eq. 15 which remains smaller than the observed one
(4.6). This difference remains to be elucidated as in a pre-
vious study??. A possible reason may be that the extension
of the film (region I) is not long enough for the asymptotic
regime assumed in the Landau-Levich-Bretherton model to be
reached.

v d=950 pm
1044 + d=19mm
O d=27mm
~~ 10° 5
Z
=]
N
&1 102_
10t 4 T
T T T T T T T T T
0 4
10 10

10 10 10
v(d?/a)+/cos o Ca?/® (nN)

Fig. 6 Dense bubble monolayer: Friction force F exerted on a
bubble for d > 950 um (same data as in Fig. 2). The straight line
corresponds to F = 4.6y(d/a)+/cos atCa®/.

Drag force exerted on a bubble monolayer for
an extended range of Bond numbers. We observe in
Fig. 3 that, for bubbles with intermediate Bond numbers
(0.005 < Bo < 0.06), the friction force increases with V fol-
lowing a power law with an exponent comprised between 2/3
and 1. Such a non-linear friction law has been previously ev-
idenced for isolated bubbles slipping along an inclined plane
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immersed in an oil reservoir2®, for 0.01 < Bo < 1. The
friction was attributed to dissipation in the dynamic rim (re-
gion II) and to a Stokes-like friction (regions I and IIT) with
a friction coefficient independent of the film thickness. Us-
ing scaling arguments, the total drag was predicted to be
the sum of a force F' ~ ydCa and of a Bretherton-like force
F ~ y{Ca*® ~ y(d?a) Ca®/?, the latter being consistent with
the (more recent) prediction given by Eq. 15 for mobile inter-
faces. For the bubble monolayer, £ is given by Eq. 3. Thus,
following this line of thought, we expect the drag force exerted
on a bubble in a dense monolayer to be the sum of two terms
scaling with Ca and Ca?/? respectively:

F=Ayd Ca—l—Bj/(dz/a)\/cosOcCaz/3 (23)

A least square regression based on the percentage error, with
95 % level of confidence taking into account the whole set
of data of Fig. 3 yields: A =15.5£2.9 and B =3.24+0.43.
In Fig. 7 we plot the measured force I data as a function of
the quantity Ayd Ca+By(d?/a)y/cos aCa*/? with these fit-
ted values of A and B. We observe a good collapse of the data
on a master curve that supports the interpretation of the to-
tal dissipation as the sum of the Stokes- and Bretherton- like
forces. It is also consistent that the fitted parameters are of the
same order of magnitude as the parameters deduced from the
analysis of the asymptotic regimes of small and large bubbles
that correspond to : A = §,,/(nd) =25 and B = 4.6. We see
in Fig. 7 that a simple addition of the forces using these pa-
rameters shifts the data towards larger abscissaec which means
that it leads to a slight overestimation of the actual drag force
exerted on the monolayer.

Finally we discuss the crossover from the linear to the non-
linear friction regime. According to Hodges et al?’, it should
occur when the length of the dynamic meniscus which scales
as dCal/ 3. becomes comparable to the size of the film ¢ ~
d?/a (we neglect here the weak dependency of £ upon the tilt
angle o). This corresponds to Ca* ~ (d/a)’. Consistently,
we can estimate the crossover by comparing the magnitude of
both terms of Eq. 23. The linear term will dominate for small
bubbles or large velocities, such that:

2B\’
Ca>Ca* = (7) Bo’/2 24)

With the fitted values A = 15.5 and B = 3.2 for the mono-
layer, we expect the crossover Ca* ~ 0.07 Bo*/2. Inspection
of Table 2 shows that: 1) for the two smallest bubble size
(Bo = 0.0009 and Bo = 0.002), we have Ca = Ca*, ii) for the
two largest bubbles (Bo = 0.2 and Bo = 0.52), Ca < Ca*, ii)
whereas for intermediate bubble sizes, Ca* falls in the range of
investigated Ca. This means that in the limit of small bubbles,
the investigated range of Ca may not be extended enough to
deduce a robust value of {,, without any residual contribution

of the Bretherton-like force Eq. 15. This may partly explain
why the coefficient A = 25 deduced from the analysis of the
dense monolayer in the range Bo < 0.005 is slightly larger
than the coefficient resulting from the fit over the whole set of
Bo data.

1044 £ 4
*
J
103 4
~
Z
S 1074
o
Ry
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14 L4
*
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Ayd Ca+By(d?/a)\/cosa Ca?/® (nN)

Fig. 7 Dense bubble monolayer : Measured friction force F as a
function of Ayd Ca+By(d?/a)y/cos o Ca?/? for the whole ensemble
of data showed in Fig. 3 for two sets of parameters: Fitted values

A =15.5 and B = 3.2 (empty circles), values deduced in the limits
of small bubbles (Fig. 5, A = 25) and large bubbles (Fig. 6, and

B = 4.6) (red diamonds). The straight line shows the merit of the fit:
It illustrates the equation F = X where X denotes the abscissa.

5 3D foams

5.1 Results

As a foam layer of thickness H and average gas volume frac-
tion {®) creeps along a plane tilted by an angle o with respect
to the horizontal, the osmotic pressure IT at the wall is given
by (cf section 2.2):

N=pg{®)Hcosa (25)
and the wall tangential shear stress 7 by:

T=pg(®)Hsing (26)
IT and 7 are deduced from these equations using the values of

H and (®) as determined in section 3, for different imposed
angles «. In Fig. 8, we plot for the smallest bubble size, the
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foam slipping velocity V measured as a function of the thick-
ness H. We observe, that for a given inclination angle, we
have V « H. According to Eq. 26, this indicates that in this
regime the shear stress 7 is proportional to the velocity. This
scaling is similar to the one that we observe for the Stokes-
like friction of bubble monolayers in the range Bo < 0.005
(cf. Fig. 5 and Table 2). Furthermore, it is similar to that ob-
served in moderately concentrated emulsions (@ = 0.75) slip-
ping along a smooth repulsive wall®. However no quantitative
interpretation of the friction coefficient was given. The linear
scaling that we observe differs qualitatively from the predicted
(Eq. 22) and observed scalings for dry foams® recalled in sec-
tion 2.2.

0 T T T
0 0.5 1 15 2 2.5

H (mm)

Fig. 8 Foam layer: Slipping velocity V as a function of the foam
thickness H for two inclination angles as labelled. The bubble
diameter is d = 82 pm. Each straight line corresponds to a linear fit
to the data with respective coefficients: 2.2 s~ and 3.2 s,

We now study the variations of the wall shear stress 7 ver-
sus V for foams close to the jamming transition, and for two
different bubble sizes. The corresponding ranges of capillary
number and reduced osmotic pressure I1d/y are given in Ta-
ble 4. As seen in Fig. 9a, for the small bubbles, data corre-
sponding to different reduced osmotic pressures collapse on a
linear master plot. However, for the large bubbles, the data do
no longer collapse onto a linear plot, suggesting that a mecha-
nism other than the Stokes-like friction is at play.

5.2 Discussion

To compare the friction coefficient of the 3D foam to that ob-
tained for the bubble monolayer, we first relate the shear stress
T to the Stokes-like friction force F = §,,V exerted on a single

d (um) d/y Ca Ca/(Ild/y)*>
82 0.006 — 0.04 3.107°> —2.10~* 0.02—-0.07
115 0.006 —0.06 3.1079—2.107* 0.006 —0.3

Table 4 Bubble diameters, reduced osmotic pressure and capillary

number for the experiments with 3D foams.
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Fig. 9 Wall shear stress 7 as a function of V for 3D foams, for
different reduced osmotic pressures Ild/7y as color-coded, with: a)
d = 82 pum. The straight line corresponds to a linear fit to the data
with the fitted coefficient equal to 0.32+ 0.02 Pa.s.mm~!. b)

d =115 pum. The straight line has a slope equal to 0.17 Pa.s.mm™

1

as expected for a monolayer of the same bubble size (see text). For

both foams, &g = 0.8.

bubble in a monolayer using Eq. 21:

4P,
=

@7
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Similarly to the monolayer case, we can estimate the equilib-
rium separation distance from the balance between the long
range forces and the capillary force using Eq. 7 and 18, in the
investigated range of osmotic pressure, and then calculate the
corresponding coefficient {,/(nd) that we would have for an
isolated bubble in the mobile case using Eq. 9: We estimate
{p/(nd) = 22 which is very close to the value predicted for
an isolated bubble with d = 120 um (cf. Table 3). For the
parameters ®; = 0.8, d = 82 um, and using the value found
for the monolayer {,, ~ 251d (cf. Fig. 5), we expect the rela-
tion: 7~ 0.29V (with V in mm/s and 7 in Pa) which is very
close to the linear fit 7 ~ 0.32V shown in Fig. 9a. For the
larger bubbles (Fig. 9b), the wall friction is much larger than
we would expect for a monolayer with the same bubble size.
For the sake of comparison, the straight line in Fig. 9b repre-
sents Eq. 27 with §,, = 2.4 107% N.s.m ™! (cf. Table 3).

By analogy with the friction of the monolayer, we assume
that, in addition to the Stokes-like friction, there is also a con-
tribution to the total friction arising from the flow in the dy-
namic menisci connecting the contact films to the Plateau bor-
ders. In the 3D foam, the diameter of the film is set by the
ratio of osmotic pressure to capillary pressure (Eq. 19). Thus,
using Eq. 21 and 23, we expect a general expression for the
shear stress exerted on the foam of the form:

4Dsy 6 s
- ACatB,| 2 ¢ 28
= ( a5 o.p P (28)

This relation is consistent with the previous prediction of wall
shear stress for dry foams with mobile interfaces (Eq.22).

Here we consider the limit of extremely wet foams, where
the bubbles are quasi spherical. In this limit, the capillary pres-
sure is simply given by:

4y
Fex=—r (29)

which yields the size of the contact film using Eq. 19:

=2 /14 (30)
2\ yd,

Inserting this expression for £ into the Eq. 28 gives the follow-
ing prediction :

4dgy 3Md ),
= ACa4B,| —— Ca¥ 31
! nd ( ot 20gy ¢ 3D

where the coefficients A and B are assumed to be the same as
for the bubble monolayer. By comparing both terms of Eq. 31,
we expect the linear Stokes-like friction to dominate the wall
shear stress when Ca > Ca* where:

B\’ / 611 \*"* [/B\® /314 )\
Ca —(Z) (CIDSPC) %(Z) (Zycbs) (32)

With the monolayer parameters A = 15.5 and B = 3.2 (cf.
Fig. 7) and ®; = 0.8, we obtain the crossover in the wet limit:
Ca** ~ 0.02 (I1d/y)*/?. Thus, as indicated in Table 4, for
the small bubblles (d = 82 um), the data points lies in the
range Ca 2> Ca**, whereas for the large bubbles (d = 115 um),
the data span above and below the Ca** crossover. This
prompts us to plot the shear stress as a function of the quan-
tity 4Psy(ACa+B/311d/(2®sy)Ca*/?)/(nd). As seen in
Fig. 10, the data obtained for both bubble sizes and different
osmotic pressures collapse on a master curve with the mono-
layer parameters A and B. This result shows that the parameter
that governs the sliding of foams with mobile interfaces is the
ratio IT/P.. It also shows the range of Ca, depending on I1/P:
where the linear friction regime is dominant. In practice, it
requires very small bubbles or large capillary numbers since
the crossover Ca™* increases with d. Since the foam slips as
a plug along the wall, there is no friction due to flow between
neighboring bubbles. Therefore, similarly to the monolayer, it
exhibits less friction than an isolated bubble. We must keep in
mind that the coefficients A and B both depend on the physic-
ochemical constitution of the foaming solution. Indeed, the
nature and concentration of surfactant tune: 1) the equilibrium
bubble-plane separation distance, which in turn has an impact
on A, and ii) the rigidity of the liquid-gas interfaces that sets
the stress boundary condition at the liquid-gas interface and
that affects both A and B.

254

0.5+

0

T T 1
0 0.5 1 15 2 2.5

4D gy/(nd) [A Ca+B+/311d/(2®s) ca2/3] (Pa)

Fig. 10 Wall shear stress T measured for 3D foams, for the data of
Fig. 9a and b (same symbols and legend). The straight line
corresponds to Eq. 31 with the monolayer parameters A = 15.5 and
B = 3.2 (cf. Fig. 7) and the fraction of the surface area occupied by
the bubbles ®&; = 0.8.
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6 Summary and concluding remarks

We have studied the friction of a bubble monolayer and a 3D
foam close to the jamming transition as they creep along a
smooth solid wall. To investigate the behavior close to this
wet limit, the monolayer or the 3D foam are made to move
along an inclined plane immersed in the foaming solution.
The bubble velocity is measured by direct visualization. We
consider small bubbles with Bond numbers Bo in the range
0.0009 — 0.5 in the case of monolayers, and low reduced os-
motic pressure I1d/y in the range 0.006 — 0.06 for foams. In
both cases, we have small bubble velocities V i.e. capillary
numbers Ca in the range 10~® — 1073, We determine the rela-
tion between the force F exerted on a bubble in a monolayer
and the capillary number, as well as the relation between the
wall shear stress 7 and Ca for the 3D foam. We show that,
when the bubbles are almost spherical (i.e small Bond number
for the monolayer or small reduced osmotic pressure for the
foam) the friction force is Stokes-like with F' o< Ca whereas it
increases as V2/3 in the opposite case. The crossover between
the two regimes is set by the characteristic capillary number
Ca* ~ Bo*/? for the monolayer or Ca** ~ (I1d/7)3/? for the
foam.

Our observations where F o< Ca are the first evidence for the
Stokes-like friction regime that accompanies the creep of bub-
bles along a wall. The drag force is well described by a lubri-
cation model where the separation distance between the bub-
ble and the wall is set by repulsive long range forces (van der
Waals and electrostatic repulsion in our case) counterbalanced
by buoyancy. The friction coefficient §,, = F/V of a bubble
in a dense monolayer is shown to be smaller than that of an
isolated bubble which is intermediate between those expected
either for mobile interfaces?” (stress free boundary condition)
or rigid interfaces3° (no-slip boundary condition). For the 3D
foam, we evidence the linear relationship 7 o< Ca which is sim-
ilarly described by a Stokes-like friction at the bubble scale.
The contact film thickness is fixed by the balance between the
long range forces and the osmotic pressure that presses the
bubbles against the wall. Consistently, the prefactor of this re-
lation is equal within 10% to the prefactor deduced from the
monolayer friction coefficient ,. A linear friction relation
F o< Ca has been introduced as a simplified assumption in nu-
merical simulations of 2D foams flowing in Hele-Shaw cells
using the viscous froth model®. Our findings show to what
extent this assumption is justified in the regime of wet foams.

At small Ca < Ca*, we demonstrate that the friction is dom-
inated by viscous flow in the dynamic meniscus at the transi-
tion region between the contact film and the spherical part of
the bubble. For the monolayer we show that F « V2/3 with a
prefactor that is about 2.5 times larger than that expected in the
case of mobile interfaces?’. This enhanced drag is consistent
with the fact that our surfactant concentration, although supe-

rior to the critical micellar concentration, is not large enough
to completely remobilize the interfaces3>33. In this situation,
surface stress gradients are expected to increase velocity gra-
dients in the dynamic meniscus, which increases the drag. For
3D foams near the jamming transition with Ca < Ca*, the
shear wall stress variations with Ca and the reduced osmotic
pressure are well described by the relation 7 o< /I1d/y Ca?/3.
This dependency with Ca is in full agreement with that ob-
served for the monolayers. It is also consistent with that pre-
viously found for dry foams®!!.

Furthermore we show that the total drag force exerted on
a bubble in a monolayer as well as the total wall shear stress
exerted on a 3D foam can be expressed as the sum of a Stokes-
like and a Bretherton-like friction term. Remarkably, the pref-
actors of each term (A and B in Eq. 28) are the same as those
of the monolayer drag force (Eq. 23) provided that the impact
of the osmotic pressure on the size of the contact film is cor-
rectly taken into account. Therefore, Eq. 28 predicts the wall
shear stress in the whole range of osmotic pressure IT. Using
the relationship between IT and the gas volume fraction &, es-
tablished for the full range of ® (Eq. 20), the wall shear stress
can thus equivalently be expressed as a function of &.

Our model will be useful to predict the wall boundary con-
dition of the velocity profile of foams flowing in any given
geometry. By comparing the shear wall stress (Eq. 28) to the
bulk foam stress-strain rate constitutive relation*2, one can
predict the flow profile in the full range of gas volume frac-
tion. This will be particularly useful in applications where
foams flow through pipes or channels'® as well as for rheo-
logical measurements where wall slip cannot be avoided.

In further work, it will be interesting to study how the pref-
actors A and B are tuned by the interfacial rigidity, which de-
pends on the chemical properties and the concentration of the
surfactants. In the mobile case, one expects both A and B to
be affected depending on whether partial or complete surfac-
tant remobilization is achieved. The rigid case can be reached
upon addition of a poorly soluble co-surfactant to the foam-
ing solution. It has been shown that in this case wall slip of
dry foams is drastically modified compared to the mobile case
since the contact film then plays a dominant role in the dis-
sipation3. Two dissipation mechanisms in the film have been
proposed 13, which lead to different scalings of the wall shear
stress with Ca. An investigation of the wall stress as a function
of osmotic pressure (or equivalently the gas volume fraction)
down to the jamming transition should reveal which mecha-
nism is at play. Further work related to applications could clar-
ify how the pressure drop of wet foams in pipe flows can be
minimized. Previous experiments in this configuration*” have
evidenced a linear relation between the pressure drop and the
flow velocity which is reminiscent of the linear friction that
we observe at Ca > Ca™.

Finally, we point out two open questions. The first one con-
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cerns the slippage against a sticky surface obtained when the
foaming solution only partially wets the surface with a non-
zero contact angle. The second one concerns the slippage on
arough surface. Empirically, it is known that a surface rough-
ness comparable to the bubble size can prevent wall slip!.
However the hydrodynamic mechanisms at play have not been
investigated. Ultimately, if gas is trapped in the microstruc-
tures of the surface forming a bubble mattress, the situation
could switch between a slippery one and a sticky one*®. This
would be of great interest for the flow of foams in confined
geometries.
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Wall slip of bubble monolayers and wet 3D foams exhibits linear or non-linear friction
depending on capillary number and confinement.
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