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We develop a statistical theory for the dynamics of non-aligning, non-interacting self-propelled particles confined in a convex
box in two dimensions. We find that when the size of the box is small compared to the persistence length of a particle’s
trajectory (strong confinement), the steady-state density is zero in the bulk and proportional to the local curvature on the boundary.
Conversely, the theory may be used to construct the box shape that yields any desired density distribution on the boundary, thus
offering a general tool to understand and design such confinements. When the curvature variations are small, we also predict the
distribution of orientations at the boundary and the exponential decay of pressure as a function of box size recently observed in
simulations in a spherical box.

1

Introduction

Active fluids consisting of self-propelled units are found in biology on scales ranging from the dynamically reconfigurable
cell cytoskeleton 1 to swarming bacterial colonies 2,3 , healing
tissues 4,5 , and flocking animals 6 . Experiments have begun
to achieve the extraordinary capabilities and emergent properties of these biological systems in nonliving active fluids of
self-propelled particles, consisting of chemically 7–12 or electrically 13 propelled colloids, or monolayers of vibrated granular particles 14–16 .
In contrast to thermal motion, active motion is correlated
over experimentally accessible time and length scales. When
the persistence length of active motion becomes comparable
to the mean free path, uniquely active effects arise that transcend the thermodynamically allowed behaviors of equilibrium systems, including giant number fluctuations and spontaneous flow 3,14,16–30 . Importantly, a sufficient active persistence length is the only requirement for macroscopic manifestations of activity, as revealed by athermal phase separation of
non-aligning, repulsive self-propelled particles 31–41 .
When boundaries and obstacles are patterned on the scale
of the active correlation length, they dramatically alter the
dynamics of the system, and striking macroscopic properties
emerge 42–52 ; for example, ratchets and funnels drive spontaneous flow in active fluids 42,43,46–48 . This effect has been
used to direct bacterial motion 53 and harness bacterial power
to propel microscopic gears 54–56 . However, optimizing such
devices for technological applications requires understanding the interaction of an active fluid with boundaries of arbitrary shape. More generally, any real-world device necessarily includes boundaries, and thus the effects of bounda
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ary size and shape are essential design parameters. Although
recent studies have explored confinement in simple geometries 43,44,51,52,57–62 , there is no general theory for the effect of
boundary shape.
In this paper, we study the dynamics of non-aligning
and non-interacting self-propelled particles confined to twodimensional convex containers, such as ellipses and polygons.
We find that the boundary shape dramatically affects the active fluid’s dynamics and thermomechanical properties in the
limit of “strong confinement”, in which the container size is
small compared to the active persistence length (the distance
a particle travels before its orientation decorrelates). In particular: (i) particles are confined to the boundary, (ii) the steadystate distribution of particles at the boundary is proportional
to the local curvature (see Fig. 1), and (iii) when the curvature
varies slowly, the local pressure exerted on the boundary decays exponentially with the ratio of the radius of curvature to
the active persistence length. Results (i) and (ii) are derived
in the limit of small and slowly varying curvature radius, then
extended to polygonal boxes. They likely hold for arbitrary
convex boundaries, although the definition of “strong confinement” depends on the type of boundary. Together, these three
results demonstrate that the boundary shape in an active system can sensitively control the behavior of particles within,
and they constitute a first step in a theoretical framework to
design confinement geometries that give rise to specific material properties or device functionalities.

2

Model

We consider an overdamped self-propelled particle with position r and orientation ν̂ν = cos θ x̂ + sin θ ŷ whose dynamics is
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From
Eqs. (6) it follows that g1 is constant and g2 (s) = g2 (0)−
R
g1 0s du/R(u). Like f , g2 is a periodic function of s, and
HL
64
0 du/R(u) = 2π for any planar curve ; therefore g1 must
be zero, i.e. there is no density flux at steady state. We close
the system by neglecting ∂s g3 . The approximation is exact for
circular boxes for which φ ’s Gaussianity implies g3 = 0, and
should hold when R is nearly constant. It can also be interpreted as setting the third cumulant to zero; a standard
closure
R
method. Finally, the normalization constraint 0L ds ρ(s) = N
with N as the total number of particles, gives
N
2πR(s)

(8)

hφ 2 (s)i = R(s)Dr /v0

(9)

ρ(s) =

Eq. (8) is our primary result. The density of particles at the
boundary is inversely proportional to the local curvature radius; i.e., regions of high curvature act as attractors for active particles. A more general derivation of this result can be
found in appendix C. The second key result, Eq. (9), is that
fluctuations in φ are controlled by RDr /v0 , consistent with the
premise that φ is small under strong confinement. This result
is limited by the validity of our closure approximation and its
scope and relevance are discussed in section 5.

4

Pressure

We now consider the mechanical pressure exerted locally on
the boundary by the active particles, which is equal to


v0 ν̂ν
v0 ρ
P=ρ
· n̂ =
hcos φ i
(10)
µ
µ
with v0 /µ the force exerted by a single particle aligned with
the normal. In the strong confinement (small noise) regime
where φ is small, we may approximate cos φ as 1 and use
Eq. (8) to get
P(s) =

v0 ρ(s)
Nv0
=
µ
2π µR(s)

(11)

In other words, the pressure on the boundary is proportional
to the density and hence to the curvature.
To get the leading order correction to the infinite confinement (zero noise) limit, we expand the cosine in Eq. (10) to
second order in φ and use Eqs. (8)-(9):




R(s)Dr
v0 ρ(s)
1 2
Nv0
1−
P(s) =
1 − hφ (s)i =
µ
2
2π µR(s)
2v0
(12)
Note that if the box is circular, the distribution of φ is Gaussian
2
and we can use the exact relationship hcos φ i = e−hφ i/2 ‡ to
2

‡ The relationship follows from heφ i = ehφ i/2 , which is obtained from the
Gaussian distribution’s moment generating function.

get
P(s) =

R(s)Dr
Nv0
−
e 2v0
2π µR(s)

(13)

thus making the expansion in φ unnecessary. Naturally, expanding the exponential in Eq. (13) leads back to Eq. (12).
The decay of pressure with RDr /v0 at low noise was recently observed in 2D and 3D simulations of active particles
in circular and spherical boxes by Mallory et al. 59 , who discussed various expressions including those of Eqs. (12)-(13).
In particular, they measured the numerical prefactor in front of
RDr /v0 in Eqs. (12)-(13) and found 0.45 in 2D and 0.9 in 3D,
consistent with our predictions 1/2 in 2D and 1 in 3D (the latter is a preliminary, unpublished result obtained by extending
our analysis to 3D).

5

Simulations

To explore the domain of validity of our statistical theory
and the physics beyond the low moment closure, we perform molecular dynamics simulations of Eq. (1). We consider
v0 = 1 and various Dr in elliptical boxes with major semi-axis
a ≥ 1 and minor semi-axis b = 1 aligned with the x and y axes
respectively. We plot results against the polar angle α rather
than the arclength; thus the curvature radius oscillates between
R = b2 /a at α = 0, π and R = a2 /b at α = ±π/2.
The simulation results are shown in Fig. 2. As expected,
in the circular case (a = 1) the distribution of φ (not shown)
is Gaussian and both ρ and hφ 2 i match the theory perfectly.
Near-perfect agreement between Eq. (8) and the observed density ρ persists at all simulated aspect ratios. The magnitude and qualitative behavior of hφ 2 i remain well captured as
well, but quantitative agreement is lost with increasing a, even
though RDr /v0 is small. This results from the breakdown of
the ∂s g3 = 0 assumption as the distribution of φ departs from
Gaussianity (see appendix D). To improve the theory, one may
push the moment closure to higher orders; i.e., set the nth cumulant to zero for some n > 3. This leads to a non-linear
equation for ρ and g2 that involves derivatives of ρ and R with
respect to s, even for n = 4. These terms suggest that the prediction hφ 2 i = RDr /v0 requires not only RDr /v0 ≪ 1 but also
dR/ds ≪ 1, and thus may only hold in slightly deformed circular boxes.
In Fig. 3 we plot the mechanical pressure exerted on the
boundary, defined by Eq. (10). At low noise, Eq. (11) closely
matches the simulation results over a large range of aspect ratios. This follows from the fact that the density distributions
observed in the simulations closely match Eq. (8) (see top
panel of Fig. 2) and φ is small (see bottom panel of Fig. 2).
In the bottom panel of Fig. 3, we show the effect of angular
noise on the pressure, described theoretically by Eqs. (12)(13). Since our prediction relies on the prediction Eq. (9) for
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Confinement of active particles dramatically alters their spatial distribution
and mechanical properties .
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